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SOME RECENT DEVELOPMENTS IN THE THEORIES OF
CONTINUED FRACTIONS AND THE PADE TABLE

P. WYNN

1. Introduction and notations. We shall describe some new results
in the theories of continued fractions and the Padé table. It is assumed
that the reader is familiar with the elements of the theory of continued
fractions (as given, for example, in [1] and [2]) and with the defini-
tion of the Padé quotient ([1] Ch. 5, [2] Ch. 20).

Use will be made of the following notations. The symbol r= I/
is used to indicate that an accompanying statement holds for r = i,
i+ 1, +-, j; r=I; indicates, that the statement holds for r =i,
i+ 1, -+ r=1I indicates that it holds for r=0, 1, - - -; a symbol
such as r,m=1 is used in place of r=1 m=1 r€l [rE ]
means that r is a fixed finite nonnegative [positive] integer. Single
summation is tacitly understood to hold with respect to the dummy
variable »: E’ a, represents 7 _,a,; furthermore, ¥;a, and Y a,
represent  “.a, and 3,2, a, respectively. Double summation is
ta01tly understood to hold with respect to the dummy variables v and

; thus 2] 20 a,, represents 2 Vi EV,_O a,,. Products are formed
w1th respect to the variable 7: HJ a, represents H’ -ia. D, denotes
differentiation with respect to w; thus D,2f(u) represents d*f(u)l
du2. The continued fraction

a2 a,

b1+b2 B, +

is represented by the symbol {b, +; a, : b, + }; if b, is either missing or
has the value zero, the symbol {a,: b, +} is used; if, as sometimes
occurs, a; and b, are not given by the same law of formation as that
which determines the remaining {a,} and {b,}, the extended symbol
{bo +;a,:b, +;a,:b,+}isused. The rth convergent of a prescribed
continued fraction C is denoted by C[C], thus C[{a,:b, +}],
=0, C[{a,: b, +}]1 = a1/b;, and so on. The Hankel determinant
[3] of order r + 1 (ré 0) whose (1' + 1)th row consists of the num-
bers fm+n fm+1+1, . fm+r+r 1) lS denoted by H[ﬁ+m r; WE
set H[fiim]_,=1 If H[f], 7£ 0 (r=1), the series Y fz"
generates a nonterminating associated contmued fraction ([4-11],
[1] Ch. 3, [2] Ch. 11) of the form {fo: 1+ w1z +; v,22:1 + wz + };
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if H{f],#0 (r=1§), H[f],=0 (r=1,,,) for some r' €1,
this expansion terminates; in either case we denote the continued
fraction in question by A#{ f,z'} (this expansion is characterized by
the property that, in the nonterminating case, if for sufficiently small
values of z, C[A{D fz'}],= D £z, then f,n=f (@=I1",
r= I,) with analogous properties holding in the terminating case).
I H[f], H[f+],#0 (r=1), the series Y fz* generates a
nonterminating corresponding continued fraction ([4-11], [1]
Ch. 3, [2] Ch. 11) of the form {fo:1+; uz:1+}; if for some
r' € 17 either H[ﬁ]r’ H[fr+1]f 7‘ 0 (TE I(; )> H[fr]r’ H[fr+1]r
=0 (=1L.,) or Hf,F0 (=LY, H{fl #0
(TE 16' )’ H[ﬁ]f =0 (rE Ir'+2)’ H[f;+1]r =0 (rE Ir'+l)’ this
expansion terminates; in either case we denote the continued fraction
in question by Z{Y fz'} (we now have C[C{} fz'}],= Y £z
£ =f, (w= Iy}, r=1,) in the nonterminating case, and similar
relationships in the terminating cases). P{D fz’} denotes the
ensemble of Padé quotients generated by the series Y fz% P;;(z) €
P{z f,z’} means that for fixed i,j € I, P, ;(z) is the Padé quotient
of order i,j derived from Y fz; P{D fz'}= {P.;(z)} means that
the Padé quotients generated by fiz are Pii(z) (i,j=1I).
& € Bf means that £(s) is a bounded and nondecreasing real valued
function for a = s = B, where o, B are real and prescribed; if § € B’
is not a simple step function with a finite number of salti over the pre-
scribed range, then we write £ € Bf. {f,} € M[£]? means that
f= JE s'dé(s) (v=1) where £€B’; {f}E M’ means that
there exists a function & such that {f} € M[§]5 We set
JE dE(s)I(1 = zs) = stz §] &

2. Interpolatory rational functions. For m € I, let f£™ be the
vth order divided difference of the function f(x) with respect to the
arguments %, (r= Iy) for v=1. The rth partial sum ®™ (x) of
the Newton interpolation series [12] ff " Il6" (= %)
(taking @™ (x) = f§™, and so on) is a polynomial of degree r whose
value agrees with that of f(x) when x = x,,,,(r = I;). The partial
sums {®,™(x)} may be computed by means of a well known recursive
algorithm — the Aitken-Neville process [13, 14] .

Let m,i,j € I, let fo;')(x), D,-(,'}”(x) be two polynomials of degree
j and i respectively, and set R(7(x) = N,7(x)/D;7(x). The equa-
tions R{}(x)= f(x) (x==x, 7=1I,"" ) may be expressed as a
system of i + j + 1 homogeneous linear equations involving the co-
efficients of N,.(,']’-” (x) and le"]'.” (x), which under certain conditions
determine R (x) as the quotient, first obtained by Jacobi [15],
of two determinants. The derivation of this quotient may be regarded
as being a transformation of the interpolatory series referred to above.
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The rational functions R,7(x), R\r., (x) (r=1I) may be con-

structed by means of Thiele’s process ([16], [17] Ch. 15): if numbers
{p"™ } can be computed from the initial values p™ =0 (m = I,),
p™ = f(x,) (m=1I) by means of the recursion p”) —p(,"fll-i-
(Emrrer = Za)lp," " = p™) (r, m=1) then R’(x) [R.}, (x)]

is the 2rth [(2r + 1)''] convergent (r = I) of the continued fraction
@1 {f(xm) +;x — Pl ™ F5X = X :Pu(m) - Pﬁ% +}

An entirely different and somewhat more efficient process for deter-
mining the values of the {R7(x)}, {R 7\, (x)} was devised by the
author [18], this approach was considerably developed by Stoer
[19] and the theory has been further refined by Larkin [20]. A
special case of Larkin’s algorithm is as follows: setting R ("')( ) =

