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ABSTRACT. The Lie derivative (Lx?)p of a tensor field 7 at a point
p on a differentiable space S may not be well defined. At each point
p € S thereis, however, a subspace L,S = T,S such that (Lx#)p is
well defined if and only if X(p) € L,S. For any differentiable space,
L,S = T,S forevery p in the complement of a nowhere dense sub-
space. In case S is either a coherent real-analytic space or a differ-
entiable space of polyhedral type, then L,S = T,S atevery p € S.

Introduction. On a differentiable manifold M the Lie derivative Ly
is well defined for any differentiable vector field X and any differentiable
tensor field ¢. This need not be true, however, if M is more generally a
differentiable space having singular points (and if the covariant rank of ¢
is positive). The purpose of this note, then, is to characterize those vector
fields X on a differentiable space such that Lyt is well defined for every
differentiable tensor field z. In fact, for each point p of a differentiable
space S we identify a subspace L,S of the tangent space 7,S such that
(Lxt)p is well defined for every # if and only if X(p) € L,S.

In §1 we review some notions about differentiable spaces from a dif-
ferent point of view than that of [4]. In §2 we give examples showing that
Lyt need not always be well defined, characterize L,S, and discuss the
effects on L,S of weakening the differentiable structure of S. This charac-
terization of L,S together with a general result from §1 shows that the
set of points p where (Lx?)p is possibly not well defined is always nowhere
dense in S. In §3 we apply these results to show that every C= vector field
on a coherent real analytic space gives well defined Lie derivatives. In §4
we explicitly calculate L,S when S is locally diffeomorphic to polyhedral
subsets of cartesian spaces. This calculation shows that every differenti-
able vector field on polyhedral spaces gives well defined Lie derivatives.

Throughout the paper we use the notion of smoothness category in-
troduced by Palais in [5]. For the reader’s convenience we have included
a short appendix at the end of §1 recapitulating the definition and several
results from [5]. Without mention to the contrary, “smooth” will mean
%-smooth, where € is some smoothness category. Finally, throughout
the paper R1, R” will denote the real cartesian spaces.
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66 C. D. MARSHALL

1. Differentiable Spaces. Let S be an arbitrary subset of some R,
A real-valued function on S'is smooth (of class %) if it has a smooth local
extension about each point peS. A (reduced) subcartesian model of
class ¢ is a set S = R” together with its sheaf %, of smooth functions. A
subcartesian differentiable space of class % is a ringed space R = (R, %)
with Hausdorff base space, that is locally isomorphic via value-preserving
isomorphisms to subcartesian models of class . A smooth mappingR — S
of differentiable spaces is a value-preserving ringed-space homomorphism.
(This just means that .7 is a sheaf of functions and that smooth mappings
map germs by composition g — g f!) A mapping ¢: U, — R™, U, open
in R, is a chart for R if it determines an isomorphism of Uy, 7 |y,) with
the subcartesian model (Im, €',,,).

If f: R = S is a smooth mapping of differentiable spaces, ¢ is a chart
about p e R, and 0 is a chart about fp € S, then there is a smooth map
(in the usual sense) F:R™» 2 U — R™ extending 0 o fo ¢~1 in a neighbor-
hood U of ¢p. For if x’ is a coordinate function on R™, then xio 0o f is
smooth near p, and there is a smooth real-valued function F; defined in
a neighborhood of ¢p such that F;o ¢ = x7 o ( o f near p. The smooth map
F:=(Fy,..., F,)then extends 0 - f'> o~ near gp. In particular, if ¢ and 0§
are two charts in a neighborhood of p € R, then there are smooth con-
necting maps f:R*» 2 U —» R"and g:R* =2 U’ — R™ such that
0 =fo¢pand ¢ = golnearp. If n, = ny, then f'and g can be chosen so
that f|, and g|;, are smooth diffeomorphisms for some neighborhood
Uofpp (seec[4].)

