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A  fie ld  generator in  tw o  variab les is  a  polynomial f  ( s ,  y )  such
that f  together with some rational function g (x, y )  generates the field
k (x ,  y )  ( k  a  f ie ld  o f co n stan ts ). I t w as co n jec tu red  b y  Abhyankar
and proved by Ja n  (fo r  k  of characteristic 0 )  that f  has at most two
points at in fin ity , that is , th e  degree form  of f  h as a t m o st tw o  ir-
reducib le  facto rs. The aim here is to give more p rec ise  resu lts . F irst
(see  3. 7), un less { f=  0 }  is isom orphic to a  l in e ,  th e re  a r e  exactly
tw o infin itely near points of f  on L ,  th e  line at in fin ity . ( S o  if  f
has tw o ordinary points at in fin ity, no branch is tangent to  L .  Oth-
erwise, branches a re  at m ost sim ply tangent.) M o r e  generally  (see
3. 6), th e re  is  a  quite sharp bound on the number o f infinitely near
points of f  on L  in  term s of the genus of k (x , y )  over k ( f )  .  Sec-
o n d ly  (see  4. 5 ), a f te r  a  su itab le automorphism ço o f  k [ x ,  y ] ,  f  is
linear or has two (ordinary) points at infinity. (yo is essentially unique
in  th e  la tte r  case  (see  4. 7) .) g 9  is  show n  to  be tam e, a n d  a  proof
of the resu lt o f Ju n g  [1 ]  and  V an  der K u lk  [5 ] on the structure of
automorphisms of k[x , y ]  appears a s  a  byproduct.

I  w o u ld  lik e  to  express m y thanks here to  S .  S .  Abhyankar and
participants in h is sem inar at Purdue, w here I w as first in troduced
to these problems and  learned how  m uch there is still to  be learned
about polynomials in  tw o variables.

1 .  L et k  be a  f ie ld , k[x , y ]  the polynomial ring in two variables
over h  and f  l z [ x ,  y ] ,  f  E k .  Then k (x , y )  is  of transcendence degree
1 over k  ( f )  and hence the function field of a complete regular curve
over k (  f ) ,  which we denote by C f .  Let t  be transcendental over k and
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X , Y  variab les over k ( t ) .  Then

1 .1  ( k ( t ) [ X , Y ] / f  (X , Y )  —  t) k ( f ) [ x ,  y]

under the m ap sending t  to f ,  X  to  x  an d  Y  to  y. W e  are thus led
to investigate the pencil of Curves {V( f  12 E lz} , of which V( f  —  t )
i s  th e  g e n e r ic  m e m b e r  ( s e e  2 .8 ) . (W e  u s e  V ( f )  to  deno te the
curve, or effective divisor, defined by f . )

In  order to enable u s  to  u se  geometric arguments, we imbed the
the affine p lane Akz in  th e  p ro jective  p lan e  P k ' in  th e  u su a l w ay,
choosing projective coordinates (X0, X1, X2) on Pk ' such that x= XI/Xo
and y= X2/Xo. Then the line at inf inity  of A02 is L = V(X0) = P02 —  A k 2 .

Let d=  deg f  and F (Xo, X1, X2)=. Xod f (X i/ Xo, X2/ X0). Then V(F —  AXod)
is the closure in P 02 of V  (f —  ,1) and the points of V(F—AXad)— V(f —2),
in one-one correspondence with the irreducible facto rs o f the degree
form of f ,  are  th e  p o in ts  at in f in ity  of f .  We define

1 . 2  A U )  = {V (ceoF + aiXod) I (ao, a i )  E Pki} •

B y  1. 1 , C1 i s  th e  normalization o f  V(F — t X00). A lso , k ( f ) [ x ,  y ]

i s  a  regu la r r in g  ( i t  i s  a  localization of k [ x ,  y ] ) .  H ence V  (f —  t)
is  an  affine open subset of C f .  The points of C f - V (  f — t )  w e will
c a ll the points at in fin ity  of C .

1 .3  D e fin itio n : f  is  a field generator if there exists y E k (x , y)
such that k ( f ,  g )  = k ( x , y )  o r, equivalently, if  C f  i s  a  rational curve
over k (  f ) .

