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ABSTRACT. Let (R, m) be an analytically unramified local
ring of dimension d > 1, and let I, J be m-primary ideals. Let

€(;,5)(I, J) be the coefficient of (—=1)d=(i+3) (Hzfl) (y+§71)
of the normal Hilbert polynomial of I and J. In this paper

we prove that e(; ;y(I, J) are nonnegative for i +j > d — 3 in
Cohen-Macaulay local rings. We also prove that, if i +j =
d—1, then €(; j (I, J) are nonnegative in unmixed local rings.

1. Introduction. Let R be a commutative ring and I an ideal of
R. We say that € R is integral over [ if x satisfies

2"+ ax" o an, =0

for some a; € I',i =1,2,... ,n. The set I of elements that are integral
over [ is an ideal, called the integral closure of I. A Noetherian local
ring (R,m) is called analytically unramified if its m-adic completion
is reduced. For an m-primary ideal I in an analytically unramified
local ring R of dimension d, there exist uniquely determined integers
eo(I),...,eq(I) such that, for large n,

AR/TT) = (1) (” jz_ d) —a() (” ;f; 1) bt (2 1) (D),

where A denotes length [10, Theorem 1.4] and [11, Theorem 1.1].
Bhattacharya [1, Theorem 8] showed that, for m-primary ideals I and
J in a Noetherian local ring (R, m) of dimension d, there exist integers
e(i,j) (I, J) such that, for large r, s,

MR/ = > (1) e 5y (1,) (T i 1) (S - 1).

2
i+j<d J
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Rees [13] proved that there exists a polynomial Py j(z,y) € Q[z,y]
of total degree d such that Py j(r,s) = Hy j(r,s) := A(R/I"J®) for
r,$ > 0 in an analytically unramified local ring.

We write

Pry(z,y) = Z (—1)2=+De, (1, ) (33 + Z - 1) (y +]: - 1)

7
iti<d J

for some integers € j)(I,J). The coefficients e(; ;)(1,J) such that
i+ j = d are called mized multiplicities of I and J.

In Section 2, we prove that €; ;)(I,J) = e (I, J) for i +j = d,
and hence these coefficients are positive [5, Corollary 17.4.7]. Marley
proved that &;([),e2(I) are nonnegative if R is Cohen-Macaulay [7,
Lemma 3.19 and Proposition 3.23]. Itoh proved nonnegativity of €s(I)
in Cohen-Macaulay local rings [6, Theorem 3]. D’Cruz and Guerrieri
proved that e(; ;)(/,J) are nonnegative for i +j > d — 2 in Cohen-
Macaulay local rings [2, Theorem 4.2].

In Section 3, we prove nonnegativity of €(; ;(,J) for i +j > d—3 in
Cohen-Macaulay local rings. Vasconcelos [14] conjectured that e;(I)
is nonnegative in any analytically unramified local ring of positive
dimension. Goto, Hong and Mandal in [3] proved nonnegativity of € (I)
in an analytically unramified unmixed local ring of positive dimension d.

In Section 4, we prove that (; ;)(/, J) are nonnegative for i+j = d—1
in analytically unramified unmixed local rings.

In the rest of the paper we use the following notation for various Rees
algebras and associated graded rings.

Rees ring of I and J = R(I,.J) = €P I"J°tit3,

r,s>0

Extended Rees ring of I and J = R/(I, J) @ 1" J°tt5,
r,sCZ

Rees ring of Z = {T7J°} = R(I,J) = @) T"J°t7t3,
r,s>0

Extended Rees ring of 7 = {T".°} = R/(I,.J) = @ T"T°tits.
r,s€Z
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Associated graded rings of

IT S
I, J with respect to I as R(I,J | I) = @ IT%JJS’
r,s>0

T’JG
I, with respect to J as R(I,J | J) = €D =77
r,s>0

o IrJs
T = {T"J*} with respect to I as R(I,J | I) = @5 ,

T = {I"Js} with respect to J as R(I,J | J) = @ AT

r s+1.
7,520 IrJ

2. Preliminary results. Rees [13] sketched a proof for the
existence of integers €; j)(I,.J) such that for r,s > 0,

NR/TT) = 37 (~1)8 g, (1, J)( Tk 1) (”?‘1).

