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ABSTRACT. In this paper, we study the nonlocal Cauchy
problems of fractional evolution equations with Riemann-
Liouville derivative by considering an integral equation which
is given in terms of probability density. By using the theory
of Hausdorff measure of noncompactness, we establish various
existence theorems of mild solutions for the Cauchy problems
in the cases C0 semigroup is compact or noncompact.

1. Introduction. In this paper, we assume that X is a Banach
space with the norm | · |. Let a ∈ R+, J = [0, a] and J ′ = (0, a].
Denote C(J,X) as the Banach space of continuous functions from J
into X with the norm ‖x‖ = supt∈[0,a] |x(t)|, where x ∈ C(J,X), and
B(X) are the spaces of all bounded linear operators from X to X with
the norm ‖Q‖B(X) = sup{|Q(x)| : |x| = 1}, where Q ∈ B(X) and
x ∈ X .

Consider the following nonlocal Cauchy problem of fractional evolu-
tion equation with Riemann-Liouville derivative

(1)

{
(LDq

0+x)(t) = Ax(t) + (Fx)(t) almost all t ∈ [0, a],

(I1−q
0+ x)(0) + g(x) = x0,

where LDq
0+ is the Riemann-Liouville derivative of order q, I1−q

0+ is
the Riemann-Liouville integral of order 1 − q, 0 < q < 1, A is the
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infinitesimal generator of a strongly continuous semigroup of bounded
linear operators (i.e., C0 semigroup) {Q(t)}t≥0 in Banach space X ,
F : C(J,X) → L(J,X) is a given (non-linear) operator, g : C(J,X) →
L(J,X) is a given operator satisfying some assumptions and x0 is an
element of the Banach space X .

Problem (1) can be viewed as a generalization of the following
problem

(2)

{
(LDq

0+x)(t) = Ax(t) + f(t, x(t)), almost all t ∈ [0, a],

(I1−q
0+ x)(0) + g(x) = x0,

where f : J ×X → X is a given function satisfying some assumptions.
Indeed, under suitable conditions, the following operator

(Fx)(t) = f(t, x(t)), for t ∈ [0, a]

maps C(J,X) into L(J,X). Thus, problem (1) reads as (2).

The existence of mild solutions for fractional evolution equations with
Caputo derivative has been considered in several recent papers (for
instance, see [6, 8, 10, 15, 18, 19] and the references therein), much
less is known about the fractional evolution equations with Riemann-
Liouville derivative. In most of the existing articles (see for instance
[6, 8, 15, 18, 19] and the references therein), Schauder’s fixed point
theorem, Schaefer’s fixed point theorem, Krasnoselskii’s fixed point
theorem, Darbo’s fixed point theorem, or the Kuratowski measure of
noncompactness are employed to obtain fixed points of the solution
operator of problem (1) under some restrictive conditions.

In this paper, by using the theory of Hausdorff measure of noncom-
pactness, we study nonlocal Cauchy problem (1) in the case where
Q(t) is compact or noncompact. The next section introduces some no-
tations and useful concepts from fractional calculus and the theory of
measure of noncompactness. In Section 3, we obtain the appropriate
definition on mild solutions of problem (1) by considering an integral
equation which is given in terms of probability density. Section 4 is
devoted to the study of various existence theorems of mild solutions for
problem (1). Finally, an example is given for demonstration.

2. Preliminaries. In this section, we introduce preliminary facts
which are used throughout this paper.
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First, we recall some basic definitions and properties of the fractional
calculus. For more details, see Kilbas, Srivastava and Trujillo [7].

Definition 2.1 [7]. The fractional integral Iq0+f of order q for a
function f ∈ AC[0,∞) is defined as

(Iq0+f)(t) =
1

Γ(q)

∫ t

0

f(s)

(t− s)1−q
ds, t > 0, 0 < q < 1,

provided the right side is point-wise defined on [0,∞), where Γ(·) is the
gamma function.

Definition 2.2 [7]. Riemann-Liouville derivative LDq
0+f of order q

for a function f ∈ AC[0,∞) can be written as

(LDq
0+f)(t) =

1

Γ(1− q)

d

dt

∫ t

0

f(s)

(t− s)q
ds, t > 0, 0 < q < 1.

If f is an abstract function with values in X , then integrals which
appear in Definitions 2.1 and 2.2 are taken in Bochner’s sense.

Next, we recall some definitions and properties of the measure of
noncompactness.

The measure of noncompactness α is said to be:

(i) Monotone if, for all bounded subsets B1, B2 of X , B1 ⊆ B2

implies α(B1) ≤ α(B2);

(ii) Nonsingular if α({x} ∪ B) = α(B) for every x ∈ X and every
nonempty subset B ⊆ X ;

(iii) Regular α(B) = 0 if and only if B is relatively compact in X .

One of the most important examples of measure of noncompactness is
the Hausdorff measure of noncompactness α defined on each bounded
subset B of X by

α(B) = inf

{
ε > 0 : B ⊂

m⋃
j=1

Bε(xj) where xj ∈ X

}
,

where Bε(xj) is a ball of radius ≤ ε centered at xj , j = 1, 2, . . . ,m.
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It is well known that the Hausdorff measure of noncompactness α
enjoys the above properties (i) (iii) and other properties (see [1, 3, 5,
9]).

(iv) α(B1 + B2) ≤ α(B1) + α(B2), where B1 + B2 = {x + y : x ∈
B1, y ∈ B2};
(v) α(B1 ∪B2) ≤ max{α(B1), α(B2)};
(vi)α(λB) ≤ |λ|α(B) for any λ ∈ R;

For any W ⊂ C(J,X), we define∫ t

0

W (s) ds =

{∫ t

0

u(s) ds : u ∈ W

}
, for t ∈ [0, a],

where W (s) = {u(s) ∈ X : u ∈ W}.

Proposition 2.1. If W ⊂ C(J,X) is bounded and equicontinuous,
then coW ⊂ C(J,X) is also bounded and equicontinuous.

Proposition 2.2 [12]. If W ⊂ C(J,X) is bounded and equicontinu-
ous, then t→ α(W (t)) is continuous on J , and

α(W ) = max
t∈J

α(W (t)),

α

(∫ t

0

W (s) ds

)
≤

∫ t

0

α(W (s)) ds, for t ∈ [0, a].

Proposition 2.3 [13]. Let {un}∞n=1 be a sequence of Bochner
integrable functions from J into X with ‖un(t)‖ ≤ m̃(t) for almost
all t ∈ J and every n ≥ 1, where m̃ ∈ L(J,R+). Then the function
ψ(t) = α({un(t)}∞n=1) belongs to L(J,R+) and satisfies

α

({∫ t

0

un(s) ds : n ≥ 1

})
≤ 2

∫ t

0

ψ(s) ds.

