JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 1, Number 3, Summer 1988

ERROR BOUNDS FOR INTEGRAL
EQUATIONS ON THE HALF LINE

Dedicated to Professor Giinther Himmerlin
to commemorate his 60th birthday

P.M. ANSELONE AND C.T.H. BAKER

ABSTRACT. We compare solutions of integral equations

a(s) - / k(s, e (t)dt = y(s),
0

B
zg(s) — / k(s t)zg(t)dt = y(s).
0

The setting for the analysis is the space of bounded, continu-
ous functions on [0,00). Under reasonable hypotheses, there
are unique solutions x and xg such that zg — x as 8 — oo,
uniformly on any finite interval. The main purpose of this
paper is to obtain computable bounds for the error |zg — z|,
particularly for certain classes of Wiener-Hopf operators and
for compact perturbations of Wiener-Hopf operators.

1. Background and objectives. We are concerned with integral
equations of the form

(1.1) z(s) — /Ooo k(s,t)z(t)dt = y(s), 0<s< o0,

and the corresponding finite-section equations

B
(1.2) zg(s) — /0 k(s,t)xa(t)dt = y(s), 0<s < oo.

Such equations arise in probability theory, wave propagation, and
radiative transfer, amongst other fields.

The functions x, x5 and y are assumed to be bounded and continuous.
The hypotheses on the kernel k(s,t) are

H1 sup/ |k(s,t)|dt < 1,
0
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H2 / |k(s',t) — k(s,t)|dt -0 as s’ —s, for 0<s<oo0.
0

These conditions imply that the equations (1.1) and (1.2) have unique
solutions z(s) and zg(s). Moreover, z3(s) — z(s) as § — oo, uniformly
for s in any finite interval. See Anselone and Sloan [2] for a proof under
more general hypotheses.

Our main objective is to obtain computable bounds for the error
|zg(s) — z(s)|. Our analysis is influenced by that of Atkinson [5],
who worked in a somewhat different context. He derived realistic error
bounds which however are not very easy to compute. We shall relate
our bounds to those of Atkinson in §8.

An important special case is that of a Wiener-Hopf kernel k(s,t) =
k(s — t), where K € L'(—00,00) and ||s||; < 1. A particular example
is the Picard kernel

1
k(s,t) =ae * Y 0<a< 3

Another important case is k(s,t) = £(s,t), where {(s,t) satisfies H1,
H2 and, moreover,

o0
sup/ |4(s,t)|dt — 0 as B — oo.
s>0Jp3

For example,
1 1

s t) = Ts24+t2+1°

We also consider sums, k(s — t) + (s, t), of the two types of kernels.
In [7], de Hoog and Sloan dealt with kernels of this form. They
relaxed H1 by requiring the left member only to be finite, but imposed
other conditions in order to ensure that (1.1) and (1.2) are uniquely
solvable. They obtained theoretical bounds for |z5(s) — z(s)| which
give qualitative information about the order of convergence, but do
not seem to be suitable for numerical calculation.

The equation (1.2) reduces to an integral equation with 0 < s < 3.
Numerical integration can be used in order to obtain approximate
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solutions g, (s) of (1.2) which converge to zg(s) as n — co. Bounds
for |zg, — x| are available. A triangle inequality gives

I-Tﬂn - ‘/‘Cl < I'TBTL - 13[3| + ll‘lﬂ - l'l

See Anselone and Sloan [3, 4] for further details.

A number of investigators have studied the convergence of finite-
section approximations in various settings. However, the literature
on error bounds, especially computable error bounds, is rather sparse.
Some pertinent references on both aspects of the problem are Chandler
and Graham [6], Gahler and Géahler [8], Gohberg and Feldman [9],
Krein [10], Silbermann [11], Sloan [12], and Sloan and Spence [13,
14]. See also the references cited in [2].

2. Notation and basic relations. Let X+ be the Banach space of
bounded, continuous, real or complex functions f on R* = [0,00) with
the norm |[f|| = sup,>¢ [f(s)|- Thus, convergence in norm is uniform

convergence on R*.