Z
iti<d J

For the sake of completeness we give a complete proof in this section.
We prove that e ;(I,J) = eq ;) ([, J) for i +j = d, and hence
these are positive. If (R, m) is a complete normal domain or complete
reduced Cohen-Macaulay local ring of dimension d > 2, we prove
that quotients of a general extension of R by general elements are
analytically unramified.

For a numerical function f : Z%2 — Z let A, f, Ao, f : Z> — Z be
defined as

Ae, f(rys) = f(r,s)— f(r—1,s) and Ae, f(r,s) := f(r,s)— f(r,s—1).

Lemma 2.1. Let f : N2 — N be a function such that there
exist polynomials p(z,y),q(z,y) € Q[z,y] of total degree d such that
Ae, f(rys) = p(r,s) and Ae, f(r,s) = q(r,s) for r,s > 0. Then there
exists a polynomial F(x,y) € Q[z,y] of total degree d + 1 such that
f(r,s)=F(r,s) forr,s> 0.
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Proof. We write

r+i—1\(y+7—-1

i+7<d

c+i—1\y+j5—-1

q(x,y)=Zq(i,j>< . )( , >
i+5<d J

Let Ae, f(r,s) = p(r,s) and Ae, f(r,s) = q(r,s) for v > 19,8 > so.
Define _ _—
T\ (y+J—
P(x,y):'z p(i,j)<i+1)< j )
i+ji<d

Since P(z,y) — P(z — 1,y) = p(x,y), for r > rg, s > so, we have

f(T‘,S) :f(’r‘o—l,s)—l—Zp(k,s):f(’/’o—1,8)—P(T‘0—1,S)—|—P(T‘,S).

k‘:’ro

Thus, f(ro,s) = f(ro —1,8) — P(rg — 1,s) + P(rg,s). Since Ae, f =
q(r,s) for r > rg, s > sg, there exists a polynomial Q(z) € Q[z] such
that, for s > sq,

Aezf(’f‘o - 158) = f(rO - 178) - f(lro - 158 - 1) = Q(S)
Thus,

flro—1,8) = f(ro—1,s0 — 1) + ZQ(’C)

]C:So

Hence, for » > rg and s > sq,

flrys)=f(ro—1,80 —1) = P(ro — 1,s) + ZQ )+ P(r,s). m]

k}So

A proof of the next theorem is sketched in [13]. We provide a detailed
proof.

Theorem 2.2. Let (R,m) be an analytically unramified local ring
of dimension d. Let I and J be m-primary ideals. Then there exists a
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polynomial Py j(x,y) € Qlz,y] of total degree d such that N(R/I"J*) =
Py y(r,s) for r,s > 0.

Proof. Since there exists an h > 0 such that I"J$ C Ir=h gs=h for all
7,8, by [10, Theorem 1.4], R'(I,J) C R'(I, J)thth. Thus, R'(I,J) is a
finite graded R'(I, J)-module. Let R/(I,.J) be generated by elements
of the form b, ,t7t3, where b, ) € I"J5 and r,s < N. Then R(I,J)
is generated by homogeneous elements of degree (r, s), where r,s < N,
and hence R(I,J) is a finite R(I,J)-module. Let a be the ideal of
R(I,J) consisting of all polynomials Zns C(r,s)t1ts With ¢ (. ) € I7TLTS,
and let b be the ideal consisting of all polynomials Zns C(rs)t1t3 With
Crsy € I7J*+1. Then R(I,J)/a is a finite R(I,J | I)-module and
R(I,J)/b is a finite R(I,J | J)-module. Now, by [4, Theorem 4.1],
there exist polynomials p(z,y),q(z,y) € Q[z,y] of total degree d — 1
such that A\(I"J5/I™+1Js) = p(r,s) and A\(I7J$/I"Jst1) = q(r, s) for
r,s > 0. Since

— IT*le o ITJ871
AelH]’J('I’, S) = )\(IT:JS) and AezHI’J(’I",S) = )\(IT:JS>,
by Lemma 2.1, the result follows. ]

In order to prove e j)(I,J) = e (I, J) for i,5 € {0,1,...,d} so
that i + j = d, we need the following lemma.

