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A SINGULAR NONLINEAR BOUNDARY VALUE PROBLEM
J.C. KURTZ

We consider the singular non-linear boundary value problem

(L1 F+Ly—y 102 =0 10 )
(1.2) lim y(r) > 0, lim p(¢) = 0, lim y(¢) = 0,
t—0+ t—oo t-0+

where 1 < 7 = 2. It is shown that for certain functions f, positive in
(0, o0) and continuous in [0, o), the equation (1.1) has solutions y,(¢),
n=0,1,2, ..., which satisfy (1.2) and vanish at » distinct points in
(0, o).

The problem is motivated by a model for stationary self-focusing of
light beams given by Zakharov, Sobolev, and Synakh [12]; and others.
After some simplification, their equation becomes

(1.3) y+ %—J’/ -y +f0%y = 0.

Of particular interest is the case f(s) = s, in which case (1.3) becomes
(1.4) J+ Lty —y+p=o
Ryder [11] and Macki [6] have considered the equation
¥ —x+ xF(x%,t) =0,
which under the substitutions

F(x2, 1) = f(2[12), y(t) = t7'x(1)

becomes our equation (1.1) with y = 2. The range 1 < 7 < 2 is not
included, and our condition (III) on the nonlinearity is different from
theirs, so that neither result is contained in the other even for y = 2.
Nehari [10] has considered the equation

(1.5) y+2y—y+r=0,

which is also included in (1.1) for y = 2. The thrust of this paper is to
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228 J. C. KURTZ

give a unified treatment which will cover both (1.4) and (1.5). We will use
many of the techniques of Nehari [8], but the primary new idea is to write
(1.1) in self-adjoint form

(1.6) —t7(t7y) + y =fOPy; te(0,00), I=7=2

and introduce “weighted norms”.
In all that follows we will assume that the function f satisfies
(D fe C[o, o),
an f(s) > 0if s > 0,
(D) [f(s)] = klsl, and
(IV) 36 > 0 such that s—f(s) is strictly increasing on (0, c0).
We define g(s) = [§f(5)dy, and consider the variational problem

(1.7 min J(») = min ro {y2 + y2 — g(y»}erde
A a Jo
A = {yly e D0, ), y(t) Z 0, () # 0, |¥|2 = [$f()?)y?7dt}, where
IviIz= {£(y2 + y?)erdt, and D0, o) denotes the class of functions con-

tinuous on (0, o) with piecewise continuous derivatives.

LemMA 1.1. If y € DY(0, o0) and ||y|| < o0, then

(1.8) sup 17yH() < ||y||?
0<t<0
and
(1.9) lim ¢7y2(r) = 0.
-0+

PrOOF. For the first part we have
(0 = = 2 yide 2 20 [ Iyiterde < ey,
t t
To prove (1.9), for a given ¢ > 0, we choose s < T'suchthat0 < ¢t < s

implies ji]y)')erdr < ¢/6. Fixing s, we then choose 0 with 0 < ¢ < s so
that 07y%(T) < ¢/3 and (9/s)7[T|yy|r7dr < €/6. Then we have

T .
(1) < 4T + 2 Iy,
andfor0 < ¢t £ 0,
s T
my(e) < 0T + 2 1pterde + 2 2V [ iysterae

e P
<+ = = ¢.
3+3+ £

w| o
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LemMa 1.2. Ify € DY(0, o0) and || y|| < oo, then
(1.10) [ year < ciye
PROOF. Let ¢(¢) € C}(0, o) be chosenso that 0 = ¢(t) < 1 and (1) = 1

for t€[0, 1], p(t) = 0 for t€[2, ©). Weset v = ¢y, so v = ¢y + ¢y
and |[v| = || + C|y|. Then we have

I:yzdt = I; yadt + j‘:oyzdt
= j (l)lv|2dt + j':o| y|2trdt.
By Theorem 330 of [4],
j:lvlzdt < 4;:12|v|2dt = 4f2t2|1"|2dt
< 4-22—rﬁ|v|2trdz.
It follows that
j :| yPdt < 4.2 f:’wzrdt + j :°| yRerd

< 427 [T + Clybeordr + [ Typeerar
< Clyl.