The integral equations (1.1) and (1.2) are expressed in operator forms
on X7t by

where K and Kz, 3 € R*, are the integral operators defined by

) B
02 KfG)= [ henfOd Kafe) = [ Keoso

The hypotheses H1 and H2 on k(s, t) imply that K and Kz are bounded
linear operators on X into X+ and

(2.3) Mmmm:m/meKL
s>0J0

It follows that the equations (I — K)x = y and (I — Kg)zg = y have
the unique solutions

(2.4) r=(I-K)'y, z5=(-Kps) ly,
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where

oo o0
(2.5) (I-K)'=> K" (I-Kz) '=> K}

n=0 n=0

|1yl Iyl 1yl

2.6) o] < —= 0 lzg)| < < :
GOl e el = Ty = 1A
The solutions z and xg in (2.1) satisfy
(2.7) z—z5=(1-Kg) (K- Kg)z.

This basic relation will yield several bounds for |zg — z|.

To facilitate the derivation of computable error bounds, we introduce
nonnegative kernels k(s,t) such that

(2.8) (s, )] < (s, )
and k satisfies H1 and H2. Define operators K and K g by
. oo . EN
(29 Kf6) = [ keofd, Rafs)= [ ks 050
0 0

Then ||K|| < ||K|| < 1. If k(s,t) = |k(s,t)| then ||K]|| = ||K]|. Let

(2.10) Ki(s) = / (s, .
0
Then
(2.11) K| = |K]|| = sup /000 k(s,t)dt.

From (2.2) and (2.8)-(2.10),

(2.12) IKf(s)| < [IFIIKL(s).
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3. Norm estimates for solutions. The solutions of (I — K)z =y
and (I — Kg)zg = y are related by (2.7), in which (K — Kg)z is given
by

(3.1) (K — Kg)z(s) = /5 ks, (bt

This involves z(t) only for t > 3. Let

(3.2) [1Z][{3.00) = sup |2(t)].
t>p3

LEMMA 3.1. Bounds for ||z|||3.~) are given by the inequalities

||y||7 < llyll ,
=Kl —1—||K]|

(3.3) zllg.oc) < || < ]

[yl A ) Iyl
LI~ 1=K

(3.4) zll8.00) < NWll[3.50) +

PROOF. The inequalities in (3.3) are elementary. Since z =y + Kz,
(3.5) zl.0c) < NWlli3.00) + 1K 2] ][3.00)-
By (3.5) and (2.12),
(3.6) lzll3.00) < 1yllgs.00) + Il || K1

Now (3.6) and (2.6) give the first inequality in (3.4). Since

A oy _ o sl KT gl
ok S TR T TR

I[/i.oc)-

37 yll.o) +

the second inequality in (3.4) is established. O

In Lemma 3.1, suppose that k(s, ¢) = k(s,¢) and hence ||K|| = ||K]|.
Then it follows from (3.7) that the first bound for [[z|[(3.) in (3.4) is
sharper than the second bound if and only if

19llig.00) < Iyl or (1K 1[50 < [IK]]-
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The two bounds coincide if and only if

19llig.00) = Iyl and [IK1]]i5,00) = IK]I-

Clearly,
yllis.ooy) < llYll if [y(s)| is decreasing,
HyH[ﬂm) =||y]| if |y(s)| is nondecreasing.

S

Simple examples of the two cases are furnished by y(s) = e~* and

y(s) =1 —e 5. In view of (2.10) and (2.11),
||K1||[5_w) < ||K]| if k(s,t) is decreasing in s,
||I§'1H[ﬁ.oo) = ||K|| if k(s,t) is nondecreasing in s.

Examples will be given later.

Uniform convergence on finite intervals plays a central role in our
analysis. Note that fg(t) — f(t) as 3 — oo, uniformly on each finite
interval, if and only if || f3 — f|jp.o] — 0 as 3 — oo for @ € RT.

LEMMA 3.2. Assume

(3-8) (I - Kp)fs =9p, lgsll <b < oo,
(3.9) l98l1j0.0) — 0 as B — oo for & € RY.
Then

(3.10) ol < 28 < T
(3.11) sllip) = 0 as 8= oo for a € R.

