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1. Introduction

Let D be the set of points 1, 2, •••, n, where n  is even. Let 03
be a doubly transitive permutation group in which the stabilizer 031,2
of the points 1  and 2  is o f even order and its Sylow  2-subgroup Se
is cyclic. Let r  be the unique involution in ST =<K>. By a theorem
of W itt ( [13 Theorem 9. 4 ] )  the centralizer Co ( r )  o f  r  in  03 acts
doubly transitively on  th e  se t (2-) consisting of points in D  fixed
by r. We shall consider the case such that the image x ( r )  o f this
representation of C o (r )  contains a regular normal subgroup. In this
paper we shall prove the following result.

Theorem 1. Let be a doubly transitive group on ,Q= {1, •••,

n}, where n is even, not containing a regu lar normal subgroup.
Assume X(r) contains a regular normal subgroup and all Sylow
subgroups of Co ,,,(r) are cyclic. Then one of the following holds:

(a) n=q+1  and PSL(2,q)g_13gPFL(2,q),
(b) n=28 and 03 PFL(2, 8),
( c )  n=28 and 03 is  PSU(3,3 2 ).

This theorem is a  corollary o f  Theorem 2 ,  Lemma 2 0  and
Lemma 2 1 .  In the case n is odd we considered in  [ 8 ]  and [9 ].
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Notation
<• • -> : the subgroup generated by ... ,
ND(Y), CD(X): the normalizer and the centralizer o f a  subset in

a group V, respectively,
Z ( V ) :  the center of V,
0 ( V ) :  the largest normal subgroup of odd order,

I Y I : the order of D and an element Y  of D, respectively,
(1.1): the set of points of A  fixed by a subset 11 of a permutation

group on A.

a ( U ) :  the number of symbols in r's:(U).

2. Proof o f Theorem 1

Let IS  be a  doubly transitive group on 2 not containing a
regular normal subgroup in which the stabilizer ( 1,2 of the points
1  and 2  has a cyclic Sylow 2-subgroup ST = < K > (# 1 ). Set 1.K1 =2'
and z-- K 2 1 1 . L e t /  be an involution with the cycle structure
(1 , 2 )••• . Then /  is contained in  Noy ( 6 1,2). In  particular we may
assume /  is contained in No ( n ) .  Let us denote O ( i 1 2)  by •î.) and
[Q31 ,2 : C 65,,2( r ) ]  by r.

Let 7 fix i(> -2 ) points of 2 , say 1, 2, •••, i. Let Y be a subgroup
o f 0 1 , 2  satisfying the condition of Witt. Then No3 (3E) act doubly
transitively on , (3E) by a theorem of W itt. Let x1 (Y ) and x(X) be
the kernel of this permutation representation and its image, respec-
tively. T h e n  x ( r )  is doubly transitive on (r). In this paper we
assume x (r) has a  regular normal subgroup. Since n  is even, i
equals a power of two, say 2 " .  Let go be the set of elements in

inverted by I. Let d  be the number o f elements in inverted
by /  and for an element X  o f seo, let d ( IX )  be the number of
elements in  ‘ )  inverted by / X .  In  [ 8 ]  we proved the following
three lemmas.

Lemma 1. n=i(0 (i - 1) +2-)/r, where 0=d—  g*(2 )/ (n -1 ) and
g * (2 )  is the number of  inv olutions in 63 which fix no point o f  D
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and r= [1,2:

L em m a 2 . d = E d ( I X )  an d  d ( I X )  is odd. I f  iseo>2,
then 3  is even.

XESTo

L em m a 3 . 13  has one or two classes of involutions and every
involution is conjugate to I or Ir.

R em ark  1 . If has a regular normal subgroup then is
elementary abelian and there exists an involution J  in contained
in C(Oti1,2). We may assume 1 =1 , T h u s  = r  and n =i 2 since
has two classes of involutions.

L em m a  4 . (C. Hering [51). I f  i = 2, then  PSL(2, q) g63
PFL (2 ,q) and n =q +1 .

By this lemma we may assume i> 4 .  Let us denote
by H i .

Lemma 5. Noy(St i ) = CN(STI ).

P ro o f. By the Frattini argument x(n i ) = x(7). Since it contains
a regular normal subgroup and N (S 1 )/C(S 1 )  is 2-group and i>4,
N ( % )  must equal Co(St i ).

Let 9Z b e  a normal subgroup o f C( ) (7) containing xi (7 ) such
th at 91/xi(r) i s  a regular normal subgroup o f x (7 ). Let b e  a
Sylow 2-subgroup o f 9"t co n ta in in g  S . B y  the Frattini argument it
may be assumed that  is  n o rm a liz e d  b y  S t  and it normalizes Sti.
T h u s  /Sti  is elementary abelian.

