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DIRECT SUMMANDS OF INFINITE-
DIMENSIONAL POLYNOMIAL RINGS

MOHSEN ASGHARZADEH, MEHDI DORREH AND MASSOUD TOUSI

ABSTRACT. Let k be a field and R a pure subring of
the infinite-dimensional polynomial ring k[X1,...]. If R is
generated by monomials, then we show that the equality
of height and grade holds for all ideals of R. Also, we
show R satisfies the weak Bourbaki unmixed property. As
an application, we give the Cohen-Macaulay property of
the invariant ring of the action of a linearly reductive
group acting by k-automorphism on k[X1,...]. This provides
several examples of non Noetherian Cohen-Macaulay rings
(e.g., Veronese, determinantal and Grassmanian rings).

1. Introduction. In this paper, we are interested in the following
property of finite-dimensional polynomial rings which is a version of
Hochster-Roberts theorem (see [16]):

Theorem 1.1. Let S := k[Xy,...,X,] be a polynomial ring over a
field k, and let R be an N-graded subring of S which is pure in S. Then
R is Cohen-Macaulay.

The historical reason for this interest comes from the Cohen-
Macaulayness of the invariant ring of the action of linearly reductive
groups on polynomial rings. For more details, see [6, Theorem 6.5.1].
Suppose a ring R is pure in a Noetherian regular ring which contains
a field. As a result of the existence of balanced big Cohen-Macaulay
algebras, R is Cohen-Macaulay, see [15, Theorem 2.3].

Recently, the notion of Cohen-Macaulayness was generalized to the
non-Noetherian situation, see [5, 11]. One difficulty is the failure of
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several classical ideal theory results such as the principal ideal theorem.
In the absence of these ideal theory results, the relationship between
dimension theory and homological algebra is given by the following two
samples. Denote the Koszul grade by K. grade. The first easy example
is the following inequality

K.gradeg(a, R) < htr(a),

which was proved in [5, Lemma 3.2]. If equality is achieved for
all ideals, we say R is Cohen-Macaulay in the sense of ideals. The
second example is the Cech cohomology that was used by Hamilton and
Marley to define the notion of strong parameter sequence. A ring R is
called Cohen-Macaulay in the sense of Hamilton-Marley if each strong
parameter sequence on R is a regular sequence on R. For more details,
see Definition 3.2.

Theorem 1.1 can be extended in two different directions. First, we
focus on non Noetherian finite-dimensional subrings of k[X1, ..., X,].
This kind of investigation was initiated in [3, 4]. Second, we focus on
the infinite-dimensional version of Theorem 1.1.

Notation 1.2. By R[Xy,...], we mean |J;-, R[X1,...,X;].

We refer the reader to [2, 12] and the references therein to see
some properties of infinite-dimensional polynomial rings via algebraic
statistics and chemistry motivations.

In this paper, we attempt to obtain, mostly by a direct limit argu-
ment, results on the widely unknown realm of the infinite-dimensional
ring k[X1,...]. More explicitly, we are interested in the next question.

Question 1.3. Suppose that k is a field and R is a pure subring of
S :=k[Xy,...]. Is R Cohen-Macaulay?

More generally, let P be a property of commutative Noetherian rings.
There is a cut-paste idea to extend this property to the realm of non-
Noetherian rings. To explain the idea, let R be a non-Noetherian ring.
We refer to P as the cut property when R is written as a direct limit
of Noetherian rings satisfying P. If the property P behaves nicely with
respect to the direct limit, we refer to it as the paste property. We
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apply a cut-paste idea to give a positive answer to Question 1.3 when
RNE[Xy,...,Xn] = k[X1,..., X,

is pure for sufficiently large n, see Theorem 3.4. It is worth noting
that this condition holds when R is generated by monomials (see
Corollary 3.6). For an application, recall that a linear algebraic group
over k is called linearly reductive if every G-module V is a direct sum
of irreducible G-submodules. For more details, see Remark 3.7. Then
Theorem 3.4 can be restated as follows.

Corollary 1.4 (see Corollary 3.8). Let k be an algebraically closed field
and A = k[X1,...]. Suppose that G is a linearly reductive group over k
acting on A (in the sense of Remark 3.7 (ii)) by a degree preserving
action. Then AC is Cohen-Macaulay in the sense of each part of
Definition 3.2.