PROOF. Since more general results were proved by Anselone and
Sloan [2], we merely outline the main steps in the argument. First,
(3.10) is clear. Now H1 and H2 imply that {Kjzfs : 8 € R} is bounded
and equicontinuous. Repeated applications of the Arzeld-Ascoli lemma
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on successive intervals [0,m], m = 1,2,..., yield a sequence 3; — o0
and f € X such that

|1Ks, f5. — fllo.a) = 0 as B; — oo for a € RT.
By (3.8), (3.9) and (2.2),
13, = fllo.a) = 0 as B; — oo for « € RY,

||Ks, f3, — K flljo.o) = 0 as B; — oo for « € RY,
It follows that Kf—_—f,(I—K)fZO’f :O’ and

Ilfﬂi”[o.a] —0 as 3 >0 forac Rt.

Similarly, every sequence {f3,} has a subsequence which converges to
zero uniformly on finite intervals. A contrapositive argument yields
(3.11). o

For the case of a Wiener-Hopf kernel, we shall give a constructive
proof of (3.11) which produces error bounds.

LEMMA 3.3. Let k(s,t) = x(s —t), where k € LY(R) and ||x||; < 1.
Then ||Kg|| < ||K|| = ||k|[1 < 1. Assume

(3.12) (I - Kp)fs = 9p-

Fiz ¢ > 0. Choose r and n such that

- 5 " €
1) [ k@l < Q- KDS 1K<,
Then
“95“[0 a+nr] + ||g/3“5
3.14) follo.a) < ’ -
( I1£810.0] T K]

PROOF. From (I — Kg)fs = 93,

(3.15) fa=9s+Ksgs+Kigs+--+ Kjgs + K™ f.
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By (3.13),

|Kg5(s)| < (/Oa+r+/:o )In(s—t)gﬁ(t)ldt,

+r
s—a—r
|K395(s)] < K] 1lg5ll0.a+r] + ||gﬁ||/ |k(u)ldu,
—oo
. . €
1K595ll0.01 < 1K1 llgsllo.0ctr) + (1 = IKID19815-
Repetition of this argument yields

1K59510.01 < 11E1l1951l10.0+2r) + 21 K1 — [ K]]) Hgﬂll

1K595l0.01 < 11K llg5ll10.03m + 31K (1—||K||)||9ﬁ||
and, in general,
1E5 g8ll10.01 < 1K™ 1951 lf0.atmr) + ml [ K|™ (1 = IIKll)Ilgﬂllg-
Hence (3.15) and (3.13) yield

1 fallo.a1 < A+ IKN+ KN + - + K™ 195 0.04nr)
Sf|n— €
+ (L4 2K+ 3[IK[[* + - + | K" (1= [ K[ lgsll5

+115115,

which implies (3.14). 0

For the special case of a Wiener-Hopf kernel, (3.8), (3.9) and (3.14)
imply (3.11). In principle, the bound in (3.14) is computable.

4. Nonnegative kernels. Now let l;:(s, t) be any kernel such that
(4.1) k(s,t) >0

and k(s t) satisfies H1 and H2. Then the corresponding integral
operators K and K are given by (2.9), and ||Kg|| < ||K]| < 1.
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We shall compare solutions of the equations
(4.2) (I-K)i=g (I-Kgag=9 3§20

Thus §(s) > 0 for s € RY.

All of the results of §2 and §3 are valid with k(s,t) = I%(s,t), K=K,
and K3 = Kg.

Since k(s,t) > 0, K and I;’ﬁ are positive operators. By (2.9),
(4.3) f>0=Kf>Ksf >0
By (2.12) and (2.5),

(4.4) f>0=Kf<||flIKL,

(4.5) f20=(I-K)'f>(U-Kg) 'f>0.

Thus, & > 25 > 0 in (4.2).

Bounds for |Z — 3| will involve the functions

(4.6) 03(s) = (Ii’ — R'/;)l(s) = / l;'(s,t)dt,
8
(4.7) ig = (I — Kg) "o = (I - Kp) '(K - Kp)1.
Among other properties,
(4.8) ll8sll = 1K — Kgl| < [|K],

IR =Ryl _ UK

(4.9) IWML-I_“KMI—l_HKW

Thus, {03} and {@s} are bounded uniformly on R*.

LEMMA 4.1. The functions U5 and g satisfy

(4.10) l168]]0.,a) = 0 as B — oo for a € RY,
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(4.11) llasllo.a) = 0 as B — oo for @ € RF.