At each point p of a differentiable space S, the ring 7 , is quasi-local,
having wg , = {fe Zg ,/ f(p) = 0} for its maximal ideal. If f/: R — S
is a smooth map, then for each p € R the map f?: Fg ;, > Fg , induces
a linear mapping of the vector spaces

[3mg g/ — Nig /MG
Define the algebraic tangent space of S at g to be the space
tyS = (mg ,/m§ )*

of real-valued derivations on g ,. For each pe R we then the dual
mapping fi,: t,R — t;,S, and the correspondence f'+ f,,is a functor.
Let ¢ be a chart for S about p and define the tangent space of S at q to be

T,S = ¢z} T,R",

where 7, R* < t R is the usual tangent space. Using connecting maps,
one sees easily that this definition of 7,S is independent of the chart
chosen, and that £, (T,p) = T;,S.

A straightforward application of the implicit function theorem (valid
in all smoothness categories) shows that if dim 7,S = n, then S admits
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charts about p taking values in R” but no charts taking values in R”,
m < n. If S is a model in R7, define n, = @y to be the ideal sheaf of
functions vanishing on S. Then for each p € S,

(TS = {veT,R*|v-f =0, forall feng ,}, where c: S 5 R”.

Another characterization of the tangent spaces that is sometimes useful
is the following. For each p € S, and each chart ¢ at p, define M(p, p)
to be the set of germs at ¢p of submanifolds M in R* such that for some
neighborhood U in U, of p, U is contained in M. Then for each ue
M(p, p), T,, 1 has obvious meaning, and one verifies quite easily that

(%) PxTpS = () Typp St,pR™
p=Mp, p)
Applying ¢y} to each side of () gives the desired characterization.

It is well known that T,M = t,M when M is a differentiable manifold
of class C= or C¢. The usual proof [10] requires that the smoothness
category under consideration be stable under differentiation and indef-
inite integration. The result holds, however, for many smoothness
categories not having these stability properties.

PROPOSITION 1. For any smoothness category € = C* and any differenti-
able space S of class €, t,S = T,S forallp € S.

PrOOF. First consider the special case S = (R”, %g). Let p, ¢, and e
denote the maximal ideals of R[x%, ..., x"],, €gs, »» and Cg; ,, respectively.
Then

R[x1, ..., x"], © €re , S Cii,p
and

pkgckcek

for all powers k. The filtration {et/k € N} on Cg; , induces the filtra-
tion {e* (| @rs ,/k € N} on @y, ,, and these induce the filtration {p#|
k e N} on R[xl, ..., x"],. Completing with respect to these filtrations we
obtain

N

pciceé

and
p? e ¢ c e
where p = & is the maximal ideal of R [x!, ..., x*],, and p? = p? = &

= ¢2, Thus

~ % ~ (R7)*.

L)

S
'?\’-.l =y
‘q\.’,itb
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Therefore t,R” = T,R*.
Now let ¢ be a chart for S about p satisfying n, = dim7,S. Then
T,S = t,S follows from the commutativity of the diagram

T, R = t,,R%
2 [ ¢ur
T,S—— .t,S. Q.E.D.

The disjoint union U s=s TS inherits a differentiable structure (of class
% when S is of class ¢*1) via the injections

¢t |J TS > ) T,,R™ = R?,
pUyp »<Up
We denote this differentiable space by TS, the tangent pseudobundle of
S,Ifp, S, and f: p — S are of class ¥*1, then the tangential map f,.: Tp —
TS is smooth (of class €). The functor f'— f, extends the classical tangent
functor on differentiable manifolds.

The tensor powers ®”T'S are well defined and have the properties one
expects (see [4]). The mapping f above induces the mapping ®7f,, which
by abuse of notation we often denote f,. Continuous, differentiable, and
smooth (of any class & 2 %.) contravariant tensor fields are defined in
the obvious way. If ¥ such a field, if p € S, and if ¢ is a chart about p,
then there exist contravariant tensor fields ¥ of the same class as Y de-
fined locally in R such that Y(pg) = ¢4(Yq) for all g in a neighborhood
of p. Any such Y is called a local representative (near pp)of Y relative to ¢.