R em ark : It does not seem to be known whether, given that f  is
a field  generator, g can be chosen in k[.x, y ] ,  or, equivalently, whether
C f h as a po in t at infin ity rational over k ( f ) .

2 .  Most of the contents of this section are quite w ell known, and
it s  m ain  p u rp o se  is  to establish a  coherent n o ta tio n . W e assume that
k  is algebraically closed.

L et S  be a  complete non-singular surface, p o E S  ( a l l  points are
assum ed to  be closed unless otherw ise designated) a n d  ( s e e  [3 , II,
§  4 , 2 ]).
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S '-)S

the local quadratic transformation (1.q.t.) o r b low ing up  w ith  centre

Po. W e  d e n o te  b y  E = n - i  ( p o )  the exceptional fibre of  i t .  L e t  C  be
a  curve on S .  W e  put

(Pa, c) =multiplicity of p o  on C.

L et n' (C )  b e  th e  p ro p e r t ran s f o rm  an d  7t* (C) (C) +  i i ( p „  C)E
the to ta l  t ran s f o rm  of C  on S ' .  L et ( — , —) denote the intersection
product on both S  and S '.

T h en  (see  [3, IV , § 3, 2] )

2. 1 (i) n *  preserve linear equ ivalence and the intersection
product.

(ii) E P 1  an d  (E, E) = —1.
(iii) I f  C  i s  a  curve on S,

(7r' (C) , E) = (1,0, C) .

(iv) I f  C, D  a re  curves on S,

(C, D) = (n' (C) , (D ) )  +  p (p „ C )  ( p „  D) .

L et C  b e an  irreducible curve on S .  Then the arithmetic genus
of C  is  g iv e n  b y  (s e e  [2, IV , § 2 ,8 ])  „  (C ) =  1  +  (C  , C  +  K ) ,  where
K  i s  a  canonical divisor on S .  Now K' = n* (K) +E i s  a  canonical
divior on S ' and hence

2 .2  p o  ( C )  =P. (7r (C )) + /1 (Po, C) (fi (Po, C) —1)

W e note that in  case  k  is not algebraically closed, 2. 1 and 2. 2 remain
va lid  if  p o  is  rational over k.

2 . 3  D e f in it io n : (i) A n  in f in ite ly  n e ar (i.n.) point of S  is  a
sequence

= (Pi, Pi_i, "

such that poE  So= S  and  fo r 0<.i<i, P (p 9_,) =EJOES j, where

ni: Si—>Si_,
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i s  the 1.q.t. w ith  centre p W e  w ill a lso  s a y  th a t  q  is infin itely
near to  po. A n  i .n . point q = (po) w ill b e  c a lle d  a n  o rd in ary  point
of S.

(ii) L et D  be a  curve on S .  Then

,u(q, D) = g(p0, Do)),

where D(0) i s  the proper transform of D  on S,. W e say  q  is  o n  D
i f  ,u(q, D ) > 0 ,  i .e . p ,E D o ) .  (Note th at th en  a ll i .n .  points cif = (p
• • , p 0 ) ,0 < j<i, are  o n  D.)

Remark : Let S i =1, •-•,1  be a  sequence of 1.q.t. and
p E S / .  Then p  determines uniquely an i.n. point q = (pi, p o )  (with
i< /  in  g e n e r a l) .  I f  th e re  is  no danger of confusion, w e  w ill c a ll p
an  i .n . point of So.

L et A  be a  linear system  o f curves on S  and p E S .  W e put

(p, A ) =m inip(p, D )1D  e  .

(Then p (p , A )  i s  the m ultip licity at p  o f a  general m em ber of A , i.e.
,u(p, A )  , t ( p ,  D )  fo r  D  ran g in g  o ver a  d en se  o p en  subset o f  A.)
Let i t  b e  the 1.q.t. w ith  centre p. Then

r* (A) --- {7-c* (D) D .

the t o t a l  t ran s f o rm  of A , is  a  linear system  w ith  ii(p , A )E  a s  fixed
com ponent. W e define the p ro p e r tran s f o rm  of A  by

it' (A ) = in* (D) —  p (p , A )E ID  E  .

n' (A ) i s  a  linear system  not having E  a s  fixed component. W e note
that a s  a  consequence of 2 . 1  (iv)

2.4 (A , A ) = (n' (A ) , (A )) 4- p(p, A )2

(w h ere  (A , A ) = (D , D ') for any D, D ' E A).