PROOF. By H1, H2 and (4.6),
t3(s) — 0 as 3 — oo for s € R,
{95 : B € R*} is equicontinuous,

which imply (4.10). Lemma 3.2 yields (4.11). 0

THEOREM 4.2. The solutions & and &g in (4.2) satisfy

(4.12) &—ig=(I—-Kg) (K - Kp)i,
(4.13) 0< 2 —ap < ||z[|jg.c)tss
A 19111151 ]15.00) 1]
(4.14) H2l8.00) < N1l 13.00) + — < =,
> 1—||K]| 1—[|K]]
(4.15) 12 = 2llj0.01 < llzllip.oc)llipllip.cg for o € RY,
(4.16) [|Z — 2plj0.a) = 0 as B — 00 fora€ Rt.

PROOF First, (4.12) and (4.14) are special cases of (2.7) and (3.4).
By (2.9) and (4.6),

0 < (K — Kp)d < [|2]](5.00)05-

Now (4.12), (4.5) and (4.7) yield (4.13) and (4.15). Finally, (4.16)
follows from (4.15) and (4.11). 0

The quantities |[g]], ||7][(3.0c), ||K|| and HK’IHW.OO) in (4.14) could be
estimated numerically, since only suprema and integrals of functions
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are involved. But the function s in (4.13) is not generally available.
Fortunately, 4 can be evaluated in the case of a Picard kernel, and g
can be estimated in the case of a Wiener-Hopf kernel.

EXAMPLE 4.1. Let k(s, t) be the Picard kernel

~ X 1
(4.17) k(s,t) =ae > 0<a< 5
Then ||K|| =2a < 1. Let b= /T — 2a and ¢ T’;. Then
(4.18) 5(s) =a e B 0<s<p,
. 20 [ e —be™*
(4.19) i5(s) = 15 [ecﬁ — 5|, 0<s<B.

There are other formulas for s > ; see Atkinson [5]. For the Picard
kernel, (4.18) and (4.19) imply (4.10) and (4.11). Note that ||ig||[,q)
is small only if (3 is significantly larger than «.

EXAMPLE 4.2. Let k(s, t) be a non-negative Wiener-Hopf kernel,

(4.20) k(s,t) = k(s — t), k € L'(R), ||&|lL < 1, & > 0.

Then

(4.21) 1%1(5):/ /%(s—t)dt:/ f(u)du,
0 —o00

(4.22) 1Kl ip.00) = IRl = [I1K]]-

Now the first bound for ||||(3,c) in (4.14) simplifies, so the first
bound for ||z||(3,) is sharper than the second bound if and only
if |91li3,00) < ll9ll, e.g., when §(s) is decreasing in s. An estimate
for ||uﬁ||[0 o] to use in (4.15) is available from Lemma 3.3 applied to

(I — Kg)iip = 9. Fix € > 0. Choose r and n such that

az) [ @l < - IRDS IR <,
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Then

Ilﬁﬂ”[(),a+nr] + Hﬁﬂ||5

(4.24) ] l10,0) < -
1—||K]]

The right member involves only suprema and integrals of functions. So
the bound for ||# — Zg|| in (4.15) could be estimated numerically.

5. Kernels of mixed sign Again consider the integral equations
(5.1) (I-K)z=y, (I-Kp)zpg=y,

where K and Kpg are given by (2.2) with a kernel which satsifies H1
and H2. As before,

(5.2) T—xg = (I—K,@)_l(K—Kg):l‘.
Again let
(5-3) [k (s, )] < k(s, 1),

where k(s,t) also satisfies H1 and H2. For example, k(s,t) =
|k(s,t)| or k(s,t) = k(s,t) > 0.
Define K and Kj by (2.9). Then

(54)  [IKgll <IK|| <|IKI| <1, [|Kgll < [[Kpll < |IK]| < 1.
For f € X let |f|(s) = |£(s)|. Then

(55) |Kf<K|fl, |Ksfl < Kplfl, |(K—Kg)fl < (K- Kp)|fl.
By (2.5),

(56) |(I = K)"' f1 < (I=K)7fI, (- Kp)"'fI < (I = Kp) ' If]-

THEOREM 5.1. The solutions  and xg in (5.1) satisfy

(5.7) |z — 25| < (I - Kp)" (K ~ Kp)lal,
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(5.8) lz — 2] < |lzllig,0) s,

I 1K Ul _ ol

(5.9)  l2ll.e) < Hyll.0o) + - < -,
(5.10) llz = zllj0.0] < ||zl (g.0c sl 10,01 for @ € RT,
(5.11) [z — z8llj0,q) = 0 as B — oo fora € RT.

