JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 1. Number 4, Fall 1988

THE DELTA-TRIGONOMETRIC METHOD
USING THE SINGLE-LAYER
POTENTIAL REPRESENTATION

R.S.-C. Chengand D.N. Arnold”

ABSTRACT. The Dirichlet problem for Laplace’s equation
is often solved by means of the single layer potential repre-
sentation, leading to a Fredholm integral equation of the first
kind with logarithmic kernel. We propose to solve this integral
equation using a Petrov-Galerkin method with trigonometric
polynomials as test functions and, as trial functions, a span
of delta distributions centered at boundary points. The ap-
proximate solution to the boundary value problem thus com-
puted converges exponentially away from the boundary and
algebraically up to the boundary. We show that these conver-
gence results hold even when the discretization matrices are
computed via numerical quadratures. Finally, we discuss our
implementation of this method using the fast Fourier trans-
form to compute the discretization matrices, and present nu-
merical experiments in order to confirm our theory and to
examine the behavior of the method in cases where the the-
ory doesn’t apply due to lack of smoothness.

1. Introduction. We study numerical methods for solving the
Dirichlet problem,

Au=0on R*\I, u=G onT,
based on a single-layer potential representation where I' is a simple

closed analytic curve, G is an analytic function, and u is bounded at
infinity. The single-layer potential representation is

(1.1) u(z) = / ®(y)log|z — yldo, for z € R?,
r

where ® is the density. For any harmonic u, there exists a unique @
satisfying the representation (1.1) if the conformal radius of I" does not
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equal 1. The density ® solves the boundary integral equation,

(1.2) G(z) = /F@(y) log|z —y|doy, Vz €T

REMARK. There are two ways to handle the uniqueness problem when
the conformal radius equals 1 [8]. One approach is to add an unknown
constant to the right side of (1.1) and (1.2), c.f. [2]. The other approach
is to scale the domain so that the conformal radius does not equal 1.
For more details, see [7, appendix]. For simplicity, we assume that the
conformal radius does not equal 1.

In this paper, we use Petrov-Galerkin methods to approximate ® in
(1.2). Then we approximate the potential u by using the approximate
density instead of ® in equation (1.1). A Petrov-Galerkin method
is specified by choosing the space of trial functions and the space of
test functions. These methods usually require integrations over I' and
therefore we study the effects of numerical integration.

Two common choices of trial spaces are spline spaces and spaces of
trigonometric polynomials. Another possibility is to use the span of
a finite set of delta functions. We call a linear combination of delta
functions a spline of degree -1. In this case, the approximate potential
has the form

(1.3) un(2) :Zaj log|z —y;| for z € R?,
J=1

where the y;’s are given points on the boundary and the «;’s are the
unknown coefficients. An advantage of using a sum of delta functions
instead of a spline function is that no numerical integration is needed
to compute the action of the integral operator on the trial function.
Furthermore, the computation of the approximate potential in equation
(1.3) does not require any further quadrature after the trial function is
found.

Common Petrov-Galerkin methods are collocation methods, least
square methods, and methods involving spline or trigonometric trial
and test spaces. Spline-collocation methods (splines as trial functions
and collocation of the boundary integral equation (1.2)) are known
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to give the optimal asymptotic convergence rates in certain Sobolev
spaces.

The optimal asymptotic convergence rates are also achieved for ellip-
tic equations of other orders. For more details, see Arnold and Wend-
land [3-5], Saranen and Wendland [23], Prossdorf and Schmidt [19,
20], Prossdorf and Rathsfeld [17, 18], and Schmidt [24].

Spline-spline Galerkin methods obtain the optimal convergence rates
in a wider range of spaces than spline-collocation methods. However,
they are more costly to implement. For more details, see Arnold and
Wendland (3, 4], Hsiao, Kopp and Wendland [11, 12], and Ruot-
salainen and Saranen [21, p. 5].

Ruotsalainen and Saranen [21] proved that the delta-spline Petrov-
Galerkin method (splines of degree -1 as trial functions and ordi-
nary splines as test functions) achieves optimal asymptotic convergence
rates. The advantages of their method compared to spline-spline and
spline-collocation methods are that fewer numerical integrations are
needed and a lesser regularity is required of the boundary data. Nu-
merical results were presented by Lusikka, Ruotsalainen and Saranen
[15].

Arnold [2] showed that the approximate potentials produced by the
spline-trigonometric method (splines as trial functions and trigonomet-
ric polynomials as test functions) converge exponentially (in the L>
norm) on compact sets disjoint from I' and algebraically up to the
boundary. McLean [16] showed that the approximate potentials pro-
duced by the trigonometric-trigonometric Galerkin method converge
exponentially on all of R?. Neither Arnold nor McLean took into ac-
count the effect of quadrature errors.

