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Introduction

T h e  purpose o f th e  p resen t p ap er is  to  g iv e  the deta ils  of the
results announced in  [5 ] .

L et D  b e a  S ie g e l domain of the second kind associated w ith  a
convex cone V  in  a  rea l vecto r space R  and a V -herm itian from F
o n  a  com plex vector space W .  D enote by Aut(D ) th e  L ie  group of
all holomorphic transform ations of the domain D  an d  by q (D ) the
L ie  a lgeb ra  o f  A u t ( D ) .  From  K aup, M atsushim a an d  O ch ia i [1 ],
we know that q (D ) h as the follow ing graded structure:

,3(D) _ ▪ çs-1+ Ç.10 Ç.12, EgX, c g ' ,

▪ + r°, rx r n g',

w h ere  r d en o tes th e  rad ica l o f g  (D) . W ith  re lation  to  th e  semi-
sim ple part o f q (D) , w e shall construct a  sym m etric S ie g e l domain
S with dim , S=dimR g2+1 dimR g' which is invariant under a  suitable
equ iva len ce . A t th e  sam e tim e , w e estab lish  structure theorem s of
the L ie  a lgebra g(D ).

In § 1 w e prepare som e algebraic facts. The most important one
i s  the fo llo w in g : F o r any graded  L ie  a lg eb ra  g (1X (A  Z ) ,  we
can choose a  graded subalgebra as a sem i-sim ple part of g (Theorem
1. 1). B y  u s in g  t h i s  fa c t , w e  c a n  sh o w  in  §  2  th at th ere  ex ists  a
semi-simple graded subalgebra e .  of q (D ) such that 1= g1,
e = g 2  a n d  th e  a d jo in t  representation of o n  1 -1 -  e  is fa ith fu l
(Theorem 2. 1).
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- r 1Let b e  a s  a b o v e . T h e n  w e  h av e  q + T 2  an d  q

r-1. T h e  sp ace  g-1 (resp. g - 2 ) can  b e  id en tif ied  w ith  W (resp.
w ith  R )  i n  a  natura l m anner. T hen is  a  complex subspace of
q .  Let V , be the im age of V b y the projection of g - 2 to From
the resu lts in  § 3 concerning the structure of r ,  w e can  see  th a t V ,
i s  a  convex cone in  r2  and that the restriction Fs o f  F  to x
i s  a  V,-hermitian fo rm . We shall prove in § 4 th at the  S iege l domain
S  of the second  k in d  asso c ia ted  w ith  V , an d  F s  is sym m etric and
that the Lie algebra is identified w ith  g (S )  (Theorem 4. 4). Moreover
in § 5 we can show the uniqueness of the domain S .  From construction,
the domain S is contained in D .  Let be another semi-simple graded
subalgebra of g ( D )  having the p roperties stated  befo re . A n d  le t S'
b e  th e  corresponding symmetric d o m a in . T h en  th ere  ex is ts  XE g°
such that Ad (exp X ) = - '  and exp X (S )  = S ' (Theorem 5. 2).

A s an application , w e investigate the case  w h ere  V  is  th e  cone
of a l l  positive definite real symmetric matrices, the cone of a ll positive
definite complex hermitian m atrices or the cone of a ll positive definite
q u atern io n  m atrices . In  § 6, w e  sh a ll p ro v e  th a t i f  D  is  a  S iege l
domain over a  cone of th is  typ e  an d  if D  is  degenerate , then  g1=0
(Proposition 6. 4). And in § 7 we shall find out the symmetric domain
S for any homogeneous S iegel domain constructed in  Pyatetski-Shapiro
[6 ] o ver th ese  co n es. In particular we can calculate dim  g ' and dim
q2. In  these calcu lations, w e partially u se  an  idea, d u e  to  T . Tsuji,
o f considering the case  w here W =  W ,  (d irect sum ) and F (W i,
W,) = 0 .  S ta r t in g  fro m  th is  id e a , b u t by different m ethods, Tsuji
[10] ' ) also calculated g' and q' in our Theorem 7. 6, Theorem 7. 8 and
special cases in  Theorem 7. 12.

T hroughout th is paper w e u se  th e  fo llow ing no tations. F o r a
real vector space R ,  denote by R s i t s  complexification. A nd for an
elem ent z  o f  R s , denote by R e z (resp . by Tm z )  i t s  r e a l  (resp.
im aginary) part. L e t  f  b e  a n  endomorphism o f  a  vector space W
an d  le t W ' b e a  subspace of W  invariant by f .  W e then denote by
flw, the restriction of f  to  W'.

F in a lly  the author should express h is  th an ks to  N . T anaka for
h is  constant encouragement.

') The author received [10] as a preprint during the preparation o f this paper.
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§  1 .  L evi decompositions o f  graded Lie algebras and algebraic
preliminaries.

1 .  1 .  L et g = EA gx (A EZ, Ce, c gx-") be a  graded Lie algebra
over R with dim g < o o . A n d  le t  r  b e  its  radical. B e in g  invariant
b y  the derivation o f g  defined b y : X—*AX fo r  X E g " , r  i s  a  graded
ideal of g, i.e ., r = E, Tx (rx = r n g x ) .  Concerning Levi decompositions
o f g , w e can  prove the following

Theorem 1 . 1 .  T here  ex ists a  s em i- s im p le  g rad e d  subalgebra
o f  q  such that q= r +  (d irect su m ).

P ro o f .  W e shall p rove th is by induction w ith  respect to dim T.

Suppose th a t r  is  n o t  abelian. W e  p u t  r '=  [r , r ]  a n d  g'
S in ce  r  i s  a  graded  ideal o f g , so is lc '. T h e re fo re  g ' h as a  natural
graded  structure su ch  th a t g " = n (g " ) , w here 7r i s  the projection of
g  onto g'. C lea r ly  th e  ra d ic a l o f  g '  i s  r/ ic ' an d  dim rtr '< d im
Thus from  the inductive hypothesis, there exisis a semi-simple graded
subalgebra o f  g '  su ch  th a t g '---rfe+ (d irec t s u m ) .  W e  put

*=7-c-V ) .  W e assert that e  is a graded subalgebra of g. Indeed,
le t  X E  e .  W e w rite  X = Ex x l (x x  g ' ) .  Then n (X ) = E, n (X ') .
S ince 7 r( X ) E ' and is  a  graded subalgebra of g ',  w e have r( X )
E  proving our a s se r t io n . Now r '  is  the radical of a n d  dim r'
<dim r. T hus there ex ists a  semi-simple graded subalgebra o f e
(and  hence a  g raded  subalgebra o f  g )  such that (direct
su m ). C le a r ly  g = (d irect sum).

N ext w e investigate the case where r  is  ab e lian . Let g=  r +  be
a  L ev i decomposition of g. Denote by n  the natural projection of g
onto g/ic. Being isomorphic to g/r, the semi-simple subalgebra has
a  graded structure such that E , e and n  ( e )  n ( g x )  .  Let X E .
W e write X = E x. (xE (O .  S in c e  r (X ) E  ((Ix) ,  w e ge t X '  r" for
pz/A . C lea r ly  th e  correspondence: X—>Xx g ives an  in jective linear
mapping p ,  o f  e  to  g". W e extend  the mapping p ,  to  a  mapping
of to  g  by defining a s  follows:

p ,( " ) = 0 for± A .

Then the m apping p = E  p ,  i s  an  in jective linear m apping of to  g
such  th at p ( e )  c g ' .  L e t  XE e  and Y E ? .  W e  w r i t e  X=E„ X"
and X = L „  Y " (X ', Y ' g ')  .  Then
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[X , Y ] = [X ' ,  Y  +  [ X ' , Y ]  +  [X ' , Y
.+A

Since X 'E r ' fo r v *A  a n d  Y ''E r ' for v '* ,a ,  w e h av e  [ X ',  Y'"]=0
for v *A  and v ' * , u .  Then from the definition of the mapping p , we
g e t  p ([X , Y ])  = because [X , Y ] E e+F. C learly  [p (X ),
p (Y )] = P I  A s  a  result, p is an injective homomorphism and
the decomposition g = r + p ( )  has the  desired properties. q.e.d.

1. 2. Let be a semi-simple graded Lie algebra such that
T h e  killing form 9  of gives dualities between

W' an d an d  between r2  a n d  e .  Therefore dim r i=  dim and
dim r 2 = dim e.

L em m a 1 .2  ( c f .  [8]).
(1) L e t  X-2 E (rT S P .  Yz E e). Suppose th a t  [X -2 , e] =0

(resp . [Y2, V2] =0). Then  X -2 =- 0 (resp. Y 2= 0).
(2) L e t X - 'E (reSP. Y1 E  e). S upppose t h a t  [X ',  e ] =0

(resp . [Y ',  ri] = 0 ) .  T h e n  X = 0 (resp. Y ' = 0) .
P r o o f .  (1) L e t  Z E  e . Clearly ad X - 2. ad Z = 0 . And

ad X-2o ad z(e) C ad X-2 (e)_= 0. M oreover ad X -2. ad Z ( r ' +
C ad([X -2,
gx-2, e) =0 and hence X -2 =0 . We can verify the second assertion
similarly.

(2) L et ZE By the same argum en t as in  Proof o f  (1 ) we
can show that ad X - 10ad Z (r

2  +
S
'- 2

)  0. W e set ' ' = { X Œ
[X , ' ] = 0 }.  T h e n  [e, c Therefore ad X.- load Z ( r i ) c  - 1
a n d  ad X - load  Z (e - ') =0. T h u s  w e  ge t ço 1) =0 and  hence

X -1 =0 . Second assertion follows similarly. q.e.d.

L em m a 1 .3  (c f . [8]). Under the assumption that i s  simple,
w e have

(1) I f  e = 0  and e±o, th en  [_z ,  2 ]=  e
(2) I f  e *O , then r  ' = = and e = Ee,
(3) I f  e ± 0 ,  then [e  ,  r i ]  and ri  =D - 2
P r o o f .  (1) Clearly the subspace + e ]  2̂ is an  ideal

Z ])  (r1 + r 2 )  + ad Z oad X -2  (r1+ r2) =0. Therefore
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of a n d  hence e=  [V %  2].
(2) W e  set = vi.] + Then

is  an  id ea l of proving our assertion.
(3) It is  su ffic ien t to  co n sid er th e  case  w h e r e  1±0 . w e  set

= and [e x , e ] in d u c tiv e ly . A nd put e + e-1+
+  +  e 2 .  T h e n  [e ,  +  1 ] S in c e  e = [e, b y  Assertion
(2), w e  g e t [ -2, e] c and hence [e-2, c Assume that [ex ,

C Then [ex+1, H ex, e], c  H ex, + [ex , C
+  c A s  a  result, i s  an  id ea l of and  hence e].
W e can  verify  th e  equation e = [e, e l a n a lo g o u s ly . q.e.d.

T h e  correspondence: X—>,1X fo r  X E e  i s  a  derivation of the
sem i-sim ple L ie algebra T h e r e f o r e  t h e r e  e x i s t s  a  u n iq u e  ele-
ment E  of such  that e =  {X E  ad E X = , IX } .  I t  is  e a s y  to  s e e
that E  belongs to  e .  B eing invariant b y  ad  E , each  idea l of is  a
graded ideal.

Colollary 1. 4. L e t  q= EL _2 gx(il E Z )  b e  a g rad e d  L ie  algebra
w hose rad ic al r  i s  o f  th e  f o rm : t=  IC 2 +  1 +  r ° ( t/  = r n g x ) .  Suppose
t h a t  g-2= [g-1, g-1]. T h e n  (12 = [g1, .

P r o o f .  By considering g/r instead o f g, w e m ay  assum e that g
i s  sem i-s im p le . A n d  by considering th e  decomposition into simple
idea ls , w e m ay assume that g i s  s im p le . Then our assertion follows
immediately from Lemma 1. 3. q . e . d .

1. 3. L et R  b e a  real vector space w ith  d im  R <D o. A  linear
endomorphism A  of R  is  ca lled  real-d iag o n al i f  it can  b e  w ritten  as
a d iagonal m atrix  w ith  respect to som e basis of R.

L em m a 1. 5. L et b e  a sem i-s im p le  L ie  alg e b ra an d  le t  f  be
a  represen tation  o f  o n  a  re a l  v e c to r s p ac e  R . A ssum e t h a t  adE
( E E  i s  re a l  d ia g o n a l .  T h e n  f ( E )  is real-d iagonal.

P ro o f .  W e  f irs t  a s se r t th a t a ll eigenvalues of f ( E )  a r e  real!)
In  fact, w e  se t fo r aEC,

U “= -{XE R e ; (f (E) — ce)'X= 0  fo r some nE 1V)-

Then R e= Ea ua. L et A be an eigenvalue of f  (E ) and put U' = L'Ua,

2) This fact is also proved in  [12] by different methods.
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w here E' ind icates th e  sum  is taken  on ly  over the spaces tia with
Tm a = Im  Â . I t  i s  e a s y  t o  s e e  t h a t  U ' is -invariant. It fo llow s
that Tm Tr f (E )I ,,=  U '  x  I m  A .  O n  th e  o ther h an d , we know
that T r  f = 0, because EET h e r e f o r e  w e  h ave  Im /3.= 0,
proving our assertion.

N o w  w e  m ay  assum e th a t th e  representation f  is irreducible.
Denote by LA the associative algebra of operators generated by f
Then J1 i s  a  L ie  a lgebra in  th e  usual braket ru le. It is not d ifficu lt
to  show  th a t ad f (E ) i s  a  real-diagonal elem ent in Therefore
w e can  w rite  cA =EaGE cA a, w here ,A a= a  E  ; [f (E) , X] = aX} .
Put R  =  E  R ; (f (E ) —  a ) v  =  0 for some nEN1, for each eigenvalue

a  o f  f (E) . T h en  R  = E  R .  W e  c o n s id e r  th e  c a se  where there
ex is ts  a non-zero eigenvalue A  o f f (E) . L e t  y  b e  a n  eigenvector

corresponding to th e  eigenvalue A ,  i.e., f (E )v  =  A v  (v *0 ) . Then the
sp ace  {LAO co inc ides w ith  R ,  b ecau se  { L A O  is  -invariant. Let
u E R .  T h e re  e x is ts  A E L A  s u c h  th a t  A v = u .  W e  c a n  w r ite
A =  A s (A  E LA s) . S in c e  A s v  E R R „ ,  w e  h a v e  A a v = u .  It
follows

f (E)u = f (E) A a,v

= [f (E) , A ] A a ,  f  ( E )

=  (a — A) A a,,v + AA a,v = au .