L em m a 6 . We may assume that I is contained in  91.

P ro o f. If s.11 contains an involution J not contained in  Xi (r)  ,

then we may take J instead of I. Assume 7  is the unique involution
in I f  St=ft i , then 91 contains a Sylow 2-subgroup o f Co(7) and
hence it contains I. S ince rn i _=-_-- - 97/2c,(7) is elementary abelian and
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is a quaternion group, 1=4. Thus R/St i is  a Sylow 2-subgroup
of symmetric group of degree four. Since 1K1 = (1, 2)(3, 4), IK , is
contained in the four group e / g i.  Therefore I  is contained in
This is a contradiction.

By Lemma 6 we may assume that 2 contains I. By the Frattini
argument No() F1 No3(.%) acts doubly transitively on a( ,-) and the
image of this representation equals x ( 7 ) .  Thus every element not
contained in n i  of can be represented in the form J K' , where J
is an involution and K ' is an element of ST,.

Lemma 7. If i>4  and St-?-<r>, then

Pro o f . Assume St = S . Let S  be an element of order 2' in e.
Since S 2 is contained in S 2 ' equals 7. Thus N 2 I - 1 = z- for every
element N  o f order 2' in  VZ. Assume that I  is conjugate to T .

Since Co (r) and C ( I )  are conjugate and K  is contained in Co (I )
by Lemma 5, .1f 2  m u st be equal to I. This is a contradiction.

Lemma 8. go= <r> .

Pro o f . Assume n o  <z-> and <K, I> is dihedral or semi-dihedral.
By Lemma 5 St, = <z->. Since I  is an element of W, so is I " .  Thus
H" is an element of a n d  If 2 = z-. Therefore <K, I> is dihedral of
order 8. By Lemma 23 is even and hence a  Sylow 2-subgroup of
C65 (7) is that o f 6 .  I f  a(St)>2, then Co (n) =N65(a ) since x(R)
contains a regular normal subgroup (cf. Lemma 5). Since <K, I>
is  non abelian, a(g) = 2  and by Remark 1 i= a(K) 2 = 4. Thus
<R, is of order 16 and its exponent equals 4. B y [2, Lemma 3]
6  contains a solvable normal subgroup. Hence 6  contains a regular
normal subgroup. This proves the lemma.

Lemma 9. If ft <r>, then 'n i l =4, and If ' =K r.

Pro o f . Assume I nil > 4  and I  is conjugate to 7. -.Re is
a Sylow 2-subgroup o f Co(z-). Let S  be an element of o f order
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21 - 1 . .3 2"  is contained in , where j= 1 S t i l .  S ince /.STI is elemen-

tary abelian, S' l  » -1  is contained in S .  S in c e  j>2 , S 2 '- i ' l is not

identity element. Thus S' i  2  is equal to 7 .  This proves that Tz z 2  = r

for every element T  of C )(7 ) o f order 21 - 1 . Since If' =K  or K r,

K 2 is contained in  GN( I ). (K 2 ) 2 " = r  must be equal to I. This

is a contradiction. Assume I  is contained in  Co ( K ) .  Similarly it

may be proved that T 2 1 1 = r for every element T  of C ( r )  of order
2'. Thus K 2 ' 1 = 7  must be equal to I  since C ( I )  is conjugate to
C o (r ). This proves the lemma.

Lemma 1 0 .  Let St, be as in Lemma 9 .  Then ISO =8.

Proof. Assume that Isel>8 and I  is conjugate to T. Let X
be an element o f St of order 8 . Let J  be an involution of Noi(<X>).
Then <X, J> must be abelian, for if it is not abelian, then <K 2 , I>
must be dihedral.

We shall prove that every element of the coset .X' is o f order
8. Let X JK ' be an element of X ,  where J is  an involution and
K ' is an element o f K 1 . I f  (X JK 9 2 =1, then X JX J is contained
in  SI, and hence J is contained in  N o (<X >). Thus XJ= X and
I XJ.K' 1 t  2, which is a contradiction. Assume (X JK ') 4 = 1 .  Then
(X JK ') 2 =X JX JK " is contained in 1 . I f  (X JK ') 2 = 7 ,  then X J is
contained in <X>, Xf = X and 1 X JK 'I=8 , which is a contradiction.
I f  (X JK ') 2 = r  or J'K " , where J '  is  an involution 7  of and
K "  is  an element of ,  then X' = X - 1 J 'K ' '  o r X - 7' K" K ' - 2 .
Hence X 2 = (X 0 2 = (X - 1 Jm ) 2 where r "  is  an involution ( # r )  of

and (X - 1 )''"  is contained in <X>. Thus X "=  X , X 2 = X - 2  and
X 4 = 1 .  This is a contradiction.