In this paper, we consider delta-trigonometric Petrov-Galerkin method.
That is, to take the approximate potential to be of the form (4.3) and
determine the unknown coeflicients a; by restricting (1.3) to I' and us-
ing orthogonality to trigonometric polynomials. We consider also the
fully discrete case, in which a quadrature rule is applied in comput-
ing the orthogonalities. We show that for both the semidiscrete and
fully discrete methods the approximate potentials converge exponen-
tially quickly on compact sets disjoint from I'. The potential converges
at an algebraic rate up to the boundary.

The paper is organized as follows. In §2, the delta-trigonometric
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Petrov-Galerkin method is presented and the corresponding matrices
are defined with and without numerical quadrature. In §3, we show
that the approximate potentials produced by the delta-trigonometric
Petrov-Galerkin method converge exponentially (in the L° norm) on
compact sets disjoint from the boundary and algebraically in a global
weighted Sobolev norm. It is also shown that the condition numbers of
the corresponding matrices are bounded proportionally to the numbers
of subintervals. In §4, we show that the convergence rates do not change
when appropriate quadrature rules are used. This is significant since
we now have a fully discrete method using the single-layer potential
representation (1.1) which approximates the potential exponentially.
In §5, the implementation of this method is discussed using the fast
Fourier transform and computer results are presented which confirm
the theoretical analyses.

We conclude this section by collecting some notation to be used
below. Let ZT denote the set of positive integers and Z* the set of
nonzero integers. We define the space of trigonometric polynomials
with complex coefficients,

T := span{exp(2nikt)|k € Z}.

Any function f in this space can be represented as

F(t) =" f(k)exp(2mikt)

kEZ
where

R 1
f(k) ::/0 f(t)exp(—2mikt) dt

are arbitrary complex numbers, for all but finitely many zeros.
For f € T,s € R, and € > 0, we define the Fourier norm (2, §3]

fllsc = D 17 (k)22 Mk

kEZ

where

o~

1, if k=0,
27|k, if k % 0.
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We denote by X . the completion of T' with respect to this norm. The
L? innerproduct,

= [ 13= 3 0700

extends to a bounded binear formon X, x X_, -1 foralls € R, €>
0, and allows us to identify X_ -1 with the dual space of X .. In
case € = 1, X . is the usual periodic Sobolev space of order. We use
the more common notations H* = X, 1 and || - ||t = || - ||¢.1- See [2,83]
for a more complete discussion of these spaces.

We denote by L(X,Y’) the set of bounded linear functions from X to
Y. The standard Euclidean norm on R" is denoted by || - || as is the
associated matrix norm. C and e are used to denote generic positive
constants, not necessarily the same in each occurence.

2. The delta-trigonometric method. Let x : R — T be a 1-
periodic analytic function which parametrizes I' and has nonvanishing
derivatives, and define

dzr

6(0) = 8(a(0) | (0] 9(0) = Gial0)

0|

Next, define three integral operators in L(X, , Xs11.¢). Let

1

(2.1) A6(s) = [ o) ogla(s) = a(0)]
1

(2.2) Vo(s) ::/0 o(t) log |2sin(n(s — t))| dt,

and

1
Bo(s) := Ap(s) — V(s) =/ o(t)K (s,t)dt
0
where K : R? = R is a smooth kernel defined by

x(s)—x(t)
2sinm(s—t)|?

’“, ifs—teZ.

log ifs—teZ,

(2.3) K(s,t) :=
log
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Then the single-layer potential representation (1.1) becomes

1
u(z) := / o(t)log|z — z(t)|dt Vz € R,
0
and our boundary integral equation (1.2) becomes

Ap(s) =g(s) Vsel0,1].

The operator V is the principal part of A, the remainder B having
smooth kernel. The importance of this splitting is that the Fourier
transform of V¢ can be calculated analytically. This fact will be useful
for proving the inf-sup condition for A in the finite-dimensional spaces
and for the numerical implementation.

Let n be a positive odd number and
Ani={k€Z | [k < (n-1)/2}.

For j = 1,...,n, let §(t — j/n) denote the 1-periodic extension of the
Dirac mass at j/n. As trial space we select

S, = span{8(t — j/n) ’j: 1,...,n}.
This space can be characterized as
S, = {pe H'([0,1]) ‘ p(m) =p(m+n) VmeZ}.
As test space, we choose
T, := span{exp(2mikt) | k € A, },

the space of trigonometric polynomials with degree < n.

The semidiscrete delta-trigonometric method seeks ¢,, € S,, such that

1 1
(2.3) / Ay ()b(s) ds = / g(s)b(s)ds Ve € T,
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and takes as the approximate potential

1
(2.5) unp(z) = /0 bn(t)log|z — z(t)|dt Vze R

Since ¢,, € S,,, the last integral is really the sum (1.3).

Now define the matrix equations with and without numerical quadra-
tures for the delta-trigonometric method. To reduce (2.4) to a matrix
equation write the approximate density (trial function) as

(2.6) on(t) = Z a;b(t — j/n)

where the o are unknown coefficients, and take as basis functions for
test space T,
Yi(s) = exp(27iks), k€ A,,.