Veronese, determinantal and Grassmanian rings are important sources
of Cohen-Macaulay rings, see [7]. They are subrings of a finite-
dimensional polynomial ring over a field. Their definitions may be
extended to the case of an infinite-dimensional polynomial ring. We
study their Cohen-Macaulayness in Section 4.

2. Preliminary lemmas. This section contains five lemmata. They
do not involve any Cohen-Macaulay concept. We will use them in the
next section.

Lemma 2.1. Let k be a field and I a finitely generated ideal of
S =k[X1,...]. Then each minimal prime ideal of I is finitely generated.

Proof. Let {f1,..., fn} be a generating set for I and p € ming(7).
Take m to be such that f; € R := k[Xy,...,Xy] forall 1 < i < n.
Observe that (p N R)S is prime, because

R[Xmi1, - JJaR[ X1, ] = R/AX s,
for all q € Spec(R). Also, I = (I N R)S. In view of

I=INR)SC(pNR)S Cp,
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we see that p = (pN R)S. Clearly, pN R is finitely generated as an ideal
of R. So, p is a finitely generated ideal of S. O

Let I be an ideal of a ring R. By Varg(I), we mean the set of all
prime ideals of R containing I. Also, ming(I) denotes the set of all
minimal prime ideals of I.

Lemma 2.2. Let R — S be a pure ring homomorphism and I an ideal
of R. Let p € ming(I). Then there exists an q € ming(IS) such that
qN R =p. In particular, if ming(IS) is finite, then ming(I) is finite.

Proof. Since ISN R = I, we have a natural injective homomorphism
R/I — S/IS. Note that p € ming([). By [17, page 41, Example 1],
there exists a q/ € Varg(IS) such that ¢y N R = p. Let q € ming(IS5)
be such that q C q/. Then

ICgNRCgNR=p.
Thus, g N R = p. This completes the proof. |

Lemma 2.3. Let R — S := k[X4,...] be a pure ring homomorphism
and I a finitely generated ideal of R. Then ming(I) is finite.

Proof. In view of Lemma 2.1, elements of ming(/S) are finitely
generated. By [1, Theorem], ming(7.S) is finite. The claim now follows
by Lemma 2.2. |

Lemma 2.4. Let k be a field, R — k[X1,...] a pure ring homo-
morphism and I an ideal of R. If 0 < n < htg(I), then there are
T1,...,Tn € I such that

1 < htR((xh s 7$i)R)
for all0 <i<n.
Proof. We prove the claim by induction on n. The first step of
induction is obvious. Now, suppose n > 0 and the claim has been

proved for all j < n. Suppose j < n. By inductive hypothesis, we can
find z1,...,z; € I such that

1 < htR((:Ch s 7Ii)R)
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forall 1 <i<j. Set
X :={Q € min((z1,...,z;)R) : htr(Q) = j}.
Suppose X = (). Then, j + 1 < htg((z1,...,2;)R). Hence, we have
J+1<htp((z1,...,25,2j41)R)

for all z;41 € I. Thus, without loss of the generality, we may and do
assume that X # (. It follows by Lemma 2.3 that X is finite. Note

that
1¢ |J @,

QeX
unless htg(I) < j < n, which is impossible by our assumptions. Set
riel\ | @
QeXx

Thus,
j S htR((,Tl, e ,.TJ)R) S htR((th e ,.’L‘j+1)R).

But, htR((:vl, R ,LUj+1)R) #34.50,j4+1< htR((Qil, R ,.’L‘j+1)R). O

The module case of the next result (when the base ring is fixed) is
well known.

Lemma 2.5. Let R, S and T be commutative rings. Let ¢ : R — S
and 0 : S — T be ring homomorphisms. The following hold.
(i) If v and 0 are pure, then Op is pure.
(ii) If O is pure, then ¢ is pure.
Proof. Let M be an R-module. Set ¢ := 6 ®idggyar- Then the next
diagram is commutative:

Rop M- gop M — 81 pon M

| |

(S®sS)®RM*>(T®sS)®RM

i i

S®s (S@r M) —2=T®s (S ®r M),
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where the columns are isomorphic.