LEMMA 1.3. The collection {t7y(t)|y € DY(0, ), ||yl < M} is equicon-
tinuous on (0, o).

PrOOF. If 0 < #; < 1, < o0, then

x(ed) = 1)l = | [y + gty

< ([ ([ )
o) (e

Using (1.10) gives

[e3y(ts) — t]y(eDI

T 172 121 _ tzr—1>1/2}
< 3 1 2t 5
= lIyII{( r+1 ) + C< r =1

which proves the lemma.
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LemMa 14, If ye DY(0, o), y(t) = 0, () £ 0, and |y| < o, then
[&f(y2)y2e7dt and [§g(y2)trdt both exist, and A > 0 such that ey € A.

Proor: Condition (IV) implies that f'is increasing, so
yZ
809 = [ fls)ds < 00,
Using (1.8), (III), and (1.10), we have

fg(yz)ﬁdt < fyzf(yz)ﬂdt
(1.11)

IIA

ClylE[ st < Clylt < co.

We now define H(a) = [[Fy?(a2y»)t7dt]/|y|2. 1t is easily seen from (I)
that H() is continuous for ¢ > 0. and using (IV) we see thatif 0 < o < 1,

20
H (74 é _g_
@ = T
Correspondingly, « = 1 gives H(a) = a??H(1). Therefore H(e) is strictly
increasing, and there exists a unique & > 0 such that H(a) = 1. A simple
computation shows ay € A.
We observe from the above that if y € 4, then

e = [ oo < ciyls

j:’yzf"(yzwdr = a®H(1).

so that
(1.12) Iylz =z 1/C > 0.

LemMMA L.5. If 2 = inf{J(p)|y € A}, then 2 20, I{y,} € A such that
J(y,) = 4 and ||y,|? = C.

PRrOOF. Suppose y € A. Using (IV) we have

j.:g(yz)tfdt = f:jzzsﬁ[s-v(s)]zrds dt

® sy soge — VI
< [Cyzronn () sas = 2
Then
(1.13) J(y) = lIyl? - j:g(yz)ﬁdt 2 d(1 + o) ylz >0,

hence A = 0. Now we choose {y,} € A4 such that J(y,) — A. Using (1.13)
we have

(1.14) a2 £ 0711 + 6)J(y,) = C.
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By Lemma 1.1 and Lemma 1.3 {¢7y,(#)} is uniformly bounded and
equicontinuous on (0, o), and it follows by the Arzela-Ascoli theorem
that a subsequence of {y,(¢)}, call itagain {,(1)}, converges uniformly on
compact subsets of (0, o0) to a function y € C(0, o).

We now turn our consideration to the equation

(1.15) —@ry'Y + try = a, f(YRyat"

where y,(t) is from above. We define

(1.16) ul0) = a | ete, Ot
where »
(t7) = {t‘” ()t ()7, 0 <7 St
BED = 1K foer; © >

Taking for the moment o, = 1 we have
u(t) = K (Dpu(t) + 17 L()ha(1)

where
t
ont) = L@ ORy,crde

9 = [ KD ODyere.

In the above, v = (y — 1)/2, and I,, K, are the modified Bessel functions
of order v.

LEMMA 1.6. The following estimates hold for ¢,(t), ¢,(t), uniformly with
respectton:

(@) (1) = o(et) as t - o0;

) ¢, (t) = O(t™12e ) as t - ©;

(©) pt) = O(t'2) as t - 0+ ; and

d) ¢, (t) = 0@t ast - 0+.

In addition, ¢,(t) = o(t1’?) as t — 0+ for eachn.