A differentiable (smooth) covariant tensor field of rank m is a differenti-
able (smooth) map ®”TS — R that is linear on fibers. A differentiable
(smooth) mixed tensor field of type (m, n) is a differentiable (smooth) map
®mTS — ®*TS that preserves fibers and is linear along fibers. Making
the convention ®°7S =S x R and ®%, = f x Id, we can identify
covariant tensors of rank m with mixed tensors of type (m, 0), and con-
travariant tensors of rank m with mixed tensors of type (0, m). We denote
the bigraded module of differentiable (smooth) mixed tensor fields on S by
T 9(S) (7(S)) and the corresponding sheaf by 7 ¢if(7g). If r € 74(S)
(7(S)) is of type (m, n) and if ¢ is a chart about p € S, then there exists a
locally defined 7 € 7 4f(R™)(.7 (R”™)) of the same type and a neighbor-
hood U € U, of psuchthatforall g e Uand Y e ®”T,S, p4(tY) = {(p; Y).
Again, 7 is called a local representative of ¢ relative to ¢.

DEFINITION. Assuming S to be of class ¢*+1, denote the sheaf of vector
fields of class & by Zg, and define

T,S = {X(p)/X € Xs,,}
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Other classes of vector fields will be appropriately denoted, for example
the continuous fields by Z§n, the differentiable fields by Z§, the C=
fields by #§, etc., and the corresponding tangential subspaces will be
denoted T4"S, T3S, T4S, etc. '

DEFINITION. A point p € Sis said to be a regular point of S if dim TS
is constant in a neighborhood of p. The set of regular points in S is denoted
Reg S. Its complement in S, the set of singular points of S, is denoted
Sing S.

PROPOSITION 2. A point p € S is a regular point of S if and only if T§™S =
T,S. The set of regular points Reg S is open and dense in S. If peReg S,
then for any smoothness class 9 2 ¢, T,S = T3S.

Proor. The integer-valued functions p +— dim7,S and p — dimT;f“S
are upper and lower semicontinuous, respectively, and dim7,S =
dim T;"‘S forall pe S. Thus if T,S = T;‘“S,v then for all ¢ in some neigh-
borhood of p, dimT,S = dim7,S = dim7$"S 2 dim7§"S = dim7,S.
Therefore p € Reg S. On the other hand, if p € Reg S, where dim7,S =
n, and if ¢ is a chart about p with n, = n, then for every ¢ in some
neighborhood of p, ¢4,: T,S — T,R” is bijective. For these g, define

Xiq) = ¢54((0/0xNpq) e T,S, i =1, ..., n.
Each X; is ¢-smooth near p for any 2 2 %, and
TS 2 TYS = span {X{p)/ i = 1, ..., n} = T,S 2 T§"S.

Clearly, then, Reg S is open in S. Suppose now that Reg S were not
dense in S. Let p be an interior point of Sing S, and let ¢ be a chart about
p. Then there exists q; € (Sing S)° () U, such that dim7,;S < dimT,S.
Continuing inductively, we find a sequence {¢;} = (Sing S)° (1 U, with
dim7, S < dimT7,S, which is absurd.

REMARKS. A detailed exposition in somewhat different language of
part of the material in this section can be found in [4]. There, as in the
classical definition of differentiable manifold, we make explicit use of con-
necting maps to define differentiable structures. The use of ringed spaces
to define the notion of differentiable space, however, obviates the notions
of maximal atlas or equivalence class of atlases, as well as the use ad initio
of connecting maps. This theory of differentiable spaces can be broadened
to include non-reduced spaces by employing non-reduced models (see

7).

APPENDIX (Smoothness Categories). The following material is taken
from [5]. Let ¢ be a category whose objects are all open subsets of the
cartesian spaces R”, n ¢ N, whose morphisms are certain C!-mappings, and
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whose binary operation is ordinary function composition. Then @ is a
smoothness category if the following conditions are satisfied.