Let S be an element o f order 8  in  K ,  and let g  be the
image of S by the natural homomorphism of n  onto St / .  Since
the exponent of equals four, 3 * 1 .  I f  1 S 1 2 ,  th e n  X  must
contain an element o f order two or four. This is  a contradiction.
Thus S contained in X .  S ince /.Sli is elementary abelian, S 4 = r.
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Since is  a Sylow 2-subgroup of Coi (r), for every element Y of
order 8 in Co(r), 17 4 =z-. Since Coi ( r )  is conjugate to  C ( I )  and
X  is contained in Co (/ ),  X 4 = /, w hich  is a contradiction. This
proves the lemma.

Lemma 1 1 . L et Se, be as in  Lemma 9 .  T hen i=4  and 6  is
PSU(3, 32 ).

P ro o f .  Since x(z-) contains a regular normal subgroup, so does
x (R ) and i a ( K ) 2 . Since / is not contained in Cois(a ) ,  it may be
proved by the same way as in Lemma 5  that a (K )  must be equal
to  tw o . T hus i =  4 . Since n— i=i(i--1) 9/1 i s  divisible by 8, i 3  i s
even. Therefore i s  a Sylow 2-subgroup o f 0  o f order 32. If 6
has subgroup 0 ' of index 2, then it is doubly transitive on ,Q and
St, is a Sylow 2-subgroup o f IN ,z . If 0 ' does not contain a regular
normal subgroup, then by Lemma 7 the order of a Sylow 2-subgroup
Sti of 0-K2 must be greater than 8. Thus 0 ' h as a regular normal
subgroup and so does 0 .  Thus 0  has no subgroup of index 2. By
[1 ] 0  is  PSU(3, 32 )  since C ( r )  is  solvable.

Next we shall study the following two cases.

(A) .,=<r> and 0 has one class of involutions

(B) S i=<r> and 0 has two classes of involutions.

Since every element not contained in n i of can be represented in
the form J  or J r ,  where J  is  an involution in Cm(r), every element
( * 1 )  of is  of order two and hence is elementary abelian.

Lemma 1 2 . Ev ery  involution of is contained in

P ro o f .  Let K 2

1
- 2 S  be an involution in a coset K 2 ' 2 , where S

is  an involution of c .  T h e n  (K 2 ' 2 )s=K - 2 ' 2 . Thus S  is contained
in No3(<1f 2 ">) and <S, K 2 ' 2 > is dihedral. This contradicts Lemma 8.

Corollary 1 3 . Every  involution of Co (r)  is contained in W..
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P ro o f. Since Re is a Sylow 2-subgroup of CN (r ), this is trivial
by Lemma 12.

The case (A).

Corollary 14. Let (R e )*  be the focal subgroup o f .S1 . Then
(Re)*,ç RS i f  1St I >2.

P ro o f. By Lemma 12 an element X  of Re is of order I R I  if
and only if  <X, The lemma follows from this.

By Corollary 14 and [3, Theorem 7. 3. 1] 03 has normal subgroup
03' of index 2 ' 1 . Trivially (W is doubly transitive on S2 and satisfies

the conditions in the case (A).

Lemma 15. 6 is PTL(2, 8) and n=28.

P ro o f. A  Sylow 2-subgroup of 63' is elementary abelian. Since
Co ( r )  is  solvable and IS' has one class of involutions, b y  [11] 03'
contains a normal subgroup 03"=PSL(2, q )  o f  odd index, where
q>3, q-=--73, 5 (mod 8 ) or q = 2 r. Since C , ((M") is  normal in 03',
if it is not identity, it is transitive and hence it is o f  even order.
Since 03" is a normal subgroup 03' of odd index, a Sylow 2-subgroup
of Coy ((M") is contained in 03". Thus Z((M") *1, which is a contra-
diction. W e  have PS L (2, q).g(W  _ÇQFL (2, q). B y  [1 0 ] 6 ' is
PrL (2, 8) and hence 03= 'N .  The proof is completed.

The case (B ) .  Assume a ( I )  =O.

Lemma 16. Every involution in which is conjugate to r  is
already conjugate to T  in  N f o().

P ro o f. Let z - '  be  an involution of e which is conjugate to r.

Set zi = z-G  for an element G of 03. Then r = r " 1 is contained in e
and ea 1. By Corollary 13 is contained in W. By the Sylow's
theorem there exists an element H o f 0 (z1 (z-)) such that SI f =ec
Thus H G  is an element o f  N m (e ). Set H G — G '. rc = 1-G'.
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This proves the lemma.