Ry'(x), Ryvii (0= Ryl (x) (mr=1), Ep=x—2y (m=1I),
we have R{™ (1) = flxn), RI™ () = {(£R D (x) = £ B (1))
(Em = &msr) (M= 1);

. ™) =RV (®) + R — Rmarar) / ( Rm+D (x)xi RO™D(x)

£m+r+1 — —
+ -~ ) ) (=1, m=1)
RO () — R7™(x)

3. Rational functions derived from power series. As the arguments
in Newton’s interpolation series tend to the same value, u say, this
series becomes Taylor’s series Y, f.z, where f, = D/f(wh! (v=1I)
and z = x — u; Jacobi’s determinantal quotient becomes the Nihe-
rungsbruch [15] or approximating fraction or what is now called
the Padé quotient P;;(z) derived from this power series. The deriva-
tion of the quotient P, ;(z) expressed in the (p0351bly redumble) form
P, ;(z) = N, ;(2)ID;;(z) where N, (z) = 5 n 2", Di;z) = Y odid zv
from the equations

r o . . 7 . I
Sdf = (r= 1), Tdf, =0 (= LH)E =0,v> i)
0 0

was placed on a rigorous basis by Frobenius [9]. A systematic study
of the whole ensemble of rational functions {P;;(z)} was carried out
by Padé [21] who considered [22] the exponential series in
detail (for results on the approximation of the exponential function by
Padé quotients, see [23]); the Padé quotients derived from the
exponential series are identical with rational approximations to the
exponential function derived earlier by Darboux [24] (for a recent
use of the method of Darboux in obtaining error estimates for Padé
approximants, see [25] ).
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In his general inquiry, Padé derived a number of structural theorems.
In particular, that if P{d fz'} = {P,;(z)}, P{D fme?'} = {Pi7(2)}
(m € 1) then Pyjn(z) =30~ fz+ 2°P3(2) (=1 i= L)
furthermore, if { fz”}{zf z} =iz where i,=1, iy =0
(v=1,), and P{D fz'}= {P.;(z)}, then P;;(z) = Pii(z) (i,j=1)
(these results may, of course, be combined). He also established a
connection between Padé quotients and continued fractions derived
from power serles if for some m € I, 04{2 fm+,2’} exists, then

Pir1(2) = 307 f2r 4+ 2mCHAS f,,,+yz} and if C{me+vz}
exists then Pomir—1(z) = 'fzv+ z2mC (2 fmi?H on
P, ir(z) = fz" +zmC| C{Efm+,,z} lors1, IN each case for all

r &1 for Wthh the convergent referred to exists (for convenience
in exposition, we append the quotient P, _;(z) =0 to the Padé
table). The structure of Padé quotients derived from quotients
of power series has recently been considered by Householder [26].

The arguments {x,} occurring in recursion (2) may also be allowed
to tend to the same value u; the resulting algorithm motivated the
discovery of a difference-differential recursion [27] relating three
Padé quotients P;;(u;z) € POOUD/f(w)M )z} (z=2"—p) of

which two are assumed distinct: setting
0;i{a(m), b(w)} =
a(p) + (i + j){b(w) —a(w) [ + j{b(p) —a(w)}— zD,b(K)],
Pij(m; 2) = 0, j{Pi-yj-1(p; 2), Piy j(ps 2) }
P, (m;z) = 0 ;{Pi_1j—1(m; 2), Pij_1(p; 2)}. (i,j € I)

The above difference-differential recursion is certainly not the most
straightforward method for constructing Padé quotients. The
simplest such method, presented in terms of a series . f,2* for which

om0 (r, m=1) and for those quotients P;;(z)E
1 z"} for which j= i — 1 is the g — d algorlthm [10, 28, 29]:

set ™ =0 (m=1), a” = — fur1fm N and compute
recursively

(m) _ (m+1) (m+l> (m) = =

a1 = dy  tay —ay. (=IL,m=]I)

(m) __ (m+1) (m+1) (m)”!

Aoryo = d2r+1 or 2r+1 >

then set Nom(z) = 20f2, Dom(z)=1 (m=1,); for r=1,
m=1

Nr,m+r—1(z) = Nr—l,m+r—1(z) + aérrn) ZNr—l, m+r—2(z> >
Dr,m+r—1(z) = Dr—l, m+r—1(z) + aéT)ZDr—l, m+r—2(z)'
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Certain cases are known in which the coefficients {f} and the num-
bers {a,™} derived from them can be expressed in simple closed form;
they are all subsumed within the following general result [30]: if

fm 'l'f/dl,) (m=1), where ¢, =A— g’ 7£ 0, ¢ =
q7+’7‘ O(r=1I),thenforr=1L,m=1

a(Q.T) = r— llI’m+r— 1¢m+r—2/¢m+2r—8¢m+2r—2a

3(27-)%1 = qm”_l(l - qr)(cqa - AqY+r~1)/¢m+2r—2¢m+2r—l’

and closed expressions may also be given for the {n,™}, {d,"™}.
S emal cases, relatlng to the coeﬂiments fm = HO 1 - q**),
ﬁ) -, g TIe e+ oly+0) [ @+,

oy + 1)t may be derlved as limiting forms of thlS special
result.

Numerical values of Padé quotients are most economlcally deter-
mined by use of the €-algorithm [31, 32]: set e =i =0
(m=1,), ™ = ~!fz(m = I); if numbers fe™ } can be com-
puted by use of the recursxon

€M = el + (V= &)X r= L' = = [12],m= L)

then € o' = R, pmir—1(z) (r=1, m=1_,,,). The numbers {€,™} with
odd sufﬁx may be eliminated from the above formulae, and for distinct
Padé quotients we obtain [33] the recursion

{Pis1,§(z) — Pij(z)} 1+ {Piyj(z) — Pij(z)} !
= {P;j+1(2) = Pij(2)} ' + {P;;_1(3) — Pi;(z)}!

and by rearrangement, a similar formula in which each Padé quotient
is replaced by its reciprocal.

The theory of the e-algorithm may be used to derive a second
difference-differential recursion [27] for Padé quotients P, ,(u;z)
EP{DY D, '$(n)}z'} which, assuming two of the three quotients con-
cerned to be distinct, is as follows: setting

Yic(n), d(p)} =
[d(p)? = c(m){d(p) + zD,d(w) }]/[2d(n) — c(p) — d(n) — 2D, d(p)],
Pyl z) = WPy ;o (s ), Pioy (s 2)),
Pi(us 2) = W{Pi_y;_1(ms 2), Pjy(ms 2)).

