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CHARACTERS OF THE WEYL GROUP OF SU(n)
ON ZERO WEIGHT SPACES AND
CENTRALIZERS OF PERMUTATION REPRESENTATIONS

DAVID A. GAY

1. Introduction. If G is a compact simple Lie group with maximal
abelian subgroup T and normalizer N(T), then W = N(T)/T is a finite
group called the Weyl group of G. If & is the Lie algebra of G with
T the Cartan subalgebra corresponding to T, then the adjoint action of
G on g has the property that 7 = {x € g:t-x=xforall t E T}.
Thus T is naturally a W-module and it is well-known that W acts on
T as a group generated by reflections. A generalization of this situa-
tion is the following. Let M be a complex G-module and let M, =
{xEM:t x=x for all t € T}, the zero-weight space of M. Then
M, is naturally a W-module. It is the purpose of this paper to char-
acterize the W-module structure of M, in case G = SU(V) (where V
is n-dimensional unitary space) and M is a finite dimensional simple
G-module.

RemMark. The structure of M, as a W-module is closely related to the
structure of H, the graded G-module of G-harmonic polynomials over
&G. For example, the multiplicity of M in H is exactly k = dim(M,).
Furthermore, if m,, - - -, m; are the homogeneous degrees of H in
which M occurs (the generalized exponents of M), then the eigenvalues
in My of a Coxeter-Killing element in W are just exp(2milm;) (j =
1, - - -, k). See Kostant’s paper [3] for a definition of the G-harmonic
polynomials and more details.

Our results for G = SU(V) depend heavily on the classical cor-
respondence between the irreducible representations of SU(V) and
those of the symmetric groups S,, as m ranges over all positive in-
tegers. This correspondence is due to the fact that the linear span of
the action of S,, on ®™ V is the full centralizer of the action of SU(V)
on ®™ V. In § 2, we will summarize this correspondence using a more
general result about centralizing group representations. In § 3 we will
prove a sharpened version of this result for permutation representations
of finite groups. Finally, in § 4 we will obtain a formula for the char-
acter of W on M, related to Littlewood’s plethysm of S-functions.
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2. Centralizers of linear group representations.

ProposiTioN 1. Let G be a group and M a complex, finite-dimen-
sional semi-simple G-module with M; (1= i = k) its non-isomorphic
simple summands. If H is a group and M is also an H-module such
that H centralizes G on M (H C Homg(M, M)), then

(a) M= Homg(M;, M) is an H-module, and

k
i=1

both as G- and as H-modules. Here the action of G (resp. H) on
M;® M is given by g - (a®b)= (g -a)®Db (resp. h - (a®b)=
a® (h - b)),

(b) the span of H in Homg(M, M) is equal to Homg(M, M) iff the
Mi (1 = i = k) are simple and non-isomorphic H-modules,

(c) the decomposition in (1) is unique in the sense that if M =
¥ M; ® M and the action of G and H on M; ® M are given as in (a),
then Mi = M as H-modules.

(This theorem is a consequence of Schur’s Lemma. A version ap-
pears in [1] p. 23.)

We will call the decomposition of M given by equation (1) the G —
H splitting for M.

Let Vim)= ®™V. It is well-known that SU(V) spans Homg, (V™),
V) (see [1], p. 134) so that part (b) of the proposition is applicable.
Thus, if €, is the set of simple characters of S,, and Vyx a simple S,,-
module with character X € (),,, then there is a simple SU(V)-module
V* (possibly trivial) so that

(1) vm= Y VvV ®V*

XEQm

is the S,, — SU(V) splitting of V™. (Here it is understood thatV* #
{0} iff X occurs in the character of S,, on V™.) It can also be shown
that, if M is any simple, finite-dimensional SU(V)-module, there exists
a positive integer m and a simple character X € (},, so that M = V*.
An immediate consequence of part (c) of proposition 1 is the follow-

ing.
ProposiTion 2. If VW= ,cq, Vy® VX is the S, — SU(V)

splitting of V™, then V™= ,cq, Vx® Vo* is the S, — W
splitting of the zero-weight space of V™.
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3. Centralizers of Transitive permutation representations. In this
section we will prove a sharpened version of proposition 1 for permuta-
tion representations of finite groups. To state the theorem, let X be a
finite set, Sy the set of all permutations of X, G a subgroup of Sx acting
transitively on X and C the centralizer of Gin Sx. If X = {1,2, - - - p},
we form a complex p-dimensional vector space Vy with basis x;, - - -,
x, and let o € Sx act on Vx by o(x;) = x,; (i =1, - - -, p). Thus Vy is
both a C- and G- module with C C Homg(Vx, Vx). Thus proposition 1
applies. Indeed, let A, - - -, A (vesp. w;, * * *, pq be the simple char-
acters of G (resp. C). Let

(2) Vy= . ® Vi

be the G — C splitting of Vy as in (1), and let X(X, \;) denote the C-
character of Vy* (i=1, - - -, k). The theorem we will prove is the
following.