2 . 5  Definition : L et q = (p„, ••, po) be an  i .n . point of S.
(i) , u ( q ,  A ) =(p 1 , A 0 ),  w h e re  21(0) i s  th e  proper transform  of

A  on Si.
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(ii) q  is  a  base point of A  i f  p(q, A ) > 0 .  B = B (A) i s  the set
of base points of A. (Note that B  is  fin ite  i f  A  h a s  n o  fixed com-
ponent.)

(iii) Let ni+i : S 1 —>Si be the 1.q.t. with centre pi and Ei+i
Suppose q  i s  a  b a se  p o in t . Then q  is non-term inal if a  general mem-
ber of k i+ i)  meets Ei+, o n ly  in  b ase  p o in ts  o f A. O therw ise, q  is
terminal.

2 .6  R e m a r k :  S u p p o s e  A  is one-dimensional a n d  le t  g =a0,f0
+ ( a o ,  al)  E  P ki b e a  lo ca l equation of 21(0) a t  p i .  Let F0, F1 b e
the leading form s of fo ,f ,  and G  the  lead ing fo rm  o f  g  fo r  general
(ao, ai) . Then there a re  th e  following possibilities :

(i) deg F o * d eg  F i, say deg Fo< deg F i .  Then G = a0F0.
(ii) deg Fo= deg F , and F1= 3F0, 3 E k. Then G -- (ao+ 8a1) Fo.
( i i i)  deg F o  deg F , and H= GCD (Fo, F1) *Fo. Then F o  HPo,

F1= H P ,  w ith  GCD(F o, Pi) = 1 a n d  deg F'e= deg P, > 0 .  N o w  G =
H(aoPo + aiFi) •

The points of /1" 0  on Ei+, a re  given by the different irreducible
factors of G .  In  cases ( i )  an d  ( i i )  these a re  independent o f  (ao, al)
and lead  to  base po in ts o f A(i+1) on  Ei+,. I n  c a s e  ( i i i ) ,  factors of
aoFo + aiF, depend o n  (ao, a1) and do no t lead  to  base p o in ts . So  q
i s  term inal in  th at case.

2.7 Definition : Assume A  has no fixed component. Let p E S.
Then

m (p ) m  (p , A ) = (q, A ),

the sum  extended over all base points of A  i .n .  to  P .  I f  T c S ,  then

(T ) = m (T , A ) -- m ( p, A) .
PET

A  pencil A  on S , w hich  w e assume to be without fixed compo-
nent, defines a  rational m ap A : S—›13k'.

2 . 8  Definition: T he generic m em ber A ,,  of A  i s  the fibre of
/1 over the generic point 77 of P 0 1 .
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A „ i s  a  curve on S ® K (v ), w here rc(v ) i s  the residue fie ld  o f v.
S ince is(v ) is pure ly  transcenden tal over k ,  a n  ord inary base point
of A  on S  defines, by extension of scalars, a unique point on A,,. W e
then h av e  th e  fo llow ing  easy  vers io n  (w h ich  h as  th e  advantage of
being true if  ch ar k > 0 ) o f B ertin i's  theorem.

2 .  9  L e m m a : T h e  generic m em ber o f a  pencil w ithou t f ix ed
com ponent is regular outside the base points of the pencil.