Lemma 2.3. Let
—(i+j r+i—1\[y+j—-1
play) = > (=17 (”)p@,j)( ; )( : >
i+j<d J
and
(iti c+i—1\y+j5—1
e 5 ot () (14371
i+j<d )

be polynomials of total degree d in Qlz,y]. If there exist integers g,h
such that

(24) p(T—g,s—g)Sq(r,S) Sp(T—h,S—h) fOT’I",S>> Oa
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then pa ;) = q,y) for alli,j € {0,1,... ,d} such that i+ j = d.
Proof. By equation (2.4), we get
.1 .1
lim —p(r —g,5s —g) < lim —q(r,s)

r—oo 1 r—oo 7d

1
< lim —p(r —h,s —h).

~ r—oo Td

Hence, p,0) = qa,0)- By symmetry, po.a)y = q,q)- Therefore, for
r, s > 0, we get

p(r—g,8—9) — paoyr® < a(r,s) — quaor?
< p(r—h,s —h) = pa,or’.

d—1

By taking r = n? and s = n?!, we get

2

. 1 _
lim —[P("d - gand t— g) —P(d,o)nd ]

n—oo nd?—1
1 2

. d _d—1 d
SRILH;QW[Q(TL ;) = qra,on” |

. 1 _ 2
< nh—{Ic}o W[p(nd - h, ’I’Ld - h) — p(dmnd ]
Hence, pg—1,1) = qa—1,1)- Continuing, we get p(; ;) = qq ;) for all
i,7 €4{0,1,...,d} such that i + j = d. o

Theorem 2.5. Let (R,m) be an analytically unramified local ring
of dimension d. Let I and J be m-primary ideals in R. Then, for
i,7€4{0,1,...,d} such that i+ j =d,

e, J) =equ (L, J).

Proof. There exists an n > 0 such that I"J* C ["Js C """ J*™" for
r,s > n, [10, Theorem 1.4]. Therefore,

ANR/IT"J5~™) < NR/TTT?) < MR/I7J?).

Thus, by Lemma 2.3, €(; ;) (1, J) = e(; ;) (I, J) for i + j = d. O
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Lemma 2.6. Let (R,m) be an analytically unramified local ring of
dimension d. Then

0,001, J) =ea(1J).

Proof. We have

MR/TT) = 3 (—1)4=0+z, (1,7 ( +i- 1) ( +i - 1)

1
itj<d J

for r,s > 0. Taking r = s =n >0,

MR = 3 (-1 097, (1,) (”+ i 1) (n ks 1).

1
itj<d J

Therefore, eq4 (IJ) = €(0,0) (I, J) O

We shall prove a few preliminary results about the behavior of normal
Hilbert functions under general extension of local rings. These will be
used to apply induction on the dimension of R. To study e ;) (I, /),
one can use superficial elements and use induction on d. But, in general,
I+(z)/(z) # I+ (x)/(x) in R/(z). To overcome this, one uses general
elements. Let I = (aq,...,a,) and J = (b1,...,b,). Let T = R[X,Y],
where X denotes the sequence of indeterminates {X1,...,X,} and Y
denotes the sequence of indeterminates {Y1,...,Y,}. Let q = mT,
R’ = Ty. First we prove that the normal Hilbert function of I,J in R
and the normal Hilbert function of IR’, JR' in R’ are equal.

Proposition 2.7. Under the notation as above, dim R’ = dim R
and, for all integers r,s > 0,

FLJ(T‘, 8) = FIR’,JR’(”', 5)

Proof. Let a = (z1,...,x4) be a system of parameters in R. As R’
is a flat extension of R and mR’ is the maximal ideal of R, we have

Ar/(R'JaR') = Ar(R/a) < oo.
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Hence, dim R’ < d. Let g9 C 91 € - € 94 = m be a maximal chain
of prime ideals in R. Then

poR C iR G- C iR =mR'.