PROOF. The arguments parallel those for Theorem 4.2, with the use
of (5.4)-(5.6). O

EXAMPLE 5.1. For 0 < a < %, let
k(s,t) = asin(s =)™, k(s,) =ae .

Then i is given by (4.19) and ||z — xg/|jp.o) can be estimated numer-
ically.

For a general Wiener-Hopf kernel k(s,t) = r(s — t), we can define

k(s,t) = |x(s —t)| and obtain numerical estimates for ||z — z3||[0,q]
with the aid of the bound for ||ds]0,o] given by (4.24).

6. Uniform convergence on R". As we have seen, the hypotheses
H1 and H2 on the kernel k(s, t) imply that the solutions of (I—K)z =y
and (I — Kg)zg = y satisfy zg(s) — z(s) as 8 — oo, uniformly on
finite intervals. More restrictive conditions on k(s,t) will give uniform
convergence on R*. Different notation is used in this case.

Define integral operators L and Lg on Xt by

oo ﬂ
61)  Lf(s) = /0 Us,)f(O)dt, Lpf(s) = /0 0s, ) F(t)dt,
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where {(s,t) satisfies
(6.2) [|IL - Lgl|| = sup/ [€(s,t)|dt — 0 as f — oo
s>0Jp3

in addition to H1 and H2. Then ||Lg|| < ||L}]| < 1.

The conditions H1, H2 and (6.2) do not imply that L or Lg is
compact. However, if ¢(s,t) is also bounded and uniformly continuous
(the latter can be weakened), then L and Lg are compact. See Anselone
and Sloan [3] for details.

Assume that
(6.3) [0(s,t)] < U(s,1),

where {(s, t) satisfies H1 and H2. Define L and L by

. oo . N
00 L= [ dsnsod Lafs) = [ isof@ar
0 0
Consider the equations

(6.5) (I-Lz=y, (I-Lgrg=y.

THEOREM 6.1. The solutions z and xg in (6.5) satisfy

(6.6) r—x5=(I—Lg) YL - Lg)r,

1L — Lal||]]{.00)
1—|[|Ls]|

(6.7) llz = zp]| <

— 0 as f — o0,

Iyl sy _ Il
L-ILI = 1 i

(6.8)  llzll.oc) < lyllipos) +

PROOF. First, (6.6) is a special case of (2.7). Then (6.7) follows easily.
Finally, (5.9) implies (6.8). 0
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Since the bounds for ||x — x3|| involve only suprema and integrals of
given functions, they are suitable for numerical calculation. For better
accuracy, the choice £(s,t) = |[¢(s,t)| is recommended unless it makes
the calculations difficult.

EXAMPLE 6.1. Let

1 sinst i 1 1

Us,t) = ——r—, {(s,t) = ——r—.
(5,%) Ts24t241 (5,1) Ts24+t2 41

Then ||L|| < ||L]| = 5 and
1 1
[|L — Lgl|| < 5—;arctanﬁ—>0asﬁ-—+oo.
Since {(s,t) is decreasing in s, the first bound for [|2]]{3.50) in (6.8) is
sharper than the second. This also follows from
1
2y +1

By (6.8), if y(s) — 0 as s — oo, then z(s) — 0 as s — oo. The
operator L is compact and maps XJ“ and into X, the subspace of X+
consisting of the functions which vanish at infinity. See Sloan [12].

1L1]5.00) = <|ILI.

EXAMPLE 6.2. Let

s
s+1°

{(s,t) Lo i

. 1
= e t— 7 (s t)= =et
2¢ s+t+1’ (5:%) 2¢

Then ||L|| < ||L|| = 1 and
1 4
||L—L;;||§§e — 0 as f — oo.