PrOOF. We first note that [,(t) = O(¢¥) and K,(t) = O(t*>) ast — 0+,
whereas I,(t) = O(tV2¢!) and K,(t) = O(t1/2¢*) as t — oo. Using
Holder’s inequality,

eult) = G:f (y3)277d1>1/2<§Z[T_VIV]2 ygfrd7>l/2

e j ‘A ys)zzrdr)"z(j’ »2 TTdT)
T T
By condition (III), (1.8), and (1.10) we have

(1.17) s
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IIA

fjf(yﬁ)zrrdr c j “Vierds 5 Cly e j “¥ids

(1.18)

A

2
Clly,lt < c(‘—jgi) Jy,) < C

Combining this with (1.17), and again using (1.8), we have ¢,(¢t) < 9»(T) +
CetT—~12_and (a) follows. Next we have the estimate

$ul)

IIA

Cj Ce Vet f(32)yrde
t

Ct —v—l/Ze—»(rf( y?,)erdr)l/Z( j wy,z,erz')l/z
t t

< Ct —v—l/Ze—t,

IIA

by virtue of (1.18).Forpart (c) we use (1.18) and Lemma 1.1 to get

ot s ([ fogrerae) ([ yiaraz) ” = o)

for each n, and ¢,(1) = O(t1/?) uniformly with respect to n. Finally,

) 5 ([ o) ([ o)

1/2
Ct —v( j 0 K%dr) :

and it follows that ¢,(t) = O(t™) as long 1 = y < 2. If y = 2, we use
(IIT) and (1.8) to obtain

1 oo
¢n(t) é Cljtyflfdf + Czjl T_l/ze—rd,z-

o0 1/2/ (oo )
C1<jt y;‘,rzdf> (j.t y?,dr) + C,.

(1.19) 0u0) < ¢ [ “iar) " + C

IIA

IIA

Using (1.18) we get

Because of Lemma 1.1 we know lim,_,,y,(¢) = 0, so we can write y2(7)
= —2[2y,(s)y,(s)ds, so that

["r@ds = =27 uomisrds de
213 013,0) [ae ds

2t-lj°°|y,,(s)y',,(s)|s2ds
t
1,2 < Cr1.

IIA

IIA

A
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Using this estimate and (1.19), we have ¢,(t) = O(t~1/2)as t —» 0+.
Applying the estimates of Lemma 1.6 to
u,(t) = 17K ()p,(1) + t71(t)h,(1)
and

dn(t) = -t v+l(t)§0n(t) + v+1(1)¢n(t)

gives u,(t) = o(t~7’2)and u,(t) = o(¢t~7/2) as t > 0, so that ¢7u,(¢)i,(t)=
o(1) as t - oo, uniformly with respect to n. As ¢t — 0+, we have u,(t) =
O@'V2-12)yand 4,(t) = o(t¥/2-1), so that tru,(t)u,(t) = o(t1-7'2) = o(1).
This last estimate is uniform with respect to n except for the case y = 2.

LeEMMA 1.7. The function u,(t), as defined in (1.16), is a solution of (1.15),
and for an appropriate choice of a, we have u,€ A, Ju,) < J(y,), and
J(uy) = J(y,) if and only if u,(t) = p,(t) in (0, ).

Proor. Clearly our function u, € C2(0, o), u,(t) = 0, u,(t) # 0, and
u, satisfies (1.15). Setting y(z) = u,(¢) in (1.15), multiplying both sides by
u,(t), and integrating by parts gives

HXT) = j OT(ug + 2)trdr

T
o j' ORIt + Tru(Tyin(T).

We note that

1 1 1/2 1 172
2 < 2)2 2,2
jof(yn)ynuntfdt < (jof(yn) tTdt) <Lynunﬂdt>

C( j ; yﬁtdt)l/2

since #%(t) = O(t11), and by (1.18). But

1 1 172 1 172
jo Yitdt < <IO yﬁﬂdt) ( j t2-rdt) ! < o0,
0

and it follows that both (ff(y2)y,u,t7dt and [§(u2 + a2)t7dt are conver-
gent. Now we use (IIT) and (1.18) to obtain

A

T
L SO2yauutrdt < CjoTyiunﬂdt

=< C(ﬁy;‘,ﬂdt>3/4<5Tu3trdt>1/4
0
T 174
< C(I ugtrdt> .
0

An inequality of Adams ([1], page 129) gives
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rugtrdt <7 +3 ruﬁtrdt + 45T|u,,a,,|17dt>5Tu,2,dt
0 T 0 0 0
r+3

c( T+ 2)HAT) = DHYD).