A s  a  result :Ra =  E  R ;  f (E )y = c e v l  .  N ext w e consider the case
w h ere  a ll eigenvalues of f  (E ) a re  z e ro . L e t /./.--1(0) and let E '
be the im age of E  in Since f ( E )  is  n ilpo ten t, so  is ad E' . On
th e  other hand , ad  E ' is a  real-d iagonal elem ent in Therefore

EE', ' ] = 0 and hence E' = O . This implies that f (E )=  0 and completes
the proof. q.e.d.

§ 2. A  Siegal domain D  and the Lie algebra o f Aut(D).

2 .1 . L et R  (re sp . W ) be a  r e a l  (resp. com plex) vector space
of fin ite d im ension . A n  open  set V  of R  is  c a lled  a  convex cone if
it satisfies the  following conditions:

1) F o r any x E V and for any t> 0 ,  tx E V.
2) F o r an y  x ,  x '  V, X  +  E  V.
3) V  contains no entire straight lines.
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W e say  a  mapping F  o f W  x W  into R ,  i s  a  V-hermitian f o rm  on
W  i f  i t  satisges the following conditions :

1) F (w , w ') is com plex linear in  w  and F(w, w') = F (w' ,w).
2) F (w ,w ) E V , w here  V  denotes th e  closure o f  V  in  R.
3) F ( w ,  w )  0  im plies w = 0.

W e define a  domain D  in  R, X W  by

D = { (z ,w ) E R , x W ;  Im z -F (w ,w )E V } .

T he domain D  is  c a lled  a Siegel dom ain of the second k i n d .  In the
special case w here W = 0, t h e  domain D  is  c a lle d  a  S iege l dom ain
of the f irst k ind.

Denote by Aut (D )  th e  group of a ll holomorphic transformations
of D  and  b y  g (D )  th e  L ie  a lgeb ra  o f  Aut (D ) .  Define a  subgroup
G L (D )  of A u t(D ) by

G L (D )= A u t (D ) n G L (R e x W ).

A n  elem ent f E G L ( R , x W )  b e lo n g s  to  G L (D )  i f  a n d  o n ly  i f  f
satisfies the  following conditions (Pyatetski-Shapiro [6]):

jA (R )= R ,  A (W )= W  and A  (V ) = V.
(2. 1)

A F (w ,w ')= F (A w , A w ')  fo r w  e  W.

L e t  E (resp. I )  b e  th e  elem ent o f  g (D )  in duced  b y  th e  following
one param eter group in  G L (D )  (w ith param eter t):

(2. 2) (z , w ) (e-2tz, e-tw)

(resp. (2. 2)' (z, w) -> (z ,e v -"w ) ) .

F o r  ev e ry  a E R  (resp. c e  W ) w e  d e n o te  b y  s (a )  (resp. b y  s(c))
the element o f g (D )  induced by the fo llow ing one parameter group
(w ith param eter t):

(z, w) -› (z + ta, w)

(resp. (z, w) -> (z + 2,/ -1F(w, tc) +  -1 F (tc , t c ) ,w + tc ) ) .

T h en  s  g iv e s  an  in jec tiv e  linear m apping o f  R + W  to  q (D ) .  We
set fo r A = - 2 ,  - 1 ,  0 , 1  and 2

gx =  IX E g(D ); [E , X ] = AX} .
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Kaup, Matsushima and Ochiai [1] showed that th e  L ie  algebra q (D )
h as the graded structu re  as follows:

1) 9 (D) = +
2) r = + r°(rx = r n gx), w h ere  r  denotes the radical of

g (D ) .  A nd dim g-2= d im  2+ dim  r2, d im  vi = dim  g' + dim r.".
3) 2 = {s(a); a E R}, g 1= {s(c); cE W } and g° is  the subalgebra

corressonding to  the subgroup GL (D) of Aut (D).
From 3 ) an d  (2. 1), w e know  that g° consists o f a l l  A E gf

X W )  satisfying the following conditions :

A  (R) c R , A  ( W )c I V  a n d  exp t A  (V ) = V (t E  R) .
(2. 3)

AF (w , w ') =F (Aw , w ') + F (w , Aw') ( w ,  w' E  W ) .

C leary  E  and  /  a r e  in  th e  cen ter o f g° and  the equality sCV —1c)
-= [I, s (c)] holds fo r  a n y  CE  W . I n  w hat fo llow s, w e iden tify  the
space R  (resp. W ) w ith  g-2 (resp. w ith  g ' )  b y  the isomorphism s.
Then a  complex subspace of g-1 is  an  ad Tinvariant subspace and the
follow ing equalities hold (c f . [9 ]):

(2 .4 )[ A ,  c] =A c  f o r  A E  g °  an d  fo r c E  g - 2 +

(2 .5)F  ( c ,  c ')  = +  ( [[I ,  c ] ,  e l +  — l[c , c '])  fo r  c, c'

2 . 2 . Let 72; r  b e  a  sem i-sim ple graded  subalgebra of
( D )  g iven  b y  T h eo rem  1. 1. Then "--1 = (31 a n d  -62= g2. W e  set

f = -(X E  ; . L e t ço b e the k illing form  of Then
ço ( [f, g ) = 0  and ço ( [f, = 0 .  T herefo re  w e have [f,
= 0  an d  [f,'-c2] = 0 .  C le a r ly  [f, -6°] c f. A s  a  re su lt , f  i s  an  ideal
of -6. L e t  e,; b e  the orthogonal complement o f  f  w ith  respect to  yo.
T h e n  i s  an  id ea l of s u c h  th a t  =  f  (d irect su m ). S in ce  i s
a  graded ideal of is a graded subalgebra o f  (D ), i.e., r i= _ 2 e

g'). Clearly _ -25 (3 2  a n d  th e  a d jo in t  representation
of on is  fa ith fu l. T h erefo re  w e  h ave proved the following

T h eo rem  2 . 1 . T h e re  e x is ts  a  se m i-s im p le  g rad e d  subalgebra
+  +  e  +  +  e  h av in g  the f o llow ing  properties:

1) e =q ' and e  g'.
2) Let A  E 5°. Th e  c o n d itio n  [A , e + e ]  = 0  im plies A=0.
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A  S ie g e l domain of the second k ind is called  irred u c ib le  i f  it is
a n  irreduc ib le  riemannian m anifo ld  w ith  re sp ec t t o  the Bergm an
metric. (N o te  th a t  e v e r y  S ie g e l  domain o f th e  seco n d  k in d  is  a
connected sim ply connected com plete M iller m anifold w ith  respect
to  the Bergm ann m etric an d  that every irreducible com ponent of a
S ie g e l  do m ain  is  a lso  a  S ie g e l dom ain ( [3] ) .) By using Theorem
1. 1 w e can  also  prove the following

Proposition 2. 2. L e t  D  b e  an  irre d u c ib le  S ie g e l  d o m ain  of
the second k ind  such  that  0  an d  g i* O . T h en  D  is  a sy m m etric
hom ogeneous dom ain.

P ro o f .  Let be a sem i-sim ple g raded  subalgebra of
(D )  g iven  by T heo rem  1. 1. Then from  our hypothesis, w e have

"i"2,1] = 0 .  W e  s e t  01= {:XE [X , r] = 0}. C le a r ly  0 ,  i s  an  ideal
of T h erefo re  th ere  ex ists  a n  id e a l 02 o f  s u c h  th a t  -= 01+ 02
(d irect s u m ) . T h e n  (3 (D) = 01+ 02+ r (d irect sum ) and  both 0 , and

02 r  a re  idea ls o f g ( D )  .  Now the irreducib ility of D  implies ç (D)
,  and hence g (D )  i s  sem i-s im p le . A s a  resu lt, th e  domain

D  is homogeneous ( [11 ]) and hence symmetric. q.e.d.

B y u sin g  expressions of elements o f  g (D )  as polynom ial vector
fie ld s in  [1] , w e can  eas ily  observe the followings :

ad I ,  0  on
(2. 6)

(ad I)2 = — id . on

Proposition 2. 3. Let e  be a sem i-sim ple graded  sub-
alg e b ra o f  l  (D )  a s  in  T h eo rem  2. 1. T hen

(1) q-2 +  T -2  (d irec t sum ),
q - 1 =  1+ 17-1 (d irec t sum ).

(2) ad  I
(3) _ f l  1  _ D2, and

M o re o v e r i f  t h e  donz ain D  is non-degenerate, i.e ., C 3  =  [g - i,
T hen = D1, a n d  =

P ro o f .  A ssertion  (1 )  fo llow s im m ed iate ly  from  th e  equalities
dim g'-=. dim r-2+ dim 4 - 2  and dim vi —dim r-1+ dim L e t  =E./
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b e  th e  decomposition of in to  sim ple ideals. T h e n  e a c h i s  a
graded subalgebra of g ( D )  ,  i.e., =  n e ) .  Suppose
that Then from  [4 ], w e know  that [ i ' ,  [ I ,  j ']] ± 0 .  On the
other hand , [V ,  [I, 6 1 ]] c , C j2 . A s  a  re su lt  6 2 ± 0 .  Thus
each is  o f one of the following two types.

(i) +  +  + ( i1±0, j2*0)

(ii) 6 _= + + 62 ( 2 0 )

In  the case w here g-2= [g-1, g-1], each ideal is  c le a r ly  of the type
( i ) .  N o w  A ssertio n  (3 )  fo llo w s im m ed iate ly  fro m  L em m a 1. 3.
F in a lly  b y  u s in g  (2. 6), w e have [I ,=  [I, [g_2, 1 ]] = [r2  ,  [ I ,  1]]

= [ _2,=  C I .  T h is  im plies A ssertion  (2) . q.e.d.

Corollary 2.4. L e t  X E ç 1 .  I f  [g - 2 ,  [X , g l]  = 0 . T h e n  X
E

P ro o f .  Let b e  a s  in  Theorem  2. 1, a n d  le t  X ,  b e  the
component o f X  w ith  respect to  the decomposition g - '= r - ' in
Proposition 2. 3. T h e n  [V2, [X , ,  '] ]=  0. A n d  h en ce  [X „ = 0,
because VI = 1] b y  Proposion 2. 3. In particular,  [ [ I , X 8 ] , X s]
= 0 . T h e re fo re  b y  u s in g  (2. 5) w e have X 8= 0.q . e . d .

Corollary 2.5.  1 . - 1 =  X E  g - i; [X , g9 =0} .
P ro o f .  Denote by th e  r ig h t  s id e  o f  th e  above equality.

C le a r ly  ic-1 c Conversely le t  XE a n d  le t  X ,  b e  the
component a s  in  Proof o f Corollary 2. 4. T h en  [X s , 2] 0 .  There-
fo re  [ X ,], Xs] , 2 ]=  0  b y  (2. 6). S in c e  [[/, X s] ,  X s ]  belong to
r2, w e ob ta in  [ [ I , X s] , X 8] = 0 by Lem m a 1. 2 and hence X 8=0.

q.e.d.

§  3 .  The structure of the radical Y.

3.1. L e t  = e  b e  a sem i-sim ple g rad ed  subalgebra of
( D )  a s  in  Theorem 2. 1. T h ere  ex is ts  a  un ique elem ent E ,  of

such that

(3 .1)e =  {X ; X ] =A X } .

W e  set
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jic0-2 =  X e  t ' ;  [ ,  X ] = 0} ,
(3 .2 )

l r  =  E r -2 ; [E„ X ] =

o° = r° ; [ ,  X ] =  ,
(3 .3 )

= {XE  .0; [E r, X ] =X } .

In the notations as above w e shall show the following theorem.

313

Theorem 3. 1. T h e  radical T  h as  the f o llo w in g  s tru c tu re .
(1) T -2  =  riT2+ T-8-2 (d irec t su m ), r - 1 ]  and t ' 2

e] = =  [ T o ,  -2 ] [ c - 1 ,  r 1 ] .

(2) e=ro°+ (d ire c t  sum ) and  17,° = , 2]= Dc° , D  [T -1 ,

(3) dim r;2= dim T.°.
(4) ad  E3= 0 on t
(5) r , '  i s  an abelian  id e al o f  g° satis f y in g  the f o llow ings:

a) [T.°, r(72+ T-1] = 0

13) [T.°, TT2] C r2.

3 .  2 .  W e firs t show  the following

Lemma 3.2. H T ' ,  ,  T-1 =0.
P ro o f .  S in ce  [e, T-1] = 0 , w e  h av e  b y  (3 ) of Proposition  2. 3

[ [ t ' , ,  T - 1 ] [  [T -1 , D 2 , , T -1 ] [ [ 2 ,  [ T - 1 ,  - 1 ] ] _ [D2, T-9.
[T-1, ri]] _0. q.e.d.

N ext w e verify

Lemma 3.3. [ , T-1] =0.
Proof . B y  L e m m a  3 .2  [e , x = 0 . C le a r ly  [ -2+ e,
T - '] ]  = 0 .  S in c e  °= 2] e ] ,  w e  g e t  [e , T-1]]

=0. q.e.d.

Since is  a  complex subspace of the restriction  F r  o f F
to  lc ' x  -1  i s  a n  [r-', T-1,-valued hermitian form  o n  T-1. Clearly
F(c, c) (c E T - ') is contained in  [r r - 1 ]  n V .  Therefore there exists
a  linear coordinate system  z', • • •, z of [ t ' ,  -1, such that a hermitian
form H(c, c ') = 5  c ')  on t - 1  is positive definite. From Lemma
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3 . 3 , (2 . 3 ) , (2 . 4 ) an d  (2 . 5 ), we have

(3 .4)H ( a d  X c ,  c ' )  H ( c ,  ad X c') = 0 ( X  E  ,

because I i s  in  th e  center of (3°.

L em m a 3 .4 .  T h e  f ollow ing equalities hold:

ad E,= 0  on

ad.Es= i d .  on

ad E s= — id . o n  [T - ',

P ro o f .  By (3. 1) we have only to prove the first equation . From
(3 . 4 ), w e know  that the endomorphism ad E ,  of i s  semi-simple
and its eigenvalues a re  p u re ly  im ag in ary . O n  the other hand, ad E,
has only real eigenvalues on x by Lemma 1.5, because x is an invariant
space under the action of the sem i-sim ple Lie algebra and ad E , is
re a l diagonal in Therefore we can conclude that ad Es = 0 on T-1.

q.e.d.