TueoreM 1. Let G, be the subgroup of G fixing x € X and N(G,) its
normalizer in G. Then

(a) C= N(G,)IG,.

(b) Fori=1, -4, let [i; be the simple character of N(G,) (with
kernel G;) corresponding to w;. Then forj =1, - - - k, the multiplicity
of A; in the induced character [i;C is equal to the multiplicity of ; in
X(X, \).

ReMark. In the next section we will show that that V,,™) has a basis
on which §,, acts transitively and such that W is the centralizer of S,
in Sy. By Proposition 2, X(X, A) is the W-character of the zero weight
space of V* (A € Q,,).

For x € X, o € Sx let o - x denote the action of ¢ on x, and let
F(x)={y€ X:gy=yforall g € G,}. If Kis a subgroup of Sy, let
K - x denote the K-orbit of x. We will prove Theorem 1 by the follow-
ing series of lemmas.

Lemma 1. (1) N(G,)/G, is faithful and regular on F (x).
(2) C is faithful and regular on F (x).
@3) IC| = |F(x)| = IN(GIG].

Proor. (1) N(G,) is transitive on F(x) by [6], 3.1 and 3.6, with
normal isotropy subgroup G,. It follows that N(G,)/G, is regular and
faithful on F(x).

(2) C is semi-regular on X and |C| = |F(x)| by [6], 4.5'.
Thus, since C - x C F(x), C - x = F(x). Part (2) of the lemma follows.
(3) This follows from (1) and (2). |
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LemMa 2. Let H be a group acting faithfully and regularly on a set
Y, and let K be the centralizer of H in Sy. Lety € Y. Then there is an
isomorphismé : H — Ksuchthath - (k - y) = k¢(h)~! - yforallh € H,
keK

‘Proor. (That H and K are isomorphic is well known ([5], 10.3.6).)
Define a function¢: H — Sy by ¢(h)h’ y=h'h-! -yforallh, h' €
H. 1t is clear that ¢ is an isomorphism into and that ¢(H) commutes
with H. Thus ¢(H)C K. By lemma 1 part (3), |K|= [Y|= |H|=
|6(H)| so that ¢(H) = K. Furthermore, h - (k-y)=k-(h-y)=k -
o(h)! . |

LemMma 3. C= N(G,))IG,.

Proor. By Lemma 1 parts (1) and (2), N(G,)/G, and C act faithfully
and regularly on F(x). It is clear that C commutes with N(G,)/G, on
F(x). By Lemma 1 part (3), |C|= |[N(G,)/G,|]. By Lemma 2, C ==
N(G)IG,. |

LemMmA 4. Assume the notation of Theorem 1. Vy is naturally a
C X G-module and suppose it has character Y ;;mgi\p;. Then the C-
character of Vx* is ¥ I_ myp; (1=i= p). (This follows easily from
the fact that the simple characters of C X G are just Ay, (1= i=p,
1=j= g) and from the uniqueness of the G — C splitting given by
formula (2)).

Lemma 4 reduces the problem of determining the C-character of
Vx"i to that of determining the C X G-character of Vy.

LemMMa 5. Assume the notation of Theorem 1. The C X G-
character of Vy is just > 7_, ii;C, where [; denotes the character
conjugate to p;.

Proor. We first observe that, since G is transitive on X, sois C X G.
Thus the character X of C X G on Vy is induced up from the identity
character X, of (C X G), (= isotropy subgroup of C X G at x € X).
Thus X X X,;¢*¢. We claim that (C X G), C C X N(G,) so that, by
transitivity of induction, X,“X¢ = (X;0XN(¢:))CxC_ To prove this claim,
let (c,g) E(C X G), so that (c,g)'x=c-(g-x)=g (c-x)=x
implies g € N(G,) by Lemma 1 parts (1) and (2).

Next, we compute X, %N (¢*), To do this, we note that C X N(G,) is
transitive on F(x), the set of fixed points of G,. Consequently, the
character { of C X N(G,) on Vg, is induced up from the identity
character of (C X N(G,)), = (C X G),. Thus { = x;*N(©), Further-
more,
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3) (= zrw,

To prove formula (3), let ¢ : N(G,)/G,— C be the isomorphism of
Lemma 2 such thatk * (¢ * x) = c¢(k)~! - xfor every c € C,k € N(G,)/
G,. For every c € C, pick a coset representative ¢ € ¢—!(c) so that,
consequently, every element of C X N(G,) is of the form (c,, &,g) with
¢, ¢ €EC,g €EG,. Now {(c,, &;8) is equal to the number of fixed
points of (c;, &;g) in F(x). But (c;, &xg)" (c3 * x) = ¢1c3¢2! - x, and the
latter equals ¢; - x iff c;~'c;¢3 = ¢5. Thus

0, if ¢}, ¢, are not conjugate
(4)  &(c1,2:8) = | order of the centralizer of ¢, in C, otherwise.