Define n x n matrices A, B,V and an n-vector g by
1
Aiy = [ loga(s) ~ ali/mln(s) ds
0
1
By = [ K(s.d/min(s)ds
0
(2.7) .
Vi, ::/ log |2sin(7(s — j/n))|vi(s) ds,
0
1
8= [ 9lo)vn(s)ds
0
for k € A,, j =1,...,n. Then the matrix form of equation (2.4) is
Aa=g

(where a = (ay, ..., a,)T) and the approximate potential given in (2.5)
may be written

un(z) = Zaj log|z —z(j/n)| Vze€R.
7=1
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Now Vy; can be calculated explicitly. The Fourier transform of
F(#) := 7 'log |2sin(78)| + 1

is F(k) = 1/k (see (2, §4]). Therefore,
Vi = / log |2sin(n(s — j/n))| ¥i(s)ds
0
1
:/0 log |2 sin(78)|r (0 + j/n) db
= [ 108 2sin(r6)] 1:(6) v (i/m)
1 1
= [ =7 F @) b (i) + 7 [ onl) a0 (i)
0 0

= ZElifm) + 7 / i (0) dvpr (3 /),
or

Vi = {&wk(j/n>/(2|k|>, itk20

To obtain a fully discrete method use the trapezoidal rule to evaluate
B and g. Thus set
&= (.. an)T

Biy i= 1 D K(1/n.d/m)n(l/n),

=1

Be= -3 g(t/ms(i/m),
=1

b

kelA,, j=1,...,n.

The delta-trigonometric method with numerical quadrature defines
the approximate density

bn(t) =3 a;6(t - j/n)
7=1
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where & € R" is determined from the matrix equation
Aa=Ba+Va=g.
The corresponding approximate potential is

Un(2) = a;loglz —x(j/n)| VzeR”

j=1

3. Convergence of the semidiscrete delta-trigonometric
method. In this section, we show convergence for the approximate
potentials produced by the delta-trigonometric method by extending
the convergence analyses for the spline-trigonometric method given by
Arnold [2]. (In [2], a constant is added to the single layer potential
representation to handle the uniqueness problem, rather than scaling
the domain. This involves only minor changes in the analyses.) We
also present bounds for the condition numbers of the corresponding
matrices. Since the analysis is a straightforward adaptation of [2], we
present most proofs briefly, and refer the reader to [2, §4-6] and [7, §3.1
and 3.2] for details.

Since @(0) is zero whenever ¢ is a constant function, an additional
term is needed. Let

1
M¢ = /O o(t)dt .

Theorems 3.1 and 3.3 state the inf-sup condition for the operators
Vi =V —7M (see (2.2)) and A (see (2.1)). In Theorems 3.5 and 3.6
we give exponential convergence results for the approximate densities
and approximate potentials.

THEOREM 3.1. Let s < sg < —1/2. Then there ezists a constant C
depending only on sy such that

>C

Vip,
inf  sup (Vip, o)
05#p€ESn 05£0€T, ||p”s,e“‘7||—s—1,rl

for alle € (0,1] and n € Z.
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PROOF. The proof is similar to [2]. First show that there exists a
constant C'; depending only on sy such that

(3.1) lpllZc < Cv Y [P PePIp* ¥ p e S,
PeAn

Recall that S, = {p € H1([0,1]) ‘ p(m) = p(m+mn), Y meZ},
then for all p € S,,,

lpll2c = D_pR)PEME = 37 % [5p + mn) 2 (p + mn)*
kEZ pEA, mEZ
— Z |ﬁ(p)|262“’|323 Z 62|p+mn|72|p| (p + mn/p)Qs
PEA, meEZ

Note that |p +mn| — [p| > 0 and € € (0, 1], so ¢2P+mnI=2Pl < 1. Thus,

(3-2) Ipll3c < D 18IS ™ Y (p+ mn/p)*,

PEAL meZ

to establish (3.1), it suffices to show that the final sum in (3.2) is
bounded by a constant depending only on sy. Consider two cases, in
each case using the fact that s < sy < —1/2 and p € A,,. If p =0 then

Z(p—i— mn/p)** Z mn?*® < Z mn? < Z m*0 < (.

meZ meZ meEZ meEZ

If p € A, is nonzero, say positive, then |n/p| > 2, and we deduce that

S (ptmn/p)* =3 1t mn/p* < 3 (14 mn/p*o

mez meEZ meZ
oo —1
=Y [tmn/pfot Y | —1—mn/p*
m=0 m=—00

-1
< Z|1+2m|290+ dol-1-2mP <Gy

m=0 m=-—00

This proves (3.1).
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To complete the proof choose

o(r) = - Z p(k) M k> exp(2rik).

k€A,
Then
(3:3) ol v = D IpGR) e i,
k€A,
and

1 1
(Vip.o) = 3 pk)e M2 / (1) / [~ log 2sin(m(s — 1))| + 7]

Nen, Jo 0
exp(—2miks) dsdt

1
() 2'“13‘/0 p(t) exp(—2mikt) dt

keEA,

- :E: |P |2 2M|k2s

k€A,

By (3.3) and (3.1),

Vipo) =7 | S [BR)2EME? o],y
keA,,

-1
> 7Cy 2 lplls.ellol| —s—1.e-1. D

The next lemma concerns the exponential decays of the Fourier
coefficients of the analytic kernel K. This result will be useful in
showing exponential convergence for the approximate densities and
potentials.