4. Discrete extrapolation algorithms. The interpolation processes
described in {2 may be used to estimate the limit or formal limit S
of a sequence of numbers {S,}. As an example, we consider extra-

(i.j € L).
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polation to the limit by the use of polynomials. We take x = 1/(v + o)
as the variable in the interpolatory polynomials where o is a fixed
constant, and select a subsequence {v,,} (m=1I) of the integers
v = I. The estimate ¢." of S derived from the numbers S, (r=1")
is the value of the interpolating polynomial, when x = l/(v +0)=0,
which assumes the value S,. when x = 1/(v, + o) (= I?*"). The
various estimates of S for r, m = I may be constructed by use of the
Aitken-Neville scheme: we set ¢ S,,, (m = I) and have

;"il = {(Vm+r+l + )¢rm+l) - (V +0)¢ m }/( m+r+l T Vm)' (T,mE

Taking v,,=m (m=1), o =1, we obtain a somewhat unstable
process equivalent in principle to a method of Salzer [34] (for a
related algorithm, see [35]). Taking v, =2™ (m=1), 0 =0, we
obtain Romberg’s algorithm [36] (see also [37]) used for numeri-
cal integration by successive doubling of the number of subintervals
of integration.

The successive convergents of the continued fraction (1) are inter-
polating rational functions. It is easily shown that lim,_ .R5" (x) =
po) (,mEI). Setting p™ =0 (m=1), p™ =S8, (m— )
and computing

(m) (m+1)

Pr+1 -Pr 1+ Emare1 — m>/< ;- Pr(m>) (r,m=1)

the numbers {pé’,")} provide estimates, derived from extrapolation of
rational functions, of S. Setting v,, = m (m = I) we obtain the p-
algorithm [39]; setting v,, = 2™ (m = I) we obtain an algorithm
which can be used for numerical integration [40].

The values of the Padé quotients P, ,,.,_,(z) € P{Z 2} (r,m=1I),
in particular, provide estimates of the sum or formal sum S of the series
whose partial sums are S, fz1 (m=1I); the e-algorithm,
which may be used to construct these quotients, is thus a process for
extrapolating the partial sums {S,} to a limit. To provide another
motivation, we remark that 1f Y £z is the series expansmn of the
ratlonal function S = 2 ’d,, (1—2\)", then S, 2 IA m
S A,,ymy = ]) (where the {A,, } depend upon z). If 21 T,
then P,,,.,_1(3) = S (m=I) (the determinantal formulae 1nvolved
which are of course identical to those obtained by Jacobi [15],
were also derived by Schmidt [40] and Shanks [41]). Thus the
e-algorithm can be regarded as being an extrapolation procedure
using exponential cum polynomial sums of the above form.

It is possible to repeat apphcatlon of the e-algorithm by selecting a
sequence of one set of numbers {752, } to be the initial sequence for
the construction of the next {,Hez, }. In one mode of repetition,
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(m=1 and thereafter ,, 5" = €42, ,+1€02 €5 ( = I)
For an m' € I, the numbers (e and ge™’ taken together indicate
the rate of convergence of the sequence {S,} under transformation,
the number €. " indicates the effect of one application of the €-
alg orlthm the number 26(() ™) that of two, and so on. Taking S,,
2'" L(512) (v+ 1)-! (m=1), we find that €y = 1.0, 0606) =
08l -+, 1€9=1082840 - ,e¢¥= 0.82842 71247 49. Since
lim,, - .S, = 2(212 — 1) = 0.82842 71247 43, it will be seen that we
have extracted from the first six terms of the series under transforma-
tion information otherwise to be obtained by direct summation of
more than ten thousand million terms. (This is perhaps an appropriate
juncture at which to remark that details of the numerical behaviour of
continued fractions are given in [43]; Algol procedures relating
to continued fractions and the e-algorithm for complex numbers are
given in [44] and for real numbers in [42, 45]; programs in
Fortran are given in [46]).

Brezinski [47] and Gekeler [48] have recently investigated
application of the e-algorithm to the sequence {S,,} produced by
means of the scheme S,,,; = F(S,)(m = I), and in this way have
constructed high order iterative processes not involving the use of
derivatives for finding a fixed point of the equation S = F(S).

The e-algorithm possesses a number of invariant and other
properties: If the e-algorithm can be applied to the numbers {S,}
satisfying an irreducible recursmn of the form 20 dSn,, = G(m=1)
to produce numbers {€5W}, then es’ =GID (m=1) where
D= Zﬁ'd [31]; furthermore, if in this recursion D # 0 then,
assuming agam that all numbers concerned can be produced

Pl(=1)re™em) = —D'ID (m=1), where =Shud,
[49]. The numbers {¢.™ } produced from a prescrlbed sequence
{S} are simply related to those produced from the sequences
{Sm+1— Sw} and {D0S} [50]. Further algebraic results are
given in [51]. Auxiliary numerical transformations are described
in [52, 53]. Algorithms related to the e-algorithm have been
investigated by Brezinski [54] .

5. Convergence theory and quantitative behaviour. In a celebrated
thesis [55] Hadamard related the behaviour of a function f(z)
analytic at the origin to that of ratios of the form H[ f ;1] /H[ f,+,]
of the Hankel determinants formed from the coefficients {f} of the
Taylor series expansion of f(z), and of certain polynomials also
formed from these coefficients. Very astutely, de Montessus de Ballore
noted [56] that just these determinantal ratios and polynomials
occur in the formula for the difference P, ;,,(z) — P;;(z), and in this
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way derived his convergence result: if f(z) = fz* has i €I,
poles (counted according to their multiplicity) and no other
singularities within the circle C;: [z|={, then the sequence
Ri;(z) € P{Y fz'} (j=1) converges uniformly to f(z) except
in the neighborhoods of the included poles within C; if f(z) has a
singularity upon C,, this sequence diverges for |z| > {. (This result
says nothing concerning the further sequences {R;..;(z)} (t €I,
and j increasing); Perron ([1] {45) gives an example in which
{Ro,j(z)} converges in any bounded domain of the z-plane, whilst
{R, j(z)} diverges on a point set everywhere dense in the domain).
Dienes [57] extended the work of Hadamard by investigating the
behaviour of a Taylor series upon its circle of convergence; Wilson
[58, 59] continued the theory by investigating the behaviour of
the sequence {R;;(z)} (j= I) upon its circle of convergence and
at the included poles. Pélya [60], Wilson [61] and Edrei [62]
have related the behaviour of f(z) to that of expressions of the form
{H[ f,+.]i} (see, also [64] ).