By using Lem m a 1.5 , w e can also  see that  ad  E , - 'r-. and ad Esir.
a re  re a l d ia g o n a l. Therefore if  w e  se t fo r ,1E R

laT° = {XE x -2; [E„ X ] = AX}
(3 .5 )

O=  {X E  lc° ;  [E„ X] = AX } .

T hen w e have

cti2I
A

ch...
A

W e know from Lemma 3. 3 and Lemma 3. 4,

0,72 D [ I - 1 ,  r-1 ],

(3 .7) aI D

aio [17-1,

(3 .6)

A nd by considering the eigenvalues of ad E „  w e have from Lemma
3. 4,
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1[0j-2, = 0 f o r  2± — 1

l[a x ° , v l]  = 0  f o r  2± 1

L em m a 3. 5.
(1) i-2=0  f o r —2 o r  2> 0 ,

0 ,0=0 f o r  2 < 0  o r  2>2.
(2) [ai-2 , =C »2 f o r  —2< 2< 0 ,

[clx% ] 0,T!2 f o r  0 < 2< 2 .
P ro o f .  F rom  (3. 1), [ a i -2, c  042 an d  [a,°, V2] c  0i=2.

cii2 and a , '  a re  ad  e-invariant subspaces, because [E „ "] =0.
Clearly
There-

fore b y  (3. 8) the space ai-2 + 0 4 2  is a d  - invariant for 2 *  — 1. Since
E s E [ , ] ,  we have

T r ad  Esla-1+4+2= O.

In  the case  2= — 1, th e  space ni;+ -r-1+a1 ' is  a ls o  a d  -invariant by
(3. 7). A nd by Lem m a 3. 4 , w e  g e t  th e  above equality fo r  /I= — 1.
It follows

A dim 0,T2+ (2+ 2) dim 042=0.

If ai- 2± O , then w e have

—2 dim ce2+22 = -

dim 0i-2+ dim 0'1+2

T herefo re  w e get — 2 < 2 < 0 .  W e can  verify the fact that ax° = 0 for
2 < 0  or 2 > 2  b y  the sam e w a y .  Thus we obtain Assertion ( 1 ) .  For
2 *  —1, the  space 0i-

2  +  [ a i - 2 ,  
0
- 2

]  is a lso  ad  i;- inv arian t. A n d  fo r 2=-

— 1, the  space a I  +  1- 1+ [ali, e] is  ad  i;-invariant, because by (3. 7)
w e have

[T -1, [ T - 1 ,  [ e , [ [T -1 , ,@2] c q,2]

T hus w e have

A dim a,-1-2+ + 2) dim [0i-2, = 0.

A s  a  resu lt w e  ge t d im  ct42= dim [or% fo r  — 2 < 2 < 0 .  Sim ilarly
w e  can  p ro v e  d im  aT122= dim [ax°, --2] f o r  0 < 2 < 2 .  Therefore we
obtain A ssertion  (2). q.e.d.

L em m a 3. 6. [0.0-2 + = 0.

(3 .9)
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P r o o f .  B y  ( 3 .  8 )  a n d  L em m a 3 . 5 , w e  have [a(T 2, +  e] = 0.
S in ce  e= + w e  g e t  W 2 , = 0 .  T h e  fact [00°, =  0
can be verified sim ilarly. q.e.d.

3 .  3 .  In  the nex t section, w e shall p rove the followings :

q °- 0  f o r  A* — 1, 0.

(3. 10) 0,1)= 0  for A ± 0, 1 .

dim ni-= dim a,".

W e can now  prove Theorem  3. 1 under the assumption that (3. 10)
ho ld s. F rom  (3 . 6 ), (3 . 10 ), L em m a 3 . 5  and Lemma 3. 6, it follows

[..„-2, e l  _ „e]

A nd a,°— ad Es (ai°) c [ o ,  t°]. O n the other hand,

[T., c  [to, [g_2, e]] [ro, [g_1,

C [T-2, 2]

Ch°.

Therefore w e have

(3. 11) ,2] _ [To, e ] .

Sim ilarly

(3. 12) [r_2, _ [ro, v2].

F ro m  (3 . 2 ) , (3 . 3 ) , (3 . 5 ) and Lem m a 3. 6, w e know n acT2=r2,
a0°= T o °  an d  a1°= Ts°. T h e n  A sse r t io n s  (1 ) , (2 )  a n d  (3 ) o f

Theorem  3. 1 follows from  (3. 7), (3. 10), (3. 11) a n d  (3 . 1 2 ) . Asser-
tion (4) is already proved in  Lem m a 3. 4. Since 1:8°= [T-2, =
q2], rs° is  c le a r ly  a n  id ea l o f q ° . A n d  by considering the eigenvalues
of ad E „  w e  g e t A ssertion  (5 ).

C o ro lla r y  3 . 7 . Let be as in Theorem 2. 1. Assume that the
domain D  is non-degenerate. Then we have

ts-2 _ T-0-2 _ [1C -1 , T -1 ] and 1:2°-= [T-1,

P r o o f .  S ince g-i V 1 ,  w e have
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1;1-2 [q -1 , q -1 ] v l ] ic-11 [1:--1,

N ow  our assertions follow  im m ediately from  Theorem  3. 1. q.e.d.

Remark 1. W e  c a n  e a s ily  observe
t o - 2 _  {XE ,;1- 2 ;  [X, q 2 ] _ 0 }

Therefore th e  sp ace  to -2  is independent o f  th e  cho ice o f  th e  semi-
sim ple graded subalgebra ;:S. C learly so is T ,°.

g 4. The subalgebra and the symmetric domain S.

4. 1. L et D  b e  a  S ie g e l domain of the second k in d  in  R c x W
associated w ith a  convex cone V  in  R  and a V-herm itian form F  on
W .  W e  use the notations g iven  in § 2 and § 3.

T he subalgeb ra  g° m ay b e  id en tified  w ith  a subalgebra of the
L ie  a lgebra of a ll graded  derivations o f th e  graded  L ie  algebra
+ g - ' .  Let S= E ,C ._ ,g ‘' be the algebraic prolongation of (g-2+ g-', g°)
( c f .  [ 9 ] ) .  I n  e a r l ie r  p a p e r  [3 ] ,  th e  author proved th e  following
theorem  w hich is a  generalization of T an aka 's  resu lt [9 ].

Theorem 4. 1. T h e  L ie  alg eb ra g ( D )  can  be  im bedded  as a
g rad e d  su b algebra o f  4 and çs' and g2 are determ ined as follow s:

(1) g'=  4i.
(2) g ' consists o f  all X ' su ch  th at Im ad ( [X , Y ])I  =  0  f o r

a l l  YE g-2, w here ad ([X , Y ]) ig - , is considered as a  com plex  linear
endom orphism  o f  g - '  w ith  the com plex  structure ad I.

4. 2. Let b e  a s  in  Theorem  2. 1 . D enote by v, the projection
of (W x W )  onto 2-k. V ' corresponding to the d irect sum:

W e  put

(4 .1) V, = v, (7) .

• L e m m a  4. 2. T h e  set V s is  a  conv ex  cone in
Proof . It is sufficient to prove that V , contains no  entire straight

lines. L et V E  2. T h en  w e can  w righ t vr, where  v ,  E
an d  v rE  t-2 . W e assert

li 1m  exp(—  tE s) v„ = 0 .t_co e2t
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In  fact, by Lemma 3 . 5 , w e can w rite

vr = u , „  u, ( — 2< ,I<O)

Then

• 1 1li m exp( — tE,) u, — lim  u , —  0e2t ee(2+x)

proving our a s s e r t io n . A s  a  result

1l•m  e x p  ( — tEs)v = v s= vs(v).
e"

Since exp ( — tEs) V = V ,  V , is contained in V n v2.
th a t V , contains no  entire straight lines.

T h is  fact implies
q.e.d.

The restriction F s  of F  to  the complex subspace V i  ,V 1  of g-1
x g  is  c le a r ly  a  V rherm itian  fo rm . Denote by S  the S iegel domain
of the second k ind  in  . 2-k ,V1 associated  w ith  V , and Fs.

Proposition 4. 3. T h e  projection v s m ap s D  o n to  S.
P ro o f .  L e t  z + w E  q -c-2 E çv2, w . T h e n  vs(Im z —

F (w , w)) -=Im  i3 (z ) —  F  (v  (w )  ,  (w ) )  .  T herefo re  v, (D ) c  S  . Con-
versely, let zd -w E S(Z  G W  E  - 1 ) .  Then Imz — F(w , w )E V,. There
e x is ts  y  T -2  such that Tm  z — F (w,w) + y e  V. W e  th e n  h a v e  z
+  — ly  +  w  E D .  A s  a  resu lt z+ w =v ,(z + l y  w )  G  (D ).

q.e.d.

N ext w e shall p rove the following

Theorem 4. 4. T h e  d o m ain  S  is  s y m m e tric  and m ay  b e
id e n tif ie d  w ith  th e  L ie  alg e b ra o f  Aut (S ).

P r o o f .  L e t  q ( S )
^/2z b e  th e  g rad ed  Lie

algebra o f  Aut (S ). T h e n  ' 2 = 2  and = S in ce  exp tA
(V s)  =V , for an y  A E ,° b e  id en tif ied  w ith  a  su b a lgeb ra  of

(N ote that the adjoint representation of o n  -2 -k  V i is faith-
ful.) Let = E r = _ 2 be the 'a lgeb raic  prolongation of ( 1 -2 

/13) . By Lem m a 1 . 2 , the L ie  algebra can be imbedded as a graded
subalgebra of Therefore by Theorem  4 . 1 , we know that i s  a
subspace of Let X e  2 .  Then for a n y  YE V%
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Im T r ad([X,Y])1g-1 = 0  (cf. Theorem  4.1).

S ince a d ([X ,Y ]) = 0  on t-1, w e have

(4 .2)I m  T r a d ([X ,Y ]lv  = 0  .

L e t I s  b e  the elem ent of g iv en  b y  (2. 2)' fo r th e  domain S .  It
is  c le a r  th a t ad1=adi3 o n  V '. T h e re b y  f ro m  (4 .2 )  a n d  Theorem
4. 1, we know c 2  S i n c e  d i m  '1<dim  V ' =dima n d  d im  /2
<dim  '= d im  2 ,  w e  h a v e  1.-= and A s  a  re su lt, the
rad ical o f g (S )  is  tr iv ia l')  and hence S  i s  a  symmetric homogeneous
d o m ain . Since the adjoint representation of o n  is faith-
fu l, by using Lem m a 1. 3, w e  have

___. [ / -2, /2] D/ -1,

which completes th e  proof. q.e.d.

4 . 3 . L e t S ' b e  th e  S ie g e l domain o f th e  first kind associated
w ith  th e  co n e  V ,. I t is  w e ll k n o w n  th a t the domain S ' is symmetric.

2Proposition 4. 5 •4) The subalge bra+ 2] + 5  is sem i-
sim ple and m ay  be  iden tif ied  w ith  the  L ie  algebra o f  Aut(S ').

P ro o f .  L e t  g (S') = V '+  e d - b e  the graded  L ie  a lg eb ra  of
A u t (S ') .  T here ex ists a  natural homomorphism a , o f  Vz +  to
(S') a s  graded L ie  a lgebras ( [1 ]) such that as  i s  in jec tiv e  o n  %-2
e  a n d  a3(v2) = ( c f .  [4 ]). Since d im

=dim e ,  w e have a3 ( 2 )  =  e  and dim (From this fact,
w e know n that g (S ')  i s  semi-simple and that S ' is sym m etric .) S ince
th e  ad jo in t representation o f  V °  on is fa ith fu l, w e o b ta in
= V2] by Lem m a 1. 3. A s  a  resu lt, a ,  i s  su r je c t iv e . L e t c be
the radical of e .  S in ce  a ,  is  surjective, a,(c ) i s  a solvable
id e a l  o f  g (S ' )  a n d  h e n c e  is  trivial. Therefore c  is  co n ta in ed  in
()r)ce,T1(0). B y T h eo rem  1. 1, th e re  e x is ts  a  sem i-s im p le  graded

subalgebra such that

% %1 c  (direct sum ),

e  e  (V =  1ne).

"  For any graded ideal b  of g (S ) , the condition 1)-2=0 implies b=0.
4) This proposition holds for any symmetric Siegel domain of the second kind.



320 K az ufum i N ak ajim a

W e set e =  {X E , " ;  [X, = 0 }  . Then by considering the decompo-
sition of into sim ple ideals and by Lem m a 1. 3, w e know  that
_ [ , _ 2 2 +-20z (d ire c t  su m ) a n d  th a t  th e  subalgebra
+ [V2, 2] + e is  sem i-sim ple. It fo llow s that 2° C  = 1XE e  ;  [ X ,  --"2]
=  = (0) . A n d  a , i s  an  isomorphism of [V2, 2] + 2  o n to

q.e.d.

Corollary 4 . 6 . The element Es belongs to [2,
P r o o f .  S in ce  th e  L ie  a lg e b r a  -2 + 9 2 is semi-simple,

there ex ists a un ique element Es' of [V2, 2] such that ad E,' = —  2id.
on V ' ,  ad Es' = 0 o n  [V% e ]  and ad Es' =2 id . on 2  B y  L e m m a  1.5,
the endomorphism ad Es' of is  re a l d ia g o n a l. A s  a  result

___ y-1 - 1  w h e r e  G 1 = IX E  Vi; [E ,',  X ] = aX 1.
a

L et X  E  ,;1. Then [E ,' ,[[I, X ], X ]]= 2a [ [I , X ],  X ] .  It follows that
=0  for a *  — 1. Therefore ad (E.— = 0 on + V ' and hence

Es=Es' , because the representation o f e  on is faithful.
q.e.d.

4 . 4 . W e can  n o w  p ro v e  (3. 10). L e t v E  Vs. Then the cor-
respondence: X — >[y,[y , X ] ]  ( X E  2) i s  an  in jec tiv e  linear mapping
o f e  to  V 2  ([1 1 ]).  Since dim V2= d im  2  w e  have

(4 .4 ) -2 [v , [ v , 2 ] ] .