The map T : B0 ⊆ Y → Y is said to be an α-contraction if there
exists a positive constant k < 1 such that α(T (B)) ≤ kα(B) for any
bounded closed subset B ⊆ B0.
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To prove our main results, we need the following lemmas associated
with Hausdorff measure of noncompactness.

Lemma 2.1. Let B be a closed and convex subset of a Banach space
Y . Suppose T : B → B is a continuous operator and T (B) is bounded.
For each bounded subset B0 ⊂ B, set

T 1(B0) = T (B0), T n(B0) = T
(
co(T n−1(B0))

)
, n = 2, 3, . . . .

If there exist a constant 0 ≤ k < 1 and a positive integer n0 such that,
for any bounded subset B0 ⊂ B,

α(T n0(B0)) ≤ kα(B0),

then there exists a D ⊂ B such that α(T (D)) = 0.

The proof of Lemma 2.1 is similar to that of Lemma 2.4 in [11], and
it is thus omitted.

Lemma 2.2 (Darbo-Sadovskii’s fixed point theorem) [1]. If B is
a bounded, closed and convex subset of a Banach space Y , and the
continuous map T : B → B is an α-contraction, then the map T has
at least one fixed point in B.

3. Definition of mild solutions.

Definition 3.1 [12]. The Wright function Mq(�) is defined by

Mq(�) =

∞∑
n=1

(−�)n−1

(n− 1)!Γ(1− qn)
, 0 < q < 1, � ∈ C.

It is known that Mq(�) satisfies the following equality (see [17])∫ ∞

0

θδMq(θ)dθ =
Γ(1 + δ)

Γ(1 + qδ)
, for δ ≥ 0.

Lemma 3.1 [16]. (i) Let ξ, η ∈ R be such that η > −1. If t > 0, then(
Iξ0+

sη

Γ(η+1)

)
(t)=

{
(tξ+η)/Γ(ξ+η+1) if ξ+η �=−n
0 if ξ+η=−n , (n∈N+).
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(ii) Let ξ > 0 and ϕ ∈ L((0, a), X). Define

Gξ(t) = Iξ0+ϕ, for t ∈ (0, a).

Then

(Iη0+Gξ)(t) = (Iξ+η
0+ ϕ)(t), η > 0, almost all t ∈ [0, a].

Lemma 3.2. Assume that the operator F : C(J ′, X) → L(J ′, X)
is continuous. The nonlocal Cauchy problem (1) is equivalent to the
integral equation

(3)

x(t) =
tq−1

Γ(q)
(x0 − g(x))

+
1

Γ(q)

∫ t

0

(t− s)q−1[Ax(s) + (Fx)(s)] ds, for t ∈ (0, a].

Proof. Suppose (3) is true. Then

(I1−q
0+ x)(t) =

(
I1−q
0+

[
sq−1

Γ(q)
(x0 − g(x))

+
1

Γ(q)

∫ s

0

(s− τ)q−1[Ax(τ) + (Fx)(τ)] dτ

])
(t),

and applying Lemma 3.1 we obtain that

(I1−q
0+ x)(t) = x0−g(x)+

∫ t

0

[Ax(s)+(Fx)(s)] ds, almost all t ∈ [0, a].

This proves that (I1−q
0+ x)(t) is absolutely continuous on [0, a]. Since

F ∈ L(J ′, X), then we have

(LDq
0+x)(t) =

d

dt
(I1−q

0+ x)(t) = Ax(t) + (Fx)(t), almost all t ∈ [0, a]



SOLUTIONS FOR FRACTIONAL EVOLUTION EQUATIONS 563

and
(I1−q

0+ x)(0) + g(x) = x0.

The proof of the converse is given as follows.

Suppose (1) is true. Then(
Iq−1
0+ (LDq

0+x)
)
(t) =

(
Iq−1
0+ (Ax(s) + (Fx)(s))

)
(t).

Since(
Iq−1
0+ (LDq

0+x)
)
(t) = x(t)− tq−1

Γ(q)
(I1−q

0+ x)(0)

= x(t)− tq−1

Γ(q)
(x0 − g(x)), for t ∈ (0, a],

then we have

x(t) =
tq−1

Γ(q)
(x0 − g(x)) +

(
Iq−1
0+ (Ax(s) + (Fx)(s))

)
(t)

=
tq−1

Γ(q)
(x0 − g(x)) +

1

Γ(q)

∫ t

0

(t− s)q−1[Ax(s) + (Fx)(s)] ds,

for t ∈ (0, a].

The proof is complete.

Before giving the definition of the mild solution of (1), we firstly prove
the following lemma.

Lemma 3.3. If

(4)

x(t) =
tq−1

Γ(q)
(x0 − g(x))

+
1

Γ(q)

∫ t

0

(t− s)q−1[Ax(s) + (Fx)(s)] ds, for t > 0

holds, then we have

x(t) = tq−1Pq(t)(x0−g(x))+
∫ t

0

(t−s)q−1Pq(t−s)(Fx)(s) ds, for t > 0,
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where

Pq(t) =

∫ ∞

0

qθMq(θ)Q(tqθ) dθ.

Proof. Let λ > 0. Applying the Laplace transform

ν(λ) =

∫ ∞

0

e−λsx(s) ds and ω(λ) =

∫ ∞

0

e−λs(Fx)(s) ds, for λ > 0

to (4), we have

(5)

ν(λ) =
1

λq
(x0 − g(x)) +

1

λq
Aν(λ) +

1

λq
ω(λ)

= (λqI −A)−1(x0 − g(x)) + (λqI −A)−1ω(λ)

=

∫ ∞

0

e−λqsQ(s)(x0 − g(x)) ds

+

∫ ∞

0

e−λqsQ(s)ω(λ) ds,

provided that the integrals in (5) exist, where I is the identity operator
defined on X .

Set

ψq(θ) =
q

θq+1
Mq(θ

−q),

whose Laplace transform is given by

(6)

∫ ∞

0

e−λθψq(θ)dθ = e−λq

, where q ∈ (0, 1).