Hence, dim R’ > d. Thus, dimR = dim R’. To prove the second
assertion first we show that, for any ideal a in R, a7 = a7. It is
enough to prove it for T = R[z]. Clearly, a7 C aT. Let o € aT. Since
aT is a homogeneous ideal in T, aT is a homogeneous ideal in T by
[7, Lemma A.1.5]. Let a = az", where a € R. Then « satisfies an
equation

Q™+ ey, =0,

where 7; € a'T for i = 1,... ,m. Comparing the coefficient of 2™, we
get an equation of the form

am+s1am 4 sy, =0,

where s; € a’. Therefore, @ € @ and « € aT. Hence, aT = aT .
Therefore, I"J*R' = I" J5R' for all integers r, s > 0. Hence,

Ar(R/TTT?) = Ap/ (R JTTT°R)

for all r,s. Thus, Hy j(r,s) = Hrr yr (1, s) for all integers r,s > 0. O

Let o = a1 X1+ -+apXpand y = b1 Y1+ - -+b,Y,. Let D' = R' /xR’
and E' = R'/yR'. Next, we prove that, if (R,m) is a complete
analytically unramified Cohen-Macaulay local ring of dimension d > 2,
then D’ E’ are analytically unramified. We also prove D'/ E’ are
analytically unramified if (R,m) is a complete normal local domain
of dimension d > 2. In order to prove this we recall some definitions
and results about Nagata rings. Let R be an integral domain with
quotient field K. We say that R is N-2 if, for any finite field extension
L of K, the integral closure of R in L is a finite R-module. We say a
ring R is a Nagata ring if it is Noetherian and R/P is N-2 for every
P € Spec R.

Proposition 2.8. (1) [8, Theorem 69]. A Noetherian complete local
ring is a Nagata ring.
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(2) [8, Theorem 72]. An affine algebra over a Nagata ring is Nagata.

(3) [8, Theorem 70]. A Noetherian semi-local Nagata domain is
analytically unramified.

(4) [5, Proposition 9.1.3]. Let (R, m) be a reduced local ring. If R/P
is analytically unramified for each minimal prime P of R, then R is
analytically unramified.

Proposition 2.9. Let (R,m) be a local ring satisfying any one of
the following conditions:

(1) (R, m) is a complete Cohen-Macaulay analytically unramified local
ring of dimension d > 2,

(2) (R, m) is a complete normal local domain of dimension d > 2.
Then D' and E’ are analytically unramified.

Proof. Since R is complete, by Proposition 2.8 (1), R is a Nagata
ring. Since localization of a Nagata ring is Nagata, by Proposition
2.8 (2), D’ is a Nagata ring. Hence D’/P is a Nagata domain for every
minimal prime P of D’. In order to prove D’ is analytically unramified,
by Proposition 2.8 (3), (4), it is enough to prove D’ is reduced. We
show D = T'/zT is reduced.

(1) First we prove that x is a nonzerodivisor in R’. It is enough to
prove that z is a nonzerodivisor in T'. Let deg X; = (1,0) and degY; =
(0,1). Then T is an N2-graded ring. Since z is a bihomogeneous
element of T, Ann z is a bihomogeneous ideal. Suppose bX*Y?z = 0,
where o = (a1,...,qp), 8 = (B1,...,8,) and X = X' ... X7,
Y? =Y/ ../, Then ba; = 0 for all i. Hence, bI = 0. Since R is
analytically unramified and I is m-primary, grade (I, R) = depth R. As
R is reduced and dim R > 2, depth R > 1. Hence, b = 0.