For 0 <A<2 , by Lem m a 3. 5

aT22 [a
1
0, [ax', [v , [v ,

c  Hax°, 7 1 ] ,  [ y ,  2]] + [y ,  [(ix% [ y ,  2]]]

C [aT2.2, [y, "2]] + [ 7 ) , a x l
[,v, [ar222 .2]] [y, axo]

=  [y ,

Therefore aT2= [v , axl and hence dim aii.22_dim ci,°. It is well known
that there ex ists an involutive automorphism 6  of the semi-simple Lie
a lg e b r a  -2 + z  such that 6 ( -2) e  and 6 ( 2) = V 2 .5 )  Then

' ) cf. [81.
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fro m  (4 . 4 ) w e have

2 = [6 (v ) ,  [6 (v ), V 2 ]].

Therefore we get a,°=[6(v), ar2.2] similarly and hence dim ciii.22>dima,°.
Thus we' have dim ar2.2=dim ci„°. A nd b y  u s in g  (3 . 9 ) , w e  g e t A=1
if  a x ° ± 0 . T h is  im plies (3. 10).

4 .  5 .  The projection 77, g iv e s  a  " fibering " of D  in  which the
b ace  sp ace  is  the  sym m etric space S .  W e  sh a ll show that any two
fibers are holomorphically equivalent to each other and are equivalent
to  a  bounded domain.

L et a= z, + w ,E S  ( Z s E  c - 2 ,  E  — 1 ) .  W e  set

V (a) = ly E  ; y  +  z , —  F  (w „  w s ) E  .

C le a r ly  V  (a ) i s  an  o p en  convex se t in  r an d  contains no  entire
s tra ig h t lin e s . And

(a) { z  +  w  E  tc -2 ;

1m z— F(w ,w ) — 2 Re F (w ,w ,) E  V (a )}.

Therefore the fiber ' (a ) is a domain in r  + L et a' = z, — —1
F (w „ w ,) . Then a' E  S an d  V (a ') =  V  (a ) . And

77 1 (a ') W  E  rc-2 + T -1 ; F (w , w) E  V (a)} .

Lemma 4. 7. ( 1 )  The domains (a ) and 7W (a') are holomor-
phically equivalent to each other.

(2) T h e  dom a in  vs ' (a ') is  ho lom orph ica lly  equ iva len t to  a
bounded domain.

P r o o f .  A sse r t io n  (2 )  fo llow s im m ediately from  th e  fact that
V  (a ) i s  an open convex se t, containing no en tire  s tra igh t lin es . W e
can  easily  observe that the automorphism of  + 1C-1 d efined  by

z + w — > z -2 , — 1 F (w ,w ,)+ w  (z E ic2 ,w  E t-1 )

maps 7 ' ( a )  onto 7W ( a ' ) .  T h us w e get A ssertion  (1). q.e.d.

L e t  b= zs' + w,' E S  an d  b' = z,' — — 1  F  (w ,' , w ,0  . T h e  homo-
geneity of S  im p lies that V , is affine homogeneous. Therefore there
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ex ist 111, • • , A ,. e  such that

exp Ai° • • • oexp A„ (Im a ') =Im  b'.

W e  set f  = exp A i. • • • oexp A „ .  Then the lin ear transformation of -1: 2

1C-1 defined by

z + w — >f z  +f w  ( z  E  ,w  E

m aps V (a )  onto V  (b) and hence m aps 17;1(a') onto 77;1 (b') . A s a
result, by Lemma 4. 7, w e get 1 (a) (b) . Thus w e have proved

Theorem 4.8. L e t  a ,  bE S . T h e n  the tw o fibers 72;' (a )  and
( b )  a re  holom orphically  equ iva len t to  ea ch  o th er. M oreover

every fiber is holom orphically  equivalent to a  bounded domain.

T he domain S  is contained in  R , X W  in  a  n atu ra l m an n er. Let
z + W E  S .  T hen Im z — F(w , w ) E 17,c V  (c f. Proof of Lemma 4. 2) .
Hence z + w E D .  Thus we know that S  is contained in D. Moreover
w e can  prove the following

Proposition 4.9. I f  = 0, th e n  S = D .  A n d  i f  x *O , then S
is contained in  the boundary o f D.

P r o o f .  I t is  c le a r  fro m  the construction that S  coincides with
D  in the case w here x = O. W e  n o w  assume that x ± 0 .  And suppose
that there exists p E S n D ( p = z + w ) .  Let' E ' =E  — E ,. S in ce  ad E '
= 0  on E ' is contained in the isotropy subalgebra of (D ) at p ED .
H ence a ll eigenvalues o f ad E ' a re  p u re ly  im ag in a ry . O n the other
hand, ad E '  — id . o n  x;2 and  ad E' = — 2id. on x,T2. Therefore by
T h eo rem  3 .1  w e  h av e  x -2 = 0 . A s  a  result = 0, contradicting the
assumption that x*O. q . e . d .

Remark 2 .  F o r  ev e ry  sim p le id e a l of w e can  construct a
symmetric domain in D , fo r w hich sim ilar assertions in Theorem 4. 4
and Theorem 4. 8 hold.

Remark 3 .  I f  x * O .  T hen  th e  domain S  is  con ta ined  in the
boundary o f  D  b y  Proposition 4. 9. M oreover w e can  show that S
i s  a  regular boundary component of D , i .e ., a  regular analytic se t in
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R ,x  W  contained in  th e  boundary of D  with the property that every
analytic curve Ø ( t )  in  th e  boundary of D  which meets S  is completely
contained in  S  ( c f .  [6 ]).

§ 5. The uniqueness of the domain S.

5. 1. The symmetric domain S is constructed from the semi-simple
graded subalgebra L et e = EL-2 ex' be another semi-simple graded
subalgebra of g (D ) having the properties 1) and 2) in  Theorem 2. 1.
A nd let E s , be corresponding element of defined by (3. 1) for the
subalgebla

Lemma 5.1. E s , —  EsE t80.
P r o o f .  It follows from  Theorem  3. 1 and C orollary 4. 6

E [W-2, ] C [X-2+ C  e+

T h u s  w e  c a n  w r ite  E s,= E ' -  A ,  w here E' E  e  an d  A E rs°. Since
ad E' =ad Es, = ad Es on e ,  w e  have E' = Es because E ' and E,
belong to  e. q.e.d.

N o w  w e  con  p ro v e  th e  fo llow ing  theo rem  w h ich  im p lies the
uniqueness o f the symmetric domain S.

Theorem 5. 2. Let and b e  tw o  semi-simple garded sub-
algebra a s  in  Theorem  2. 1. A n d  le t  S  and S ' be the symmetric
domains corresponding to and respectively. Then there exists
A E g° suct that

1) Ad (exp A) e
2) exp AS = S ' and 77, 0 exp A = exp

P ro o f .  L et A =Es, — E „  Then by Lemma 5. 1, w e  have ad E,,A
= A .  (N o te  th a t r,°= [r-2, 132] = r89.) T h u s  w e  g e t  Ad (exp A )E,,
= E,, —  A = E , .  C learly Ad(exp A )  = e. for A = 1, 2. From Theorem
3. 1, we know

e  = 1XE g' ; [E8, X ]  = A X )  f o r  =  —2, —1

(resp. = {XE gx ; [E 8 , X ]  = A X }  f o r  A= —2, — 1) .

Therefore Ad(exp A ).E s,=E , im plies Ad(exp A) ex =  e  fo r  A= —2,
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— 1 . It follows

A d (exp A) e  =  A d (exp A )  ( ['- 2 ,  w 2 ] +  D r - 1 ,  e l ] )

___ 2] + 1]

Thus we have proved 1 ) .  L et z + w E  çv2+ g -1. W e w rite  z = +
(ze E z r E  tc-.2) a n d  w = ws, + ( w e E  e -1, Wr E 1C-1) • T h en  v s .
expA (z + w) = vs. exp A (ze + w )=  exp A (zs. + w ')=  expAow.,(z + w).
Therefore vsoexp A = exp A. vs,. A s  a  result S = s  (D ) =  exp A  (D)
= expA .728. (D )= exp A S '. T h u s  w e  g e t  2). q . e . d .

By Theorem  5. 2, th e  domain S  h a s  a n  in varian t m ean in g . In
w hat fo llow s w e ca ll S  the associated sy m m etric domain.

Corollary 5. 3. L e t  D  (resp . D ' )  b e  a  S iege l d o m ain  of the
second k ind  in  R e x W  (resp . in  R e' x W ')  .  A n d  le t S  (resp . S ')  be
the associated  sy m m etric  dom ain corresponding to  D  (resp. to  D ').
A ssu m e  t h a t  th e  tw o  d o m ain s  D  a n d  D ' a r e  holom orphically
e q u iv ale n t. T h e n  th e re  e x is ts  a  lin e ar iso m o rp h ism  f  o f  R , X  W
o n to  R e ' x W ' su ch  th at

f  ( D )  = D ' a n d  f  (S )  =S '.

P ro o f .  From [1] , we know that there exists a  linear isomorphism
g of Re X  W  onto R e ' x W ' such that q ( R )  =R , q ( W )  =W  and q (D )
=D '. T h e  isomorphism g  induces a n  isomorphism q , , o f  g(D)

(= EL-2 g " )  o n to  g (D ')  (=E L  -2 0  •  C le a r ly  g,„ (g-2) — q'2 a n d
g, ((A') = From  th is fact w e can easily observe that g, (e )  =

fo r a l l  Â. Let be the semi-simple graded subalgebra corresponding
to  S .  Then g,, W  satisfies the properties in  Theorem  2.1 a n d  g (S)
is  ju s t  the  symmetric domain corresponding to g* W  .  By Theorem
5. 2, there ex ists A E g "  such that exp A  (g  (S ) )  =S '.  Now the map-
ping f  =- exp A . g  h as the desired properties. q.e.d.

5.2. W e  set

_ 4.xe go; [x (12] =o} .

Clearly i s  a n  id e a l o f  g ° . T h e  follow ing proposition means that
a n y  semi-simple graded  subalgebra a s  in  Theorem  2, 1 is obtained
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on ly  by the method in  th e  proof of Theorem 2. 1.

Proposition 5. 4. Let be a s  i n  Theorem  2. 1. Then there
exists a sem i-sim ple  part f  o f  such that

1) f = f  +  f  (direct sum).
• 2 )  T h e  d irect sum  f + is  a se m i-s im p le  p art  o f  g (D )  an d
[f, = 0.

P r o o f .  L et 4 b e a s  in  Theorem 1. 1. T hen  from  the proof of
Theorem 2. 1, there exist ideals and  f '  o f '4 such that

i) satisfies the properties 1 ) and 2 ) in  Theorem 2. 1.
ii) g  =  +  f ' (d irect sum ) and  hence f' C f.

W e then  have f' + t° (d ire c t  su m ). Therefore f '  is  a semi-simple
part of f  and -r° i s  the radical of f .  B y  T h e o re m  5. 2, there exists
A E g° su ch  th a t Ad (exp A )  = W e  put f = Ad (exp A ) f'. Since

. .f in varian t b y  Ad (exp A ) ,  f  i s  a sem i-sim ple part of  f  and  has
the desired properties. q.e.d.

Theorem 2. 1, Proposition 2. 3, Theorem 3. 1 and Proposition 5.
4 give structure equations o f g ( D ) .  Note that the spaces -G2 and To°

a r e  ad  f-invariant (c f. R em ark 1).

§  6 . S ie g e l do m ain s o ver c lass ica l cones, I.

6 .  1 .  In  th is  and the next paragraphs, F  denotes the fie ld  R  or
C .  W e denote by M  (p, q , F ) t h e  vector space o f a l l  p x q  matrices
over F .  For a matrix A , denote by A* the transpose of the conjugate
m atrix A. of A .  A nd denote by ep the unit matrix of degree p .  We
set

H (m , F)  = {A E M (m , m , F); A *  =  ,

H+ (m , F ) = E  H ( m ,F ) ; A  i s  positive definite} .

Then H+ (m, F )  i s  a  convex cone in the vector space H ( m , F ) .  Let
D  b e a  S ie g e l domain of the second k in d  asso c ia ted  w ith  th e  cone
V = H+ (m , F ) in  H (m , F)  an d  a  V-hermitian form  F  on some vector
sp ace  W .  A n d  l e t  g (D) = g-2 + + g° + gl + g2 b e  th e  graded  Lie
a lgeb ra  o f  A u t (D ).  D enote by D ' th e  S ie g e l dom ain o f th e  first
kind associated with the cone H+ (m , F) , and by g (D ') =g 1-2+  w 0+  g /2
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the graded L ie algebra of A u t ( D ') .  There exists a natural homomor-
phism a  o f g-2-F g°+ g2 to  g'-24-g"d- g" a s  graded L ie  algebras such
th a t a  is  injective on g-2+ g2 and a ( 2 )  =  g ' ' ( [ 1 ] ,  [ 4 1). Therefore
w e identify g "  with and gz w ith  the subspace a(g2) of g " .  Let
A E  G L  (m , F), the  group of all non-singular m atr ices  o f d eg ree  in.
Denote by 0 (A ) the transformation of H ( m , F )  defined by

0 (A )  X = A X A *  (X E  H (m , F)) .

Clearly the cone H + ( m ,  F )  is  invariant by 0 (A ) . T h e re fo re  0  defines
a  homorphism: G L (m , F) — >A ut(D '). Denote by 0* the corresponding
homomorphism: gf (m, F) ( D ' ) ,  w here gf (m, F )  i s  the L ie algebra
o f  G L (m , F) , i .e . ,  gf (m, F) =- M ( m , in ,  F ) .  I t is  w e ll k n o w n  th a t
0*(gf (m, F ) )  = g " .  T h e k ern e l 3  o f  0 *  i s  t r iv ia l  i f  F = R  an d  is
1/1•V —1 em; 2 e R }  i f  F = C .  W e set

B ,C E  H (m , F)=
( c  B— A * JE M  (2m , 2m , F);

A  Egf (m, F )  f  •

Then ?I" is a  L ie  a lgebra in  a  u su a l b rack e t ru le . The center A of
is  triv ia l if  F = R  a n d  is  {,1,/ —1 e2.; ). e R}  i f  F = C .  We also know
that th e  L ie  a lgebra g ( D ')  is isom orphic to 4 /3  and that

g ' =  { B E  H (m , F )}  { (g  Bo) E

g"= 1E gi (m, F)} / f =" i(A0  _ A ° * )e

g" = ICE H ( m , F)}  { ( ( c )  )  - ( 1 }  -

F o r  A c  gf (m, F ) ,  w e sh a ll d en o te  b y  the sam e latter A  the im age
o f  A  i n  g 1 ( m ,F ) / 3 = g " .  L e t A E g "  ( = g f ( m ,F ) / 3 ) ,  B E g '- 2 ( =
H ( m , F ) )  and CE g "  (=  H ( m ,  F ) ) .  Then

i[A , B ] = A B + BA * , [A  , C] = —  (A *C + CA ) ,
(6 .1 )

1 [B , C] =B C.