Now, we prove the lemma.

(i) If ¢ and 6 are pure, then ¢ ®idy; and v are one-to-one. So
¢ ®idys and 0 ® idys are one-to-one. It is now clear that Oy is
pure, because (6 ® idy) (¢ ®idar) = Op ® idyy.

(ii) If O¢ is pure, then (0 ® idar)(¢ ® idp) = 0p @ idps is one-to-one.
Hence, ¢ ® id); is one-to-one. Therefore, ¢ is pure. O

3. Infinite-dimensional Cohen-Macaulay rings. Our main re-
sult in this section is Theorem 3.4 and its corollaries. Let a be an
ideal of a ring R and M an R-module. Suppose first that a is finitely
generated with the generating set x := z1,...,2,. Denote the Koszul
complex of R with respect to z by Ke(z). Koszul grade of a on M is
defined by

K. gradeg(a, M) := inf{i € NU {0} | H*(Hompg(Kq(z), M)) # 0}.

Note that by [6, Corollary 1.6.22] and [6, Proposition 1.6.10 (d)], this
does not depend on the choice of generating sets of a. Suppose now
that a is a general ideal (not necessarily finitely generated). Take X
to be the family of all finitely generated subideals b of a. The Koszul
grade of a on M can be defined by

K.gradeg(a, M) := sup{K. gradeg(b, M) : b € £}.

By using [6, Proposition 9.1.2 (f)], this definition coincides with the
original definition for finitely generated ideals.

Remark 3.1.
(i) A system z = 1, ...,z of elements of R is called a weak regular
sequence on M if z; is a nonzero-divisor on M/(z1,...,z;—1)M
for all ¢ = 1,...,¢. The classical grade of an ideal a on M is

defined to be the supremum of the lengths of all weak regular
sequences on M contained in a.

(ii) Recall that the classical grade coincides with the Koszul grade if
the ring and the module both are Noetherian.

(iii) Let R be a ring, M an R-module and z = x1,...,2s a sequence
of elements of R. For each m > n, there is a natural chain map
or(z) : Ke(z™) — Ke(z™), see [11, page 346]. Recall from [18]
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that z is weak proregular if, for each n > 0, there exists an m > n
such that the maps

Hi(py'(z)) : Hi(Ke(z™)) — Hi(Ke(z"))

are 0 for all 4 > 1.

Now, we recall the following key definitions.

Definition 3.2 (see [5, Definition 3.1] and references therein). Let R
be a ring.

(i)

(i)

(iii)

R is called Cohen-Macaulay in the sense of Glaz if, for each prime
ideal p of R,

htr(p) = K. grader (pRy, Ry).

Recall that a prime ideal p is weakly associated to a module M if
p is minimal over (0 :g m) for some m € M. We denote the set of
weakly associated primes of M by wAssgp M. Let a be a finitely
generated ideal of R. Set u(a) for the minimal number of elements
of R that needs to generate a. Assume that, for each ideal a with
the property ht(a) > p(a), we have min(a) = wAssg(R/a). A
ring with such a property is called weak Bourbaki unmized (WB).
For more details, see [10].

By H:(M), we mean the ith cohomology of the Cech complex of
M with respect to z := z1,...,z,. Adopt the above notation.
Then z is called a parameter sequence on R, if:

(1) z is a weak proregular sequence;

(2) ()R # R; and

(3) HL(R)p # 0 for all p € V(zR).

Also, z is called a strong parameter sequence on R if 1, ..., z; is
a parameter sequence on R for all 1 < i < /. R is called Cohen-
Macaulay in the sense of Hamilton-Marley (HM) if each strong
parameter sequence on R is a regular sequence on R. For more
details, see [11].

Let A be a non-empty class of ideals of a ring R. R is called
Cohen-Macaulay in the sense of A, if htr(a) = K. gradeg(a, R)
for all a € A. We denote this property by A. The classes that we
are interested in are Spec(R), max(R), the class of all ideals and
the class of all finitely generated ideals.
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Remark 3.3. The diagram below was proven in [5, 3.2. Relations]:
Max <= Spec <= ideals = Glaz = f.g. ideals = HM <= WB.

Also, when the base ring is coherent, Spec = WB.