IIA

1A

Thus we have
HYT) £ a,H(T))(T) + Tru,(T)u,(T),

or after completing the square,

2.2
(H,,(T) - “"WZ(T) >2 < "‘"’74(T) + Tuy(T)i,(T).
Since the right hand side is bounded as T — oo, we see that
6°(uZ +u2)trdt < co. By Lemma 1.4 we may now choose a, so that
u, € A. Multiplying both sides of (1.15) by y, (again y(¢) = u,(¢)) and
integrating by parts gives
|y, + vt = a, ("R = .
Using Holder’s inequality we obtain
o 2
| ot | < Tuatelye
= [ roiera [ izira
0 0
and it follows that
(1.20) & [ fospirar < (g
0
But

(I:f (ug)u,z,ﬂdt>2 = |u,|* = a,2,<j:f( J’,Z,)y,,u,,ﬂdt>2

< a3 “rogpirar | o,
0

Combining (1.20) and (1.21) yields

(2.21)

(1.22) [ Feinizerae < | sopuipra.
Since f'is strictly increasing by (IV), g is strictly convex, so

123 (e z [ gt + [ @2 - ypsodras,
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with equality if and only if u,(¢) = y,(¢) on (0, T). Combining (1.22) and
(1.24) gives

[ pii — sayyerar < {77095 = gD,

ie., J(u,) < J(y,), with J(u,) = J(y,) if and only if u,(t) = y,(¢) on (0, 0).

We also observe at this point that because of (1.13) we have |u,|2 <
o7l + 8)J(u,) = 071 + 6)J(y,) = C. As before with {y,(¢)}, we can
use Lemma 1.1 and Lemma 1.3 to obtain a subsequence of {u,(¢)}, call
it again {u,(¢)}, such that u,(r) converges uniformly on compact subsets of
(0, ) to a function uy € C(0, o).

LEMMA 1.8. The sequence a,, is bounded.

Proor. From (1.20) we have o2 < ||u,l|?/|y,l2. As in the proof of
Lemma 1.5 we have |u,|?2 < 6-1(1 + 6)J(u,) < C, and form (1.12) we
have ||y,||2 = C,, hence aZ = Cy/C,.

Lemma 1.9. lim,,_...J(u,) = J(ug) = A > 0.

PrOOF. We first observe that {¢,(¢)} and {¢,(¢)} are uniformly conver-
gent on compact subsets of (0, co), since the same is true of {y,(z)}, and
because of the estimates

’ j‘ Z’ ~L{ f(¥D)y, — f(y?,,)ym}trdz’
= (ﬂf(y?,)ztrdt)"z< j L)
o (ome) [

= C<IZ [z—uly]zdt>l/2 = o(y"?)

asp —» 0+ and
’ .’- : KA Sy — f(y;";,)ym}trdt'
= C<j;o[t“’Ky]2dt>1/2 — o(l)

as T — oo. It now follows that ,(t) — #y(¢) uniformly on compact
subsets of (0, o).

Next we use Fatou’s Lemma, (1.14) and (1.11) to get ||ug)2 <
lim,_., inf|lu,||? < c and

.\':g(ug)zrdz < lim inf j’ :g(u?,)tTdt < .
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Then
U(’T(u?, + ud)erde — 5 :(u,z, + a?,)trdt‘
= UZ(u% + uf)erdt — j OT(u,Z, + uﬁ)trdtl + Uc:(uﬁ + ul)trdt|.
Multiplying (1.15) by u, (set y(¢t) = u,(¢)) and integrating by parts gives
(a2 + advar = af f0Dptds + TruTyi (D),

and

1/2

(s < ([ roozyeerae ) ([ yauzerar)
Using (1.17), (1.8), and (1.11) yields
(Croparar < crn( (" ougeenar ) < crre
Therefore
l j Z(u% + ad)erdt — j:(uﬁ + iy |
< Ca, T 12 + Tru,(T)u,(T).
If follows that

lim supuzo(ug + wd)erdt — j:(uﬁ + d2)erdt

#n—00

< _[ :’(ug + @)trdt + CT-172 + Truy(T)iy(T).