LEMMA 3.2. Let Ss := {z € C| [Im(z)| < é}. Then the kernel K
defined in (2.3) is a real 1-periodic analytic function in each variable
and extends analytically to Ss x Ss for some & > 0. Moreover, there
exists constants C and e € (0, 1) such that

|K(p,q)] < ClFIHlal g ez
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PROOF. This is an easy consequence of a lemma given in [10, §2.1] on

the exponential decay of the Fourier coefficients of analytic functions.
o

It follows from the lemma that B maps X, . compactly into X1,
for all s € R, € € (ex, 1]. The same is then true of By = B+ 7M. Now,
by Theorem 3.1, there exists 3 > 0 such that for all n and p € S,
there exists o € T,, satisfying

(Ap,a) = Bllplls.clloll—s—1.e-+ = (Bip, 0).

The inf-sup condition for the operator A follows, using a compactness
argument. (See, for example, [2] or [6].)

THEOREM 3.3. Let s < s9 < —1/2, € € (e, 1]. Then for sufficiently
large n, there exists a constant C' depending only on sy, and I such

that y
inf  sup (4p, )
0#p€ESy, 020€Ty, ||p| ls,( | |U||—s—l,(’1

>C.

REMARK. The constant in the previous theorem blows up as the
conformal radius of I approaches 1. For a circular domain of radius r,
this constant behaves like 1/ log(r).

In view of this stability result, the standard theory of Galerkin meth-
ods gives existence and quasioptimality of the approximate solution.

THEOREM 3.4. There exists a constant N, depending only on T,
such that for all n > N and g € U{X,, | s € R, ¢ > 0} the
delta-trigonometric method (2.4) obtains unique solutions, ¢, € S,.
Moreover, if s € (—00,—1/2), € € (ek,1] (ex being determined in
Lemma 3.2), g € Xsy1,, and n > N, then there exists a constant C,
depending only on €, s, and I' such that

- ¥n S‘€<C f - EN
16 = dullsc < C inf 1I6 ~plls.

Because the approximate solution is quasioptimal, we establish its
convergence by bounding the error in any approximation from S,, of
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the exact solution. A convenient choice is P, ¢ € S,, determined by the
equations
P,o(k) =0(k) V keA,.

Then

o= Puoll2. = " lotk) - Pro(k)[2e2Ik g2

kEA,
<2 Y [[6(k)]? + [Pao(k) 2k
k€A,

Now, if t > s and € < 1, then

Z Iﬁg(k) 2(2|l\:|£25 < e Z E25~2t|$(k)|2k21. < 67'(71‘71)28_2"”(?”;2.

keA, kEA,

If also t < 0, then, since P,¢ € S,,,

Z |ﬁ,:f)(k‘)‘262|klk2s _ Z Z lﬁ,\(l)(l)"‘771”)|2€2|p+7"”"|(p+mﬂ)gs

kEA, peEA, meEZ*

S S [Baop) Pt alp + mnl)*

pEAN, mEZL*

_ (7[_")23—2f Z |<g(p)|21_)2t(7m/g)2'

pEA,
Z Pt (2]p + mn|/n)*

mezx

< ()2 3 (o) P Y (2l + mal )

pEA, mez*

Using the fact that p € A,, it is easy to show that the final sum on the
right hand side of the inequality is bounded as long as s < —1/2, when

S PR PAME < Clan)> 2|67
kEA,

Combining these estimates, we get

“¢ - Pn¢||s.e < Cf“ﬁ(”")sv'”(b“i Voe Hf’
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which is valid under the assumptions s < —1/2, t € [s,0], € < 1.
This approximation result, together with the quasioptimality asserted
in Theorem 3.4, gives the basic convergence result for the approximate
density computed by the semi-discrete delta-trigonometric method.

THEOREM 3.5. Let s < —1/2, t € [s,0], n > N, and suppose that
¢ € H'. Then for € € (ex,1] (ex being determined in Lemma 3.2),
there exists a constant C' depending only on €, s, and I' such that

¢ — dnlls.e < Cfn/Qnsth(z’Ht-

Once the density ¢ has been approximated, the potential u can be
reconstructed by integrating ¢ against the appropriate kernel. Away
from I', the kernels are smooth, so combining the exponential conver-
geuce rates of the previous theorem with a simple duality argument
gives exponential convergence rates for the approximate potentials on
compact sets disjoint from the boundary. For details see [2, Theorem
5.3].