Using (6), we get

∫ ∞

0

e−λqsQ(s)(x0 − g(x)) ds

(7)

=

∫ ∞

0

qtq−1e−(λt)qQ(tq)(x0 − g(x)) dt

=

∫ ∞

0

∫ ∞

0

qψq(θ)e
−(λtθ)Q(tq)tq−1(x0 − g(x)) dθ dt
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=

∫ ∞

0

∫ ∞

0

qψq(θ)e
−λtQ

(
tq

θq

)
tq−1

θq
(x0 − g(x)) dθ dt

=

∫ ∞

0

e−λt

[
q

∫ ∞

0

ψq(θ)Q

(
tq

θq

)
tq−1

θq
(x0 − g(x)) dθ

]
dt,

∫ ∞

0

e−λqsQ(s)ω(λ) ds

(8)

=

∫ ∞

0

∫ ∞

0

qtq−1e−(λt)qQ(tq)e−λs(Fx)(s) ds dt

=

∫ ∞

0

∫ ∞

0

∫ ∞

0

qψq(θ)e
−(λtθ)Q(tq)e−λstq−1(Fx)(s) dθ ds dt

=

∫ ∞

0

∫ ∞

0

∫ ∞

0

qψq(θ)e
−λ(t+s)Q

(
tq

θq

)
tq−1

θq
(Fx)(s) dθ ds dt

=

∫ ∞

0

e−λt

[
q

∫ t

0

∫ ∞

0

ψq(θ)Q

(
(t− s)q

θq

)
× (t− s)q−1

θq
(Fx)(s) dθ ds

]
dt.

According to (7) and (8), we have

ν(λ) =

∫ ∞

0

e−λt

[
q

∫ ∞

0

ψq(θ)Q

(
tq

θq

)
tq−1

θq
(x0 − g(x)) dθ

+ q

∫ t

0

∫ ∞

0

ψq(θ)Q

(
(t− s)q

θq

)
(t− s)q−1

θq
(Fx)(s) dθ ds

]
dt.

Now we can invert the last Laplace transform to get

x(t) = q

∫ ∞

0

θtq−1Mq(θ)Q(tqθ)(x0 − g(x)) dθ

+ q

∫ t

0

∫ ∞

0

θ(t− s)q−1Mq(θ)Q((t − s)qθ)(Fx)(s) dθ ds

= tq−1Pq(t)(x0 − g(x))

+

∫ t

0

(t− s)q−1Pq(t− s)(Fx)(s) ds.
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The proof is complete.

Due to Lemma 3.3, we give the following definition of the mild
solution of (1).

Definition 3.2. By the mild solution of the nonlocal Cauchy
problem (1), we mean that the function x ∈ C(J ′, X), which satisfies

x(t) = tq−1Pq(t)(x0 − g(x)) +

∫ t

0

(t− s)q−1Pq(t− s)(Fx)(s) ds,

for t ∈ (0, a].

Suppose that A is the infinitesimal generator of a strongly continuous
semigroup of bounded linear operators (i.e., C0 semigroup) {Q(t)}t≥0

in Banach space X . This means that there exists M > 1 such that
M = supt∈[0,∞) ‖Q(t)‖B(X) <∞.

Proposition 3.1 [19]. For any fixed t > 0, {Pq(t)}t>0 is linear and
bounded operator, i.e., for any x ∈ X

|Pq(t)x| ≤ M

Γ(q)
|x|.

Proposition 3.2 [19]. Operator {Pq(t)}t>0 is strongly continuous,
which means that, for all x ∈ X and 0 < t′ < t′′ ≤ a, we have

|Pq(t
′′)x − Pq(t

′)x| −→ 0 a.s. t′′ → t′.

Proposition 3.3 [19]. Assume that {Q(t)}t>0 is a compact operator.
Then {Pq(t)}t>0 is also a compact operator.

4. Existence results. Define

X(q)(J ′) =
{
x ∈ C(J ′, X) : lim

t→0+
t1−qx(t) exists and is finite

}
.
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For any x ∈ X(q)(J ′), let the norm ‖ · ‖q be defined by

‖x‖q = sup
t∈(0,a]

{t1−q|x(t)|}.

Then (X(q)(J ′), ‖ · ‖q) is a Banach space.

For r > 0, define a closed subset B
(q)
r (J ′) ⊂ X(q)(J ′) as follows:

B(q)
r (J ′) = {x ∈ X(q)(J ′) : ‖x‖q ≤ r}.

Thus, (B
(q)
r (J ′), ‖·‖q) is a bounded, closed and convex subset ofXq(J ′).

Let B(J) be the closed ball of the space C(J,X) with radius r and
center at 0, that is,

B(J) =
{
y ∈ C(J,X) : ‖y‖ ≤ r

}
.

Thus B(J) is a bounded, closed and convex subset of C(J,X).

We introduce the following hypotheses.

(H0) Q(t)(t > 0) is equicontinuous, i.e., Q(t) is continuous in the
uniform operator topology for t > 0.

(H1) The operator F : C(J ′, X) → L(J ′, X) is continuous.

(H2) There exists a function m ∈ L(J,R+) such that

Iq0+m ∈ C(J ′,R+), lim
t→0+

t1−q(Iq0+m)(t) = 0,

and

|(Fx)(t)| ≤ m(t) for all x ∈ B(q)
r (J ′) and almost all t ∈ [0, a].

(H3) There exists a constant L ∈ (0, (Γ(q)/M)), the operator g :
C(J ′, X) → L(J ′, X) satisfies

|g(x1)− g(x2)| ≤ L‖x1 − x2‖q, for x1, x2 ∈ B(q)
r (J ′).

(H4) There exists a constant r > 0 such that

M

Γ(q)−ML

(
|x0|+ |g(0)|+ sup

t∈(0,a]

{
t1−q

∫ t

0

(t− s)q−1m(s) ds

})
≤ r.
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(H3)
′ The operator g : C(J ′, X) → L(J ′, X) is a continuous and

compact map, and there exist positive constants L1, L2 such that

L1 ∈ (0, (Γ(q)/M)) and |g(x)| ≤ L1‖x‖q + L2 for all x ∈ B
(q)
r (J ′).

(H4)
′ There exists a constant r > 0 such that

M

Γ(q)−ML1

(
|x0|+ L2 + sup

t∈(0,a]

{
t1−q

∫ t

0

(t− s)q−1m(s) ds

})
≤ r.

For any x ∈ B
(q)
r (J ′), define an operator T as follows

(Tx)(t) = (T1x)(t) + (T2x)(t),

where

(T1x)(t) = tq−1Pq(t)(x0 − g(x)), for t ∈ (0, a],

(T2x)(t) =

∫ t

0

(t− s)q−1Pq(t− s)(Fx)(s) ds, for t ∈ (0, a].