Since T is Cohen-Macaulay, (z) is an unmixed ideal. Hence,
height P = 1 for all P € AsspD. Let P = PN R. Since T is a
flat extension of R, by the going-down theorem, height 7 < 1. Hence,
I ¢ P. Without loss of generality, we may assume that a, ¢ P. Then

Tr . RplXi,....X,Y]

aTr (X0 (aiXi/ap) + Xp)
~ Rp[X1,..., Xy 1,Y].
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Since R is analytically unramified and complete, R is reduced. Thus,
Dp is reduced. Hence, Dp is reduced.

Let (0) = g1 N---Ngs be a minimal primary decomposition of (0) in
D and P; = /q;. Since Dp, is reduced, Ass Dp, = {P;Dp,} for every
1 <i<s. Hence, ¢; = P, as ¢;Dp, = P,Dp,. Therefore,

0)=PN---NP,

and hence D is reduced. A similar argument shows that E’ is analyti-
cally unramified.

(2) In order to prove D is reduced we show that Dp = Tp/xTp is
an integral domain for all P € AssyD. Let P = PN R. Since T is a
normal domain, x7" is an unmixed ideal. Thus, height P = 1. Hence,
height P < 1. Therefore, I ¢ P. Without loss of generality, we may
assume that a, ¢ P. Then

Tp Rp[Xi,..., X, Y]
«Tp (Z?gf(aiXi/ap) +Xp)
~ Rp[Xiy,..., Xp-1,Y].

Since R is a domain, Dp is a domain. Thus, Dp is a domain. A similar
argument shows that E’ is analytically unramified. O

3. The nonnegativity of €(; ;)(/,J) for i +j > d — 3 in Cohen-
Macaulay local rings. Throughout this section, let (R,m) be an
analytically unramified Cohen-Macaulay local ring of dimension d.
Marley [7, Lemma 3.19, Proposition 3.23] proved that €;(I) and ex(7) >
0. Itoh [6, Theorem 3 (1)] proved that €3(I) > 0. In this section, we
prove that €; ;(I,JJ) > 0 for i +j > d — 3. Itoh [6] used general
elements in order to prove nonnegativity of normal Hilbert coefficients.
More precisely,

Theorem 3.1 [6, Theorem 1]. Let (R, m) be an analytically unram-
ified Cohen-Macaulay local ring of dimension d > 2, and let I be a
parameter ideal in R. Let T = (T1,...,Tq) be d indeterminates and
R(T) = R[T)wr). There exist generators x1,... ,xq of I such that, if
we put C = R(T)/(>.; #:T;) and J = IC, then J™ = I"C for large n.
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We prove an analogous result in the bigraded case using techniques
in [3, 6].

Theorem 3.2. Let (R,m) be either a complete Cohen-Macaulay
analytically unramified local ring or a normal complete local domain
of dimension d > 2. Let I and J be m—primary ideals of R. Then
I"JsD' =17JsD’ and I"JSE' = I"JSE’ for r,s > 0.

Proof. Let D = T/xT, A = R(IT,JT), A = RUIT,JT), T =
R(ID,JD) and T = R(ID,JD). The natural map T'[t1,t2] — Dl[t1,t2]
induces an A-linear map ¢ : A/zt1 A — T. Put N = (IJTt1t2)A. We
prove that, for all P € Spec A\ V(N), ¢p is an isomorphism. Let
P € Spec A\ V(N). Then ITt; ¢ P. Without loss of generality, we
may assume that aptqy ¢ P. We have the isomorphisms:

[vz/mtlz]aptl ~ R(I’ J)aptl [Xv Y]
((1/apt1) (a1 Xats + -+ + ap Xpt1))

=R, )ayes [X1s- -5 Xpo1, Y],

Dltr. to]us, = Tlty,t)aye, ., Rltr tolayr X, Y]
1, 02]apty xT[tl,tQ]aph (Ef;ll (aiXi/ap) + Xp)

R[tlatQ]aPtl [le s 7Xp71aY]~

1%

The above isomorphisms give us the commutative diagram:

_ — ¢‘1pf1 _
[A/xt1Alayty Tapty Dlt1, t2]apty
JN JN
R, Napty [X15 -+ Xp_1,Y] R[t1,tolapty [X1, .. Xp_1,Y].