THEOREM 3.6. Let n > N, ¢ € H', and Qg be a compact set
in R®\T'. Then, for any multiindex (3, there exist constants C' and
€ (0,1) depending only on t, N,Qy, and T, such that

107 (u — wn)|| e (i) < Ce™[|B):-

While convergence away from I' is exponential, the approximate
potential converges on all of R* at an algebraic rate. Convergence of
order 3/2 holds in L? on bounded sets. To cover the case of convergence
near infinity as well, we introduce the weighted norm

V\Z 2
(3.4) it = ()

11 |28 z.

THEOREM 3.7. Let —3/2 <t <0, n> N, and ¢ € H'. Then there
exists a constant C depending only on I' such that

lllu = wall] < Cn='=22|g]].
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PROOF. Let Q and Q. denote the bounded and unbounded compo-
nents of RZ\F, respectively. Without loss of generality, assume that
0 € ). We shall show that

/l<u—urn,>(z>|2dz+/ (1~ w) ()P < Cll6 — bull-ajon
o o, E

which, in view of Theorem 3.5, clearly implies the asserted estimate.
Let v = u — u,, and ¢ = v|p. Then gox = A(¢ — ¢,,), so ||q||m=+1(1)
< C||¢ = énlls, for all real s and some constant C' (depending on s). In
particular, gl pr-172(r)
< Cl|¢ = dnll-3/2- Now, v solves the Dirichlet problem

Av=0on R*\I', v=gqonT.

Therefore, for all real s, there is a constant C' such that ||v||g=(q)
< Cllgllge-1/2(r) (see, e.g., [14, Ch. 2, §7.3]). In particular, |[v]|;2(q)
< Cllgl|gr-1/2(r)- Combining these estimates gives the desired estimate
for u — u,, on Q.

To obtain the estimate on €2, use the Kelvin transform, x(z) = z/|z|%.
Since 0 € Q, x maps I' analytically onto some simple closed curve
. Let Q denote the bounded component of the complement of
[, and set 7 = vo . Then ¥ is harmonic on T\{0}. Also the
singularity at the origin is removable (since v is bounded). The
argument therefore implies that [[v]],.qG < ClVllg-12F. But,
Il g-127 < Cllallg-172(r), and a simple calculation shows that

_ dz
Pl = [ o= w)@P e

To close this section, we show that the condition numbers of the dis-
cretization matrices are bounded linearly proportional to the numbers
of subintervals. Recall that A (defined in (2.1)) represents the single-
layer potential operator and A (defined in (2.7)) denotes the matrix
arising from the delta-trigonometric method. In Lemma 3.8, a rela-
tionship is stated between ||¢,||—; and ||«|| defined in (2.6). Then in
Theorem 3.9, bounds are presented for ||A||, ||A™"|| and the condition
numbers of A.

LEMMA 3.8. There exists a constant C such that
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¢nll-1 < CVnlla]]

and

Il < CVnllnl|-1-

PROOF. For the first half, note that

2

n

onll> 1 = lon(k)PE™ =3 1> ajexp(2mikj/n)| £
kEZ keZ |j=1
2

n n 2
<Y (Llat) =e2(Xlail) < cafll
j=1 j=1

k€Z

For the second half, note that

2

lonll>1 > > p2 > ajexp(2ripj/n)

PEAL j=1

+Z Z 2a;cqexp(2mip(j —1)/n)|.

j=11=j+1
Rearranging the summations gives

”¢nl|2_1 > (Tfn)‘zli Z Z Iaj|2

pEAL J=1

+ Z 20500 Y exp(2mip(j —1)/n)|.

J=ll=j+1 pPEA,
But 3 5 exp(27ip(j —1)/n) = 0 for [ # j(mod n), so
l6ull2y = ()2 30 S Jagl? = Cnlal?,
PEAR j=1

as desired. O
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THEOREM 3.9. Let k(A) represent the condition number of the matriz
A. Then there exists a constant C depending only on I' such that

Al < OV, |JATY] < CVn,

and
k(A) < Cn.

PROOF. The first two inequalities follow from Theorem 3.8 by stan-
dard arguments and the third is a consequence. See [2] or [7] for details.
O

4. Convergence of the fully discrete delta-trigonometric
method. In this section, we adapt the results of the last section to the
fully discrete delta-trigonometric method. A key step is the application
of the Euler-MacLaurin theorem to estimate the integration error for
the trapezoidal rule when the integral is a product of an analytic
function and a trigonometric polynomial.

THEOREM 4.2. Let f be an analytic 1-periodic function and define

1
Sr ::/0 f(s)exp(2miks)ds

and
~ 1 n
froi=— Z fl/n)exp(2mikl/n) V¥ Z
n
=1 h€EZ

Then there exist constants C' and ¢ € (0,1) depending only on f such
that

fe = frol SCe" Yk eA,.