It is easy to see that limt→0+ t
1−q(Tx)(t) = (x0 − g(x))/(Γ(q)). For

any y ∈ B(J), set

x(t) = tq−1y(t), for t ∈ (0, a].

Then, x ∈ B
(q)
r (J ′). Define T as follows:

(Ty)(t) = (T1y)(t) + (T2y)(t),

where

(T1y)(t) =

{
t1−q(T1x)(t), for t ∈ (0, a],

(x0 − g(x))/(Γ(q)), for t = 0,

(T2y)(t) =

{
t1−q(T2x)(t), for t ∈ (0, a],

0, for t = 0.

Obviously, x is a mild solution of (1) in B
(q)
r (J ′) if and only if the

operator equation x = Tx has a solution x ∈ B
(q)
r (J ′). Before giving

the main results, we firstly prove the following lemmas.
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Lemma 4.1. Assume that there exists a constant r > 0, such that

the conditions (H1) (H4) are satisfied. Then T maps B
(q)
r (J ′) into

B
(q)
r (J ′), and T is continuous in B

(q)
r (J ′).

Proof. Step I. T maps B
(q)
r (J ′) into B

(q)
r (J ′). For any x ∈ B

(q)
r (J ′)

and t ∈ (0, a], by using (H1) (H4), we have

t1−q|(Tx)(t)| ≤ |Pq(t)(x0 − g(x))|

+ t1−q

∣∣∣∣ ∫ t

0

(t− s)q−1Pq(t− s)(Fx)(s) ds

∣∣∣∣
≤ M

Γ(q)
(|x0|+ L‖x− 0‖q + |g(0)|)

+
M

Γ(q)
t1−q

∫ t

0

(t− s)q−1|(Fx)(s)| ds

≤ M

Γ(q)

(
|x0|+ Lr + |g(0)|

+ sup
t∈(0,a]

{
t1−q

∫ t

0

(t− s)q−1m(s) ds

})
≤ r.

Hence, ‖Tx‖q ≤ r for any x ∈ B
(q)
r (J ′).

Step II. T is continuous in B
(q)
r (J ′). For any xm, x ∈ B

(q)
r (J ′),

m = 1, 2, . . . , with limm→∞ ‖xm − x‖q = 0, we get

lim
m→∞ t1−qxm(t) = t1−qx(t), for t ∈ (0, a].

Then by condition (H1)

sup
t∈(0,a]

{
t1−q|(Fxm)(t)− (Fx)(t)|

}
−→ 0 as m→ ∞.
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On the other hand, for t ∈ (0, a],

t1−q|(Txm)(t)− (Tx)(t)|
≤ |Pq(t)(g(xm)− g(x))|

+ t1−q

∣∣∣∣ ∫ t

0

(t− s)q−1Pq(t− s)((Fxm)(s)− (Fx)(s)) ds

∣∣∣∣
≤ ML

Γ(q)
‖xm − x‖q

+
Mt1−q

Γ(q)

∫ t

0

(t− s)q−1sq−1s1−q|(Fxm)(s)− (Fx)(s)| ds

≤ ML

Γ(q)
‖xm − x‖q + MaqΓ(q)

Γ(2q)
sup

s∈(0,a]

{
s1−q|(Fxm)(s)− (Fx)(s)|

}
,

which implies

‖Txm − Tx‖q −→ 0 as m→ ∞.

This means that T is continuous in B
(q)
r (J ′). The proof is complete.

Lemma 4.2. Assume that there exists a constant r > 0 such that
the conditions (H1) (H4) are satisfied. Then T2 maps B(J) into B(J)
and T2 is continuous in B(J).

Proof. Step I. T2 maps B(J) into B(J). For any y ∈ B(J), we have

|(T2y)(t)| = 0 ≤ r, for t = 0

and

|(T2y)(t)| ≤ M

Γ(q)
t1−q

∫ t

0

(t− s)q−1m(s) ds ≤ r, for t ∈ (0, a].

Hence, ‖T2y‖B ≤ r, for any y ∈ B(J).

Step II. T2 is continuous inB(J). For any ym, y ∈ B(J),m = 1, 2, . . . ,
set xm(t) = tq−1ym(t) and x(t) = tq−1y(t) for t ∈ (0, a]. Thus,

xm, x ∈ B
(q)
r (J). When limm→∞ ‖ym − y‖B = 0, we get

lim
m→∞ ym(t) = y(t), for t ∈ [0, a],
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then

lim
m→∞ t1−qxm(t) = t1−qx(t), for t ∈ (0, a].

Hence,

lim
m→∞ sup

t∈(0,a]

{
t1−q|(T2xm)(t) − (T2x)(t)|

}
= 0.

On the other hand, for t ∈ [0, a]

|(T2ym)(t)− (T2y)(t)| =
{
t1−q|(T2xm)(t) − (T2x)(t)|, for t ∈ (0, a],

0, for t = 0.

Therefore,

‖T2ym − T2y‖B → 0 as m→ ∞.

This means that T2 is continuous on B(J). The proof is complete.

Lemma 4.3. Assume that (H0) (H4) hold. Then {T2y, y ∈ B(J)}
is equicontinuous.

Proof. For any y ∈ B(J), for t1 = 0, 0 < t2 ≤ a, then, we get

|(T2y)(t2)− (T2y)(0)|

=

∣∣∣∣t1−q
2

∫ t2

0

(t2 − s)q−1Pq(t2 − s)(Fx)(s) ds

∣∣∣∣
≤ M

Γ(q)
t1−q
2

∫ t2

0

(t2 − s)q−1m(s) ds −→ 0 as t2 → 0.
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For 0 < t1 < t2 ≤ a, we have

|(T2y)(t2)− (T2y)(t1)|

≤
∣∣∣∣ ∫ t2

t1

t1−q
2 (t2 − s)q−1Pq(t2 − s)(Fx)(s) ds

∣∣∣∣
+

∣∣∣∣ ∫ t1

0

t1−q
2 (t2 − s)q−1Pq(t2 − s)(Fx)(s) ds

−
∫ t1

0

t1−q
1 (t1 − s)q−1Pq(t2 − s)(Fx)(s) ds

∣∣∣∣
+

∣∣∣∣ ∫ t1

0

t1−q
1 (t1 − s)q−1Pq(t2 − s)(Fx)(s) ds

−
∫ t1

0

t1−q
1 (t1 − s)q−1Pq(t1 − s)(Fx)(s) ds

∣∣∣∣
≤ M

Γ(q)

∣∣∣∣ ∫ t2

t1

t1−q
2 (t2 − s)q−1m(s) ds

∣∣∣∣
+

M

Γ(q)