The first general investigation of the convergence of continued frac-
tions derived from power series (i.e., concerning classes of functions,
and not special functions generating expansions whose coefficients are
expressible in closed form) was conducted by Markoff [64] in con-
tinuation of earlier work by Tschebyscheff [65]. He was concerned
with series Y fz* for which {f,} €E M[£{]% (—® <a<B< ®);
his result is that A{Y, f,2'} converges to f(z) = st [z; €] £ uniformly
in D%, any bounded open domain not containing any point z such
that z-! € [a,B]. (If, in the preceding, §é € B? andisa simple step
function with a finite number of salti, then f(z) is a rational function,
A{D fz'} terminates and reproduces f(z)). Stieltjes [10] ex-
tended this investigation to the expansion Z{ fz'} where {f} €
M[£]# and either 0= a<B=® or —® = a<B=0, and it was
subsequently shown by Carleman [66] that convergence of
oY fz'} to f(z) in D% is ensured if the series ¥, f, "> diverges.
The theory was extended further by Hamburger [67] and Nevan-
linna [68] who considered coefficient sequences {f,} € M[§]4
for general real intervals —® = a<B=  (for an application of
this theory to orthogonal polynomials, see [70]); Carleman’s result
in this case is that A4{Y fz'} converges to f(z) uniformly in D%
if the series Y. | fo, 1% diverges.

Stieltjes’ theory was extended to the Padé table generated by the
series ), t,z’ in question by Van Vleck [70] who showed, in par-
ticular, that if {f,} € M, , then {f,.,}E M, also (m=1I),
and that if 3 fz* = fo{l — 23, £z} ! (in the sense of formal power
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series) then {fn.,,} E Mg (m=1). Using these results Wall,
in his doctoral dissertation [72], gave a complete analysis of the
convergence behaviour of the forward diagonal sequences of the
Padé table derived from a Stieltjes series. He later gave a similar
treatment [72] relating to series Y. £,z for which {f} € M% and
— o = a<B= »,and also completely investigated the convergence
of all forward diagonal sequences of the Padé table relating to the
case in which {f,} € M? and —» < a<pB < » [73].

An important motif occurring in the theory of Hamburger and
Nevanlinna is that for {f} &€ M[£]4 and nonreal values of z,
A{D t,z'} yields a sequence of nested inclusion domains for the
value of f(z) = st [z; €] £. This theory can be extended to the Padé
table generated by Y fz* and a fortiori to the case in which Y, fzis
a Stieltjes series, with {f} € M[£] 5. We derive the result [74]
that for quotients R;;(z) for which j=i— 1 derived from this
Stieltjes series with nonreal argument, the circle through the values of
P, ;(z), Pi;+1(z), and P;,) j,1(z) and the circle through the values of
P,j(z), Piy1;(z) and P;,;;.,(z) both include the value of f(z) =
st[z;€]g. Such triads taken from the sequences P,,., (z),
P, ,.+.(z) (m € I, r=I) intersect to provide nested convex inclusion
domains for f(z); in particular, those deriving from the case m = 0
yield the inclusion domains of Henrici and Pfluger [75]. The
reciprocals of the values of similar triads of quotients for which i = j
yield inclusion domains for the value of f(z)~1L

It was shown by Stieltjes [10] that when {f} €& M[€]§ and
—® < z <0, the successive convergents of {3 fz'} yield approxi-
mations to f(z) = st [z; £] § which are in a certain sense optimal.
This theory can be extended to the Padé table generated by the series
Y £z, and we obtain the result [76] that for the series in question
and — o <z <0,

(4) z“'"{f(z) - Pr,m+r—l(z)}

) © r 2 smdé(s _
Jmn Jo i eSxa -y T =1
the {X,} being real numbers. The partial index m determines the
weight function (s™d§(s)/(1 — zs)) with respect to which each
quotient is a best approximation; the partial index r determines the
number of disposable parameters.

It is clear that the expression upon the right hand side of relation-
ship (4) with r replaced by r + 1 has one more disposable parameter;
since neighbouring distinct Padé quotients have, when z# 0,
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distinct values, its value is therefore less than that of the expression as
it stands. Indeed a quantitative study of the forward and backward
diagonal sequences of the Padé table in question can be based upon
an examination of relatlonshlps (4). If the terminating or nontermi-
nating sequence a,(r= 1§') is monotonically increasing [decreasmg]
with upper [lower] bound A, we write a, S MI{A} [a, ;-0 €
MD{A}]. Using this notation we find [76] that for — <2< 0
and the Padé quotients in question and m € I, P, 5,,.,1(2)|5-0 €
MI{f()}, Poam:,(3)|7-0 € MD{f@)}, Pram-r(2)["-0 € MD{Pnm(2)};
Pr2m r+1 Z)l r= 0 e MI{Pm+1 m(z)}

The analysis of the preceding two paragraphs has been extended
[77] to the Padé quotients {P;;(z)} for which i > j and also so as
to concern series Y, fz* for Wthh {f.} € M? where [aB] is a
general interval of the real axis.

Nearly all of the theory of this section was used to derive the fol-
lowing result [74]: let M,,b, (v=1%) be two sets of positive real
numbers with b, < - < by,<b; < ® and let £ E B! where
0=a¢=Db< by let D be the open disc |z|< b~! cut along the
real segment (—b~1, —b; 1), let

f@) = st{=z 8 + S ML+ ba),
1

let P{J tz'}= {P,;(z)} where flz) = fz* for sufficiently small
z, and define a progressive sequence of such quotients to be one in
which the successor P;;#(z) to Py ;(z) is such that either i" > i’,
j'=j'ori"=i’,j" > j'. Then any progressive sequence of quotients
{P; j(z)} for which i,j= h converges uniformly to f(z) for z € D.
This result has also been extended to more general functions f(z)
[77].