Hence, ¢q,:, is injective. As R(I,J) is integrally closed in Rl[t1,ts],
R, J)ayt, [ X1, .., Xp-1, Y] is integrally closed in R[t1,t2]a,¢, [X1, ...,
Xp—1,Y]. Hence, [A/xt1Ala,s, is integrally closed in D[t1,t2]a,t, . But
Ta,t, C image @q, 1, C Ta,e, implies that [A/zt1 Al ¢, = image @a,i, C
Taptl is an integral extension. Thus, image ¢q,:, = Taptl. Therefore,
¢p is an isomorphism.
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Therefore, supp (cokerdy) € V(NAy). Since D’ is analytically
unramified, 74 = R(ID’,JD') is a finite Ty = R(ID’, JD’)-module.
Thus, T4 is a finite [A/zt;A]g-module. Since [A/xt1 4], is a finite
Ag-module, T is a finite Aq-module, and hence coker ¢4 is a finite
Ag-module. Thus, (NAq)*(coker ¢q) = 0 for some k. Let coker ¢4 be
generated by ui,...,uy, where degu; = (ry,s;) and r;,s; < ng, say.
Then [coker ¢q] () = 0 for 7,5 > ng + k. But

ImJs D T D
IR + (z)/(x) T'J°D'

[coker ¢q](r.s) =

Therefore, for large r, s, we have I" JsD’ = I" JJsD’. A similar argument
gives I"JSE' = I"JSE' for large r, s. m

Now we relate ﬁIR’,JR’ and ﬁID’,JD’-

Rees [12, Lemma 2.4] proved that the general elements x and y
satisfy:

(zRYNITJ*R = 2I" ' J*R’ for all 7 > 0 and s > 0,
(yRYNI"J*R = yI"J* 'R for all 7+ > 0 and s >> 0.

The same proof shows the following.

Theorem 3.3. Let (R,m) be a Noetherian local ring. Then

T NI"JsR = xI"™1Js orallr >0 and s > 0,
RYNITJsR I"=1JsR! fi ll 0 and 0
(YRHYNTTJsR =yl Js—1R' for allv >0 and s > 0.

Proposition 3.4. Let (R, m) be an analytically unramified local ring.
Then, for all integers r, s,

Pipyp(r,s) = Ne, Prrs yr (1, 8)
and

ﬁ]E/7JE/ (7’, 5) = AezﬁIR’,JR’ (7“, 5)
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Proof. Since x is a nonzerodivisor for large 7, s, we have

AN(D' [TTTsD") = N(D' [T T°D')

= \NR'/T"J*R + zR')
= \R'/T'TSR) = NI"J°R' + zR' /T J°R)
= \NR'/T'T°R) = \zR' /xR N T J°R’)
= MNR'/T"J5R') — NzR'JzI"~1J*R’)
=MNR'/T"TR) — N(R'/I"-1J*R").

Therefore, for all integers r, s, Prp/ jp/(r,8) = Aey Prrr yr/(r,8). By a
similar argument, one can show Prg/ jp/(r,8) = Aey Prr/ gr/(r,8). O

Theorem 3.5. Let (R,m) be an analytically unramified Cohen-
Macaulay local ring of dimension d > 1. Let I and J be m-primary
ideals. Then

(D ewnU,J) =0 fori+j=d—-1ifd>1.

(3) e nU,J) >0 fori+j=d—-3ifd>3.

Proof. (1) Let R be the m—adic completion of R. Since IR = IR
for every m-primary ideal in R, €; ;)(1,J) = €(; ;) (Iﬁ, JIA%) Hence, we
may assume that R is complete.