∫ t1

0

[
t1−q
1 (t1 − s)q−1 − t1−q

2 (t2 − s)q−1
]
m(s) ds

+

∣∣∣∣ ∫ t1

0

t1−q
1 (t1 − s)q−1[Pq(t2 − s)(Fx)(s) − Pq(t1 − s)(Fx)(s)] ds

∣∣∣∣
≤ I1 + I2 + I3,

where

I1 =
M

Γ(q)

∣∣∣∣ ∫ t2

0

t1−q
2 (t2 − s)q−1m(s) ds

−
∫ t1

0

t1−q
1 (t1 − s)q−1m(s) ds

∣∣∣∣,
I2 =

2M

Γ(q)

∫ t1

0

[
t1−q
1 (t1 − s)q−1 − t1−q

2 (t2 − s)q−1
]
m(s) ds,

I3 =

∣∣∣∣ ∫ t1

0

t1−q
1 (t1 − s)q−1[Pq(t2 − s)− Pq(t1 − s)](Fx)(s) ds

∣∣∣∣.
One can deduce that limt2→t1 I1 = 0, since Iq0+m ∈ C(J ′,R+). Noting
that[

t1−q
1 (t1 − s)q−1 − t1−q

2 (t2 − s)q−1
]
m(s) ≤ t1−q

1 (t1 − s)q−1m(s),
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and
∫ t1
0
t1−q
1 (t1−s)q−1m(s) ds exists (s ∈ [0, t1]), then by the Lebesgue

dominated convergence theorem, we have∫ t1

0

[
t1−q
1 (t1 − s)q−1 − t1−q

2 (t2 − s)q−1
]
m(s) ds −→ 0 as t2 → t1,

and one can deduce that limt2→t1 I2 = 0.

In order for ε > 0 to be small enough, we have

I3 ≤
∫ t1−ε

0

t1−q
1 (t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X) |(Fx)(s)| ds

+

∫ t1

t1−ε

t1−q
1 (t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X) |(Fx)(s)| ds

≤ t1−q
1

∫ t1

0

(t1 − s)q−1m(s) ds

× sup
s∈[0,t1−ε]

‖Pq(t2 − s)− Pq(t1 − s)‖B(X)

+
2M

Γ(q)

∫ t1

t1−ε

t1−q
1 (t1 − s)q−1m(s) ds

≤ I31 + I32 + I33,

where

I31 =
rΓ(q)

M
sup

s∈[0,t1−ε]

‖Pq(t2 − s)− Pq(t1 − s)‖B(X),

I32 =
2M

Γ(q)

∣∣∣∣ ∫ t1

0

t1−q
1 (t1 − s)q−1m(s) ds

−
∫ t1−ε

0

(t1 − ε)1−q(t1 − ε− s)q−1m(s) ds

∣∣∣∣,
I33 =

2M

Γ(q)

∫ t1−ε

0

[(t1 − ε)1−q(t1 − ε− s)q−1 − t1−q
1 (t1 − s)q−1]m(s) ds.

By (H0), it is easy to see that I31 → 0 as t2 → t1. Similar to the
proof that I1 and I2 tend to zero, we get I32 → 0 and I33 → 0 as
ε → 0. Thus, I3 tends to zero independently of y ∈ B(J) as t2 → t1,
ε → 0. Therefore, |(T2y)(t2) − (T2y)(t1)| tends to zero independently
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of y ∈ B(J) as t2 → t1, which means that {T2y, y ∈ B(J)} is
equicontinuous. The proof is complete.

Lemma 4.4. Assume that there exists a constant r > 0 such that
the conditions (H1), (H2), (H3)

′ and (H4)
′ are satisfied. Then T maps

B
(q)
r (J ′) into B(q)

r (J ′), and T is continuous in B
(q)
r (J ′).

Proof. For any x ∈ B
(q)
r (J ′), by using (H1), (H2), (H3)

′ and (H4)
′,

we have

t1−q|(Tx)(t)| ≤ |Pq(t)(x0 − g(x))|

+ t1−q

∣∣∣∣ ∫ t

0

(t− s)q−1Pq(t− s)(Fx)(s) ds

∣∣∣∣
≤ M

Γ(q)
(|x0|+ L1r + L2)

+
Mt1−q

Γ(q)

∫ t

0

(t− s)q−1|(Fx)(s)| ds

≤ M

Γ(q)

(
|x0|+ L1r + L2

+ sup
t∈(0,a]

{
t1−q

∫ t

0

(t− s)q−1m(s) ds

})
≤ r.

Hence, ‖Tx‖q ≤ r for any x ∈ B
(q)
r (J ′). Using a similar argument to

that used in the proof of Lemma 4.1, we know that T is continuous in

B
(q)
r (J ′), by (H1) and (H4)

′. The proof is complete.

Lemma 4.5. Assume that there exists a constant r > 0 such that
the conditions (H1), (H2), (H3)

′ and (H4)
′ are satisfied. Then T maps

B(J) into B(J), and T is continuous in B(J).

Proof. For any y ∈ B(J), we have

|(Ty)(t)| ≤ |x0|+ L1r + L2

Γ(q)
≤ r, for t = 0



SOLUTIONS FOR FRACTIONAL EVOLUTION EQUATIONS 575

and

|(Ty)(t)| = t1−q|(Tx)(t)| ≤ r, for t ∈ (0, a].

Hence, ‖Ty‖B ≤ r, for any y ∈ B(J). Clearly, T1 is continuous in
B(J), by (H3)

′. Using a similar argument to that used in the proof
of Lemma 4.2, we know that T is continuous in B(J). The proof is
complete.

Lemma 4.6. Assume that there exists a constant r > 0 such
that the conditions (H0) (H2), (H3)

′ and (H4)
′ are satisfied. Then

{Ty, y ∈ B(J)} is equicontinuous.

Proof. For any y ∈ B(J), for t1 = 0, 0 < t2 ≤ a, we get

|(Ty)(t2)− (Ty)(0)| ≤
∣∣∣∣Pq(t2)(x0 − g(x))− x0 − g(x)

Γ(q)

∣∣∣∣
+

∣∣∣∣t1−q
2

∫ t2

0

(t2 − s)q−1Pq(t2 − s)(Fx)(s) ds

∣∣∣∣
≤

∣∣∣∣Pq(t2)(x0 − g(x))− x0 − g(x)

Γ(q)

∣∣∣∣
+

M

Γ(q)
t1−q
2

∫ t2

0

(t2 − s)q−1m(s) ds

−→ 0 as t2 → 0.