6.2. L e t  A  E G L  (m , F) an d  p u t FA (C, A F(c, c') A * , (c, c'
E W ) .  Then F A  is  a lso  a  V-hermitian from o n  W . L e t  D A  be the
S ie g e l domain o f the second  kind corresponding to  H+ (m, F )  and
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F A .  The automorphism of R, x W  (R= H (m , F)) defined by the rule :
(z, w ) (0  (A )z ,  w )  m aps D  onto D A .  D enote by OA  th e  induced
isomorphism of q (D) onto g (DA ) ( = _2 q A x ) .  C learly  OA (e) = qAx
and the following equalities hold :

10 A(B) = A B A *  fo r  B  (1-2 = =  H (m , F),

laA.OA(P) =  A c t (P)  A -1  fo r  PE g°,

w here aA i s  the homomorphism of gA° into qf (m, F) /3 corresponding
to  the domain DA.

Let b e  a  sem i-sim p le  g rad ed  su b a lg eb ra  o f  q (D ) g iv en  in
Theorem 2 . 1  an d  le t V , b e  the cone in g iv e n  b y  (4. 1) . Then
V  c  V. L e t  y  E V , and p  b e  the rank  o f the m a tr ix  v . (N o te  th a t
the rank o f each m atrix w hich belongs to V , i s  constant, because V,
is hom ogeneous.) T hen  p ± o  if  an d  only if

L em m a  6 .  1 .  F o r a  sutable D A ,  th e  f o llo w in g  e q u alit ie s  h o ld
u n d e r the  identif ication  o f  c1,72 w ith  H (m , F).

=1(00 22)} e 11(in' F); 
1 3 2 2  E  H  ( P ,  F ) }  ,

( B  0On B12) H(ni, F); 1312 E M (7n— p, p, F)} ,

tiT { (B o n  00) E H (
n, F) ;

of D, w e m ay assum e v  =  (0  0 • T h en  b y  (6 .  1 ) ,  w e  h a v e  [v,0  e  
X ]] E R_2 fo r an y  XE g2. S ince V2 = [V ,  [V ,  2 ] ]  ,  we know that
c  R _ 2 . T h en  b y  u s in g  (6 . 1 )  w e have

i
A „ E M (A m

—  p' 1'), ( 0 0  .
ia ( [ 2 ,  '2]) c .z112i A 22 l ' A 22  E q I (P, F)

(mod

Since Es e by C oro llary 4 . 6 , w e can  w rite

3)

(6 .2 )

/311 E H(m — p, F)} .

Proof . L e t  R 2 ,  R _ ,  and Ro denote the r igh t s id es in  the above
equations. Let y e  V,. T h e re  e x is ts  A  E GL (m, F ) such that A vA *

( 0  0 ) H (m , F ) .  Therefore from (6 . 2 ), by considering D A  instead0  ep
[ V ,

-2
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a (E3)= a 122 )

T he equation [E„ v ] =  — 2v implies A22 + A:2 =  — 2en. Therefore the
m atrix A22 is  n o n -s in gu lar . W e put

(eAm.-1' . 
21

0

We then have A ce (Es) A  1-= (0° A°2)• Thus by considering DA instead

of D , w e m ay assum e b y  (6. 2)

a (E3) = (00 A22)'

A 2 2 =  C p  + A-ç2 LV22* - O.

B y  a  d ir e c t  ca lcu la tio n  w e  can  see  th a t ad Es leaves R _2  invariant
and that the following equality holds:

(6 .3) [ E  Z ]  =  — 2Z + ,L12Z + Z A L.* fo r  Z E R _2(=H (P, F )) .

R ecall that ad Es h a s  o n ly  re a l e ig e n v a lu e s . T hen  from  (6 . 3 ) , we
know  that A 2= 0  i f  F = R  and fi.2 = AN/ —1 en(a E R ) i f  F = C. In the
case F = C , fo r an y  X E R _,, w e have

ad EsX= —  (1 - 1-  ) ,1 — 1)X .

Therefore A=0 or R 1 = 0. If R_1= 0. T h e n  =- 121 and ad Es= — 2id.
on g-2. A s  a  result, =-(3-2 and hence w e h ave  nothing to prove.

0 0T hereby w e can  assume a (E 3 ) =  ( )  in  both cases F R  a n d0  —  en
F -= C .  I f  follows

ad Es= —2 id. on R _ 2 ,

ad  Es= — id . o n  R-1,

ad Es= 0  on R 0 .

N O W  O U T  assertion follows immediately from Theorem 3. 1. q . e .d .

6. 3. W e next investigate dom ains over cones o f another type.
W e  set

H (m , K ) EH (2m ,C ); YJ=JY} ,
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0 1
•where J= ( i i.•  ( ) )  and j = ) If w e  w rite  Y = (y ,,,) , k , t =1, •••,0 i  0  

m , w here y kt i s  a  2  x  2  m atrix . T hen

Y k k  =  \ ( Ukk OO  U k k ) ( U k k E  
R) ,

Y kt = Vukkti) (Ukt, V kt E C )  f o r  k ± t .

P ut H+ (m , K ) = H (m , K ) n H+ (2m, C ) .  T h en  H+ (m, K )  i s  a
convex cone in  H ( m ,  K ) .  L et D  (re sp . D ')  b e  a  ( re sp . the) S iege l
domain of the second k ind  (re sp . of the f irs t k in d ) w ith  H+ (m , K )
a s  a  co n v ex  co n e . W e set

GL  (m , K ) = {A  E GL (2m, C); A J = J A } .

T h en  G L  (m , K ) i s  a  c losed  subgroup  o f  G L  (2 m , C ) . T he L ie
a lgeb ra  qT(m, K )  o f  G L  (m , K ) consists o f  a ll A  e  g i (2 m , C ) such
that A J = J.271. L et A e  GL ( n, K ) .  The correspondence :  X— A X A *
(X E H ( m , K ) )  i s  a  lin e a r  transform ation of H ( m , K )  leav in g  the
cone H + (m , K ) invariant. T herefo re  there  ex ists a  n atu ra l homo-
m orphism  of gr (m, K )  to  g "  w hich  is an  isomorphism i f  m > 1 .  We
identify and g "  w ith  H (m , K )  and g "  w ith  gf (m , K ) a s  before.
T hen  th e  b rack e t ru le  is  a lso  g iv en  b y  a  s im ilar fash io n  to  (6. 1) .
We can also consider the domain DA for A E G L  K )  defined similarly
a s  before. T h e  follow ing lem m a is verified analogously to Lem m a
6. 1.

Lemma 6. 2. L e t D  b e  a Siegel d o m ain  o v e r the cone  H+ (m,
K )  .  F o r  a  su itab le  D A , the f o l lo w in g  e q u a li t ie s  h o ld  u n d e r the
iden tif ication  o f  (3,7,' w ith  H(m  , K ):

= { (g  B °22) H (m , K ), B 22  H (p , K )}  ,

0 Bx — 62) E H (m  , K ); B „ E M(27/1. — 2p, 2p, C)} .

rw2 {  ( B o ll 00) H (m , K ): B n e  H (n i  —p, K )

P r o o f .  W e m ay assum e m > 1 .  Let y e  V ,. B y  co n sid erin g  DA

fo r suitable A E  GL  (m , K ) ,  w e m ay assum e y = O ) .  Thereforee 
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a (E3) = (A° 2, , AC:2) 
E  gf (m ,  K ) ,  w h e re  A 22 =  ezp +A27 A2 + A2'2* = 0.

e , 0W e c a n  e a s ily  observe that the matrix A = (221."± -AP )  belongs to_ 2-121 e2p
( 0  0GL (m , K) . W e  can therefore assume that a (E3) = W Suppose

A22) •
th a t p > 1 .  T h en  A 2 = 0  b ecau se  a (E 3 ) h a s  o n ly  r e a l eigenvalues.

H ence w e get a(E ,) (0 0
=  W  e 2 p ) .  

I n  th e  c a s e  p  = 1 , w e can  w rite

A22= ( _ t i  a b ) .  T h e fact that A:,•2 + AZ2* = 0 im p lies th at a  is purely
im a g in a ry . Let

R, 1_ (B0 i t  B(12)1 zt v\
E H (m  , K ); B12 = - .T1 17 G M (2m — 2p, 2, C )  .

0  0 /

C learly  ad E s lr _ ,C R „  L et X ( 0 )  be an  eigenvector fo r an  eigen-

value ,1(E R ) of ad E „  where

/ u  v
x _  ( 0  131,),__

, "1 2 .171 UV3!, 0 \ 0  0

Then ad EsX= 'IX  implies

(
) =

u  v
I \—va G1+1) _  _ ) .

From  th is relation w e can  see that 2 =  — 1 .  T herefore ad E s= —id.
on k_1 and hence

( u vW a  _-u  fo r an y  u, vEC."r7 a) —

0A s a result a =b = 0 and a(E .)=  
(0  

—e2p
) . Now our assertion follows

\O 
immediately. q.e.d.

6. 4. In  th is paragraph w e consider a  domain D  over the cone
H+ (m, F ) , w h ere  F  R , C  o r  K .  A s  a n  im m ediate coro llary of
Lemma 6. 1 and Lemma 6. 2, w e have

Proposition 6. 3. Let D  be a Siegel dom ain  of the second k ind
w ith  .1-1+ (?n, F) a s  a  conv ex  cone, w here F=R , C  o r  K .  T hen  the
associatd sy m m etric dom ain S  is  an irreducible classical domain.
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N ext w e shall p rove the following

Proposition  6 .  4 .  L e t  D  be a S ieg e l domain of  the  second kind
w ith  H+ (m , F ) a s  a  convex cone, where F = R ,  C  o r K .  A ssum e
that g - 2* [ g - 1, g - 1 ] .  Then  gi =O.

P r o o f .  Suppose that g l * O .  Then By using Lem m a 6. 1

and Lemma 6 . 2 , w e m ay  assum e, (by considering D A  instead of D)

=  (°0  B °2 2 ) E  H(m, F ) ; B22 E H ( p , F ) } ,

= i(1(3:1  B d2)E m n i,  F ) }

r(72 -= { /Boil )  E H ( m ,  F) ; B n E  H(ni —  p, F)}  .

C  C 12Let C 2) E  =  
H(m, F ) )  a n d  B  (Bon 0°) EC 2 

B y  ( 6 .  1 )  w e have

ce ([B ,C ]) =  BC = lB 11 C n  B 11  I' \i2)0 
0

Since [1:(72, 2 ]  = 0 ,  we have C 0  and C 1 2 =  O . R eca llin g  th a t d im  V2

=dim e ,  w e get

e =  {(°0 CO 22) E  H (in  ' F) ; C 2 2 E 1 1 (1 ) ' F)}

It follows

a (î° )  a  (  [ r 2 , _  1 (00  A62) E  ( n, F )} .

( 0  B12\ / 0  An \
_Btz 0  E T ;2  

and A =  0
E a  (r10)' ThenL et B =  

[A , B ]= (A i2M +0 0B,2At2 0).

C le a r ly  IA ,2B It+ B 12A lt; A E  a  ( r s ° )  ,  B E  r;-21 sp an s th e  space H (in
—p, F ) .  Therefore ic 2=  [Ts°, r ;2 ] .  On the other hand, the associated
sym m etric space is irreducible and hence i s  s im p le . Therefore V2
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= [ -1, V1] and e  [ 1, 1 ]  by Lemma 1. 3. A s  a  consequence,
[tO, c c

T hus ic;-2= Lc-% Ane hence

[t ;-2 _ [Er-1, „Go] _ [v1, rso]]

c [r", r"-] c T,T2.

Therefore T(T2= [C -1, -r-1] and hence q-2=  [q", q 1 ] .  T h i s  contradicts
the assumption. q.e.d.

§  7 .  Siegel do m ain s o ver c lass ica l cones, II.

7 . 1 .  L et D  b e a  S ie g e l domain of the second k in d  in  R .x  W
associated w ith a  convex cone V  in  R  an d  a  V-hermitian form F  on
W .  W e now  consider the case w here the space W  and the form F
satisfy the follow ing conditione.

1) W= 1471+ W 2  (d irect sum ), w here W6 is  a  complex subspace
(i=1, 2).

2) F(W1,W2)= 0.
Under the identification of W w ith  g ' ,  the condition 2) is equivalent
to  th e  co n d itio n  [ W , = 0".

The restriction F i  of F  to Wi x W6 is  a  V-hermitian form on Wi
(1=1, 2). D e n o te  b y  D i th e  S ie g e l dom ain  o f  th e  se co n d  kind
associated w ith V  and F  and denote by q(D6) =EL_2 qi t h e  graded
L ie  a lgeb ra  o f Aut (D i) . T h e n  w e  c a n  id e n t ify  6-2 w ith  R (=g-2)
and g6-2 with the complex subspace Wi o f W (=  g - ' ) .  Denote by pl-')
the projection of g - ' onto g7' w ith  respect to the sum : g-'=g11+ çl2
Let Er--2:41 (resP. =  E r-2  b e  th e  a lgeb ra ic  prolongation
o f  (g-2+ g-', g°) (resp. o f  (g ' + gi71, gi°)). T hen w e have

L em m a 7 .1 .7 )  There exists a unique system o f linear mappings
p i') o f i.:Sx to  lcSi' (A>0) such that

1[P?) (A ) , X ]  = [A ,  X ] ) (XE g-2)

[a )  ( A )  17] = 0-1) (LA, ) (YE qi-1),

6) T he idea of considering this case is originally due to T . Tsuji (c f . [ 1 0 ] ) .
7) c f . [1 0 ] .
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where A E 4 ' and 0 2) denotes the identity.

Proof. F r o m  (e ),  the un iqueness is obvious. L e t A E g°(=çT).

W e  c a n  d e f in e  b y  ( i t )  th e  e lem ent a ')  (A ) o f  g l(c2 +  gT '), i.e.,
pi()) (A) X  = [A, X ]  fo r X e  g - 2 and pr (A ) Y = ( [A , Y ])  .  Clearly

(E )  and O W )  a re  elements of ge° obtained from (2. 2) and (2. 2)'

for the domain De. S in c e  / i s  in the center of g" and gi"' i s  a  complex

subspace, w e get fo r an y  Y e  gT1

PP) (A) °p°) (I) Y =  P1-4) ([A , [I, 17]]) = P1-" ( [I, [A , Y ]])
,pr (A) Y.