(S1) For each U, ¥(U, R™) is a linear subspace of C1(U, R™) contain-
ing all constant maps.

(S2) ¥(R" @ --- @ R”™, Rm) contains all k-linear maps.

(S3) fe €(Uy, Us) if for each p € U there is a neighborhood U’ = U,
of p such that f|,;» e ¥(U’, Us)

SHIf f; e €U, R™), i =1, 2, then x — (fi(x), fo(x)) belongs to
(U, R @ R™).

(S5 If fe €(Uy, Up) and f~1 e CY(U,, Uy), then f~1 e €(U,, Uy).

Examples of smoothness categories are C* for ke N, &= C>= and
&/ = Co. The intersection of an arbitrary set of smoothness categories
is again a smoothness category, and in particular, the intersection C2 of
all smoothness categories is a smoothness category, the Nash category.

If ¢ is a smoothness category, then € is uniquely determined among all
smoothness categories by its real-valued functions, ¥ (U, R), where U
ranges over Ob %. For each U, C%U, R) is the integral closure of the
ring of polynomial functions on U in C¢(U, R).

The mappings f€ Map & such that Df e Map % constitute the maps of
a smoothness category denoted €. If ¥ = C?2, then ¥ together with the
differentials of its maps generate a smoothness category ¢’. A smoothness
category ¥ is said to be differentiably stable if € = &*1, or equivalently,
€ = %"

The implicit function theorem holds for any smoothness category &':
if fe ®(U; x U,, Us)satisfies the usual hypotheses for the implicit func-
tion theorem, then the implicitly defined function g: U, — U, is also -
smooth.

2. Characterization of Lie Vectors. Given X € 2§, 1€ 7§ of type
(/, k), and a chart ¢ about p, we may determine whether ((®*py)1oLyie
®'py)p is independent of the choices of g, X, and 7. If that is so, we define
(Lxt)p to be this tensor. We showed in [4] that (L Y)p is well defined for
any C> vector field X and C> contravariant tensor field Y (in this case /=
0 and ®%, = ¢), and the argument there remains valid for X and Y
differentiable. We gave the following example to show, however, that
(Lxt)p may not be well defined when ¢ has positive covariant rank.

ExaMmpPLE 1. Let S = R?2 be the union of the y-axis and all horizontal
line segments of the form

1 1 k
|:_7, 7,;:! X {7},n,keN,
and let ¢: S o R2 denote the inclusion. The vector field 9/0x on R? re-
presents a smooth vector field on S = (S, C¥),and the differential form
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xdy e 7 (R?) represents the zero differential 1-form on S. On R?,
L;s.xdy = dy. This represents, however, a non-zero 1-form on S:

0/0¥) 0,0 € ¢xT(0,0)S, and <dy, 8[0y>,0p = 1.

DerFINITION. Let 2§ff < 2°¢#f be the set of vector field germs X such
that (Ly?)p is well defined for every t € 7§, and let &5 , = Z&F (1 s,
Define

LIS = {X(p) | X e Z§ff}
and
L,S = {X(p)| X L5 p}-

It is not difficult to prove the following (cf. [4]):

(i) #4¢Y is a submodule of Z§f. If ¥ is differentiably stable, then
Zs, p1s a Lie submodule of Zg ,.

(i) If X e ¢ satisfies X(p) = 0, then X € L§f.

One easily deduces from (i) and (ii) that if X;(p) = Xa(p) and X; € £§}
then X, e #§f, ie., X(p)e LIS implies X € ¢, We now want to
characterize the subspaces L3S and L,S of T,S. For this we need the
following.

DEFINITION. Given a differentiable space S and p € S, define
S® = {qeS|dimT,S = dimT,S}
and define S to be the resulting differentiable space with induced struc-
ture; for each n define
S® = {geS|dimT,S = n},

and let S™ be this subspace equipped with the structure induced fromS.
Further, define

TPS = [*Tps(p),
where ¢: S < Sis the inclusion map.