Since {(s, t) is increasing in s, ||I:1||[/,.OO) = ||L||. This also follows from
an easy calculation. If ||yl/;5.0c) = ||yl], e.g., if y(s) is nondecreasing,
then the two bounds for ||z||(3,«) in (6.8) coincide. The operator L is
compact and maps X 1}* into X [ , the subspace of X consisting of the
functions with any finite limits at infinity. See Sloan [12].
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7. Operator sums. Consider an operator sum K + L with K as in
85 and L as in §6. Define K and L as before. We impose the additional
condition

(7.1) |IK + L < 1.

Then ||Ks + Lg|| < ||K + L|| < ||K + L|] < 1.

We shall compare solutions of the equations
(7.2) (I-K-Lz=y, (I-Kg-Lglzg=y.

The following theorem generalizes Theorems 4.2, 5.1 and 6.1.

THEOREM 7.1. The solutions = and xg in (7.2) satisfy

(7.3) r—z5=(—-Kg—Lg) (K~ Kg+L— Lg)z,
(7.4) lz — x| < [lzllg,00) (@5 + Dp),

Yl (K + L)1]](5,00) < [lyl]
1-[K+L|  ~1-K+1|

(7.5) lzll.o0) < llyllis.00) +

_ [ Lptpl| +[|L — Lg]|

7.6 Ag = —0 as 3 — oo,
(76) 5= T |K, + Lo

(7.7) llz = zsll0,a] < [|]l1.00) (|28ll[0.01 + D),

(7.8) llz - zgllo,q) = 0 as B — o0 fora € RT.

PROOF. First, (7.3) and (7.5) are special cases of (2.7) and (3.4). By
(7.3),
¢ —z5=(I~Kp~Lg) (K - Kp)z
+(I- Kg — Lﬁ)_l(L - Lg).r.
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The standard identity A= — B~! = A~1(B — A)B~! yields
(I-Kp—Lg)™'=(I—Kp)'+(I - Kg—Lp) " Lp(I - Kp)~".
Therefore,

(I-Kpg—Lg) (K- Kp)
=(I - Kp)"\(K - Kp)+ (I - Kg — Lg) "' Lp(I — Kp) ™' (K — Kp).

It follows that

¢ —x5=(I - Kg)"'(K - Kp)x
+(I-Kg—Lg) 'Lg(I - Kg) " (K — Kp)x
+ (I - Kﬂ — Lg)_l(L — Lﬂ).’lj.

An adaptation of (5.8) gives
(I - Kp) " (K — Kp)z| < ||z]l18,00)5-
Hence,

|lz]l8.00) || Lia s |

I-Kg—Lg) LI — Kg) YK — K3)z|| < .
II( s —Lg)" Ls( 8)"( )| 1= [|Ks + Ls]]

By similar reasoning,

[1Z|l1,00)II1L — Lgl|
1~ ||Kp + Lg||

(I = K — Lg) ™" (L — Lg)z|| <

These results imply (7.4) and (7.7) with Ag defined by (7.6). We prove
next that Ag — 0 as § — oo. By the triangle inequality,
(7.9) ILgtgll < || Latisll + ||(Ls — La)igll,

ILgtigl| < ||LII|agllo,0 + [ILs = Lall llsl]-

By (4.9), (4.11) and (6.2),

A Il
gl < AU

T -k
|l@slljo,a) = 0 as B — oo for & € RY,
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[|Lg — Lal|| < ||IL — Lol = 0 as a — oo.

Fix £ > 0. Choose a = a(g) such that

LIl

igll < 5 for 82 Be).
There exists 8(e) > a(e) such that
N €

I Wagll < & for 5> Be).

Now (7.9) yields

(7.10) [|Lgtg|| < e for B < B(e),
[Lgtig|l — 0 as 3 — oo.

By (6.2),

(7.11) [IL — Lg|| = 0 as 8 — oc.

Since ||Ks + Lg|| < ||K + L|| < 1,

E <1
L—||Kp+Lgl| = 1-||K +L||

(7.12)

Now (7.10)-(7.12) imply that Ag — 0 in (7.6). Finally, (4.11), (7.6)

and (7.7) yield (7.8). O

In the bounds for |x—z |, the quantities 4z and || Lg@g|| could present
numerical difficulties. As for @3 the remarks in §4 apply here as well.
If k(s,t) is a Picard kernel, then iy is given by (4.19). If k(s,t) is any
Wiener-Hopf kernel, then (4.24) estimates 4. As for ||Lgtgl|, it might
be possible to estimate it directly in the Picard case. In the general

Wiener-Hopf case, (7.9) and (4.24) could be exploited.