Therefore pr (A ) is  a  com plex linear endomorphism of gi7'. And for

an y  X, Y e  ç ' ,  f ro m  (2 .3 )  w e  g e t  ( c f .  (2. 4))

pr) (A) F (X, Y ) = [A, F (X, Y )] = F ([A , X ] , Y) + F (X, [A , Y ])

=F (191') ([A, X ]) , Y ) +F (X , 0') ([A , Y ])) ,

because F(gi', g'2- 1 ) =0 . Therefore w e have

p O) (A) F (X, Y ) (a) (A ) X, Y )  F  (X, pr (A ) Y ) .

S ince exp t p1°) (A ) V =exp t AV -= V  fo r an y  t E R ,  we can conclude by
(2. 3) that pi') (A) belongs to g,°.

We now assume that there exist m appings a) (0 < v < A ) satisfying
(T:t). Define th e  e lem en t pf1) (A )  of Horn (g-2, 4'1') + Horn (gi-1, gti)

for A E  g x  by

p11) (A) X= p f")( [A , X ]) X E q 2 ,

pf) (A) Y =  a - ')( [A , Y ]) Y  E  gi71.

In  order to  prove that pi4 (A )  belongs to gsi1, w e have only to check
the following equalities:8)

( i ) [ a) (A ) X, X ']  [ X, (9' (A) X '] = 0  (X, X' E  g - 2)

(ii) [pia) (A) X, Y ] + [ X, pfa) (A ) Y ] = 0  (XE g - 2, YE  gi- 1)

(iii) pf) (A ) ([Y , Y ']) = [ a) (A) Y, Y '] [Y, pi2) (A) Y ']
E  gT1).

It follows

8) cf. [9].
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[0 ) (A ) X, X '] +  [X , pf1) (A ) X ']

=  [0 -2 ) ([A , X ] )  , X '] +  [ X, p12-2) ([A, X'])]

= pia-4) M A , X ], X '] +  [ X , [A , X ' ] ] ) ,

w here w e put 0 4) = 0 if 4< —  2. Then the equality [[A , X ], X ']
+  [X , [A , X '] ]  =  [A , [X , X '] ]  = 0  p ro v es  ( i ). T h e  equalities ( i i )
an d  ( i i i )  a re  verified similary. q.e.d.

L et 0-) and pi') b e  a s  in  Lemma 7. 1. Then

L em m a 7.2 .
(1) K er pi') n  Ker pP) = 0.
(2) 0 )  is  in jective on q2 (i=  1, 2) .
P ro o f .  (1) L e t  A  Ker n K e r  0 ) .  T h e n  w e  h av e  [g-2,

[g-', A ]] = 0 a n d  h en ce  [g-1, [g-2, A ]] = 0 . T h erefo re  [g-2, A ] = 0.
A s  a  resu lt A  =  0  ([3 ]).

(2) Let A  E  g2 su ch  th at 1912) (A ) = 0. T h e n  [g-2 , [g ', A ] ]  = 0.
Therefore we know A = 0 b y  V ey 's  re su lt ( [11]). q.e.d.

N ow  w e can prove the following proposition which is convenient
• to calculate dim  g1 and dim g2•

Proposition 7 .3 .  A s s u m e  th a t  gill =  O .  T hen
(1) U n d e r th e  identification of W  w ith  g ',  W 1  is contained

in  Y-1.
(2) T he m apping pP (resp . 0 )) is  an injective linear m apping

o f  g i  (resp. o f  g2 ) t o  021 (resp. t o  022).

(3) r - .1  is  con tained  is w h e re  r:2- 1-- r, n g.27' and  T 2  is  the
rad ic al o f  g

P ro o f .  Since g,' =0, 0 )(0=  O. T h e re fo re  p ° ([W 1 , = 0 and
h en ce  [g-2, g '] ]  = 0 .  N o w  A ssertio n  (1 ) follows immediately
from  Corollary 2. 4.

In  order to  p rove (2) , from Theorem 4. 1. and Lemma 7 . 2 . we
h ave  o n ly  to  show that (g2) c 022. Let A  E  g2 an d  Z  c 2 .  Then
[[A , Z ],  W1] c [ [ e ,  g - 1], T - 1] 0. Therefore

Tm T r ad ([A, T r ad p?) ([A,
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= Im  Tr ad ( [p(2) (A) , Z] g,-'•

By using Theorem  4. 1, w e have p?) (A ) E g22.

Finally since g22] =0, w e  have [T21, 0)(q2)] = 0 a n d  hence
tw.) =0. F rom  (2) , w e  g e t  E r  g'] = 0 .  N o w  Assertion
(3 ) follows from  Corollary 2. 5. q.e.d.

N ext w e put 0-2= [giT', 1 ] •

q(D2) w e  set
By regard ing 0 -2  a s  a  subspace of

= {XE g2x ; [ X, [y '] , 2 = 0, 1, 2.

And put

t g-2 4_4.71+ tO  + + t2.

I t  is  e a sy  to  se e  th a t t  i s  a  subalgebra of q  (D2).

Proposition 7 . 4 .  T h e  L ie  algebra t can be imbedded as a
graded s u b a l g e b r a  o f  g(D ).

Proof. T h e  L ie  a lgebra g-2-I- W  is  c le a r ly  a  graded subalgebra
of g (D) . F or any A E t°, define an element t° (A )  of gi (g' + g-1) by
t° (A) X =  [A , X ]  fo r X E  g-2 and t° (A) g,7' = O. C l e a r l y  t° (A ) is
com plex linear on g - ' an d  b y  u s in g  the fa c t  F g n  = 0 , we can
se e  th a t  (2. 3) is  h o ld s  fo r  e° (A ) . Therefore t° (A ) E  g°. And the
correspondence e° : t"—>g° i s  an injective homomorphism of Lie algebras
a s  is  e a s i ly  o b s e r v e d . L e t  A E  V. D efine a n  e lem en t e l (A ) of
Hom (g-2, g-') +Hom(g-1, g°) b y  6' (A) X =  [A , X ]  (E  fIM  for XE g-2,
t' (A) Y= t° ( [A , Y ] )  f o r  YE an d  c' (A ) giTi= 0. W e can  see  that
e' ( A )  belongs to  th e  f ir s t  pro longation of (gœz-kg', g°) an d  hence
ti (A )  b e lo n g s  to  g'. C le a r ly  th e  correspondence c' i s  injective.
F in a l ly  f o r  a n y  A E  t2, w e  set e2 (A) X=  c° ( [A ,  X ] )  f o r  X E

e2 (A ) Y = el ([A , Y ] ) fo r  YE and t2(A) = O. T h e n  w e  c a n  s e e
that c2 (A )  b elo n gs to  42 . A nd for any g-2,

Tm Tr ad (c2 (A ) X)1g 1=  IM Tr ad ([A , X])1 g 2 ,  =  0.

Therefore 62 (A ) E(12 by Theorem  4. 1. The injectivity of 62 i s  clear.
T hus w e have constructed the imbedding c  of t  into g ( D )  .  It is not
d ifficult to  see that c  i s  a  homomorphism of graded L ie  algebras.

q.e.d.
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Note that p'). c (X ) =  X  f o r  X E t .

7 . 2 . In  th is  paragraph, we determ ine the associated symmetric
domain for every homogeneous S iege l domain with H + (m , R ) (m >2 )
a s  a  convex cone constructed in  [6].

L et r  ( t )  be a  non-decreasing positive integer valued function on
an  in terval [1, s] (s E  N ) such that r  ( s )  < m .  And let W  be a  complex
vector space defined by

W =  t(Ukt) E M ( M ,  s, C );= 0  fo r  k >r ( t)}

Define an  li+ (m, R)-hermitian form F  on  W  by

F (u, v ) = -k (u v *  T itu ) ,

(tu = the transpose of the m atrix  u).

T he S iege l domain D  obtained from H + (m , R ) and F  is homogeneous
and non-symmetric (Pyatetski-Shapiro [6]).

L em m a 7 .5 . I f  r ( t )  i s  constant. T h e n  g l  =  O.
P r o o f .  P u t n = r ( t ) < m .  Denote by u ,  the k-th row  vector of

the m atrix u ( 1 < k < m ) .  Then u, = 0 for k > n .  L et A k (1 < k < n ) be
the m X m matrix such that the (k , k)-component of A ,  i s  1 and others
a r e  z e ro . C learly  the  endomorphism g „  of H ( m ,  R )  x W  defined by
the fo llow ing equalities is belongs to  g° ( c f .  (2. 3)):

g k (X ) = AkX+ X A ,  f o r  X E H (m ,  R )

g , ( u )  A k u  f o r  u E  W.

N ote th a t [gic, ui] 6 i o t i •  L e t B i , , ( 1 < i ,k < n )  b e  th e  m x i n  matrix
such that the ( j ,  k) , ( k ,  i )  and ( h ,  h)- comp on ents a re  1  ( h ± i  ,  k )  and
o th ers  a r e  z e r o .  T h e n  th e  fo llow ing linear transformation f i „  of
of H ( m , R )  x W  belongs to G L  (D )  ( c f .  (2. 1));

f ,, (X ) =  B ik X B ik  f o r  X E  H (m , R )

f1,, (u) = B o t  f o r  u  W.

C learly  Ad f ik (uk )= zit, Ad f ik (u i)= u i, and Ad f ik (uh)= uh  for h = i ,  k .
R e c a ll th a t  th e  dom ain D  is non-sym m etric a n d  irreducible.

Therefore there exists an  element u ( 0 )  of b y  Proposition 2. 2.
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S in c e  ad g , (r - 1) c -c-2 a n d  Ad f  ik  (T -1) =1:-11 w e  m a y  assum e that
uk = 0  fo r k ± 1 .  T hen fo r any v E  W  such  that vk = 0  fo r  k * 1 ,  we
h a v e  [[/, v], v] =  4F(v, v) -=  c 4 F ( u ,  u )  =  c [[I ,  u ] u ] ( c  E  . A s a
result w e get L I, y ],  V i E 1 2  and hence v E T-1.9) Now by considering
the transformation Ad f i k ,  w e have g-1= r1 .  q . e . d .

W e turn to general c a s e s .  W e set W1= W ; U k t = 0  for t <s}

an d  W2= {11 E  W ; U k  = C le a r ly  W =  WI+ W 2  (d irect sum ) and
F ( W  W2) = 0 .  L et D ,  b e  the domain a s  in  7. 1. T hen  D ,  i s  the
domain corresponding to H + ( n z  R )  an d  th e  function r  ( t )  such that
s = i .  T herefore by Lem m a 7.5  w e have =  0 . Hence by Proposition
7 . 3 , T V , is contained in  T-1. S in c e  [W , W ] [W 1, W 1]  c  r 2 ,  w e
have W= g-' -= A nd hence q' =O.O . P u t n = r  ( s )  .  Then

[t = {((71 °o) E  H (m , R )  ; x  E  H (n , R )}  .

Therefore by Lemma 6. 1 , w e have dim 02<dim H (m  —  n , R ) , because
[r-2, T-1] is contained in  r(T2.

N ext w e change the decomposition of W  by putting W 1= W  and
W2 = 0 . T h e n  the domain D ,  constructed in  7. 1  i s  o f the first kind
associated w ith th e  cone II+ (m , .  A n d  th e  L ie  a lg eb ra  g (DO is
given  a s  fo llow s (c f . § 6).

g (D 2) (cA t A B )
E  gf (2m, R ) ; A  G gf (m, R )  ,  B , C E H  (m , R )1

W e put

/ 0  0  0  0  \
0  a  0  b aE g f(m — n ,R )

E g f (2 m , R ) ;0  0  0  0 b ,c E H ( m — n ,R )
c  0  — ta

Then is  a sem i-sim ple graded subalgebra of q(D2) a n d  [ f r ,  = 0 ,
w h e r e  -2 is  a subspace o f g-2 given  by f)-2= [T-1, T-2]. Therefore
can  b e  im b ed ded  a s  a  g rad ed  subalgebra  o f  g ( D )  b y  Proposition
7. 4. A s  a  result d im  g2>-dim H (m  —  n , R )  a n d  hence th e  equality
h o ld s . N o w  it  is  c le a r  th a t the sem i-sim ple graded  subalgebra of

g) 1f w e w rite v=- vs+ vs ( v r E r - i ,  v , E  V 1 ) ,  then [ [I, vs], vs] E  T -2 n V 2  = 0  and hence
vs =O.
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g ( D )  has th e  properties 1) and  2 )  in  Theorem 2. 1 a n d  that the
corresponding symmetric domain is of the first kind associated with
the  cone H +  —  n ,  R )  .  Thus we have proved th e  following

Theorem 7.6.10) L e t  D  b e  the Siegel d o m ain  'Corresponding to
th e  co n e  H + (m , R ) (m > 2 ) and the f u n c t io n  r ( t )  on  the  in te rv al
[1, s]. T h e n  gl = 0, — n, R ) and the associated  sy m m etric
d o m ain  is  of the f irs t  k in d  c o rre sp o n d in g  to  the cone H+ (m —  n, R) ,
w h ere  n =r (s) .

7 . 3 . Next we investigate domains for the cone H+ (m, C) (m>2).
Let r 1 ( t )  (resp. r , ( t ) )  be a  function on the interval [1, s i ]  (resp. [1,

S i])  a s  b e fo re . A n d  le t  W(') (resp. TV(2)) b e  the vector space cor-
responding to th e  function r i ( t )  (resp. r , ( t ) )  ,  constructed in 7 .2 .
W e set W= W(') + W (2). Let R = H (m , C )  and V= H+ (m, C ) .  Define
a  V-hermitian form F  o n  W  by

F (u , v) (u ( l)v (1 )*  + v 2)tu(2)),

w here u= u(1) + u(2) and y = v(1) + v(2). L e t D  b e  th e  S ie g e l domain
associated with V  and F. W e  m ay assume that ri(si) > r , ( 5 , )  .  And
W(2) m ay be  0 . T h e domain D  is symmetric if  an d  only i f  W(2)=0
a n d  r1 (1 ) =m  (Pya tetsk i-S h ap iro  [6 ]). I n  w h at fo llow s  w e  put
r1 (0 ) =0  fo r convenience.