6. Access to the convergence theory. It is of great help when in-
vestigating practical problems to know whether the theory of the
preceding paragraphs can be applied — to know, in particular, whether
the coefficients of a given series Y f,z” can be expressed in the form
f,= JEsdé(s) wW=1) where 0=a<B= o and ¢€E BS; they
are unlikely to be given in this form. For this reason we give some
results [78] which can be used to resolve this problem. We present
the theory in terms of the function F(A) = A~!f(—A~!), where
f(z) = st[z; £]& is the function generating the series Y fz* in
question. We have ([79] Ch. 8)

®) O F0= [ emg0d (@) g@) = [ e aks).
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It suffices for our requirements, therefore, to show that the function
g(¢) in formula (5i) has the form given by (5ii) in which £ €& B;.
The function g({) is said to be completely monotone (we write
g ECM) if (—Dr)ygl)=0 0=¢{= =, v=1); for example
l+ad) P 0=a=»,0<B< ®)and e ¥0=a= ) are CM-
functions. According to a theorem of Bernstein [80] and Widder
[81], g(¢) €ECM if and only if g({) is expressible in the form
(5ii) w1th £ E By. Thus we have shown that Y £z is a Stieltjes
series if the related function F (\) = A~!f(—A~!) is expressible in the
form (5i) where g({) € CM. It may be possible to show that
g(l) € CM directly. There are, however, a number of results
which can be used to construct CM functions from others of the
same type; in favorable cases they may be used in reverse to show that
a given function g({) is composed of CM constituents and is hence
itself CM: if g1(0), g2(0) € CM, then gy(0) + g:(0), £1(0ga(0) € CM;
if {D;g(t)}gl) € CM then [82] 1/g(¢) ECM  (this result
is of use in the investigation of infinite products: if g({) is an
infinite product, {D;g({)}/g(¢{) is an infinite sum and as such
somewhat easier to deal with than g({) itself); if — D, g({) € CM, then
[82] e &) & CM. We must still consider convergence: having
shown that the function g({) in formula (5i) is CM, it follows
from Carleman’s criterion that if g({) is regular at the origin of the
{-plane, then all diagonal sequences of the Padé table converge to

f(z) for all finite z $ [0, ]
Naturally the series Y, f z* is of Stieltjes type if {f,} € By , where
0 <B < . By changing the variable from z to z8, we need only
consider the case {f,} € Bs. The sequence {f;} is said to be totally
monotone (we write {t,}ETM) if Af,=0 (r,v=1) where
A, =f, (v=1), A*f=A"f—-Af,, (r,v=1); for example,
{(la+pBr)"1} (0< a,B< o) and {o} (0 < a= 1) are TM sequences.
By a theorem of Hausdorff [83, 84], {f} &€ TM if and only if
{£.} € M. Again there are a number of results which may be used
to show that {f,} € TM. If {£fV}, {f ¥} € TM, then {fV + £},
{fY£2}ETM. If {f,} € TM then, subject to the attached
conditions the following sequences are also TM [85]: (i)
@=£"1 (fo<by G dL7A} (im-_.fZ1) (i)
I'a -y (b= 1) (V) -2} O<n=LhEID; (v
{7, 20f} 0<n=1). If g{) ECM and 0=aB< © then
(a+ vB)} ETM. Lastly, if {£f}E€TM and {D fz}{l— =z
f Ff#} = fo for sufficiently small z, then {f,} € TM [10, 86].
Having shown that {4} € TM, it follows from Markoff's theorem
that all forward diagonal sequences of quotients P;;(z) € P{D fz*}
converge for all finite z € [1, ©] to the function defined by analytlc
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continuation of the sum of the series Y fz. We remark that it
has been shown that for z € [—1, 0) at least, application of the
e-algorithm to the sequence {Xo fz” ({f.} €ETM) is a stable
numerical process [87].

It should be pointed out that even when the above results are
available, a great deal is still left to the ingenuity of the investigator.

The above theory has been used in an investigation of the continued
fraction transformation of Newton’s interpolation series, Newton’s
series for the derivative, Gregory’s integration series, and the Euler-
Maclaurin series [88]. It may also be used to investigate the con-
tinued fraction transformation of Fourier series [89].

7. Classes of functions connected with the stability of operators
and with smoothing operations. Consider the equation

op(t) _
(6) ot - L(t)
where ¢(t) is a function of variables x,y, - - - as well as ¢, and L is a
bounded linear operator operating in the domain of x, y, - - - but not

of t; (6) may, for example, be a partial differential equation. The solu-
tion to (6) satisfies the relationship ¢(t + At) = e™2¢(t). If the eigen-
spectrum of L is confined to the open left half-plane Re(A\) < 0 we
have, using a suitable norm, ||¢(t + At)|| < ||¢(¢)|| for all A¢t= 0, and
lim,_ ||¢(t)| = 0. In practice, equation (6) is solved by using an
approximation to e, for example Cj3(z)= (1+;2)/[(1 —3;z),
where z = L At, derived from the corresponding continued fraction
for % either of the explicit or implicit schemes

(i) (t+ AH) = 1+ ILAL(L — ILAH1$(2),

7
@ (ii) 1 — 3LADG(E+ At) = (1 + SLADG(D)

may be used to derive an approximate solution ¢(f) to equation ().
The zeros of the denominator of Cj(z) lie in the open right half-plane
Re(z) > 0 and the function Cj3(z) maps the left half-plane Re(z) =0
onto the unit disc |[C3(z)| = 1. Thus, if the eigenspectrum of L is con-
fined to the open left half-plane Re(\) < 0, the operator upon the
right hand side of equation (7i) may be constructed, and equation (7ii)
may be solved. Furthermore ||§(t + At)||< [|$(t)] and lim,_ .|d(t)]
= 0, in analogy with the corresponding relationships for the exact
solution. Similar use may be made of any convergent Cy,.(z) (r € I,)
of the corresponding continued fraction for e the properties of C;3(z)
just referred to are also possessed by Cy,.(2) ([90], see also [91]).

The properties of e* described above are shared by functions of a



CONTINUED FRACTIONS AND THE PADE TABLE 309

general class [92], whose members may be represented by the
formula

f@) =1+ wal{l —Lwz+ 22:[—2% £] 5}.