PROOF. We can extend f to an analytic function in the complex strip
S, for some 6 > 0. Moreover, this extension is 1-periodic. In

[10, p 490], Henrici shows that

exp(—2mné)

.—N.<2 (g, cosh (2mké) ———————.
i Ful < 201l s ycosh k) 20T
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Since
cosh (2rkéd)exp(—2mnéd) < exp(—mnd) V k € A,,

the theorem follows with

2/ fll Lo (sy)

¢= 1— exp(—2w6)’

€ = exp(—7d). O

In Theorem 4.3, we use Theorem 4.2 to bound the perturbations
due to numerical integration. Then we use Theorem 4.3 to bound the
approximate potential errors in Theorem 4.4.

THEOREM 4.3. There exist constants C' and € € (0,1) depending only
on g and I such that

llg —gl| < Ce", ||B-BJ| <Ce"

PROOF. For the first estimate, note that by Theorem 4.2,
llg — &l < v max|g, — g4 < Ce™.
keA,
For the second estimate, recall that K is 1-periodic and analytic

function with respect to both its variable (Lemma 3.2). By Theorem
4.2,

By “Bkjl— ‘/ K(s,j7/n)¥r(s) ds——ZK (p/m, 3/n)¢i(p/n)
< Ce", Vj:l,...,nandkEA”.

Therefore,

[|IB — B|l<n Irllax inaxi(B B);U|<C’e1
€A

We are now ready to establish the convergence of approximate po-
tentials for the fully discrete method.
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THEOREM 4.4. Let Qg be a compact set disjoint from the boundary.
Then, for any multiindex 3, there exist constants C' and ¢ € (0,1)
depending only on g,T, and Qg , such that

1107 (tn — wn)|| 1 (ye) < Ce™.

r PROOF. Note that

;
l |

Hence,
| lla —all < [[A7Y|(lg — gl + 1B = BJ| ||al]).
| Using the fact that

ol < fla—all+lal] < [lo—all+[|A™"] gl
we derive

1A~ II(lg — &Il + 1B ~ Bl lA~"]| llgl))
- [[A7Y (B - B

la —all <

Applying Theorems 3.9 and 4.3 we conclude that
(4.1) | —af| < Ce",

where C' > 0 and € € (0,1) depend only on g and I'. It follows that

n
a3 ~ ~ oAl . sy
10 (s = )l 000 = | >l =)0 og] G,
]:

max ma,x[c?/ log|z — x(s )H
zEQK SE

IN
2
|

=

| < Cilla —a]| < Ce™.

Combining this estimate with Theorem 3.6 gives the theorem. O
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We also prove that the use of numerical quadratures does not affect
the convergence rates in the weighted Sobolev norm defined in (3.4).

THEOREM 4.5. Let —3/2 <t <0, n > N, and ¢ € H'. Then there
exists a constant C' depending only on g and " such that

llu—ualll < Cn=*=572,

PROOF. Arguing as in the proof of Theorem 3.7, we have
|||u,,,—ﬂ,,,||] < C“‘bn—énn—‘s/} But

16 = Bull-r2 = || (s — & - im|
j=1

n

<C Z|Qj“aj| 16]]-3/2

=1
< CVnlla — af| < Ce",

where we use (4.1) in the last step. Combining this result with Theorem
3.7 completes the proof. O

5. Numerical implementation and computational results. In
this section, we discuss the implementation of our method using the
fast Fourier transform and give operation counts. Then we present
numerical results to confirm our theory and to test the method in cases
where the data is less smooth than has been assumed for the analysis.

In our program we use real test functions rather than complex ones.
As basis functions use
~ sin(ks ifk=24,...,n-1
Tu(s) = s.m‘( Ts), i k =24 ,n—1,
cos((k — 1)mws), ifk=1,3,...,n.
We also allow M-point Gaussian quadrature instead of just the trape-

zoidal rule. The M-point Gaussian quadrature rule on n subintervals
is applied on the right hand term to give

n M

~ 1 My1-3/2\~ (M +1-3/2
=133 0l (f_n—/) w (L_TL>

=1 m=1
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where ¢ ’s are quadrature weights on [0,1] and £¥’s are the quadrature
points on [0,1]. For any even k, simple trigonometric identities imply

~ M _ ~ _ M _
w( M4 3/2) =wk<l 1)% < M 1/2)
n n

(5.1) b (%) 0 (6{‘,{ - 1/2)

n

~ M _ ~ _ ~ M _
Vi1 (M> = P41 (l—1> Vi1 (M)
n n n

()

The sums,

—Z g <M> o (l—;—l) for m € [1,M], k€ [1,n],

can be computed in O(nM logn) operations using the fast Fourier

transform. Then g can be computed using (5.1) and (5.2) in O(nM) op-
erations. Thus, the number of operations to calculate g is O(nM logn).