8. Related bounds. Return to the setting of §5. Thus, K and Kg
are integral operators with a kernel k(s,t) which satisfies H1 and H2.

Again consider the equations

(8.1) (I-K)x=y, (I-Kg)rg=y.
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Bounds for |z — x| are given in Theorem 5.1.

Another bound for |z — 23| comes from z = y + Kz and
r—r5 = (I-Ks) ' (K=Kg)x = (I-Kp) " (K—Ka)y+(I-Kp) " (K-K3)Kx.

It follows, by now familiar arguments, that

Iyl = Kp) (K = By K1
1= IK]

The bound for |z — x| from Theorem 5.1 can be expressed in a similar
form. By (5.8), (5.9) and (4.7),

(8.2) |z — 2] < |[yll13.00) s +

. [yl ||K1||[/3 <) A
8.3 r — xg| < — g,
( ) l:[ lﬂl = ||y'|[/i.oc)u/’ + 1— HI\'” ug

Wyl = K3) " 1K1 |j5.50) (K — K3)1
1—[|K]]

(8:4) |z — 2] < ||ylljp.00)Up +

The right members of (8.3) and (8.4) are equal.
Since
(8.5) (K = Kg)K1 < ||K1|g.00) (K = Kp)1,

(8.2) implies (8.3). However it is likely to be more difficult to compute
the bound in (8.2) because (K — K3)K1 is a double integral.

Moreover, as we shall show, (8.2) gives only a marginal improvement
over (8.3) in the important case of a Wiener-Hopf kernel. Let

k(s,t) = k(s —t), ke L'(R), [Alli<1, &>0.

oo . 3
Efe) = [ Rs= s Kaf) - | its= s

and ||K3]] = ||K|| = ||&#]], < 1. To compare (8.2) and (8.3), it suffices
to compare the two members of (8.5). By (4.22), [|K'1]|j5.») = ||K]]-
Therefore, (8.5) is now equivalent to

(8.6) (K — K3)K1 < ||K||(K — Kp)1.
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The right member of (8.6) is given by

R ) ) R o0 R s—p3
(8.7) [IK|I(K — Kp)l(s) = IIKII/H A(s —t)dt = IIKII/ k(u)du,
which goes to zero as 8 — oo. Since

(88) Ki(s) = /0 k(s — t)dt = /_ " k(u)du = ||R|| - / ~ k(u)du,

the left member of (8.6) can be expressed by
(K - Kp)K1(s)
~ RN = Kai(s) - [

B

o

®9) k(s —1t) /too R(u)dudt.

Therefore the difference of the two members of (8.6) satisfies

IKII(K — Kp)1(s) — (K — K)K1(s)

(8.10) - /;c Rs —1) /toc A(u)dudt = /_:/3 /() /Si f(u)dudr

< /:;ﬂ R(r)dr /[:C R(u)du,

where both of the last two integrals go to zero as 3 — oo. Thus, for
large (3, the difference of the two members of (8.6) is small compared
with either member. As a consequence, the bounds for |x — x| given
by (8.2) and (8.3) are comparably accurate for large 3. Since (8.3) is
easier to implement, it is preferable, at least in the Wiener-Hopf case.

For example, let k(s,t) be the Picard kernel
(s 1) = qelo—tl 1
k(s,t) =ae , 0<a<§.

Then the right member of (8.6) is

[|K||(K — Kp)1(s) = 2a%¢* P for 0 <s < f3.
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The left member is
(K — Kp)K1(s) = 2a%e* " - %aQes-w for 0 < s<g.
Therefore, the difference of the two sides of (8.6) is
IRINE — Ks)i(s) — (K ~ Kg)K1(s) = 5% for0< 5 < 5,

which goes to zero faster than either member of (8.6) as 8 — oo with
s fixed or restricted to a finite interval.

Atkinson [5] derived an analogue of (8.2) in a wider context. He
obtained a bound for |z — x4g|, where

B
Zap(s) - / k(s t)zap(t)dt = y(s).

His bound reduces to (8.2) when o = 0.

Our analysis can be extended to the more general setting studies by
Atkinson. ‘
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