The following will play an essential role in the proof of Corollary 3.6.

Theorem 3.4. Let k be a field and R a subring of k[ X1, ...] containing
k. Assume that there is a strictly increasing infinite sequence {by }nen
of positive integers such that RN k[Xy,..., Xp, | — E[X1,...,Xp,] is
pure for alln € N. Then R is Cohen-Macaulay in the sense of each
part of Definition 3.2.

Proof. We denote RN k[X1,...,Xp,] by R, for all n € N. In view
of Remark 3.3, we need to show that R is Cohen-Macaulay in the
sense of ideals and R is weak Bourbaki unmixed. Let n € N. One
has R, N (Jk[X1,...,Xs,]) = J for every ideal J of R,. So R, is
a Noetherian ring. Therefore, we deduce from [6, Theorem 10.4.1,
Remark 10.4.2] that R,, is a Noetherian Cohen-Macaulay ring. Keep
in mind that the ring homomorphism

is pure. By looking at the next commutative diagram and Lemma 2.5,

R, ——k[X; :1<1i<b,]

| |

R——k[X;:1<i<x)],
the ring homomorphism R, — R is pure. Also, by [4, Lemma 3.9],
R=|JR, = k[X;:1<i<oo]= Jk[X1,...,Xp,]

neN neN
is a pure ring homomorphism.
(i) First, we show that R is Cohen-Macaulay in the sense of ideals.
Let I be an ideal of R such that n < htr(I). We use Lemma 2.4
to find elements aq,...,a, € I such that

i <htr((a1,...,a;)R), foralll<i<n.
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Now we claim that, for each 1 < i < n, there exists [; € N
such that a1/1,...,a;/1 is a regular sequence in (Ry), for every
k >1; and q € Varg, ((a1,...,a;)Ry). To this end, let 1 <i < n.
In view of Lemma 2.3, ming(ay,...,a;)R is finite. Denote it by
{Q1,...,Qm}. We have the following chain of prime ideals

Pjo ; ;P]L :Qj
forall 1 < j <m. Pick b;, € Pj, \ Pj,_, forall1 < j < m and
1 <t<i. Set

Yi={by|l <j<m,1<t<i}

Since Y is finite, there exists ¢; € N such that ¥ C R,, and
{a1,...,an} € Ry,. We use this to deduce that

1 < htRk (QJ N Rk)

forall 1 < j < mand ¢; < k. Let ¢; < k. By Lemma 2.2,
for each p € ming, ((a1,...,a;)Ry), there is a 1 < j < m such
that Q; N Ry = p. Hence, htg, ((a1,...,a;)Ry) > i. The reverse
inequality holds because Ry is Noetherian. So

ht(gy), ((a1, ..., ai)(Ry)q)) = i

for all ¢ € Varg, ((ai,...,a;)Rg). Since (Ry)q is a Noetherian
Cohen-Macaulay local ring, a;/1,...,a;/1 is a regular sequence
in (Ry)q. This proves the claim.

Set | := max{/y,...,4,} and fix k > [. Then a;/1,...,a;/1
is a regular sequence in (Ry)q for all 1 < ¢ < n and q €
Varg, ((a1,...,a;)Rg). Then aq,...,a, is a regular sequence in
Ry for all k > I. Hence, aq,...,a, is a weak regular sequence in R.
Consequently, n < K. gradeg (I, R). So htr(I) < K.gradeg (I, R).
The reverse inequality is always true by [5, Lemma 3.2].

(ii) Here we show that R is weak Bourbaki unmixed.

Let a be a proper finitely generated ideal of R with the property that
ht(a) > p(a). Set £:= p(a), and let y := y1,...,y, be a generating set
for a. In view of Lemma 2.4, there exists x := x1,...,2; in a such that

7 S htR((.Il, N 7I¢)R),
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foreach 1 <1i < (. Let 1 <i </, and set a; := (z1,...,2;)R. In view
of part (i),

i <hta; = K.gradeg(a;, R) < u(a;) <.

So, by [11, Proposition 3.3(e)],  is a strong parameter sequence on R.
In view of Remark 3.3, R is Cohen-Macaulay in the sense of Hamilton-
Marley. Therefore, z is a regular sequence on R.