Lem m a 7 . 7 . In  the f o llo w in g  cases w e  have g' = 0.
(1) r1 (Si) =r2(52)
(2) r,(5 ,) <m .
P ro o f .  In the case (2 ), g l=  0  follows immediately from Proposi-

tion 6. 4 because g'*[g-1, .  B ut here we give a  simpler proof.

We first consider the  case  where si = s 2 =1  and  r2(1) =r2 (1) or the
case where W(2)=0, 5j = 1 and  r 1 ( 1 ) < m .  I n  each ca se  there exist

gk (I- _k < ri (1 )) of g° and f15 (1 i, ( 1 ) )  of G L ( D )  such that

 

(X ) = A  , X  X A ,  f o r  XE H (m , C)

      

10)
 

Tanaka [9 ] and M urakam i [2] calculated g' and g' in the case s= 1 . S u d o  [7 ] cal-
cu la ted  g ' in  t h e  c a s e  s = 1  a n d  r ( 1 ) = m .  A n d  Tsuji [10] obtained th e  same
results fo r g ' and  g ' of this theorem.
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g k (U) = A kU(1) + A ku(2) f o r  u =u0)--1- u(2)E W

f i k  (X ) = B i k X B i k  f o r  X E H ( m ,  C)

f i , .  (u )  =B ik u (1 )+ /3 1 5 0 )  f o r  u =11(1) + u(2) E

w here A5 a n d  B i, a r e  ni x  m  m a tr ic e s  a s  in  Proof of Lemma 7. 5.
T h u s b y  u s in g  th e  fa c t  th a t D  is non-sym m etric, w e can  see that
q '= 0  analogously.

Now in  th e  c a se  (1 ), w e  se t  W1= {u W ;  141 -= 0 fo r  t < s i  and
zdt) = 0  fo r  t <52} , a n d  W 2 =  E  W ; u(k'4 = 0  a n d  u(,28), = 0} . In  the
c a se  (2 ), w e p u t W1= {u E W; u112 = 0 fo r t < s i and 0> = and  W2

=  E  W ; 1414= 0}. T hen  in  both c a se s  (1 ) an d  (2 ), W = W2

(d irect sum ) and F(W 1 , W2) = 0 . A n d  the domain D ,  constructed in
7. 1 corresponding to this decomposition is just the domain considered
above. T herefo re g i'=  0  and hence by Proposition 7. 3, w e  g e t  W1
C r-1. S in ce  [ W , W ] =  W 1 ] ,  w e have W = g '= 1 :-1  and hence
(31=0• q.e.d.

W e shall p rove the following

T h eo rem  7. 8.1') L e t  D  b e  t h e  S iege l dom ain  corresponding  to
t h e  c o n e  H + (m , C) a n d  f unctions r1 (t)  a n d  r2 (t) o n  t h e  in terv als
[1, Si] a n d  [1 , s2] re sp e c tiv e ly . A ssu m e  t h a t  ri(s1) <r2(52)

(1) If  r1 (s2)  =  n i .  T h e n  g'=  0 , g2=0 a n d  t h e  associated sy m -
m e tric  d o m ain  S  is  t riv ia l ,  i .e . ,  S =  (0).

(2) I f  r1(si) < n i .  T h e n  gl = 0, g2-----H (m  — ri( s i ) ,C )  a n d  t h e
assoc iated  sy m m etric  dom ain  S  i s  o f  th e  f irs t k in d  co rresp on d in g  to
the cone II+ (in  — r1(s1) , C).

(3) I f  r1 (si) =  m  a n d  r2(s2) < n z .  L e t  s i ' b e  t h e  in te g e r ( 0 <s i '
< s i )  s u c h  th a t  ri( s i ') <ri( s i ' +1 )  = m . A n d  p u t  n =  Max (ri (s,'),
r2(s2)) . T h e n  gl---_M (m  —  n, s i '  , C ) ,  H ( m  n ,  C ) a n d  t h e  as-
so c iate d  sy m m e tric  d o m ain  S  i s  t h e  d o m ain  c o rre sp o n d in g  to  th e
cone H+ (m —  n, C) a n d  th e  f u n c tio n  7-1(0 o n  t h e  in te rv al [1, si—  Si']
s u c h  th at  s1(1) = m —  n.

P r o o f .  (1) I n  th is  c a se , ri( s i)  =r2 ( s 2 )  = m . Hence by Lemma

Sudo [7 ] calcu lated  g '  in the case si =1, .52=1 and ri =-7-2(1) =-1. T su ji [10]
calculated g ' and  g  o f this theorem by different methods.
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7 . 7 , w e  g e t gl = 0. W e then  h av e  02 0  b y  u s in g  the fa c t th a t g - 2
= g - 1 ] and by C oro llary  1. 4. Therefore S  i s  trivial.

(2) S ince g - 2* [ g - 1, g - i ] ,  w e h ave gl=  0  by Lem m a 7.7  o r  by
Proposition 6. 4. O ther assertions can be proved by alm ost sim ilar
w ay  a s  in  th e  proof o f Theorem 7. 6.

(3) W e  s e t  W, = {u E  W ; u;c1,) = 0  fo r  t> s , '}  and  W ,  =  E W;
U(kit) =  0  for t < s , '  and u(2) =01 . T hen W= 1171+ W2 (d irect sum) and
F (W i, W 2 ) = 0 . S ince g11= 0 by Lem m a 7.7  o r  b y  Proposition 6. 4,
w e ge t W IC  r b y  P ro p o sitio n  7. 3. L e t W ' b e  the subspace of W
defined by

= W ; ttilt) =  0  f o r  k>n1 .

N o te  th a t  W ' D W1 D W(2). S in c e  [ W ', W '] =  [ , w e  have
W ' C T-1. A s  a  result dim  g' < d im  M (m  —  n, si —  S,', C) , because dim
(31= dim — d im  lc '.  L et D , b e  th e  S ieg e l domain a s  in  7. 1. The
domain D2 is  sym m etric  and the sem i-sim ple L ie algebra q (DO (—
E22=_2g2x) is expressed  a s  fo llo w s . W e  set

A  U X X, YE H(M , C ) ,  A G g i(m , C)

=  • \/  — 1 V *  C  _ _ 1 U *  ;  C  G  g l  ( s i C ) ,  C + C* =  0 , 1 .
, Y V  _ A *  I  U ,V E M (m ,s i— si',C )

Then is  a  subalgebra of gt (2m + C ) and  its cen ter 3 i s  one
dim ensional generated by '\/ e2m.+8,-s,.. I t  is  w e ll k n o w n  th a t the
L ie  elgebra g (D O  is isom orphic to 4 /1  and that

/ / 0  0  X\
g 2---- 0  0  0  E  g ;  X E H (m ,C )

\O 0 0 /

1
O U o \

ÇeW:—...- 0  o — ,/— iu* E ;  U EM(m, .5, — si' , C)
0 0 0 I

1A. 0 0  \
{ O  C

\O  0 —  A*/

A E g f ( m ,C ) ,

E  g  C E g f ( s i— s i ',C ) , C + C *= 0

mod
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0 0  0\
(321---= V *  0  0  E :4 ; V E M (m , s i s z , c )

1 0 V  0/

1o  o  0 \
i = o  o  E  4  ;  17 .H.(m ,C)

Y  0  0 1

Note that i f  w e  put g = [4, i'3 ]  then 4= 4+ 1 and that (D2) •
N ow  w e set

J/0 0 0 0 0 \ x, y E H(m —  n, C)
0 a u 0 x . aeg l(m — n ,c ),

-g= o ,,/ — iv* c o — , , / - 1 1 1 *
'o o o o o cEwsi—si,,c), c+c*----o, •

\o y v 0 1 u ,  v  e M (m  — n, s,—  Si', C)

C learly  4  i s  a  subalgebra of :4. And + c w here 4  [4 ,14 ] and c
denotes th e  center of Then the semi-simple Lie algebra has the
g rad ed  stru c tu re  ( -=- e )  a n d  can  be im bedded  a s  a  graded
subalgebra of g (DO  in  obv ious m anner. T hen  w e h av e  [0 2, = 0 ,
where T)-2 denotes the subspace o f g2-z(=g-2) g iven  b y  0-2= [W,, W,].

T herefo re  by Proposition 7. 4, can be im bedded a s  a  graded sub-
algebra of g (D) . Consequently, dim M (m  — n, s,—  s,' , C) and
hence th e  eq u a lity  h o ld s . W e  a sse rt th a t h a s  th e  properties 1)
and 2 ) in  Theorem 2. 1. S ince the domain D  is non-degenerate, we
g e t g2= [g', gl by Corollary 1.4. Clearly = . Thus we have
g2 = proving 1). T h e  property 3 )  i s  obvions. T herefore g2-z:-
H (m —  n, C )  and  the associated symmetric domain S  is  g iven  by

S  = { (z , u) E M (M  -  n, m —  n, C) x  M (m  —  n, s ,', C);

'N/ —1(z* —z) — uu* E H(m —  n, C)}. q.e.d.

7 .4 . I n  th is paragraph  R  denotes th e  vecto r space H (m , K )
( m > 2 )  and  V  denotes the cone H + (m  , K ) . L et r ( t )  b e  a  function,
a s  in  7. 2, on the in terval [1, s ] such that 1 <r ( t ) < 2 m . A n d  le t W
be the corresponding vector space, i.e., W =  t(uk t) E M (2m , s , C );  uk t
= 0  for k > r ( t ) }  .  Define a  V-hermitian form F  o n  W  by

F (u , )  =1 (u v *  J- z - j`  J)  .
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T h e S iege l domain D  associated  w ith  V  and F  is sym m etric if and
only if  s = 1  and r (1) = 2m (Pyatetski-Shapiro [6]).

L em m a 7 . 9 .  T h e  f o llo w in g  case s , g' = O.
(1) (S) <  217/ — 2.
(2) r (s  — 1) = 2m  (s> 2) .
Proof . I n  t h e  c a s e  (1 ) ,  c 2 *  [ g  - 1 ,  c l ] T h ere fo re  w e  have

g1= 0  b y Proposition 6. 4. In  th e  c a se  (2 ) ,  it is sufficient to prove
o u r assertion  w ith  th e  assum ption that s =  2  (c f . Proof. o f  Lemma
7. 7). L et A k  ( 1 < k < m )  be the 2m x 2m m atrix  such  that th e  (2k
—1, 2 k -1 )  a n d  (2k, 2k)-components are 1 and others a r e  z e ro . Then
the following endomorphism g „ of R  W  belongs to tl°:

k (X ) =  A k X +  X A ,  f o r  X E H (m , K  )

k  ( 1 1 )  =  A k lt  f o r  u E W.

L et B  ( 1 < i  ,  k m) b e  the 2m x 2m m atrix  such  that th e  (21— 1,2k
—1), (2i, 2k), (2k — 1, 2i —1), (2k, 2i) a n d  (h , h)-components a r e  1
(h* 2 i — 1 ,2 i , 2 k  — 1 ,2 k ) an d  o th ers  are zero . T h e n  th e  following
transformation f i , ,  o f  R  x  W  belongs to GL  (D):

f1,, ( X )  = B ik X B ik  f o r  X  E H(772, K )

f i , ,  ( u )  =  B i k t l  f o r  u E

F o r  e v e ry  u E  W ,  d en o te  b y  ui (1=1, ••• , 2 m ) th e  i-th ro w  vector.
T hen  w e have

k h )  =u,, f o r  h = 2k — 1, 2 k ,

( U h )  =  0  f o r  h± 2k  — 1,  2 k ,

f  ik (u2) —  U 2k, f i , ,  ( u 2 k )  =  21

f i k  ( U 2 1 - 1 ) U 2 k - 1 ,  f i k  ( u 2 k - 1 ) u 2 1 -1

f  ik(uh) = u h for — 1, 2 1, 2 k - 1 ,  2 k ,

S in ce  D  is non-sym m etric, there exists  u ( ± 0 )  E  - 1 .  Changing by

ftkOk ( u )  i f  n ecessa ry , w e  m ay  assum e th a t uh =  0  fo r  h > 2 .  Then
fo r any v E W  such that vh = 0 fo r  h > 2 , w e h av e  H I, y] , =  c [ [ 1 - ,
u ] ,  u ]  ( c  R) . Therefore y E r . B y  co n sid erin g  the transformation
f  w e have W = r .  q . e . d .



Symmetric spaces 343

N ext we shall prove

Lemma 7 .1 0 . I f  r (1) =r (s) = 2m — 1. Then
(1) s, C) and R1.
(2) [r-', i(ox 0°)

 E
H ( , K ) ; xEH (In - 1 ,  K)} .

(3) S =  (z, w) E C1 x M(1, s, C); Im  z  i-uu*>0}
P ro o f .  Let u, y E g - ' .  Then the bracket ru le  is g iven  by

(7. 1) [u, y] '‘/ —1 (vu* + y°J— uy* — JututJ).

W e set

i
/0 * *\ aEC1 1(

t° - -  (A ,C ) E gi (m, K) xgt(s, C); A =  0  a  0
\O 0 d l  C H- C* =01•

For any (A , C) E t°, define an element 0° (A, C ) o f g C (R  x  W ) by

JO° (A, C) X =  A X +  X A * , X E H (m ,K )

10° (A,C)u= Au +uC , uE W  .

B y  direct calculations, we can see that 0° (A, C ) belongs to g'. Next
w e  put

t1= {XE M (2m, s, C); Xkt= 0 fo r a l l  k*2m —1}

s, C)).

Let X E  f ,  Y E  W .  By direct calculations, we easily see that the pair
(A, C ) belongs to t°, where A = — 1 (YX* + JY`XJ), C = — 1 (X* Y
+ Y * X ) .  And for any Z E  H(m , K) , ZX belongs to W .  Therefore
w e can define an elem ent 0' (X )  o f Horn (q-2, g-1) H o m  g ° )  by

JO' (X )Z  = Z X  f o r  ZE g

10' (X ) Y= 0° (A, C )  f o r  Y E

w here A  = ,/ —1 (YX* + J T X J ), C  =  — 1  (Y *  X+ X* Y) . Clearly
01 is in jective. W e shall show that Ø °(X ) belongs to cf. B y  T h eo rem
4. 1, it is su ffic ien t to  check the following equalities :

(a) 01 (X ) ([u , y ])  [ 0 '  (X) u, 7)] + [u, 01 (X) y ]  ( u ,  y  E ,

(7. 2)

(7. 3)
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(b) [Ol (X) Z, u] + [Z, 01 (X) u] = 0  (u E g ' ,  Z E g - 2).