THEOREM 1. Let X € 2. Then (Lxt)p is well defined for every t e 7§%
if and only if X(p) € T,S. Thus
LS=T¢{SNT,S
and
LIS = TS N T,S.
PRrROOF. In [4] (Lemma 5.5) we established the following: If for some
chart ¢ and some local representative X, of X, (Lx,t,) © @*py Is inde-

pendent of the choice of the local representative z, of ¢, then for any other
chart § about p, any local representative #, of ¢ relative to 6, any local re-
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presentative X, of X, and any connecting map f with fo ¢ = 6 near p, we
have

(®Y ° LX,Ptq; ° @*py)p = (Ly,tgo ®*04)p € 0+®'T,S.

We now employ this result. Let ¢ satisfy n, = dim TS, and choose some
X, and t, relative to ¢. Using coordinates to write

— < 7 a
= o
and
ak
ﬂ a v
Iﬁl
we have
_ « o*
() Ly, tp)pp = ZEB (Xy(pp)-85) (dx ® r-a;[;)p

L. (d o0*
+ :8 xa D
;ﬁga(p) X“’( ® Bxﬁ> '

Now assume ¢ = 0 in some neighborhood of p, and X(p) € TI,S. At each
g e S theset {(dx* ® (8/0xf))q| || = I,| 8| = k} is a basis for the space
of R-linear maps ®'T,S — ®*T,S, and this implies that each coefficient
function g# vanishes on ¢(S®). Thus gf(pp) = 0 and v - g8 = 0 for each
ve go*TpS. Both terms on the right of (2) then vanish and it follows from
the linearity of Ly that (Lyt)p is well defined for each r. Thus 7,S <
Ldiffs

Now let ve T4¥S\T,S, and let X e 2§ satisfy X(p) = v. Since
dim 7,S < dim 7,S, there is a nelghborhood U< U,of p suh that
o(S® ] U) lies in some proper smooth subvariety of R” which we may
assume to be {g € R*/x*(q) = 0}. Since dim 7,S = nonly when ge S®,
1, = = x"dx! A ... A dx* is a local representative of the zero n-form on S.
Let X, = 2a'(9/0x") be a local representative for X in a neighborhood of
op. Smce vé TI,S a*(pp) # 0. Thus

(Ly,tp)pp = Ly (x* dxt A ... A dx)pp
= (adx! A ... A dX")pp.
Since 0 # (8/0x")(gp) A ... A (8]0x")(pp) € ®"p4T,S, then Lyt does not

represent the zero n-form at p, and so X ¢ #§f. It follows that v ¢ LS.
Since L,S = LS (| T,S, and T,S = TS, the theorem is proved.

COROLLARY. If p € Reg S, then for every X € 2§ and for every t e 7§},
the Lie derivative Lyt(p) is well defined. In partzcular the set of points in S
at which some Lie derivative could be multivalued is nowhere dense in S.
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In Example 1 the various spaces just defined are as follows:

T,S = {(8/ox)p) for each pe S

and
S = y-axis ifx(p)=20
o {S\y-axis if x(p) # 0.
Thus
FSo {((a/ay)p> if x(p) =0
777 K@faxp) if x(p) # 0
and
LS = {<o> if x(p) = 0
P77 K(@/ax)py if x(p) # 0.

REMARKS ON THE WEAKENING OF STRUCTURE. (i) If & is some smoothness
category containing %, then it can happen that vector fields X of class
 exist with X(p) ¢ T,S even when there are no such fields of class %

ExaMPLE 2. Let g € C%(R1) be the mapping x — x7/3. Define S to be the
graph of g equipped with the C¢-structure induced from R2. Then T<0 S
= T<0 »S = 0. The Cl-vector field X(x, y) = (3/0x)(x, ¥) + g'(x)(3/dy)
(x, y) on R2 restricts to a Cl-vector field on S, and X(0, 0) ¢ L (S. The
2-form xdx A dy on R2 represents the zero 2-form on S, and Ly(xdx A
dy) represents a non-zero element of 7 (S).