There are r;; € R such that x; = Z1§jgl7"ijyj forall 1 <4 <.
Recall that R, = RNk[Xq,...,Xp,,] for all m. Take n € N be such
that all of ;;, z and y belong to R,, for all m > n.

Suppose p € wAss(R/a). Clearly, z is a regular sequence on R,. Set
Pm = PN R, for all m > n. The purity of R,, — R implies that z is a
regular sequence on R,,, see [6, Proposition 6.4.4]. Then z is a regular
sequence on R, (p, ). Note that zR,, C yRy,. Thus,

t< htR'"L(Pm)(ng(Pvn)) < htRm(Pm)(yRm(Pm)) <t

Since Ry, (p,,) is a Noetherian Cohen-Macaulay local ring, we see y is
a regular sequence on Ry, (p,). Thus, y is a regular sequence on Rp .

In view of [5, Theorem 3.3, Lemma 3.5], R, /yR, is Cohen-Macaulay
in the sense of ideals. It follows from [5, Lemma 3.9] that

wAssg, (Rp/yRy) = Min(R, /yR,),
and so p € Min(a). O

Remark 3.5.

(i) As Remark 3.3 states, Cohen-Macaulay in the sense of ideals im-
plies weak Bourbaki unmixedness when the base ring is coherent.
Note that, in Theorem 3.4, R is not necessarily coherent, see [8,
Example 2].

(ii) It may be worth noting that one can construct a direct system of
Noetherian Cohen-Macaulay rings such that its direct limit is not
Cohen-Macaulay, see [4, Example 4.7].

We are now ready to prove:
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Corollary 3.6. Let k be a field and R a pure k-subalgebra of S :=
k[X1,...] generated by monomials. Then R is Cohen-Macaulay in the
sense of each part of Definition 3.2.

Proof. There is a natural projection m, : k[X1,...] = k[X1,..., X,]
defined by evaluation: for each f € k[Xy,...], m,(f) is given by the
substitution X,4; = 0 for all ¢ > 1. Set R, := RNEk[Xy,...,X,] for
all n € N.

We claim that
mn(R) C Ry,

To see this, let r € R. As R is generated by monomials, r = ag+- - -+a.m,
where a; € Ris a monomial. Note that either 7, (a;) = 0 or m,(a;) = a;.
In both cases, m,(r) € R, as claimed.

Hence, we can define 7, : R — R,, and 7, provides a retraction for
the natural inclusion R,, — R. Thus, R, is a direct summand of R as
an R,,-module for all n € N.

Let n € N. It follows from the commutative diagram

Rn4>k'[X1,,Xn]

-

R kX1, ..,

that the ring homomorphism R,, < k[X,...,X,] is pure. Now, the
claim is an immediate consequence of Theorem 3.4. (]

In the following, we cite some aspects of invariant theory that we
need in the sequel. We refer the reader to [6, 14] for more details.

Remark 3.7. Let k£ be an algebraically closed field.

(i) Recall that a linear algebraic group over k is a Zariski closed sub-
group of some GL(V') := Auty(V), where V is a finite-dimensional
k-vector space. By a homomorphism of linear algebraic groups we
mean a group homomorphism which is a morphism of varieties.

(ii) Let G be a linear algebraic group. Then G acts k-rationally on
a finite-dimensional k-vector space V if the map ® : G — GL(V)
defining the action is a homomorphism of the linear algebraic
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groups. If V' is infinite-dimensional, G acts k-rationally on V if
the action is such that V is a union of finite-dimensional G-stable
subspaces W such that G acts k-rationally on W in the sense
above.

If Ris a k-algebra, G acts on R to mean that G acts k-rationally
on the k-vector space R by k-algebra automorphism. In invariant
theory, it is commonly accepted that “an action of an algebraic
group on a k-algebra” means a rational one. So, in the sequel we
treat only with rational actions on k-algebras.

When G acts k-rationally on a k-vector space V', we shall

say that V is a G-module. Recall that U C V is said to be
G-submodule, if it is a vector subspace of V and g(u) € U for
all g € G and v € U. Also, U is called irreducible if it has no
nontrivial G-submodule.
Let G be a linear algebraic group. Then G is called linearly
reductive, if every G-module V is a direct sum of irreducible G-
submodules. An equivalent condition is that every G-submodule
W of V has a G-stable complement L, i.e., V = W @& L as G-
modules, see [14, page 170].