F rom  (7. 1) , (7. 2) an d  (7 . 3), w e have

01(X) ([u, v]) = [u, 7)] X =  —  1 (vu* —  uv*) X ,

because tvt,IX=tutJX= 0 a s  is  e a s ily  o b se rv ed . And

[0' (X) u, v] [ u ,  Ø'(X ) v]

= — 1 (vu* X— uv* X ) + — 1 (JatXJv — X J u )

=  I —1 (vu* X— uv* X ) ,

w here w e use the facts that t XJy = t (iv`J X ) = 0  and t XJu =t (tutJX)
= 0 .  T h u s  w e  g e t (a ) . A n d

[0' (X) Z, u] = — 1(u (ZX)* JZ Xtut, —  ZXu* (Z X)t .1)

=  — 1(uX*Z+ ZJX tu 'J— ZXu* X Y Z ),

because JZ = ZJ and Z* = Z .  O n the other hand

[Z, (p' (X ) u ] =  —  — 1 (u X *  +  X J )  Z  Al —1Z (Xu* + JX`uJ)

= — •\I I I  (u X* Z — ZJX` uJ — ZXu* frit XJZ) .

T h e re fo re  w e  h a v e  ( b )  because .̀.1= — J. C onsequen tly  w e have
dim W >dim M(1, s, C) .

W e  put

W ' ={uE g-1;  u = 0 f o r  k>2m — 2}

W " =  {u E g ' ;  u = 0 f o r  k<2m —2} .

T h en  g '  W '  W "  (d irec t su m ). W e  a s s e r t  th a t  'C I =  W ' o r  -E-1
=  W " .  In fact, there ex ist g, ( 1 < k < m )  of g° and f  (1 < i, k < m  — 1)
o f  G L  (D ) a s  in  P roof o f  Lem m a 7.8. L e t  tt W '( u ± 0 ) .  Then
W '  is g e n e r a t e d  b y  t h e  e lem ents Ad fik  ad g ku (1<i, k m  — 1) .
Therefore if  there ex ists u ( 0) E W ' n  t ,  then  W ' c  r .-1 . Further-

m ore i f  u ( p 0 )  C  W" n roe', then W" C 1:-.1 because th e  sp ace  [ W",
W " ]  is  g en e ra ted  b y  th e  elem ent [[ / , u ], u ] in  T-2. O n  th e  other
hand, there ex ists u (* 0 )  in since D  is non-sym m etric. I f  g„ ,(u)
= 0 ,  then u  W ' and hence W ' c A n d  if g n.,(u) ± 0 ,  then g„,(u)
E r n W " and hence W " c lc'.  T h e r e fo r e  the fact that g l* 0  implies
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o u r a sse rtio n . W e  n o w  suppose that =  W " .  T h en  [[W ", W "],
çb' (t1)] c T-1], = 0. Clearly from (7. 3), we have [[ W ", W "],
01(t1)]*0. T h is  is  a contradiction. T hus w e can  conclude that
T -1 =  W '.  Hence dim gl = dim —dim 17' =  dim W " and dim g2-= 1 by
Lemma 6. 2 and from the fact that 1.. 2= T - ' ] .  It is not difficult
to  see that the  graded subalgebra [W", W"] + IV" + [W ", + g' + g'

has the properties 1 ) and 2 ) in  Theorem 2. 1. q.e.d.

L em m a 7 .11 . I f  s =2, r(1) =2m —1 and r (2 ) = 2 m . Then  g1
=0  a n d  g2 = O.

P r o o f .  Suppose th at g' * 0 .  W e set W ,=  {(0u 0°) M (2m , 2, C);
u E  M (2m  —1, 1, C )} and T V 3  =  { (0  U ) M (2m , 2, C); u E  M (2m , 1, C)}
Then W= W, + W2 (direct sum) and F(Wi,W2) = 0 .  Then the domain
D , i s  one considered in  Lemma 7.10. P u t  R ,,= {(ox 0°)EH (m ,K );
xEH (m  — 1, K )} . Then from  (2 ) of Lemma 7. 10, th e  subspace RO
of g- 2 i s  invariant b y  ad p r (g ° ). Therefore any elem ent of a (g°) is
o f the form:

(7. 4) ( A u  A n )  2 m - 2

\ 0  A n  2

2 m - 2  2

w here a  i s  the mapping of g° to  g (m, K )  a s  in  § 6. W e  put

W' =1( ou M(2m, 2, C); u  M(2m —2, 2, C)1

/0 \
W "= u, U 2) E  M (27n, 2, C); u2, u3E Cf.

\ 0 U3

T hen W-= W ' + W" (d irect sum ) and b y  the argum ents as in  Proof
o f Lemma 7. 10, w e  have =  W ' or =  W " .  Suppose th a t lc '
=  W " .  T hen w e h av e  (c f . Proof of Proposition 6. 4)

a (rs„) _ {(a0 00) gi (m, K ) ;  a M(2, 2m —2, C)}.

T h is contradicts (7. 4). Therefore 1:-1  =  W '.  And hence

=R,
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g2 =1(00 AO) E 11(ni' K ) ' A = (a0 al3), a E

(c f. Proof of Proposition 6. 4).

0  BT h u s  b y  u s in g  ( 6 .  1 ) ,  w e  c a n  w r i t e  a(E,) =  (0  C ) •  L e t  XE g2

( c H (m , K ))  . T h en  [Es, X ] = — (a (Es)* X + X a (E  8)) =2X . Hence
bw e  h av e  C  _e2+  ( —la
l — l

=   ( a =  R ,b E C ). W e  put P =)

(e2m-2 —  B C  1̀ Then Pa (Es)P' = (CIO C )*0 It is easy to see that the

matrix P belongs to GL ( n, K ) .  Hence we can define the element P of
GL(D) by

P (X ) =P X P *  f o r  XE H(m , K )

P (u) = Pu f o r  u E W

Since a (A d PE s) = (g we may assume that a(E1) -- (0° c° ) .  Then
w e  g e t  a = b = 0  a s  in  Proof o f  Lemma 6. 2. A s  a  result a (E )

( 0  0  ) and hence0 — e2

= {(°0 ) 11(m ' K ) ' X = (x0 (x)), x E

L et u E W" . T h en  [[I, u], u] E H ence w e h av e  u E -1 .
T h u s w e  g e t  W " , because W ' c  t .  Let X , (re sp . X 2) b e the
elem ent o f  V i  su ch  th a t u, = 1, u2= us= 0  ( r e s p . u =  1 , u1= us= 0).
B y  u s in g  th e  fa c t  th a t  th e  associated  sym m etric dom ain  is g iven
b y  -((z, u1, u2, us) G C 4 ; Im z — ELIlui 2> 0 1  ,  w e  c a n  e a s i l y  observe
th a t th e re  e x is t  A l, • , A „  of su ch  th at A d (exp Aio • • • oexp AO X1
=  X 2 .  W e  se t  qi ( X E ; F (X, Xi) =0} ( i= l ,  2 ). W e th en  have
A d f q, = q2, where f  = exp Al. • • • oexp A „ • Clearly

(7. 5)
1 Cli =  h0 0) E 111(2121'

q2=- E M (2m, 2, C); u E M(2M — 2, 1, C)}.

( 0  u\

(u 0\

2, C  u  E M (2m —2, 1, C)}

N ext w e se t pi {X e  ( 3 ' ;  F (X , ck) =0} (i = 1, 2). T hen from  (7 .5)
w e  h a v e  d im 4 1 =  2 m  1  and  dimcp2= 2m. O n  th e  other hand P2
= A df p ,  and  hence dim,,p, = dim,,p2. This contradiction arises from
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th e  first assu m p tio n  th a t 0 '*0 . T h erefo re  0 ' =  O . S in ce  D  is non-
degenerate w e have q2= 0 by C oro llary 1 .4 . q.e.d.

W e  a re  now  in  a position  to  prove the following

T heorem  7. 12 .12) L e t  D  b e  the S iegel d o m ain  of the second
k in d  c o rre sp o n d in g  to  the cone H + (m , K ) (m _ 2 )  and the f unc tion
r ( t )  on the in te rv a l  [1, s]. A n d  le t S  b e  the associated  sy m m etric
domain.

(1) I f  r (s) < 2 m - 1  a n d  n= [(r (s) + 1) /2] . T h e n  0' = 0, 02
—  n, K ) a n d  S  i s  of the f irs t  k in d  c o rre sp o n d in g  to  the cone

H+ (m — n, K) .
(2) I f  r (s) = 2m — 1. L e t  s '  b e  the in te g e r ( s ' <s )  su c h  th at

r (s') <2m — 1  and r (s' 1) -= 2m — 1. (In the case r (1) = 2m —1 , we
p u t  s' = O.) T h e n  01-f-_-: M (1 , s — s' , C),  2 R 1  a n d  S  = { ( z , w )  C1
X M(1, s —  s' , C); Im z —  ww*>0}

(3) I f  r (s — 1) -= 2m (s 2 ) .  T h e n  01= 0, q2=0 and  S =  (0 ).
(4) I f  r (s) =2m  a n d  r (s —1 ) < 2 m . ( I n  the case s = 1 ,  w e  put

r (0) = 0.) L e t  n=[(r (s — 1) + 1) /2] . T hen M  (2m  — 2n,l, C ),
—  n, K ) and  S  i s  the d o m ain  c o rre s p o n d in g  to  th e  cone

II+ (m —  n, K) an d  the f u n c tio n  r ( t)  s u c h  th at  s =1, r (1) =2(m  —  n) .
Proof . ( 1 )  I n  t h is  case , 01=  0  b y  Proposition 6 .4 . Other

assertions can  be proved sim ilarly a s  Theorem 7. 6.

(2) W e  s e t  TV, = {u E W ; U k t  = 0  fo r  t> s '}  a n d  W 2 =  E W;
U k t =  0 for t <s1 . T h e n  W =  +  T V 2  (direct sum) an d  F(147,, W 2)
=0. T h e  domain D ,  (resp . D 2) i s  one considered in  Lemma 7. 9
(resp . in  Lem m a 7. 10) . L e t  =  E L _ 2 ' b e  the semi-simple graded
subalgebra of q (D2) as in T heorem  2 . 1 . B y Proposition 7. 3, Lemma
7 .9  and Lemma 7. 10, we have dim 0' = dim 0-1—dim r < d ir n 1 .  O n
the other hand by Proposition 7. 4 and Lemma 7. 10, th e  L ie  algebra

is im bedded as a garded  subalgebra o f g (D) . Therefore w e have
0 1 = 4 .  S in ce  D  is non-degenerate, we know that 02= [01, 0 1 ] from
C o ro lla ry  1 . 4 . A s  a  result 02= e, because 2,=. D1, N ow  it is
c le a r  th a t the subalgebra of q (D )  h a s  p ro p e r t ie s  1 )  a n d  2 )  in
Theorem 2. 1.

12) Tsu ji [1 0 ]  calculated g '  and g '  in  special cases of this theorem.
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(3) W e  se t W, = {u E W; U k t - - - 0  fo r t >s — 1} and W2= fu E W;
U k t = 0 fo r k < s —  . Then W =  +  W 2  (direct sum) and F(Wi, W2)
= 0 .  Then the domain D, is  one considered in Lemma 7 . 9 . Therefore
W2 C 17-1 b y  Proposition 7 . 3 .  S i n c e  [ W, W] = [W2, W2] = g - 2, we
have W = t 1  a n d  g -2 =  T -2 .  Hence g' —  0  and 02=0.

(4) I f  n  m , then  r (s —1) =2m —1. W e  s e t  W 1= fu E W ; ukt
= 0  fo r  t>s — 1} and W 2 = W ;  Ukt = 0 f o r  t <s — 1 1 . Then the
domain D2 i s  o n e  considered in  Lem m a 7. 11. Therefore w e have
g' =- 0 and q 2 = 0  b y  th e  sam e reason a s  in  (3).

We now consider the case where n < m , i.e., r (s— 1) <2m  — 1. We
s e t  W, = {u E W; =  0 } an d  W2 = fit W ; U k t = 0  fo r  t <s} . Then
W = W , + W 2  (d irec t sum ) an d  F (W 1 ,W 2 ) = 0 . W e  h a v e  W, c
because the domain D , is  d e g e n e ra te . Put W '=  {u W; Uk1 =0 fo r
k>271} and W "=  fu E  W ; u , =  0  for k < 2 n }  .  Since [W ', = [W1,
W 1], w e have W ' c Therefore dim g l< d im  W " . O n  th e  other
hand, the domain D 2 is  sym m etric . B y  u sin g  the well known expres-
sions of (D 2), a s  in  Proof o f  ( 3 )  o f  Theorem 7 . 8 , w e can  show
th a t  th e re  e x is ts  a  sem i-sim p le g rad ed  subalgebra = E L ,  e  of

(D2) such that = W I]] =0 an d  th e
adjoint representation of on + is faithful. N o w  o u r  assertions
can  be verified  sim ilarly a s  (3 )  of Theorem 7. 8. q.e.d.

R em ark  4 .  L et D  b e a  S ie g e l domain of the second kind and
let q (D) = 3 = - 2 Ox b e  the graded L ie  a lg eb ra  o f  Aut (D ) .  T a k e  a
point v E V .  T hen th e  domain D  is homogeneous if  an d  only i f  0-2

[g°, v]. Therefore the homogeneity of D  im p lies that g° is  fa irly
l a r g e .  By Theorem  4 . 1 , g ' i s  the first prolongation of (g-2+ O--12 go)

Thus the following question arises :  Is there an irreducible inhomogene-
ous S iege l domain with 0 ' * 0 ?  A s an  answer, we give the following
example.

L e t R = H  (m , C ) (m >3 ) , V  =  H +  (m  , C ) . A n d  le t  W= C1 x C'
x H (m , s, C ) (s >  1 ) .  Define a  V-hermitian form F  o n  W  by

ultv , 0 0\
F (u, w) = 0  u 2 2  0 + u3w3*,

0 0 0/

w here u = (u1, u2, u3) , w -= (wi, w2, w 3) .
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I t is  n o t d if f ic u lt  to  se e  th a t the  domain D  associated  w ith  V
and  F  is  irred u c ib le  and inhom ogeneous. B y  the same methods as
in  P roof o f  Theorem  7. 8 , w e get M (m  —2, s , C )  and
— 2, C).
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