(i) For any smoothness category & 2 ¢, a differentiable space S of
class ¢ gives rise to a canonical space of class &, the space obtained from
S by weakening of structure. If R is the resulting differentiable space
of class &, then it can happen that dim T,R < dim T,S. In the space
constructed above, for example, dim T, (S = 2. If 2 = C?, then dim
T, R = 1. Similar examples show that dim TPS and dim TPS may in-
crease or decrease upon weakening the structure.

(iii) The following modification of Example 1 shows that weakening of
structure may increase T,,S/LPS. Let fe C~(R!, R!) be nowhere analytic
and define S = R? to be the closure in R? of

U fomm(re A)0([- 4 41+ %)

Equip S with the Ce-structure inherited from R2. Then for every p € S,
dim T,S = 2, that is, S is regular, and so LS = TS. Weakening the struc-
ture to C= gives a differentiable space that is C-diffecomorphic with that
of Example 1, where LS & T8S.
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3. Analytic Spaces. General references for this section are [3], [8], and
9.

Let S < R” be a real analytic set, let m be the defining ideal subsheaf of
Sin o/ge = Cgu, and let S = (S, &Z5) = (S, Lri/1).

PROPOSITION 3. For each p € R?, pe S™ if and only if the Jacobian exten-
sion Jy(ny) (i.e., the ideal generated byn and all first derivatives of germs
in m) is properly contained in /g . In other words, S™ is the real analytic
set defined by the sheaf of ideals J,(n).

ProoF. Clearly df(p) = 0 for every pe S™ and every fe n, Thus
Jinp) & g, , for every pe S™. Conversely, if p ¢ S, then dim T,S <
n and there is a germ f'en, such that df(p) # 0. It follows that 1 e J;(n,)
and therefore that J1(n,) = /g .

ProOPOSITION 4. Let (S, &) be the space obtained from S by weakening of
structure. Then for every p € S,

(D) TpS = Ty(S, &5)
(ll) (§9 MS)(f) = (S’ g)S)(‘o)
(iii) 7,8 = TS, &5)
(iv) TGS = Ty(S, &s)-
PRrOOF. (i) As in Proposition 1, let a, and e, denote the maximal ideals

of /s , and &g 4 respectively, and let n, be the ideal subsheaf in &,
that defines S. Then

L a/n a ~ a
T T @+mn Tl +n T 2+ q
Similarly,
e
Tp(S’ gS) = (32 T s

But from Theorem 3.5 and Remark 3.8 of Malgrange [3], we have fi +fi,.
Since T)(S, &5) = T,S, (i) is proven.

(ii) Immediate from (i).

(iii) It follows from Proposition 3 that (S, o/5)® = S® is also a real
analytic set, and so from part (i), T,(S?, Zs(p)) = T,(SP, &s(p)) =
TH(S, &), that is, T,S = T (S, &s).

(iv) Trivial.

THEOREM 2. Let S = (S, <75) be a coherent real analytic set. Then T¢S <
T'S. (From Theorem 1 it then follows that (Lxt)p is well defined for every
peS,te 78 and X e Z§ ;).

PROOF. Since /s = /%" is coherent by hypothesis, so is n. Thus there
exist a neighborhood U of p in R” and functions g; € &/(U),i =1, ..., m,
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such that for every g € U, the germs [g],, ..., [g,], generate n,. Without
loss of generality we may assume that dim 7,S = n, so that S® = S® =
V(J1(m)). Then of course g,(g) = 0 for all i and for all ge S ) U, and
forallve T,R* v-g; = 0.