The remainder matrix B is calculated similarly. Applying M-point
quadrature gives

~ 1 o e((EM +1—3/2)/n)) — 2(j/n)
Bij = Emzzl [;q},{ o8 | = sin(r (€M T 1= 3/2=)/n)

(@)

The sum in the brackets is calculated (for £k = 1,...,n) by the fast

Fourier transform. The number of operations needed to calculate B is
O(n?M logn).

The principal part,

Vi = /0 log |2sin(r(s — j/n))[tx(s) ds
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is integrated exactly. This requires O(n?) operations.

In summary, O(Mn?logn) are required to calculate the matrix.
The matrix solution requires O(n?/3) calculations. Computer analysis
shows that the solution step requires less than a third of the total
time for n as large as 81. In other words, it is important to use the
fast Fourier transform since the matrix formation requires a significant
amount of time.

The program SPLTRG implements the delta- and spline-trigonometric
methods with numerical quadratures. In this section, we present sev-
eral sample problems and numerical results for the delta-trigonometric
method. The first problem is an ideal problem in that the boundary
and boundary data are analytic. Then we look at some problems where
the boundary and/or boundary data is not so smooth. For more details
about SPLTRG, see [7] and SPLTRG documentation.

For the following tables, we let
*HXX = no answer
ue, := the error for the approximate potential using n subintervals
Tn—m := the convergence rate from n subintervals to m subintervals
1-pt := 1-point quadrature
3-pts := 3-point quadrature
8-pts := 8-point quadrature

The relative error is defined to be the absolute error divided by the
exact solution. In cases where the exact solution is near zero, SPLTRG
gives the absolute error. All calculations were done in double precision

on an Apollo 420PEB. Consequently, we cannot expect the relative
errors to be much smaller than 1.0E-14.

EXAMPLE 5.1. Ellipse with analytic data. This example involves an
elliptic boundary with analytic boundary data; we examine the effects
of using different quadrature rules.

Boundary: z%/4 + y? = 1/25
Data: g = 5z/2



THE DELTA-TRIGONOMETRIC METHOD 539

Exact solution:
5x/2, if (z,y) € ellipse,
u= ¢ br—w, if (z,y) € ellipse and = > 0,
S5¢+w, if (z,y) € ellipse and z <0,

where

w \/25(12 —y?) = 3+ /(25(z% — y2) — 3)2 + 250022y
y = .
2

For table 1A and 1B, we pick a typical interior point and present
relative errors and convergence rates for the approximate potential
using different quadrature rules. The numerical results for other points
away from the boundary are similar. The approximate potentials
converge very fast, i.e., relative errors are about 10~ for n = 81.
There are very little error differences when using different quadrature

rules. Note that the convergence rates appear to be exponential in
table 1B.



540

R.S.-C. CHENG AND D.N. ARNOLD

TasLE 1A. Relative errors at (0.10, 0.05).

1-pt
3-pts
8-pts

|ues| ueg] luear|  fuesi|  |ueaas]
7.41E-01 5.89E-03 1.52E-06 3.78E-15 2.44E-15
7.30E-01 5.88E-03 1.52E-06 5.33E-15 1.55E-15
7.29E-01 5.88E-03 1.52E-06 4.66E-15 HoAAK

TaeLe 1B. Convergence rates at (0.10, 0.05).

T3-9 T9—27 T27-81 T81-243
1-pt 4.40 7.52 18.04 0.10
3-pts 439 752 17.72 1.12
8pts 439 7.52 17.80 ok

We also examine the errors in the approximate potential on the
boundary. Note that the approximate potential in (2.8) has a loga-
rithmic singularity at the quadrature points. Therefore we evaluate the
maximum relative errors at points midway between consecutive quadra-
ture points and present these results in Table 1C. Table 1C shows that
there are no improvements in the errors when higher quadrature rules
are used, and, therefore, it is best to use a low quadrature rule.

TaBLE 1C. Maximum relative errors
at the midpoints of boundary subintervals.

1-pt
3-pts
8-pts

[ues| |ueg| |uear| |ues: | |ueaqs|
1.06E+01 8.94E-01 1.08E-01 1.28E-02 4.28E-03
1.10E+01 8.94E-01 1.08E-01 1.28E-02 4.28E-03
1.10E4+01 8.94E-01 1.08E-01 1.28E-02 Rl

In Table 1D, we present the matrix condition numbers for different
quadrature rules. Note that, in fact, the condition numbers grow
proportionally slower than the numbers of subintervals.
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TaBLE 1D. Matrix condition numbers.

lues| [ueg| |uear| |ues: | lueaqs|
1-pt  0.59E+01 0.11E4+02 0.21E+402 0.55E4+02 0.92E402
3-pts 0.52E+01 0.11E4+02 0.21E4+02 0.55E4+02 0.92E+02
8-pts 0.52E4+01 0.11E4+02 0.21E4+02 0.55E402 o

Table 1E shows the CPU time for each run on the Apollo 420PEB.
From this table, we see that it is expensive to compute using a high
quadrature rule. It is more efficient to use a low quadrature rule and
more subintervals (larger n).