P ro o f :  W e can  cover S  by affine open sets U  with coordinate
r in g s  A  such that there exist f o , f iE  A  with

A U = IV  ( a o fo +  c r i f i )  I (ao, a l )  E P k il

an d  (fo,A ) A  a  zero-dim ensional ideal. Then there is a t  ( )  such
that x (v ) = k  (t) and f  t f ,  is  an  equation for A ,, in  A C ) k ( t ) .  Now
generalizing 1. 1

(A 0 k  [t] /fe + tf ,) f i

and hence (A 0 k (t) / f o +tf ,)  f i T -1A f ,, w h ere  T c A f ,  i s  th e  multi-
p licative s e t  o f  a l l  non zero polynomials over k  in f o / f , .  Let I c A

® k ( t )  b e the m axim al id ea l of a po int p  on A,, (i.e . f o + t f i E / ) .  If
A E I ,  then p  i s  a  regu lar point of A ,  b y  th e  above since i s
a  regu lar r in g . I f , o n  th e  other hand, f ie  I ., then f  E / and it follows
th at /  is  the extension  to  A C )k ( t)  o f a  m ax im a l id e a l P  E A  such
th a t fa i E  / '. H en ce  p  i s  a base po int of A.

R e m a r k :  T h e strong version of Bertin i's theorem asserts regu-
larity  of A„ over the algebraic closure of K ( r ) .  This, of course, may
fa il i f  char k> 0.

Let p  be an  ordinary base point of A .  I t  is  e a s ily  s e e n  (for in-
stance by the d iscussion  in  2 . 6) th a t p (p , A ) =  ( p ,  A , , ) ,  an d  it fo l-
lo w s th a t th e  proper transform  o f A,, under the 1.q.t. w ith center p
i s  the generic member of the proper transform o f A. 2. 9 therefore
extends to  i.n . points, th at is , a ll i.n . s in gu la r points of A >, are base
points of A .  In  particu lar, they a re  rational over x (n).
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S ince A  has no fixed component, we can find a  sequence of 1.q.t.
77i

S *  =S , - - >S ,_ ,- ) •  • • -4S, --->S o = S

w ith  cen tres at base points of A  and such that A*, t h e  proper trans-
form of A  on S ,  i s  free of base p o in ts . Then (A*, A *) =0  since two
distinct members o f A * do not m e e t .  By repeated application of 2. 4

2 .1 0  (A , A )  =r,u (q , A )2 , q EB .

Now A *  is  regu lar and obtained from A„ by 1.q.t. with centres rational
over r. (n). H ence A *  i s  th e  normalization o f  A „ an d  p a (A ,,* )= g ,

the genus of (A „) over ic(v), w here K ( A )  i s  th e  function field of
A .  By repeated application of 2. 2 we obtain

2. 11 p a  (A „ ) =g - 1- 1 ,u (q ,A )(g (q ,A ) - 1), q E B .

3 .  W e  assum e th a t  k  is  a lg eb ra ica lly  c lo sed  in  th is  section.
O therw ise w e return to  the notation of section 1.

Let f  k [x ,  y ] ,  d =  deg f  > 0  and A = A ( f )  ( s e e  1 .2 ) .  T h e n  c12
= (A , A ) and pc, (A ,) (cl — 1) (d — 2) . B y 2 .10  and 2 .1 1  w e  have

3 .1  d 2 =  p (q ,  A)2, q E B,

3 .2  (d — 1) (d —  2) =- 2g + (q, A) (it (q, A) —1) , q

Hence

3 .3  E p ( q ,  A) = 3d + — 1) , q EB .

H ere y  i s  the genus of C1, or o f k ( x , y ) ,  over k ( f ) .
Pencils o f type A( f )  have the d-fo ld  line at infin ity a s  a  mem-

b e r .  In  fac t, A co= V  (X od) =dL , w here Aco i s  th e  member o f A  given
by a0=0, a ,  1 (00 (0 ,1 )  E  P k i )  •

p ro p erty . Let
W e  w ish  to  exp lo it th is special

S,_,—> • • • —> S, — >  So=  Pk '

be a com posite of 1.q.t. L et p i  E S i  be the cen tre  o f  n i+ ,  an d  E5+1
j=0 , ••• , 1 - 1. Put E e = L .  I f  D  i s  a  curve on some S,,

denote by D(J) its proper transform  on Si, j > i .  A(J) w ill be the prop-
er transform  of A  on S f ,  and  A„,o) the  member o f  A (J) given  by co
EPki (to be distinguished from  (A0.) (5)).
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3.4 Definition: L et D  be an  irreducible curve o n  S s (D )
i s  the m ultiplicity o f D  as a component of A (`) , i.e . .40,0(t) = a (D )D  + C ,
where C  does not have D  a s  a  component.