Given pointwise linearly independent vector fields Yy, ..., ¥, on U of
class C=, define

Gy = Z1: (g% + Z;: Zl(Y;' - &)
= 1= =

Then for any such (Y3, ..., Y,), Gy, .y ,S®NU = 0.
Conversely, if g e U\S®, then (1) some f e n? satisfies f(p) # 0if pe S
( U, in which case g;(q) # 0 for some i, or (2) there is a germ f € n, such
that df(q) # Oincase g € U ) (S\S?’), whereupon (Y;-g,)g # O for some
i and j. In either case, Gy, v, () # 0.

Thus S (| Uis precisely the set of zerosin Uof G, y,, independ-
ent of the choice of Y7, ..., ¥,

Now if Y7, ..., ¥, are chosen to be analytic, then G, v, is analytic.
Thus for each compact neighborhood K of p in U, Gy, v, satisfies
some Lojasiewicz inequality:

G, ..y, (@ = ck c(distance (g, S ) U))k, some ke N, cx o > 0

This implies in particular that (Y)*Gy,  y,(p) # O for any C= vector
field germ Y at p satisfying Y(p) ¢ T,S. Clearly then, for any Z, ...,
Z,e X%, , whose k-jets are sufficiently close to the k-jets of Y3, ...,
Y,, respectively, the same condition is maintained: (Y)*Gz, 7z, (p) # 0.
But of course the sets of jets satisfy {j*X/X e Z¥, ,} = {j*X| X e Z¥, ,}
for any k € N. Thus for every choice of Zy, ..., Z, e 2%, , with the Z,(p)
linearly independent, (Y)*Fz, . z.,(p) # 0.

Now assume contrary to our assertion that there exists X e 2§ , with
X(p) ¢ T,S. Since X(p) # 0, there is a neighborhood U’ of p in U with a
C= coordinate system x1, ..., x* such that X|,» = [9/0x![gny], and U’ )
S» < {g e U'|x(q) = 0}. Define Y; =0/ox/ € Z§(U"), j =1, ..., n.

Then

*) (ou)

Of course

= 0, for all ke N and all j.
snu’

Sirice T4(S, &s) = TS (= R*) by Proposition 4, Y(9/ox1)* g{p) = 0,
and it follows that (9/0x!)* Gy, .y, = O for all k€ N, a contradiction.
We conclude that there is no X e Z§ , with X(p) ¢ 7,S.
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COROLLARY. Let S = R” be a coherent real algebraic set. Then for any
differentiably stable smoothness category €, T4(S, €s) 2 TS, €s) =
T (S, &s).

Proor. If we write S = (S, %), then Proposition 4 holds for this S
because ny = ng. Egs S0 that f, = ng. Observe that (S, .Z5) is also
coherent, so applying the theorem to (S, «75) and applying Proposition 4
again to the pair (S, .«/s), (S, &5) gives the desired result.

ReMARKS. The hypothesis of coherence in the above propositions seems
somewhat artificial. An attractive conjecture is that for arbitrary Whitney-
regular stratified spaces of class C=, any C* vector field germ X satisfies
X(p)eT »S. The results of the next section also support this conjecture
for a substantially different type of Whitney-regular stratified spaces. An
example of a stratified space that is not Whitney-regular and where not all
vector fields act in a single-valued fashion is the following:

S= (0.0} U U @0 n] x {n) < R

equipped with the induced C* structure.

4. Differentiable Polyhedra. In this section we establish the well-
definedness of Lie derivatives on spaces locally diffeomorphic with poly-
hedral subsets of cartesian spaces. These spaces have played an instru-
mental role in the theory of Bessel potentials [1].

DEFINITION. A polyhedral model of class € is a polyhedral subset P =
R” together with its structure sheaf €p. A differentiable polyhedron (or
differentiable space of polyhedral type) of class € is a differentiable space
that is locally isomorphic to polyhedral models of class %.