For any y ∈ B(J) and 0 < t1 < t2 ≤ a, we get

|(Ty)(t2)− (Ty)(t1)| ≤ |(T1y)(t2)− (T1y)(t1)|
+ |(T2y)(t2)− (T2y)(t1)|

≤ |(Pq(t2)− Pq(t1))(x0 − g(x))|
+ I1 + I2 + I3,

where I1, I2 and I3 are defined as in the proof of Lemma 4.3. According
to Proposition 3.2, we know that |(Ty)(t2) − (Ty)(t1)| tends to zero
independently of y ∈ B(J) as t2 → t1, which means that {Ty, y ∈
B(J)} is equicontinuous. The proof is complete.
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4.1. The case where Q(t) is compact. In the following,
we suppose that the operator A generates a compact C0-semigroup
{Q(t)}t≥0 on X , that is, for any t > 0, the operator Q(t) is compact.

Theorem 4.1. Assume that Q(t)(t > 0) is compact. Further-
more, assume that there exists a constant r > 0 such that conditions
(H1) (H4) are satisfied. Then the nonlocal Cauchy problem (1) has at

least one mild solution in B
(q)
r (J ′).

Proof. Since Q(t)(t > 0) is compact, from [14, Theorem 2.3.2], Q(t)
(t > 0) is equicontinuous, which implies that (H0) is satisfied.

For any x1, x2 ∈ B
(q)
r (J ′), according to (H3), we have

t1−q|(T1x1)(t)− (T1x2)(t)| ≤ M

Γ(q)
|g(x1)− g(x2)|

≤ ML

Γ(q)
‖x1 − x2‖q,

which implies that ‖T1x1 − T1x2‖q ≤ (ML/Γ(q))‖x1 − x2‖q. Thus, we
obtain that

(9) α(T1(B
(q)
r (J ′))) ≤ ML

Γ(q)
α(B(q)

r (J ′)).

Next, we will show that, for any t ∈ [0, a], V (t) = {(T2y)(t), y ∈
B(J)} is relatively compact inX . Obviously, V (0) is relatively compact
in X . Let t ∈ (0, a] be fixed. For all ε ∈ (0, t) and for all δ > 0, define
an operator Tε,δ on B(J) by the formula

(Tε,δy)(t) = qt1−q

×
∫ t−ε

0

∫ ∞

δ

θ(t− s)q−1Mq(θ)Q((t − s)qθ)(Fx)(s) dθ ds

= qt1−qQ(εqδ)

×
∫ t−ε

0

∫ ∞

δ

θ(t−s)q−1Mq(θ)Q((t−s)qθ−εqδ)(Fx)(s) dθ ds,

where x ∈ B
(q)
r (J ′). Then from the compactness of Q(εqδ)(εqδ > 0),

we obtain that the set Vε,δ(t) = {(Tε,δy)(t), y ∈ B(J)} is relatively
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compact in X for all ε ∈ (0, t) and for all δ > 0. Moreover, for every
y ∈ B(J), we have

|(T2y)(t)− (Tε,δy)(t)| ≤
∣∣∣∣qt1−q

∫ t

0

∫ δ

0

θ(t− s)q−1

×Mq(θ)Q((t− s)qθ)(Fx)(s) dθ ds

∣∣∣∣
+

∣∣∣∣qt1−q

∫ t

t−ε

∫ ∞

δ

θ(t− s)q−1

×Mq(θ)Q((t− s)qθ)(Fx)(s) dθ ds

∣∣∣∣
≤ qMt1−q

∫ t

0

(t− s)q−1m(s) ds

∫ δ

0

θMq(θ) dθ

+ qMt1−q

∫ t

t−ε

(t− s)q−1m(s) ds

∫ ∞

0

θMq(θ) dθ

≤ qMt1−q

∫ t

0

(t− s)q−1m(s) ds

∫ δ

0

θMq(θ) dθ

+
M

Γ(q)
t1−q

∫ t

t−ε

(t− s)q−1m(s) ds

−→ 0 as ε→ 0, δ → 0.

Therefore, there are relatively compact sets arbitrarily close to the set
V (t), t > 0. Hence, the set V (t), t > 0 is also relatively compact
in X . Therefore, {(T2y)(t), y ∈ B(J)} is relatively compact by the
Ascoli-Arzela theorem.

For any {xn} ⊂ B
(q)
r (J ′), set

yn(t) =

{
t1−qxn(t), if t ∈ (0, a],

yn(0+), if t = 0.

Then {yn} ⊂ B(J). We can find at least one sequence {T2ynm}∞m=1

which is convergent. Hence,

lim
m→∞ t1−q(T2xnm)(t) = lim

m→∞(T2ynm)(t), for t ∈ (0, a].

This means that {T2xnm}∞m=1 is convergent in B
(q)
r (J ′). There-

fore, {(T2x)(t), x ∈ B
(q)
r (J ′)} is relatively compact. Thus, we have
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α(T2(B
(q)
r (J ′))) = 0. By (9), we have

α(T (B(q)
r (J ′))) ≤ α(T1(B

(q)
r (J ′))) + α(T2(B

(q)
r (J ′)))

≤ ML

Γ(q)
α(B(q)

r (J ′)).

Thus, the operator T is an α-contraction in B
(q)
r (J ′). By Lemma 4.1,

we know that T is continuous. Hence, Lemma 2.2 shows that T has

a fixed point in B
(q)
r (J ′). Therefore, the nonlocal Cauchy problem (1)

has a mild solution in B
(q)
r (J ′). The proof is complete.

Theorem 4.2. Assume that Q(t)(t > 0) is compact. Furthermore,
assume that there exists a constant r > 0 such that the conditions (H1),
(H2), (H3)

′ and (H4)
′ are satisfied. Then the nonlocal Cauchy problem

(1) has at least one mild solution in B
(q)
r (J ′).

Proof. Since Q(t)(t > 0) is compact, from [14, Theorem 2.3.2], Q(t)
(t > 0) is equicontinuous, which implies that (H0) is satisfied. Then,

by Lemmas 4.4 and 4.5, we know that T : B
(q)
r (J ′) → B

(q)
r (J ′) is

bounded and continuous, T : B(J) → B(J) is bounded, continuous
and {Ty, y ∈ B(J)} is equicontinuous.