W e  note the following facts concerning a (D) .

3. 5. 1 D  =  (D )  fo r some then e (D) = s CD) .

3. 5. 2 e (Eo) = d.

3.5.3 (D )> 0  an d  if  e (D )  > 0 , then D =E i(`) fo r some i <1 .

L -1

3. 5.4 C ( E 1 ) E  s — A(1-1)) .
1=0

In  fac t, b y  3. 5. 1 and b y  3. 5. 3,

Eti=loS (E1)// (Pt-i, E1('-1)) = A t - 1 )  = m ultip lic ity  o f  E ,  in
ri* (A .

Rem ark: P(P1-1, E j ( L - 1 )  = 0  o r  1, and  1 fo r at m ost tw o j.

3 .5 .5  If i s  a  te rm in a l b ase  p o in t o f A  (s e e  2. 5 ),  then
s(E1) = 0.

In  fact, E ,  is  n o t a  fixed component o f .4(1), but A o) meets E ,  in
infinitely many p o in ts . Hence E ,  is  n o t a  component of any member
of A0).

3. 5. 6 If p1_, i s  a  base po in t o f A  and s (E 1 )  >0, then all points
of (a general m em ber of) A t  o n  E ,  are base po in ts o f A , and there
is  a t  le a s t  one such.

In  fact, since p t_ i  i s  a base point, all m em bers o f  A (1) m eet E,.

But E ,  i s  a  component o f A (1 ), and hence if  A coo)* D E A ',  D  meets
E ,  only in  base po ints of A.

3 .5 .7  L et Pi EE, b e a  b ase  p o in t o f A. T h en  e(E1)<771(191)
(see  2. 7) .

In  fact, w e can  find  an  i.n. p o in t (1i1+7-, •  P I )  o f  S ,  such that
A +, i s  a term inal base point of A .  If  Ei+j+i i s  th e  exceptional fibre
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above p , , j ,  then Pt+jG  Et+ j , j=0 , •  r ,  and

(E t+ r+ i) ? _€  (Es) —  >.L ‘ 11(Pi+j, z r")
1=0

be repeated application of 3. 5. 4. N ow  s =  0  b y  3. 5 .  5  and
hence e (E 1) < E rj  = 0 ,a ( P l+  1 1 ( 1 " ) )  <n i

 5 .  8  L et s  b e the number of i.n . base points of A  on E 1 .  Then
se (E1) (E1) ( s e e  2. 7).

In fact, suppose q =  ( p i„, p , )  is  a base point of A  on E l .  Then
go =  (p i) , 41= (101+1, .•., 4i-Fr= q  are  b ase  p o in ts  o f A  o n  El. We
have II (p t+ j, E ,0 "))  =1  and it (pt+ j, = 1 for j =  0 , • • • ,  r. Repeated
application of 3 . 5 . 4  gives

C (Et-Fr+1) > (r+  1 )  6 (E1) E A".")).J-0

I f  e  (E t+ r+ 1 ) = 0 , le t  m = 0 .  O therw ise there is a  b ase  po in t b t+r+1 of
A  on Et-Fri-i by 3. 5. 6, and w e let m  = m  (Pt+r+i) >  (E il-r+i) (by 3. 5. 7) .
Hence (r + 1) e (E1) < E r i= 0 / i  (p t+j, A o ") )  + m <m  (Pt). W e  m a y  assume
that r  + 1  i s  the exact number of base points of A  on E , i.n. to Pt (PI
determines a unique m axim al sequence of them ). Sum m ing over a ll
ordinary base points of A (1) on E ,  w e obtain  the desired result.

3 .6  T heorem : L et f  e k [x ,  y ] ,  d = d e g  f  > 0 ,  g  t h e  g e n u s  of
k ( x ,  y )  o v e r k ( f )  an d  s  th e  num ber o f  po in ts  o f  f  o n  th e  lin e  at
in f in ity  o f  Ai!, in c lu d in g  all in f in ite ly  n e ar p o in t s .  T hen

(s—  3) d<2 (g — 1) .