The most classical examples of linearly reductive groups are
finite groups G whose order is not divisible by char(k). In
characteristic 0, the groups GL(n,k) and SL(n,k) are linearly
reductive, and so are the orthogonal and symplectic groups. The
tori GL(1, k)™ are linearly reductive independently of char(k), see
[6, page 292].

Let G be a linearly reductive group and V be a G-module. Let
V& be the subspace of invariants, i.e.,

VE.={veV forall ge @G, gv)=uv}

Then V& is the largest G-submodule of V on which G acts
trivially. Let W be the sum of all irreducible G-subspaces of
V on which G acts non-trivially. Then V = V¢ @ W, and W is
the unique complementary G-subspace of V, see [14, page 170].
Let G be a linearly reductive group and R := k[X,...,X,].
Denote the graded component containing homogenous elements
of degree i of R by R;. Suppose G acts on R by degree-preserving
k-algebra homomorphisms. This means that g(R,) C R, for all
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g € G and n € N. Then
RE:={fecR:g(f)=fforall gc G}

is the ring of invariants. There exists a finite-dimensional repre-
sentation @; : G — GLg(R;) for each i. By (iv), R; = RiG o W;
for each . Then

R =@;>0R; = (i>0R{) & (izW5).

Keep in mind that the action is degree preserving. Then we have
RE = (@i>0R%). Set W = (®;50W;). We show that W is an
R%-module. Consequently, R is a direct summand of R as an
R%-module.

Let r € R and @ € W. Then r = r; + --- + r, and
a = ay + -+ + a; where r; € RiG and a; € W;. For each aj,
there exists an irreducible G-subspace U of W; such that a; € U.
Consider the G-homomorphism r; : U — r;U. This map is zero or
one-to-one. If the map is zero, then r;U = 0 C W;,;. If the map
is one-to-one, then U ~ r;U as G-spaces. It follows that G acts
nontrivially on the irreducible G-space r;U. Since r;U C Ry, ;,
one has r,U C W;4;. So, ra € W and W is an RS-module.

Now, we are ready to prove the following result.

Corollary 3.8. Let k be an algebraically closed field and A =
k[X1,...]. Suppose G is a linearly reductive group over k acting on A
by degree-preserving k-algebra automorphisms. Then AS is Cohen-
Macaulay in the sense of each part of Definition 3.2.

Proof. Indeed, for simplicity, assume that each X; is of degree 1. Set

Vo= ékX
=1

It is easy to see that V is a G-module. Then, by Remark 3.7 (iii),
there is a decomposition V' = @V, with each V; a finite-dimensional
G-submodule of V. Now, set by = 0, and

b; :idimij,

Jj=1
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and take a k-basis {Yp,_,41,...,Ys, } of V; for each ¢ > 1. The notation
Sym, (W) stands for the symmetric algebra of a k-vector space W.
Recall from [9, subsections 8.3.3, 8.3.5] the following two items:

(i) Symy, (V) = Sym(@ Vi) ~ USym, (Vi) = Uk[Ys,_141,- .-, ¥p,],
(ii) Sym, (V) = Sym(@, (D=, kXi)) ~ USym (D, kX:) =
Uk[X1,- .., Xa]-

Then, without loss of the generality, one can replace {Xy,...} by
the new variables {Y;}, that is, there is a strictly increasing infinite
sequence {b, }nen of positive integers such that

k[Y1,...,Y;, ] is a G-submodule of A for all n € N.

For each n € N, set A, := k[Y1,...,Y;,]. Then, G acts on A, by
degree-preserving k-algebra automorphisms. By Remark 3.7 (v), AG is
a direct summand of A,, as an AS-module. Hence, AY — A, is pure.
By applying Theorem 3.4, A® is Cohen-Macaulay in the sense of each
part of Definition 3.2. (]

Also, Question 1.3 has an affirmative answer in the following case:

Remark 3.9. Let R := k[x1,...] be an infinite-dimensional polynomial
ring over a field £ and G a finite group of automorphisms of R such
that the order of G is a unit in R. Recall from [5, Theorem 4.1] that R
is Cohen-Macaulay in the sense of each part of Definition 3.2. By [5,
Theorem 5.6 and Proposition 5.7], R® is Cohen-Macaulay in the sense
of each part of Definition 3.2.