According to the argument of Theorem 4.1, we only need to prove
that, for any t ∈ J , the set V1(t) = {(T1y)(t), y ∈ B(J)} is relatively
compact in X . Obviously, V1(0) is relatively compact in X . Let
0 < t ≤ a be fixed. For all δ > 0, define an operator T δ

1 on B(J)
by the formula

(T δ
1 y)(t) = q

∫ ∞

δ

θMq(θ)Q(tqθ)(x0 − g(x)) dθ

= qQ(tqδ)

∫ ∞

δ

θMq(θ)Q(tqθ − tqδ)(x0 − g(x)) dθ,

where x ∈ B
(q)
r (J). From the compactness of Q(tqδ)(tqδ > 0), we

obtain that the set V δ
1 (t) = {(T δ

1 y)(t), y ∈ B(J)} is relatively compact
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in X for all δ > 0. Moreover, for any y ∈ B(J), we have

|(T1x)(t)− (T δ
1 x)(t)| =

∣∣∣∣q ∫ δ

0

θMq(θ)Q(tqθ)(x0 − g(x)) dθ

∣∣∣∣
≤ qM(|x0|+ L1r + L2)

∫ δ

0

θMq(θ) dθ.

Therefore, there are relatively compact sets arbitrarily close to the
set V1(t), t > 0. Hence, the set V1(t), t > 0, is also relatively
compact in X . Moreover, {Ty, y ∈ B(J)} is uniformly bound by
Lemma 4.5. Therefore, {(Ty)(t), y ∈ B(J)} is relatively compact
by Ascoli-Arzela theorem. Using a similar method as in the proof

of Theorem 4.1, we get {(Tx)(t), x ∈ B
(q)
r (J ′)} is relatively compact.

Thus, α(T (B
(q)
r (J))) = 0. Hence, Lemma 2.2 shows that T has a fixed

point in B
(q)
r (J), which means that the nonlocal Cauchy problem (1)

has a mild solution. The proof is complete.

Remark 4.1. If g is not a compact map, we use another method given
in [20] to consider the following integral equations

x(t) = tq−1Pq

(
t+

1

n

)
(x0 − g(x))

+

∫ t

0

(t− s)q−1Pq(t− s)(Fx)(s) ds, t ∈ (0, a].

For any n ∈ N+, noticing that the operator Q(1/n) is compact, one
can easily derive the relative compactness of V (0) and V (t)(t > 0).

Then, (10) has one mild solution in B
(q)
r (J ′). By passing the limit, as

n → ∞, one obtains a mild solution of the nonlocal Cauchy problem
(1). However, because Q(t) is replaced by Q(1/n), one needs a more
restrictive condition than (H4)

′, such as

(H4)
′′ There exists a constant r > 0 such that

Mε

Γ(q)

(
|x0|+ L1r + L2 + sup

t∈(0,a]

{
t1−q

∫ t

0

(t− s)q−1m(s) ds

})
≤ r,

where Mε = supt∈[0,a+ε] ‖Q(t)‖B(X), ε is a small constant.
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Now, we consider the nonlocal Cauchy problem (2) and introduce the
following hypotheses.

(h1) For each t ∈ J ′, the function f(t, ·) : X → X is continuous
and, for each x ∈ C(J ′, X), the function f(·, x) : J ′ → X is strongly
measurable.

(h2) There exists a function m ∈ L(J,R+) such that

Iq0+m ∈ C(J ′,R+), lim
t→0+

t1−q(Iq0+m)(t) = 0

and

|f(t, x)| ≤ m(t) for all x ∈ B(q)
r (J ′)and almost all t ∈ [0, a].

Corollary 4.1. Assume that Q(t)(t > 0) is compact. Furthermore,
assume that there exists a constant r > 0 such that the conditions (h1),
(h2), (H3) and (H4) are satisfied. Then the nonlocal Cauchy problem

(2) has at least one mild solution in B
(q)
r (J ′).

Proof. Let (Fx)(t) = f(t, x). According to (h1) and (h2), f(t, x) is
Lebesgue integrable. From Bochner’s theorem, it follows that f(t, x)
is Bochner integrable. Thus, F : C(J ′, X) → L(J ′, X) is continuous.
By Theorem 4.1, the conclusion of Corollary 4.1 holds. The proof is
complete.

Similarly, we have the following corollary.

Corollary 4.2. Assume that Q(t)(t > 0) is compact. Furthermore,
assume that there exists a constant r > 0 such that the conditions (h1),
(h2), (H3)

′ and (H4)
′ are satisfied. Then the nonlocal Cauchy problem

(2) has at least one mild solution in B
(q)
r (J ′).

Remark 4.2. Condition (h2) of Corollaries 4.1 and 4.2 can be replaced
by the following condition.

(h2)
′ There exist a constant q1 ∈ (0, q) and m ∈ L1/q1(J,R+) such

that

|f(t, x)| ≤ m(t), for all x ∈ B(q)
r (J ′) and almost all t ∈ [0, a].
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In fact, if (h2)
′ holds, by using the Hölder inequality, we know that

(h2) holds.

4.2. The case where Q(t) is not compact. If Q(t) is noncompact,
we give an assumption as follows.

(H5) There exists � ∈ L(J,R+) such that Iq0+� exists and, for any
bounded D ⊂ X ,

α(F (D)) ≤ �(t)α(D), for almost every t ∈ [0, a].

Theorem 4.3. Assume that there exists a constant r > 0 such
that the conditions (H0) (H5) are satisfied. Then the nonlocal Cauchy

problem (1) has at least one mild solution in B
(q)
r (J ′).

Proof. By Lemmas 4.2 and 4.3, we know that T2 : B(J) → B(J) is
bounded, continuous and {T2y, y ∈ B(J)} is equicontinuous. Next, we
will show that T2 is compact in a subset of B(J).

For each bounded subset B0 ⊂ B(J), set

T 1(B0) = T2(B0), T n(B0) = T2

(
co(T n−1(B0))

)
, n = 2, 3, ... .

Similar to [17], there exists a k ∈ (0, 1) such that

α(T n̂(B0(t))) ≤ kα(B0).

Then, we know from Proposition 2.1, T n̂(B0(t)) is bounded and
equicontinuous. Thus, from Proposition 2.2, we have

α(T n̂(B0)) = max
t∈[0,a]

α(T n̂(B0(t))).

Hence,
α(T n̂(B0)) ≤ kα(B0).

Furthermore, by Lemma 2.1, there exists a D̂ ⊂ B such that

α(T2(D̂)) = 0.
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Define

B̂(q)
r (J ′) = {x ∈ C(J ′, X) : x(t) = tq−1y(t), t ∈ (0, a], y ∈ D̂},

with the norm || · ||q defined by

||x||q = sup
t∈(0,a]

{t1−q|x(t)|}.