Induct on d. For d = 1, €qg = e(lJ) > 0 by [7 Lemma
3.19]. Let d > 2. Let I = (a1,...,ap) and J = (b ,bg). Let
T = R[X,Y], where X denotes the sequence {Xl,... p} and Y
denotes the sequence {Yi,...,Y;}. Let q = mT, R' = Ty. Let
z=a X1+ - +aXpand y = b1 +--- +b,Y,. Let D' = R'/JaR’
and E' = R'/yR’. Then by Propositions 2.9 and 3.4, D’ is a Cohen-
Macaulay analytically unramified local ring and

é(l]) (I, J) = é(l]) (IR/, JR/) = E(i—l,j) (I.D/, JDI)
Therefore, by induction, &g jy (I, J) > 0 for i # 0. Similarly, for j # 0,
E(i,j) (I, J) = E(i’j,l)(IE/, JE/) > 0.

Thus, € j)(I,J) >0 fori+j=d—1.
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(2) Let d = 2. Then € y(I,J) = e2(1.J) > 0 by [7, Proposition 3.23].
Let d > 2. Then a similar argument as above shows that &¢; ;) (1, J) > 0
fori+j=d-2.

(3) Let d = 3. Then €(,0)(I,J) =e3(/J) > 0 by [6, Theorem 3 (1)].
Hence, the result follows by induction as above. ]

4. The nonnegativity of €, ; (/,J) for i +j = d -1 in
unmixed local rings. In this section, we prove that e ;(1,J) > 0
for ¢ +j = d — 1 in analytically unramified unmixed local rings of
posmve dimension. Recall that a local ring (R, m) is called unmized if
dim R/P = dimR for all P € AssR. We say R is equidimensional if
dim R/P = dim R for every minimal prime P of R. In order to prove

D', E’ are unmixed we recall the following result.

Lemma 4.1 [9, Corollary of Theorem 31.5]. Let (R, m) be a quotient
of a regular local ring. If R is equidimensional, then so is R.

Proposition 4.2. Let D', E’ be as before. Let (R,m) be complete
normal local domain of dimension d > 2. Then D' and E' are unmized.

Proof. Since R is complete, by the Cohen structure theorem R is
a quotient of a regular local ring and so is D’. By [8, Proposition
17.B] R’ is a normal domain. Hence, by [8, Theorem 38], zR’ is
unmixed. Thus, height P = 1 for all P € Assg D’. Since R’ is
catenary, dimR'/P = d — 1. Thus, dimD’/P = dim D’ for all
P € Assp/D'. Therefore, D' is equidimensional. By Lemma 4.1, D' is
equidimensional. By Proposition 2.9, all associated primes of D’ are
minimal. Therefore, D’ is unmixed. Similarly, £’ is unmixed. O

Next we prove that €g; jy(I,J) > 0 for i +j = d — 1 in analytically
unramified unmixed local rings.

Theorem 4.3. Let (R,m) be an analytically unramified unmized
local Ting of dimension d > 0. Let I and J be m-primary ideals in R.
Then, fori+j=d—1,

E(i,j)(Ia J) >0
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Proof. Apply induction on d. Let d = 1. Then R is a Cohen-Macaulay
local ring. Since € 0y(I,J) = €1(IJ), by [7, Lemma 3.19], the result

follows. Let d > 2. Since IR = IR for every m-primary ideal in R,
€U, J) =24 (IR, JR). Hence, we may assume that R is complete.

Let S be the integral closure of R in its total quotient ring and, for
each p € Ass R, let S(p) be the integral closure of R/ in its quotient

field. Then
IT s
©pEAss R

Since I"J$S N R = I"J* for all r,s > 0, the natural map
N(r,s) * R/ITJS — S/ITJSS

is injective. Note that S is a finite R-module by [5, Corollary 4.6.2].
Therefore,

Ar(R/TTT®) < Ap(S/TTT°8 )
= 3 Mal(S(p)/TT5()

©pEAss R

= 3 Ast) (S(0)/T TS (0)Ar(S(p) /ms e,

©wEAss R

where mg(.,) denotes the maximal ideal of local ring S(p). For any
finite R-module M, there exist integers e(; ;)(1, J; M) such that