Letting T — oo we have |ug||2 = lim,,_..||u,||2. Next we use (II) and (1.11)
to see that

j "surrds < C j uprrd < Cthz‘Tdt = 0(7)

as y = 0+ since u,(t) = O(t1/277/2) uniformly with respect to n. Also,
using (1.8), (1.14) and Lemma 1.7,

jmg(uﬁ)ﬂdt < CT j P ub?rdt < CT-r j "w2trdt < CT-.
T T T
It follows that

lim :g(uf,)tTdt = j:g(u%)tfdt,

n—00

and hence J(u,) —» J(4y) = A. Finally,
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Ju,) 2 o(1 + 0) Mu,l? =z C

by (1.12), so that J(ug) = 2 > 0, and u(¢) # 0. It follows in similar fashion
that

tim (~ fedyzirdr = j " ful)udird,
0 0

n—oo

so that ug € A.
Next we consider the equation
(1.23) —(@rd') + ttu = agugflug)t?.

Then, proceeding as before, u(t) = aof§g(t, 7)f(uf)uedr is a solution,
where a; has been chosen so that ue 4. By Lemma 1.7 we must have
J(u) £ J(ug), and hence J(u) = J(ug), and u(?) = uy(t). Then uy(t) =
aofe(t, 7)f(uf)uodr satisfies (1.6). Since ||ugll < 00, u(t) = O(t1'2) by
(1.8), and lim,_uy(¢) = 0. Also, it is clear that uye C2(0, o). Next we
observe that

J':(ug + wd)trdt = aojon(u%)ugﬂdt + Truy(T)uy(T)

so that |ugl2 = aof§ f(ud)utrdr, hence ay = 1 since uge A. It follows
from the representation uy(z) = [5°g(#, 7)f(ud)uedr and condition (II) that
uy(t) > 0 for ¢t € (0, ).

If we now investigate the corresponding functions ¢o(¢) and ¢(?) it is
easy to show that

(KLpor) = 0(7372) = o(1)
ast — 0+, so that

. _ 1 < 2
lim uo(t) = pe 7y o KA e

Putting this back into @g(¢) we find @o(¢) = O(t711), so 7K, 1(t)po(t) =
o(1) and t1,,()do(t) = o(1) as t — 0+, so that lim,_ g 1y() = 0. We

have thus proved the following theorem.

THEOREM L.1. If f satisfies conditions (1)-(IV) and 1 £ y < 2, then
there exists a solution of (1.6) for which y e C%(0, ), y(t) > 0 for t e
(0,00), lim,_,y(z) = 0, lim,_o, y(¢) > 0, and lim,_o, y(¢) = 0.

2. In this section it will be shown that equation (1.6) has, in addition to
the positive solution guaranteed by Theorem 1.1, an infinite number of
other solutions which may be obtained by solving the minimum problem
(1.7) under increasingly restrictive constraints. The associated minimal
values of (1.7) will be denoted by A;, 45, ..., where A; = A is the number
definedin Lemma 1.5,and 0 < A; < A < - -
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We first consider the problem

Q1) —t7@try’y +y =f(y2)y{;§2 - iib; =0,0 : Z i b < z

where as usual 1 < y < 2. The variational techniques of §1 may be used
on (2.1) simply by choosing the appropriate Green’s function g(z, 7) for
the corresponding interval and boundary conditions. The result may be

stated as the following theorem.

THEOREM 2.1. Suppose f satisfies (I)—(IV), 1 <y < 2,and A = {y|ye
DYa, b), y(t) 20, y(t) £ 0, y(a) = y(b) =0(y(0+) =0 if a =0),
Yyt + yierdt = [ f(y2)y2erde). If J(y) = [B{)? + 32 — g(yP)}t7dt, then
the minimum problem min J(y) = A(a, b) is solved by a solution of (2.1).
Moreover, y(t) > 0 in(a, b), A(a, b) >0, and if a = 0, then lim,_y, y(¢) > 0.

We now proceed to show the existence of a discrete infinity of solutions
{ya(t)} of (1.6) such that lim,_.,y,(t) = 0, lim,_g, y,(¢) > 0, lim,_, y,(?)
=0, and y,(¢) has exactly n distinct zeros in (0, c0). The procedure
depends on the following lemma.

LemMA 2.1. If A(a, b) denotes the minimum of J(y) for the interval [a, b},
then

@ifa<ad b <b,then Aa, b) £ A(d, b").

(b) A(@,b) > wasb —a—>0(asa— 0 ifb= o,asb - 0ifa = 0).