TasrE 1E. CPU times.

times timeg timeg; timeg;  timegys
1-pt  3.013 8961 31.892 151.227 1369.002
3-pts  4.031 10.200 41.278 244.154 2158.307
8-pts  4.659 12.479 63.295 455.942 oAk

We also examine the relative errors on a sample line. Figure 1 shows
the relative errors on the line x = 2y for different values of n.

Not surprisingly the relative errors are worst when the line crosses
the boundary (about (z,y) = (0.283,0.141)).

For this example, we conclude that very fast convergence is indeed
obtained for the approximate potentials on compact sets disjoint from
the boundary using the delta-trigonometric method with numerical
quadrature.

REMARK. Computations also showed that the approximate poten-
tials produced by the spline-trigonometric method of [2] with numerical
quadrature did not converge exponentially. The reason for this phe-
nomenon is that the spline-trigonometric method involves numerical
integration of non-analytic functions (ordinary splines) in (1.2) while
the delta-trigonometric method avoids numerical integration of (1.2).
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FIGURE 1. Relative error versus z on the line £ = 2y for example 5.1.

EXAMPLE 5.2. Ellipse with data of varying smoothness. This example
involves the same elliptic boundary but with boundary data of different
degrees of smoothness.

Boundary: z%/4 + y* = 1/25
Data:

_ { 10, if z S 0’ for s = O7 1,2,3,4757 a‘nd 6.

1.0+ 2%, ifz >0,

The exact potential is not known, and, therefore, the approximate
relative errors are computed by using the approximate potentials for
n = 243. For this problem, we only present results using trapezoidal
quadrature. Table 2A compares the approximate relative errors at a
typical interior point for different data smoothness. We see that the
smoothness of the data affects the convergence rates significantly.
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TaBLE 2A. Approximate convergence rates and
relative errors at (0.10, 0.05) using trapezoidal quadrature.

s T3—9  Tg_o27 |ues| |ueg| [uear| |ues:|
1.20 126 0.60 2.86E-01 7.66E-02 1.92E-02 9.96E-03
3.14 212 3.01 T7.89E-02 2.52E-03 2.46E-04 8.98E-06
6.68 0.79 2.90 6.98E-02 4.54E-05 1.90E-05 7.90E-07
3.63 6.70 6.58 8.18E-02 1.52E-03 9.62E-07 6.98E-10
3.70 7.04 7.25 8.94E-02 1.54E-03 6.75E-07 2.36E-10
3.80 7.02 1221 9.31E-02 1.43E-03 6.39E-07 9.56E-13
3.85 6.99 13.74 947E-02 1.38E-03 6.41E-07 1.79E-13

S U s W N = O

Figure 2 shows the approximate relative errors on the line z = 2y
using n = 81 for s equal 0,1,2,3,4,5, and 6. It is interesting to note
that the errors are about the same as the line crosses the boundary.

From this example, we conclude that the boundary data lack of
smoothness affects the errors greatly. Note that we did obtain fair
results at points away from the boundary for s > 1. The condition
numbers depend only on the geometry of the domain and are exactly
the same as in Table 1D (example 5.1).

EXAMPLE 5.3. Rectangle with linear data. The third example involves
a boundary with corners, but the boundary data is linear.

Domain: (—0.1,0.1) x (=0.1,0.1)
Data: g = 5z/2

The exact solution is known in the interior region only and coincides
with the formula given for g. We examine the effects of using two
different quadrature rules. Tables 3A and 3B show the exact relative
errors and exact convergence rates, respectively, at a sample interior
point. Note the error depends only slightly on the quadrature rule used.
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FIGURE 2. Relative error versus z on the line z = 2y for example 5.2.

TaBLE 3A. Exact relative errors at (0.05, 0.05).

|ues| lueg| |uear| |ues: | |uezqs|
1-pt  3.29E-01 4.41E-02 1.53E-03 8.46E-05 4.43E-06
3-pts 3.14E-01 7.74E-02 1.91E-03 1.17E-04 6.20E-06

TasLE 3B. Exact convergence rates at (0.05, 0.05).

T3—9 T9—27 T27-81 T81-243
lpt 1.83 3.06 263  2.69
3pts 1.27 3.37 254 267

Figure 3 shows the exact relative errors (for different n) on a sample
line from the origin to a corner of the rectangle using trapezoidal
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FIGURE 3. Relative error versus x on the line z = y for example 5.3.

quadrature.
The errors become worse as the line approaches the boundary.

Considering all three examples, we recommend using trapezoidal
quadrature. If the boundary and boundary data are analytic, then
the delta-trigonometric method with trapezoidal quadrature obtains
exponential convergence for the approximate potentials at points away
from the boundary as we showed theoretically. In examples where the
boundary and/or boundary data are not smooth, the convergence is
significantly slower.
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