In the next section, we give several examples in the context of
Corollary 3.8. As a special case, the next result provides more evidence
for an affirmative answer for Question 1.3.

Example 3.10. Let k be a field with char(k) # 2 and S := k[ X1, .. ].
The assignments Xo;41 — Xo;42 and Xo; — Xo;_1 define an automor-
phism g : S — S. Let G be the group generated by g. Then

(i) the ring k[X1,...,X,] is not G-submodule of S for all n € N.
(ii) The ring R := S can not be generated by monomials.
(iii) The ring R is Cohen-Macaulay in the sense of each part of
Definition 3.2.
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Proof. Note that the order of g is 2. So, G = {1, g}.

(i) This is trivial.

(ii) It is clear that Xy + X5 is invariant by G. If R were generated
by monomials, then X; and X, should be invariant, which is
impossible.

(iii) The order of G is invertible in S, and S is Cohen-Macaulay in the
sense of each part of Definition 3.2. To conclude the argument,
see Remark 3.9. (]

4. Examples. Next, we present several examples of non Noetherian
Cohen-Macaulay rings, as an application of our main result. The fol-
lowing gives Cohen-Macaulayness of infinite-dimensional determinantal
rings.

Example 4.1. Let {z; : ¢,j € N} be a family of variables over
an algebraically closed field k of characteristic 0. Let Z := (z;)
be a matrix. We denote the polynomial ring k[z;; : i,j € N] by
k[Z]. Let I,(Z) be the ideal of k[Z] generated by the n-minors of Z.
Then k[Z]/I,4+1(Z) is Cohen-Macaulay in the sense of each part of
Definition 3.2.

Proof. First note that, by an n-minor of Z, we mean the determinant
of an n x n submatrix of Z. Let {z;; : ¢ € N;,1 < j < n} and
{yjr : K € N;1 < j < n} be two families of variables over k. Define
the matrices X := (2;;) and Y := (y;x). Look at the polynomial ring
R :=k[X,Y]. First, we show that k[XY] = k[Z]/L,+1(Z).

Consider the matrices

Xm = (@i)1<icm  and - Yo := (y5) 1<5i<n
1<5<n 1sksm
where m is an integer greater than n+1. Let Z,, = (2i;)1<i<m,1<j<m

be an m x m submatrix of Z. Then there exists a homomorphism
of k-algebras ¢, : k[Zn]/Int1(Zm) — E[Xm,Ym] such that Z,, +
In41(Zm) = XYy, By [7, Theorem 7.2], ¢, is an embedding. So
the induced homomorphism @, : k[Zm]/Int1(Zm) — k[XmYn] is an
isomorphism. For each m,[ such that n +1 < m <1, let

Tml - k[Zm]/In+1(Zm) — k[Zl]/[n+1(Zl)



16 M. ASGHARZADEH, M. DORREH AND M. TOUSI

and

Ami k[ X Y] — k[ XY
be the natural homomorphism of k-algebras. Then

{@}mzn-&-l : (k[Zm]/In+1(Zm),7rml) — (k[XmYmL)‘ml)

is an isomorphism of direct systems. On the other hand,
ik Zo) /e (Zin) = KZ) 1 (2)
and
h_n}mZnHk:[XmYm} = k[XY].

Hence, k[XY| = k[Z]/I,+1(2).

Let G := GL,, (k) be the general linear group. By Remark 3.7 (iii), G
is linearly reductive. For M € G and a polynomial f(X,Y) € k[X,Y]

one puts
M(f):= f(XM~', MY).

As M runs through G, this defines an action of G on R := k[X,Y]
as a group of k-algebra automorphisms. Denote the polynomial ring
k[ Xm,Yn] by Ry, for all m € N. Then G acts on R,,, likewise R,
i.e., R,, is G-stable. By Corollary 3.8, R® is Cohen-Macaulay in the
sense of ideals. In order to show k[Z]/I,4+1(Z) is Cohen-Macaulay, it
is enough to show that R® = k[XY]. In the light of [7, Proposition
7.4, Theorem 7.6], RS = k[X,,Y,]. Also, we have RY = U,,enRS and
k[XY] = Upnenk[XmYm]. Therefore, RY = k[XY]. O

The following gives Cohen-Macaulayness of infinite-dimensional
Grassmanian rings.