8) .
0< w< ®, &E B

Such a function is real for real z; in the sectors —j7 < arg(z) < 37
and ir < arg(z) <37 it generates an asymptotic series > fz"
{3 tz} exists; the zeros of the denominators of C[ {3, t,2'}] g+,
(r € I,) lie in the half-plane Re(z) > 0 and this convergent maps the
left half plane Re(z) = 0 onto the unit disc. e* is one such function,
z + ((1 + z2))12is another, and | Fi(a + 1; 2a + 1; 2)/, F) (o 2a + 1; 2)
(— < a< ) yet another. Using the general properties of functions
of the above class we deduce [93], for example, that if
1Fig;2a+ 1;2) = 0 (—§ < < ®) then Re(z) > 0. For a subclass
of the above functions, it may be shown that the roots of the equation
f@) = C[C{D t,z"}]o,+1 (r € I) are pure imaginary, symmetrically
distributed about the origin and, if f(z) is nonrational, unbounded
in number; furthermore they interlace in the sense that if the roots
are z = +zy,f’,) then sub]ect to a su1table ordering yo'=ys " =0,
yn <yt u'l, v= I’) where r' = o if f(z) is nonrational.
This result is a generahzatlon of the formula E*27 = 1 (v = ).
Functions having a representation of the form

z)=ae“{lf[ (l+a,z)}/ {111_[ (l—B,z)}

9) 0=4jS0,0<a< ®,0Sy< ®,0q>0((r=1I),

B >0(r Eamzﬁy<w)

1
were introduced by Schoenberg [94] in connection with the study
of smoothing operations, and studied extensively by Edrei and others
[95-110]. Arms and Edrei [111] have, by using recursions based upon
known formulae relating to the function e?, derived the salient proper-
ties of the Padé table generated by functions of the form (9). The two
classes of functions having representations of the forms (8) and (9)
intersect: g(z) also has a representation of the form (8) if and only if
a=1,i=jand & =B, (r = I}). Furthermore, the functions g(z) of
this intersection also belong to the subclass described at the end of
the preceding paragraph.

8. Confluent prediction algorithms and integration methods. In
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§ 4 we described algorithms for estimating the limit or formal limit of
the sequence {S,} in terms of the numbers S, S,,.,, - - or, equiva-
lently, in terms of the numbers S,,, AS,,, A2S,, - - If we introduce
the substitution u = u’ + mAu where ' and Apu are finite con-
stants (so that w becomes p + A when m is increased to m + 1) and
an auxiliary substitution in the discrete algorithm in question, we
derive [112, 113] a confluent form of the algorithm which can
be used to estimate lim,_.S(u) in terms of S(u) and its successive
derivatives evaluated at a finite point w. If yet another change of
variable is introduced, replacing w by u” and setting S(u") =
J#"¢(n') dp’, the confluent form evolves to a second confluent form
which may be used to estimate [ ¢(u’) dp’ in terms of (u) and its
successive derivatives.

The successive functions produced by the last algorithms concerned
are [113], in the case of extrapolation by polynomials

(10) blosw= 3 (T)Mﬂs,:—hp(p), (r=1)

N v v
in the case of extrapolation by rational functions
(1) falp) = H[ D (I JH D, W (w)lir + 21,y (7= 1)

and in the case of extrapolation by exponential cum polynomial sums

(12) o) = H[ D W(W)]JH[ DY (w)],—1 (r=1)

(taking D, () = 0 when 7 = 0 in both (11) and (12)).

The functions of (10)-(12) may also be produced by the use of
discrete algorithms: set (=10, (™= (u—o)"D" "Y(p)m!
(m=1,) and compute {,, = {Mm + {m+D (r,m=1), then {© =
b(o; W)(r=1); set wm' =0 (m=1), ol=0om=
D= (w)m! (m = I,) and compute

m) _  (m+1) (m)! (m+1)'
Wory] = Wor_) + W, Wo, > _
(13) (rm=1)
m)' _  (m+1) m) __  (m+1)
Worig = Wy Wor+] w1 ),

then o = po(w) set 0™ =0 (m=1), o =0,

D, Y(pn) (m= I,) and compute further numbers {d} by means
of recursions similar to (13), then w3 = &,,(w) (r=1I,). (The last
two algorithms can break down).

If ¢s(p) is the polynomial in (u — o) ~!

(m)
0

(14) W(w) = 21 Al — o)1
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then D ,(0; pn) = -t,l/(p.) (r= L), and if o does not lie on the path
of integration, $,(o; u) = [3¢(pn')dp’ (r=1,). If o lies on the
path of integration, and the coeﬁicwnts of even powers of (p—o)!
in formula (14) are zero, then ¢,(o; p) = $2¢(p')du’ (r= 1),
whilst if certain of these coefficients are nonzero the functions é,(o; p)
serve to define a divergent integral, written as (¢(0))[5 ¢ (u') du'.
Similar considerations relate to functions of the form py.(u) and
&.(p) produced from appropriate integrands. It has been shown
[114], and extensive numerical experimentation has confirmed the
finding, that in certain cases these methods of integration may be
used to evaluate integrals whose integrands have an infinite number
of poles which together with their limit point lie on the path of

integration.
The functions of formula (12) occur in the theory of the continued
fraction integral [115].  Subject to certain restrictions

lim o> ¥(p+vAp)Ap= [7¢(n')dp’ where this integral is
defined in the extended Riemann sense. The continued fraction inte-
gral (CF)[%y(pn')dp' is defined as follows: the successive con-
vergents of A{Y w(n+ vAu) Auz'} are functions of the form
C,(m; Aw; z) (r = I). Itis found that if the derivatives D} ¢(u) (v = I)
exist, lim o lim, _,C,(s Aps 2) =&, () (r= 1. (CF) [=4(u’)d

is defined to be the last member of the sequence {€,,(u)} if the suc-
ceeding functions of the form (12) are indeterminate, and otherwise to
be the limit, if it exists and is finite, of this sequence.

9. The partial differential equation of the Padé surface. Two
typical relationships between numbers {e,"™} of the e-algorithm are

1
15) (€5 —e52d) (el —enl) =1,
1
(€2r+1 €(2T+l )(e;’l““ - 5(27;1)) = 1.

We introduce a change of coordinates, setting x = x' + 2kr,y = y' +
2k(r + m) where x’, y' and k are constants, and a change of dependent
(m)

variable, setting e(x y) =€y , Ex+k yt+k= 4k%J'), . Rela-
tionships (15) become

{é(x,y)—;cx—%y)} {E(x—k,y+k) ;ké(x—k,y—k) }= )

{e(x+k,y+k);k'é(x—h,y+k) }{ xy+2k — € y) }_1

Letting k tend to zero we obtain the pair of partial differential equa-
tions
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(16) eg, =1 eg,=1

where the suffix now denotes partial differentiation. Eliminating one
of the functions € (x, y) and &(x, y) from equation (16), we obtain a rela-
tionship for the other which may be expressed in one of the two forms

(17) {lex}: = {lley}y, €x€,” = €,y €%

The numbers {eJ;”} produced from appropriate initial values are
Padé quotients: relationships (17) taken together constitute the partial
differential equation of the Padé surface [116]. If either of them is
satisfied by the function €(x,y), we write €(x,y) € PD. Thus,
1/(x — y) € PD for all x and y such that this function is defined,
ie for all x and y except x =y = ®; again, the finite constant
c € PDforall xand y.