Corollary 17. I NIAM  I = i 2 (i —  1)1 Arizm nC O 51 ,2 (r)

Pro o f . This follows form the Frattini argument and Lemma 16
since th e  number of involutions in  which a r e  conjugate to r
equals i.

Lemma 18. is norm al in  97. if  an d  only i f  g * ( 2 ) =n - 1 .

Pro o f . Since is normal in  97, 91=0(W) x Since 1/ i (r)
is a regular normal subgroup of x(7), for every element G  of C ,(7),
/°=-- /(mod xi  (7 )). Thus / G = I  o r  Jr. I f  /G= /z-, then (1r) G = I  and
1G1 must be even. Therefore P = land Cs-) (/z-) contains C(z-). Thus
0= C W 7 )] _< [: C (7 )] = - T .  O n the other hand n = i ( K i - 1 )
+T ) /r is divisible by i 2 by Corollary 17. Therefore [3 = r, n =i 2 and
Cs-(7) =Cs)(/z-) = z - > ) .  By the Braur-Wielandt's theorem [12]

1, 11C(</; r>)1 2 =1C(7)11CW )11CW 7 -)1.

T h u s  = C ( I )  and g* (2) = [ :C ( I ) ] ( n - 1 ) = - 1 .

Next if  g* (2) = n - 1 ,  then O (J) is contained in  C o (/ ).  Since
Ar ( )nc o (,) acts doubly transitively on ,:s (z.), is contained in
C a 5 (0 ( ) ) .  Thus is normal in W . This completes the proof.

Lemma 1 9 .  L et 72 be an involution which is not contained in
2 .  I f  g * ( 2 ) = n - 1  and a(v )=0 , then cr(z-9) =0  an d  lz-vI is equal
to 2  w ith r>1 .

Pro o f . It can be proved by the same way as  in  th e  proof of
[7, Lemma 4, 10] that a(772) =0. Let p  be an old prime factor of
rv1. Put p q  =  I z I .  Then a ((r7i)g). 1 . I f  a ( ( 7 )7) g ) = 1, then a ( r )

= 1 .  Thus a ((r72)q 2. L et a  and b  be two points of a'((7)2)q).
Then (z-72)' is contained in  03„,5. Since <72, (n2)q> is dihedral of order
2 p , g* (2) = :  C,(>2)] ( n - 1 ) > n - 1 .  T his is  a contradiction.
The lemma is proved.
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Lemma 2 0 .  I f is norm al in  97, then h as  a  regular
normal subgroup.

Pro o f . Since is  normal in 97, Lemma 4 . 5 -4 . 9  in  [7 ]  are
also true. By Lemma 19, Lemma 4. 11 in [7 ] can be proved in this
case. Thus it can be shown in same way as in [7, p. 2 7 3 ] that @
has a regular normal subgroup.

Lemma 2 1 .  I f  all Sylow subgroup o f O(5J )  are cyclic, then
is  normal in 97.

Pro o f . Let p be a prime factor of 1 0 (9 1 ) . Let 13 b e  a Sylow
P-subgroup o f 0 ( J 1 )  normalized by e . B y  the F rattin i argument

(w) (1 Coi (7) acts doubly transitively o n  ( r ) .  Therefore ./Voj( )
n Noi(m n  c o (r )  acts also doubly transitively on r,1 (7). Since i> 4
and A ut (4 ) is cyclic, is  c o n ta in e d  in C0 (1 3 ) .  Thus e is  normal
in  Z.

Lemma 2 2 .  <K, I>  is  abelian.

Pro o f . Assume <K, I> is  non-abelian. Then K`= K r and I K
> 4 .  Thus I" - Ir. Since every involution o f 13  is conjugate to /
or Jr by Lemma 3, has one class of involutions. This is  a contra-
diction and <K, I>  is  abelian.

Thus we proved the following :

Theorem 2. Let D be the set of points 1, 2, •-•, n, where n is
ev en. Let be a doubly transitive group on D not containing a
regular normal subgroup. Assume a Sylow 2-subgroup SI o f 061,2
is cyclic of order 2̀> I  and x (r) contains a regular norm al sub-
group, where r is  an involution of R . T h en  one of the following
holds:

(a) n=q+1 and PS L (2 ,q ) 0 3  PFL(2,q),
(b) n= 28 and 03 is  PFL(2, 8),
( c )  n = 2 8  and 13 is  PSU(3,32),
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( d )  03 satisfies the following:

(1 ) a Sylow 2-subgroup of x(7),,, is  of order 2 's , (2 )  0 3  has two
classes of involutions and (3 ) <K, I> is  abelian, w here I is involu-
tion  (*z-) of Ww(a ).

From  T heorem  2 ,  Lemma 2 0  and Lem m a 2 1  we obtain
Theorem 1.
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