Example 4.2. Let {z;; : j € N,1 < i < m} be a family of variables
over an algebraically closed field k of characteristic 0, and let X := (z;;)
be the corresponding matrix. Set R := k[X]. Let Gr,o(k) be the k-
subalgebra of R generated by the m-minors of X. Then Gry, (k) is
Cohen-Macaulay in the sense of each part of Definition 3.2.

Proof. For each n € N, set X, :== {z;; : 1 < j <n,1 <i<m}
and R, := k[X,]. Suppose n > m, and denote the k-subalgebra of R,
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generated by the m-minors of X,, by Gry,(k). Clearly, Gryoo(k) =
Uan GI‘mn(k‘)

Let G := SL,,,(k). By Remark 3.7 (iii), G is linearly reductive. G
acts on R via the assignment X — TX for all T € G. Also, G acts on
R, likewise R, for all n € N. By [7, Corollary 7.7], Gr,, (k) = RS.
So

GImoo (k) = Unsm Grimp (k) = Un>m RS = RE.

Now, it follows from Corollary 3.8 that Gry,e(k) is Cohen-Macaulay
in the sense of each part of Definition 3.2. O

The following extends [5, Corollary 5.8] to a more general situation.

Example 4.3. Let k be a field and A := k[X7,...]. We recall the
definition of Veronese rings. Let f := Xijl1 x Xf; be a monomial in A.
The degree of f is defined by d(f) := Zizl jk- Let d be a positive
integer. We call the k-algebra A4, generated by all monomials of
degree d, the dth Veronese subring of A. Then A(® is Cohen-Macaulay
in the sense of each part of Definition 3.2.

Proof. Denote the Veronese subring of A4,, := k[X;,...,X,] by A%d).
Recall that A%d) is the k-subspace of A,, generated by

{XY . X vy, .. v € No,vg 4+ + v, = 0 (mod d)}.

Define p: A, — Agld) such that p maps each monomial r € A, \ A%d) to
0 and each monomial r € A% to itself. Extend p linearly to A,. One
can easily see that p is a retraction of A£f” to A,,. So, A;d) is a direct
summand of A,. It turns out that the ring extension AS{i) — A, is
pure. On the other hand, AY N A4, = Asld). By applying Theorem 3.4,
A4 is Cohen-Macaulay in the sense of each part of Definition 3.2. O

Example 4.4. Here, we give a natural extension of Example 4.3. Let
{X; : j € N} be a family of variables over a field k£ and A := k[X}, .. ].
Fix s,t € N, and choose integers k1 j,..., ks ; € Z for each j € N. Let
H be the submonoid of N*° := U, cnyN" consisting of the solutions of
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the homogeneous linear equations

> kijX;=0,1<i<s

1<j<n

for all n > ¢t. Then H is a full subsemigroup of N*° that is, for each
a,f € H with a — 8 € N, one has o« — 8 € H. Let W be the k-span
of the monomials X{* --- X2 such that (ai,...,a,,0,...) € N\ H.
If 6 € N°\ H and o« € H, then a + 8 € N>\ H. Hence, W is a
k[H]-module, and k[H] is direct summand of A. Since k[H] is a k-
subalgebra of A, generated by monomials, then, by Corollary 3.6, k[H]|
is Cohen-Macaulay in the sense of each part of Definition 3.2.

Remark 4.5. In view of [13], the ring k[H] of Example 4.4 appears
in the following way. Let G = GL(1,k)® and v = (71,...,7s) € G. The
assignments X; — fyfl’j A X define an action of G on A. For any
monomial A = X' .- X2 and, for each v = (y1,...,7s) € G, v sends
A to (HKKS('yfi’laﬁm—kki’"a”)))\. It is well known that the ring of
invariants is spanned over k by all monomials xyt - xn where t <n
and the equations

Z kiijjZO, 1§’L§S7

1<j<n

are solved by (a1,...,a,). This means that A% = k[H].
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