The partial differential equation of the Padé surface has a number
of remarkable properties [117]. If f(€) is a twice differentiable
function of £, and a, 8,y and § are finite constants, then f(ax + Bx +
yxy + 8) € PD. For example, if f(z) is an analytic function of
the complex variable z = x + iy, then f(x + iy), f(x — iy) € PD;
again f(x +y), f(x—y) € PD. With the same function f(§),
relationships (17) and their first order finite difference approximations,
of which the first is

{ex+ ky) —exy)} '+ {e(x —ky) —exy}!
={e(x,y + k) —e(x,y)} '+ {e(x,y — k) — e(x,y)} !

and the second may be obtained by rearrangement of this equation,
have the same solution of the form e(x,y) = f(x + y) or f(x — y),
independent of the mesh length k. If €(x, y) € PD and {(§) is twice
differentiable in &, then {{e(x,y)} € PD also. If &(x, y), €(x, y) satisfy
equations (16), and Y(x, y) is twice differentiable in x and y, then
Y {€(x,y), €(x,y)} € PD; this result includes, of course, the case in
which ¢ (x,y) € PD. (For the sake of conciseness we have not
described the domains of the x — y plane over which the above results
hold.) The partial differential equation of the Padé surface is the Euler
equation of a certain variational problem: if the integral
JlcIn(e,le,) dxdy is to have an extremum, where G is a prescribed
region of the x —y plane whose boundary curve has a tangent
which turns piecewise continuously, then it is necessary that €(x, y) €
PD at all points of G.

10. Continued fractions with coefficients over a ring. Noncom-
mutative continued fractions were first introduced in connection with
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the solution of quadratic equations in quaternions by Hamilton [118],
who derived the fundamental recursions for the determination of suc-
cessive convergents of such continued fractions. Turnbull [119] de-
rived these recursions for the case in which the coefficients are square
matrices, and Wedderburn [120] did likewise for the case in which
the coefficients are mixtures of a variable x and a differential operator
D, (the continued fractions concerned occur in the solution of homo-
geneous second order linear differential equations). An extensive
structural theory of such continued fractions was given by the author
[121] who considered, in particular, the derivation of such continued
fractions from power series.

Let R be a ring with unit element I, a set of invertible elements
R;, and a centre C{R} (e.g. R is the system of p X p (p E L)
matrices, R is the set of invertible p X p matrices, C{R} is the set
of scalar multiples of the p X p unit matrix). The convergents {C,"}
of the pre-continued fraction pre{B, +; A,: B, + } may be defined
by setting N, =1 N,’=B),, D!,=0, D;’=1 and deter-
mining D," = BD,_; + AD,;, N,/'=BN, + AN, , (r=1)
when C,’= D,’~!N,” (r=1). The convergents {C,”} of the
post-continued fraction post{B, +; A, : B,+} may be defined by
setting N, = Dy"=1, D!, =0, N,”=B, and determining
D," = D',_ B, + D, ,A, N,”=N'_ B, + N, ,A, (r=1), when
C,"= N,"D,”-Y(r=1). In general, the convergents of these
two systems of continued fractions derived from the same coefficients
are unequal; for example, the convergents of order unity are
By+ B,7'A; and B,+ AB,"! respectively. However, if in
particular a pre-continued fraction is regular in the sense that
B,D,” € R, (r=1,) then it may be thrown by means of an
equivalence transformation into a form in which all A, € C{R}
For such a continued fraction the pre- and post-convergents are
equal.

If FyER, the formal power series F(z) = Fz/F, €ER,
v=1) has a two-sided inverse F(z)=Y Fz' for which
F(z)F(z) = F(z)F(z) = 1(z), where I(z) is the series Y Lz’ for
which I,=1 L =0 (v=1) [122]. Euclids algorithm
applied to F(z) is defined by setting F%(z) = F(z) and deter-
mining F®(z)~!= Y F,"z, B, = F,®, Frel(z) =Y F, z(r=1)
[123]. If B.€ER, (r= I) then F(z) generates the continued
fraction {I:B, +;z2:B,+} whose pre- and post-convergents
are equal: setting C[pre{l: B,+;z: B, +}],= D,'(z)"'N,'(z),
Clpost{l: B, + ;z: B, +}],= N, (z)D,"(z)=! (r=1), we have
D,'(z)"IN (z)= N,"(z)D,"(z)~! in the sense that D,’(z)N,"(z)



314 P. WYNN

= N,'(2)D,"(z) (r=1) for all z € C{R} (this relationship may
be presented in terms of the noncommutative orthogonal polynomials
derived from the moment sequence {F,}, and then yields a funda-
mental result in the theory of such polynomials). The series expansion
Fz)=Y Fz of the rational function D(z)-!N(z), where
D(z) and N(z) are polynomials and the constant term in D(z)
belongs to R;, may be determined by equating coqﬁicignts of cor-
responding powers of z in the relationship D(z)F(z)= N(z);
similarly for the series expansion of N(z)D(z)~. Reverting to the
continued fraction {I:B;+ ;z:B,+}, the series expansion of
D,'(z)"!N,’(z) (or N,"(z)D,"(z)~!) agrees with F(z) as far as
the term F,_,z7~!. If the numbers {B{" } so produced all belong to
R;, Euclid’s algorithm may be applied to each of the series Z ) QO
to produce continued fractions {I: B™+;z:B™+ }. In this
way we derive two sided Padé quotients of the form P, ,, ., (z) =
EQ"_IF,,z”+ zmC [pre, post{I: B +; z:B™ + Y2 The con-
tinued fraction {I:B{" +; z: B/ + } may be thrown into a one-
sided form pre{F, :I+; A5m>z:1+} and, with the symbol a
replaced by A, the pre-g-d algorithm relationships are (3). The
Padé quotients of the form P, .,,(z) (r,m = I) may be determined
as above by use of the series reciprocal to F(z). The whole ensemble
of Padé quotients {P;;(z)} may be constructed by use of Euclid’s
algorithm as described above if and only if they can also be con-
structed by applying the e-algorithm to the initial values E”} =
ESM=0 (m=1), E™ =3¢""Fz (m=1 as described
in § 3.