On the other hand, ¥/, ify(cy, &) = Dj-1 i(c1)p(cs), which is
equal to the right hand side of (4) by the orthogonality relations for
simple characters. Thus formula (3) is proved.

To finish the proof, we need only complete the final step of induc-
tionup to C X G. We have, therefore

- . CxG - 4 _
xee=goe= ($ga )70 = S Ecac= 3 mac |
ji=1 i=1 i=1

4. A formula for the character of W on VX. In this section we will
find a basis for the zero-weight space V™ of V™ and show that S,
and the Weyl group W act on this basis in such a way that Theorem 1
applies. This will enable us to find a formula for the character of W
on V* when X is a simple character of S,,..

Let e, ey, - - *, e, be a fixed unitarily orthogonal basis for V, and let
T be the maximal abelian subgroup of SU(V) consisting of the diagonal
transformations with respect to this basis. Then N(T) is the group of
n X n monomial matrices, and the Weyl group W = N(T)/T is iso-
morphic to S,,.

A basis for V™) consists of vectors of the form ¢;, ® - - - ® e, with
i; € {1,2, - - -,n}, all j. Each is an eigenvector for the action of T on
V. In particular, if t&T and t= diag(s,, - -,s,) where

s; = exp(2mi 6,(t)) (1=j=mn), then t-(¢;® --Qe¢,)=
exp(2mi % i10i)(e;, ® -+ -e,). Thus ¢ ® - ®e; € Vo™ iff
exp 2mi ), 70 0i(t) =1 for all t €E T. Since exp(2mi Y1_,0,(t)) =1
is the only relation on the 6,()’s, this means thate;; ® - - - ® e;, €
V@) iff the number of occurrences of k and £ as subscripts i; is the
same for all k,& € {1,2, - - -, n}. Thus the zero-weight space V,™ #
{0} iff m = sn for some positive integer s. If m = sn, then V,™ has a
basis X consisting of
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6® ®ey®6®  Be® ® 68 - ®e

s-times s-times s-times

L

together with all images of this under the action of S,,. It is also clear
that S,, and the Weyl group S, act as permutations on this basis in such
a way that the two actions commute and the action of S,, is transitive.

We can now apply the analysis of § 3 to the situation in which X is
the basis of V,,™ given above and G is the group S,,. We claim that,
in this case, the centralizer C is just the Weyl group W. Clearly W C
C. To show W = C, we need only show |W|= |C|. But |[C| = |F(x)|
where

x=|e1®-"®e1 ®---®|e,,®"-®e,,

s-times s-times
and

G,= S, X - X8,
RN

n-times

Furthermore, y € F(x) iff

y= e @ ' Qe ®---®&® ®e1‘
| 1 1 I in n
s-times s-times
for some permutation (i;, * - -, 4,) of (1,2, - - -, n). Thus [F(x)|=

[W| since W= S§,. The following is therefore an immediate con-
sequence of the results of § 3.
TueOREM 2. Let m = sn, and let
H= S,X -+ XS,
n-times

with normalizer N(H) in S,,. Then N(H)/H=S§, = W. For u € Q,,
let i be the corresponding simple character of N(H) with kernel H,
and suppose fiS» = ycq,nxX- Then the character of the Weyl
group of VoX (X € Q) is just Y, canlx . K-

We would like to characterize V,Xin yet another way using a
product of characters first defined by Littlewood (see [4], p. 66). To
describe this product, let A € , and X the corresponding simple
character of SU(V) with space V*C V@, Then (VY)®), the
p-fold tensor product of V* with itself, can be considered
as a subspace of V®¥ having S, — SU(n) splitting (VH®) =
Y vea, Vi @ (VM. The SU(V)-module (V‘)“‘ not necessarily

p
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simple, has character denoted AY and is called the plethysm of x
with §. In [4], Robinson _proves that the multiplicity of X in A5~ is
equal to the multiplicity of X in 1, Thus we have the

CoroLLarY. Let 1, denote the identity character of S, and let p €
Q, where S, is the Weyl group of SU(V). If1,*=Y yea,.ny X is the

lethysm of 1, with [, then the character of W on Vox is just
g:u E0nTlx uM-

Remarks. (1) Results concerning the decomposition of the
plethysm can be found in many places. See [4] for a bibliography.
(2) Let p = mn(n + 1)/2, and let X be the character of
S, corresponding to the partition (m,2m, - - -, nm) of p. Then VX =
M, the simple SU(V)-module with dominant weight mA, where X is the
highest root. By a previous result [2], the W-module M, is isomorphic
to S™, the homogeneous polynomials of degree m over the Cartan sub-
algebra . Thus if p is a simple character of W, then the multiplicity
of w in S™ is equal to the multiplicity of X in (1, 12)*
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