ANM/I7J*M)
_ Z (—1)dm M= (], M)( r+i— 1) <5 —|—j' - 1)
i+j<dim M ‘ J

for r,s > 0 [5, Theorem 17.4.2]. Since R is unmixed dim S(p) = d for
all p € Ass R. Therefore, for i + j = d,

ey T:8) = > Ar(S(p)/ms(p))eq (IS(p), JS(p))
©EAss R

37 Ar(S(9)/ms(p))eq (IS(9), JS(p)).

pEAss R
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But, by the associativity formula [5, Theorem 17.4.8] for i + j = d,

eqi (I ZA ey (IR/0, JR/p) =Y eqj(IR/o, JR/p),

©

where @ varies over minimal primes of R. Similarly,

eI, J;S) = Z)\ ey IR/ 9, JR/p) =Y e y(IR/o, JR/p),
©

where @ varies over minimal primes of R. Hence, e ;(I,J) =
e, (I, J;S) for i 4 j = d. Hence, for i + j = d, by Theorem 2.5,

eapy (L) =eupnI D)= D Aa(S(p)/ms(p))eu.)IS(0), JS(9)).

pEAss R

Thus,
0 < Ar(S/TTT°S) — Ap(R/TT7)
= 5 et - X AwlS0)/moen (15(6). I5(0)

i+j=d—1 ©EAss R
<r+i—1) (5—|—j—1)
X . .
? J
+ terms of lower degree.
Let C(, 5y = Ar(cokern, 5)). Then
A91 (C(r +1, 8)) = C(r—i—l,s) - C(r,s)

ImJjss IrJs
“n(rs) - ()

Note that the natural map

IGE JEER
—
Ir+1 Js IT+IJSS

T(T’S) :
is injective. Let L, s = coker7(, ), L = ®r,820 L(y.s). Then

0—RU,J|I) — R(IS,JS|1S) — L — 0,
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is an exact sequence of bigraded R(I,J | I)-modules. Since S is a
finite R-module, for every ideal K of S[X,Y], S[X,Y]/K is a finite
R[X,Y]/KNR[X,Y]-module. Since R(IS,JS) = S[X,Y]/K for some
ideal K of S[X,Y] and R(I,J) = R[X,Y]/K’ for some ideal K’ of
R[X.Y] and K’ C KNR[X,Y], R(IS,JS) is a finite R({, J)-module.
Since R/gp is a complete local domain, by [5, Theorem 4.3.4], S(p)
is a complete local domain for all p € Ass R. Hence, there exists an
integer h > 0 such that I"JsS C I"=" =S for all r,s. Therefore
R(IS,JS) is a finite R(I1S, JS)-module. Hence, R(IS,.JS) is a finite
R(I,J)-module. Let b = €P, oI t1J5S. Then R(IS,JS|IS) =
R(IS,JS)/b is finite R(I,J)/b N R(I,J)-module. Since I"*1J* C
Irt1JsS NI Js, R(IS,JS | IS) is a finite R(I,J | I)-module. Thus,
L is a finitely generated bigraded module over the standard bigraded
algebra R(I,J | I). Therefore, by [4, Theorem 4.1], the coefficients of
highest degree monomials in the polynomial associated with A(L,,s)) =
Ae, (C(r +1,s)) are nonnegative. Similarly, the coefficients of highest
degree monomials in the polynomial associated with A, (C(r + 1, s))
are nonnegative. Therefore, for i +j =d — 1,

(L) = > Ar(S(9)/me)e. ) (IS(p), TS(p)).

pEAss R

Hence, we may assume that R is a complete normal local domain.
Therefore, by Proposition 2.9 and Lemma 4.2, D’ is analytically
unramified and unmixed. By Theorem 3.2 and Proposition 3.4,
é(l]) (IR/, JR/) = E(i—l,j) (I.D/, JDI) Since E(l7j) (I, J) = E(l7j) (IRI, JRI),
by induction, for i #0 and i + j =d — 1,

€(i,j) (I,J) > 0.

Now, let E' = R'/yR’. Then € 4-1)(I,J) = €0,a—2(IE',JE") > 0
by induction. ]
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