Then, ‖x‖q = ‖y‖B ≤ r, which implies B̂
(q)
r (J ′) ⊆ B

(q)
r (J ′). Since

T2(D̂) is compact, using a similar method as in the proof of Theo-

rem 4.1, we get T2(B̂
(q)
r (J ′)) is compact, i.e.,

(11) α(T2(B̂
(q)
r (J ′))) = 0.

On the other hand, for any x1, x2 ∈ B̂
(q)
r (J ′) and t ∈ (0, a], according

to (H3), we have

t1−q|(T1x1)(t)− (T1x2)(t)| ≤ M

Γ(q)
|g(x1)− g(x2)|

≤ ML

Γ(q)
‖x1 − x2‖q,

which implies that ‖T1x1 − T1x2‖q ≤ (ML/Γ(q))‖x1 − x2‖q. Thus, we
obtain that

(12) α(T1(B̂
(q)
r (J ′))) ≤ ML

Γ(q)
α(B̂(q)

r (J ′)).

By (11) and (12), we have

α(T (B̂(q)
r (J ′))) ≤ α(T1(B̂

(q)
r (J ′))) + α(T2(B̂

(q)
r (J ′)))

≤ ML

Γ(q)
α(B̂(q)

r (J ′)).

Thus, operator T is an α-contraction in B̂
(q)
r (J ′). By Lemma 4.1, we

know that T is continuous. Hence, Lemma 2.2 shows that T has a fixed

point in B̂
(q)
r (J ′) ⊂ B

(q)
r (J ′). Therefore, the nonlocal Cauchy problem

(1) has a mild solution in B
(q)
r (J ′). The proof is complete.



SOLUTIONS FOR FRACTIONAL EVOLUTION EQUATIONS 583

Theorem 4.4. Assume that there exists a constant r > 0 such that
the conditions (H0) (H2), (H3)

′, (H4)
′ and (H5) are satisfied. Then the

nonlocal Cauchy problem (1) has at least one mild solution in B
(q)
r (J ′).

Proof. Since g(x) is compact and Pq(t) is bounded, {(T1y)(t), y ∈
B(J)} is relatively compact. For any {xn} ⊂ B

(q)
r (J ′), set

yn(t) =

{
t1−qxn(t), if t ∈ (0, a],

yn(0+), if t = 0.

Then {yn} ⊂ B(J). We can find at least one sequence where
{T1ynm}∞m=1 is convergent. Hence,

lim
m→∞ t1−q(T1xnm)(t) = lim

m→∞(T1ynm)(t), for t ∈ (0, a].

This means that {T1xnm}∞m=1 is convergent in B
(q)
r (J ′). There-

fore, {(T1x)(t), x ∈ B
(q)
r (J ′)} is relatively compact. Thus, we have

α(T1(B
(q)
r (J ′))) = 0.

By the proof of Theorem 4.3, we know that there exists a B̂
(q)
r (J ′) ⊂

B
(q)
r (J ′) such that T2(B̂

(q)
r (J ′)) is relatively compact, i.e., α(T2(B̂

(q)
r (J ′)))

= 0. Hence, we have

α(T (B̂(q)
r (J ′))) ≤ α(T1(B̂

(q)
r (J ′))) + α(T2(B̂

(q)
r (J ′))) = 0.

Therefore, Lemma 2.2 shows that T has a fixed point in B̂
(q)
r (J ′) ⊂

B
(q)
r (J ′). Therefore, the nonlocal Cauchy problem (1) has a mild

solution in B
(q)
r (J ′). The proof is complete.

Corollary 4.3. Assume that there exists a constant r > 0 such that
the conditions (H0), (h1), (h2) and (H3) (H5) are satisfied. Then the

nonlocal Cauchy problem (2) has at least one mild solution in B
(q)
r (J ′).

Corollary 4.4. Assume that there exists a constant r > 0 such that
the conditions (H0), (h1), (h2), (H3)

′, (H4)
′ and (H5) are satisfied.

Then the nonlocal Cauchy problem (2) has at least one mild solution in

B
(q)
r (J ′).
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5. An example. Let X = L2([0, π],R). Consider the following
fractional partial differential equations.⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂qt u(t, z) = ∂2zu(t, z) + ∂zG(t, u(t, z)), z ∈ [0, π], t ∈ (0, a],

u(t, 0) = u(t, π) = 0, t ∈ (0, a],

u(0, z) +

n∑
i=0

∫ π

0

k(z, y)u(ti, y) dy = u0(z), z ∈ [0, π],

where ∂qt is a Riemann-Liouville fractional partial derivative of order
0 < q < 1, a > 0, G is a given function, n is a positive integer,
0 < t0 < t1 < · · · < tn ≤ a, u0(z) ∈ X = L2([0, π],R), k(z, y) ∈
L2([0, π]× [0, π],R+).

We define an operator A by Av = v′′ with the domain

D(A) = {v(·) ∈ X : v, v′ absolutely continuous,

v′′ ∈ X, v(0) = v(π) = 0}.

Then A generates a strongly continuous semigroup {Q(t)}t≥0 which
is compact, analytic and self-adjoint. Clearly, the nonlocal Cauchy
problem (2) and (h1) are satisfied.

System (13) can be reformulated as the following nonlocal Cauchy
problem in X{ LDqx(t) = Ax(t) + f(t, x(t)), almost all t ∈ [0, a],

(I1−q
0+ x)(0) + g(x) = x0,

where x(t) = u(t, ·), that is, x(t)(z) = u(t, z), t ∈ (0, a], z ∈ [0, π]. The
function f : J ′ ×X → X is given by

f(t, x(t))(z) = ∂zG(t, u(t, z)),

and the operator g : C(J ′, X) → L(J ′, X) is given by

g(x)(z) =

n∑
i=0

Kgx(ti)(z),

where

Kgv(z) =

∫ π

0

k(z, y)v(y) dy,
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for v ∈ X = L2([0, π],R), z ∈ [0, π].

We can take q = 1/3 and f(t, x(t)) = t−1/4 sinx(t), and choose

m(t) = t−1/4, L = (n+ 1)

(∫ π

0

∫ π

0

k2(z, y) dy dz

)1/2

and

r =
M

Γ(1/3)−ML

(
|x0|+ g(0) +

Γ(1/3)Γ(3/4)

Γ(12/13)
a3/4

)
.

Then, (h1), (h2), (H3) and (H4) are satisfied (noting that Kg : X → X
is completely continuous). According to Corollary 4.1, system (13) has

a mild solution in B
(1/3)
r ((0, a]), provided that (ML/Γ(1/3)) < 1.
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