(c) A(a, b) is a continuous function of a and b (of bifa = 0,of aif b = o0).

PrOOF. Parts (a) and (c) follow precisely as in [9], so we consider only
(b). If 0 < @ < b < o0, we first observe that (1.8) can be proved exactly
as in the proof of Lemma 1.1. Using (1.8) and (III) we have

b
Iyl < cjby4trdt < Car j' Yererde < Car(b — a)|yll*
a a

Since |||l # 0, we have |[y||2 = ar/c(b — a) and |y|2 > o as b — a. It
follows from (1.13) that also A(a, b)) - 0 as b — a.
Inthecase 0 < a < b = oo we see (III), (1.8) as before to get

1912 < Carlple y2rde < Cariyl,

so that ||y||2 — oo, and hence also A(a, ) — o0 as a — .
Finally we suppose 0 = a < b < 0. Since y(b) = 0, we have

(1) = ( j yat) < b - 0|y
@2
<@ -ty _f Serde < (b — D1l
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Using (2.2) and (IIT) we obtain, with0 < a < b,
@2.3) _["( 32 + )rdt < C(b — a)j:( V2 + R)erdt j:yzdz.
But
(yeae = 219916z - e < 2007 [ lyyterde
< alr j:( ¥2 + y¥)rrdr,
s0 (2.3) becomes
[C02 + yemdr < o6 = @ (02 + serat ).
We then have
Itz = (02 + a2 = .
Setting @ = b/2 and letting b — 0 shows that | y[|2 > o for 1 £ 7 < 2.

When 7y = 2, we have ||y||? = ca(b — a). Setting b, = n7! and a, =
n~}(1 — n-1), we find a,/(b, — a,) — oo, hence ||y||2 > o as b — 0 for

1sr= 2.
To formulate the minimum problem defining A, we choose (n + 2)
points ¢, such that 0 =y <# < -+ <t,; = c. In the interval

[ts—1, t:] we consider the minimum problem
¢
min s J(3) = ming, [ {2 + 52 — gOA}rra
k—1
where
4y = {yly € DU(tyy, 1), (1) 2 0, y(t) £ 0,
W) = y(t—1) =0 (for k = 0, y(0+) = 0),

t
[* o2+ sorar = [ pompermar)
Lr—1 tp—1

for1 < k < n + 1. Theorem 2.1 shows that it is sufficient to consider this
minimum problem for functions y,(¢) which in the intervals (¢,_;, ¢,) are
the solutions of (2.1), whose existence is guaranteed by Theorem 2.1.

It now follows by Lemma 2.1, as in [9], that the function

ntl
A(tl’ ey tn) = le(ti-la tt')

attains its minimum for certain values 0 =ty < #; < -+ < t,41 = 00,
and that 4; < A; < - --. We now define y(¢) on (0, o) by setting y(¢) =
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yi(?) in [t,_y, £,], where if necessary y,(¢) is replaced by —y,() to assure
that y(¢) changes sign at each #, (1 < k < n). Then y(¢) has precisely n
zeros in (0, 00), and as in [9], it can easily be shown that
lim y(¢) = lim y(¢t) (1 £k £ n).
t—'tk_ t—'tk
Hence y() is a solution of (1.6) on (0, c0).
The results of this section may be summarized in the following theorem.

THEOREM 2.2. Let [, denote the class of functions y(t) with the following
properties: ye D10, o), y(t,) =0 (1 £k =n, n=1), where 0 = ¢,

<t1<--'<tn+1=oo;forl§k§n+l
tr t
j 2 + pierde = | f(yR)y2erdt,
tp-1 tp—-1

where f satisfies ()—(IV). If g(s) = [ f(u)du, the variational problem
2.4) minJ(y) = min j {07+ 57— g(OYerdt = 4, yel,

has a solution y, € CY0, o), and the numbers A, are strictly increasing.
The function y,(t) has precisely n zeros in (0, ) and satisfies the system

—t—T(tTy’)' +y =f(y2)y5 te (Os CD)

(2.5) . . .
lim y(t) = 0, lim y(¢) > 0, lim y(¢) = 0.
t=oo -0+ -0+
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