The above theory may be used to derive the following result: if the
p X p (p €I) matrices {S,} satisfy the recursion »(D,S,,., = S
(m = I), where the {D,} and S are also p X p matrices and D =
Yo D, is invertible, and the e-algorithm can be applied to the
sequence {S,} to produce matrices {E"} then EJ’ = D-'S
(m = I). The matrices {S,,} then also satisfy a similar recursion of
the form 30S,.D,'=S (m=1I with D' =Y(D,’ being
invertible and D-!S = SD' -1,

A very modest convergence theory of noncommutative continued
fractions exists [118, 124, 125].

11. Vector continued fractions. Addition and subtraction of vectors
are defined in terms of the components of the vectors concerned; the
inverse of the vector z = (z), 2y, * * *, 2,), where the {z,} are complex
numbers, is defined by z-!= (3} z%,) 'z where the bar denotes
the complex conjugate. The vector sequence {s,} may be trans-
formed by means of the e-algorithm, since the arithmetic operations
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required are defined ([126-131]; for application to sequences obtained
by iterated projections, see [132], and for a connection with linear
programming, see [133]). At first, it was difficult to establish a
direct theory of the vector e€-algorithm, but an indirect theory was
derived by using an 1somorph1sm due to ]J. B. McLeod [134]. He
constructed a set of 27" X 27" (p’' = 2p + 1) matrices {I} satlsfymg
the relationships I'2=1 (v= 12”+1 ), O,+T,l[,=0 v=1I
v’ = I?r+1) (these matrices are examples of a system due to Hurw1tz
[135]; they are, of course, special cases of Clifford numbers [136,
137, 138]; for applications of Clifford numbers in physics, see
[139-144]). The matrix Z isomorphic to the vector z with
z=x+iy, (=1I)) is Z=3xl+ X7yl T, Denot
ing the matrix isomorphic to z by Z we find that ZZ=
O%zz), ie Z'=(Q7zz)"'Z the vector-matrix iso-
morphism is preserved during inversion (and, of course, during addi-
tion and subtraction). If vectors {€,"™} [ matrices {E,™}] are pro-
duced by applying the vector [matrix] e-algorithm to the sequence
{sm} [{Sw}] and s, S, (Mm=I), then ¢€™eE™ for
all vectors produced. Using this result McLeod proved a result
conjectured [130] by the author: if vectors € (m=1) can be
produced from the initial sequence {sm} where 20 d,,sm+, s
(m=1I), the {d,} being real and d =Y d, # 0 then €5’ = d-!s
(m=1). This result was used by Brezinski [145] and Gekeler
[146] to show that the scheme sY.,= F(s ,(,,)) (m=I1"""),
sg ™V =€l (i=1), where {€¥™} denote the p-dimensional
vectors produced from the initial sequence {s& } provides, under
certain quite benevolent conditions not involving convergence of the
scheme s,., = F(s,) (m=1I), a quadratically convergent process
for determining the fixed point of the equation s = F(s). The iso-
morphism described above has been extended by the author [147],
and it has been shown that the matrices ZZ'Z and ZZ'Z" +7Z"'Z'Z
are isomorphic to vectors if Z, Z' and Z, Z’', Z" are. Further-
more, the isomorphism is an isometry in the sense that if |z|| =
X7 22)" and ||Z| = ((maximum eigenvalue of ZZ*))!2, where the
asterisk denotes the complex conjugate transpose, then for companion
vectors and matrices |z|| = | Z|.

The generalized inverse A* of the p X q(p,q € I,) matrix A
is uniquely determined [148-151] by the conditions AA*A = A,
ATAA* = A", (AA+)* = AA*, (A*A)*= A+*A. In this sense
z~1 is the transpose of z*. The eneralized inverse f(z) = ¥ fz*
of the formal power series f(z) f,z with either 1 X p or p X 1
(p € I) vector coefficients is umquely determined [152] by the

four equations f2)fz)f(z) = fiz), fQR)f(x)f(z) = fz), fR=)fz)
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=2Gz, G*=G, (v=1), f&)fx) =¥ Hz, B*=H, v=1).
In the 1 X p vector case the formulae determining the {f} are,

if fo # 0,20 = U(fofo*). fo = fo*zo,

r

r—1 r
cr = 2 (ﬁft—v) z07 zr = - % zvgf—w ﬁ’ = % z'v f*f—u(r = II)
0

(the vector-matrix isomorphism described above is preserved during
this process of inversion: if ZFyz“ is the inversg of Fz' as
described in §10, and F, o f, W=1) then F, o f, (¥=1)
also [123]). Using this inverse, it has been possible to establish a
direct theory of vector continued fractions. Euclid’s algorithm for
formal power series with vector valued coefficients is defined in
analogy with the case described in § 10. There is a vector form of the
q — d algorithm which may be used to determine the coefficients in
the continued fraction of the form {1:b{" + ;z: b +} derived
by means of Euclid’s algorithm from the series . f,,,,2* (m = I). We
set

e

_1 -1
" B b b=y, v=1
by BB bl = o, '
BB B b= o,

define numbers {ﬁr(m) b {6',('") } be reversing the order of these products
(so that b b(s"”—lbﬁ"”_1 =73 , and so on) and further numbers
{n,m™" b “by by, - b b b =n“:”_land so on, and
set 0™ =0, o =9"/=1. We then have b = f;!

(m = I) and, taking aba = (ab* + ba*)a — (aa™)b,

pm . = (m)™' _(m+1) b<m+1)0¢(m+1)ﬁ<1n)‘1

2r+2 = Th Or-1 2r+1 Or—1 r
bys =@ (021" byl ety (r=1)
+ 675 by Vg — AT Ba Ty )
(the products occurring in these formulae are nested products of the
form aba).

12. Extensions to nonassociative number systems. Much of the
theory of {10 can be extended to the case in which the continued
fractions concerned have coefficients over a nonassociative ring (for
the theories of various important nonassociative number systems, see
[153, 154], and for applications of such systems in geometry,
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see [155], and in physics, see [156, 157]; an extensive treat-
ment of formal power series with coefficients over nonassociative rings
of various types is given in [122]). In particular, we mention that
if s, a, b, ¢ are Cayley numbers [158, 159-161] over a field,
with the norms of a, b, ¢ nonzero, then the e-algorithm can be applied
to the sequence s, = s + a(b™c) (or to s, = s+ (ab™)c) (m=1) to
produce numbers 5(2 o= (m=1). If the s, a, b, ¢ were complex
numbers, the numbers {s,,} would lie on a spiral with centre s in the
complex plane. Thus, in the nonassociative case, the e-algorithm can
be used to find the centre of a spiral in a non Desarguian plane [162].
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