The theorem stated below is practically obvious if the polyhedral models
can be chosen to be in general position. In this case one sees clearly that
TPS = TPS for every p € S. If the models are however not in general posi-
tion, then this equality may not hold. For example, consider the set

S = (x-axis) | (closed left half-plane) = R?

equipped with the induced C=-structure. Then 7S = span {9/dxlo, 8/0)lo}
while T,S = span{9/ax|o}.

The notion of differentiable polyhedron defined here is apparently
more restrictive than the notion of triangulated space employed, for in-
stance, in [2]. Therefore the results of the previous section do not seem to
follow via the theorem of Lojasiewicz from the theorem below.

THEOREM 3. On differentiable polyhedra, Lie differentiation
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Ll x 78~ © 7,8
is well defined at every pe S

PRrOOF. We shall show that 7,S < 7,S for every p € S. The theorem is
of a purely local nature, and so we restrict attention to polyhedral models
P c R” with pe P and dim T,P = n. If n = 0, then obviously 7,P =
T,P. We now proceed by induction on n. Let ne N and suppose the
theorem holds for all differentiable polyhedra S at points p € S with
dim7,S < n. Choose a triangulation of P, and let B be a closed ball cen-
tered at p with radius small enough so that B ] (P\star(p)) = @. Then
P 0B is a differentiable polyhedron of class ¢ with maximum tangential
dimension n — 1, and P () Bis the cone over P (] 9B with vertex at p.

We now establish two formulae from which the theorem immediately
follows:

(1) TI,P = {{p} U(P N3B)» V), where (S), denotes the affine span
of S € R” equipped with the vector space structure centered at p, and
where (P (1 9B)*D is the set of g € P ) 9B such that dim7,(P (| 9B) =
n—1.

(ii) TP = 0 <P} U TP (1 9B)),.

For convenience we have made the natural identification between T,R”
and the n-dimensional vector space centered at g.

To prove the theorem, let ge (P () 9B)" V., Then Tq(P N 0B) =
T,®n oB)»~D_ and by the induction hypothesis, Tq(P N oB) =
T,P N 0B). Thus

T,P < N {p} UT,P N 0B, (from (ii))

q=(PN9B)(n—D

s () AppuT@nNoBY,

- q(,(p n aB)(n—I)
c {p} U (PN 3B,
=T,P (from (i)
Thus L,P = T,P.
To prove (i), let p: R*\{p} — 8B be the radial projection, and note that
p is of class . For any g € B\{ p} there is a neighborhood U of ¢ in P that
is @-diffeomorphic to R x p(U). Since for any two differentiable spaces
R and S we have a natural isomorphism ([4])
(*) T(P,q)(R X S) ~ TPR @ qu,
then
dim T,P = 1 + dim T,,(P () 9B).
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Thus
P® = cone,y((P () 9B)~~D)
and so
T,P = T,P» = ({p} U (P 9B)" DY,

To prove (ii), let 7,, be the translation in R” that sends ¢ into
tg + (1 — t)p, g € R”, t € RL Note that (x) implies

%) TppR x S) ~ T,R® T,}S.
Then forall ge P (| 9B and € (0, 1],
Tigra-opP = (04T ,(P (1 9B)+ kern D (tq+(1—1) p)
= {{p} U (zg,0« Tq(P N 0B)>ra-np
= <{P} U T,(P N 3B)>zq+(1~z)p~

For any differentiable space S and any net {¢} in S converging to p, TI,S c
lim__, T,S whenever this limit exists. Thus

T,P = {({p} U TP 3B)), for every g P (| 9B,
ie.,

T,pe () <{p}U TP 3B,
4=P(10B
On the other hand, if X(p) € () <{p} U T,(P N 9B),,
g=PN 9B

then foreveryge P (| 0B
X(q) = (z ) X(p) e {p} U T,(P ) 3B)),,
hence for every ¢ € [0, 1]
CX(tg + (1 = 1)p) = (7,0 X(p) e {p} U T,(P [ 9B)),.
Then the constant vector field on R”
X(q) = (7, D+X(p)
extends X, proving that X(p) € T',P.
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