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ERGODIC THEOREMS OF POPULATION DYNAMICS 
JOEL E. COHEN 

ABSTRACT. The ergodic theorems of population dynamics give condi­

tions under which closed single-sex populations converge, in some sense, 
to age structures (probability density functions of individuals according 
to age) and growth rates (changes per unit time in total number of in­
dividuals) which are independent of certain initial conditions. We re­
view models in discrete time n = 0, 1, 2, • • • with a finite number k of 
age-classes. The action of age-specific birth- and death-rates, collec­
tively called vital rates, is modeled as a linear operator (the "Leslie 
matrix") xn acting on an age-structure vector yn according to yn+1 = 
Xn+lï/n' 

The strong ergodic theorem of demography (which assumes a fixed xn 

= x)9 the weak ergodic theorem (which assumes xn changing determi-
nistically), the strong stochastic ergodic theorem (which assumes xn de­
termined by a homogeneous Markov chain) and the weak stochastic er­
godic theorem (which assumes xn determined by an inhomogeneous 
Markov chain) are each motivated by the empirical inadequacies of 
population projection techniques based on models assumed previously. 
The strong stochastic ergodic theorem establishes convergence in distri­
bution of the normalized age structure and almost sure convergence of 
the limiting growth rate; it gives explicit procedures for calculating 
these limits. 

REFERENCES 

1. A. J. Coale, The Growth and Structure of Human Populations: A Mathematical In­
vestigation, Princeton University Press, Princeton, 1972. 

2. J. E. Cohen, Ergodicity of age structure in populations with Markovian vital rates, 
I: Countable states, Journal of the American Statistical Association 71 (1976), 335-339. 

3. , Ergodicity of age structure in populations with Markovian vital rates, II: 
General states, Advances in Applied Probability 9 (1977), 18-37. 

4. , Ergodicity of age structure in populations with Markovian vital rates, III: 
Finite-state moments and growth rate; an illustration, Advances in Applied Probability 9 
(1977), 462-475. 

5. , Derivatives of the spectral radius as a function of nonnegative matrix ele­
ments, Mathematical Proceedings of the Cambridge Philosophical Society 83 (1978), 
183-190. 

6. N. Keyfitz, Introduction to the Mathematics of Population, Addison-Wesley, Read­
ing, Mass., 1968. 

7. J. H. Pollard, Mathematical Models for the Growth of Human Populations, Cam­
bridge University Press, New York & London, 1973. 

DEPARTMENT OF POPULATIONS, ROCKEFELLER UNIVERSITY, NEW YORK, NY 10021 

Received by the editors on December 1, 1977. 
Copyright © 1979 Rocky Mountain Mathematics Consortium 

27 