P r o o f :  T he i .n . points of f  on L ,  that is the i.n. points common
to V ( F )  and L ,  are base po in ts o f A = A ( f )  s in ce  V ( F )  and L  are
components o f different members of A .  A lso , A  h a s  no base points
on A k 2 , and hence m (L) —  ( q ,  A) , q e B . B y  3. 5. 2, 3. 5. 8 and 3 .3
w e have s d < 3 d + 2 (g — 1) .

3 .7  C oro llary : L e t f  e k [ x ,  y ]  b e  a  f ie ld  g e n e ra to r.  T h e n
th e re  are  at m o s t  tw o  in f in ite ly  n e ar poin ts o f  f  o n  th e  l in e  a t  in-
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fin i ty  o f  24,2. In  particu lar, the  degree  f o rm  o f  f  h as a.t m ost two
distinct irreducible factors.

P ro o f : k ( x ,  y )  is purely transcendental over k (  f ) ,  so g =0  and
( s - 3 ) d < 0 .  Hence s<2.

3 .  8  Proposition: L e t k  be  any  f ie ld  and f  a f ie ld  generator
ov er k. T h en  the points at in f in ity  o f  f  are ratio n al o v e r k ,  that
is, the degree  f o rm  o f  f  sp lits in to  linear factors  ov er k.

P ro o f : The points at infinity of f  are base points of A ( f ) .  W e
w ill consider them  as po ints of A ,=V (F— tX ,d )  and show  that they
a re  rational over k ( t ) .  N ow over rz (t), k  an  algebraic closure o f k,
there a re  at m ost tw o , and hence over k ( t )  th ere  a r e  at m ost tw o
w ith  the sum  of their separab le degrees <2.

N o te  th a t  V (f — t) c C f  contains •a point q  rational over k (t)
since C f  i s  a  ra t io n a l cu rv e . A lso  R = k ( t ) [X ,Y ] / f — t  h a s  unique
factorization by 1. 1 and there exists h E R  such that ( h ) =q +E r,,n aq i,
where ••, q ,  are the po ints at in fin ity of C f  an d  (h )  is  the divisor
of h  on C f .  Hence G C D (d eg q i,••• , deg q ,.)  =1 , an d  it fo llow s that
GCD(deg qi, •••, deg q,) = I  if  q ,,• • • ,q , are the po in ts at in fin ity of f .
W e conclude that there is at least one q i rational over k ( t )  and, pos-
s ib ly , one m ore, q ,  s a y , purely inseparab le over k (t) . L e t  in  that
case i b e  the residue -field of q ,  and [ic: k (t)]=p 1 .-=b , where p =c h ar
k. W e note th at A , is not tangent to L  at q , over k (t) since f  already
has tw o ordinary points at infinity.

L et A  be the local ring o f o n  in " )  and M  the maximal ideal
o f  A .  N ow there exist param eters u , v  fo r A  such that y  is  a local
equation for L  and  u = x" — a ,  where a e k — le  and x  mod M  generates
K. over k ( t ) .  N ow .71.=A®,(oh: i s  th e  lo c a l r in g  o f  q ,  on  P , ' and
th ere  ex ist p aram eters rt, fo r A  such that vb= u01 and 77= v 0 1 .
L et g Œ A  be a  lo c a l equation for A „ a t  q1. Then monomials appear-
in g  in  the pow er series  expansion of . 0"--=g0 1  a re  of the form  e V ,
w here itY  appears in  th e  p o w er series expansion  o f g. S in ce , as
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stated above, v and a re  not tangent, a term rs" appears in the lead-
ing form of q. B ut b i+  j> b e  implies i +  j > e  if  b > 1 , a n d  th e  lead-
ing form of g  is  ue. Hence g — u e  M e + 1 .  It follows that if ,  is  a
point of C f  above q1, then u = x b a  has value > 2  at 4,. By [4, prop.
on  p . 405 and thm . 2] the  genus of C f  drops if the base fie ld  is ex-
tended to x, and this is impossible if f  is  a  fie ld  generator.

4 .  A n  automorphism 9: 2,102-- A , '  given by 9* : k[x, y]—>k[x, 31]
is elem entary i f  either 9 *  (x ) =  x  an d  yo* (y) = y + g (x ) , g E  k [ x ] ,  or
both 9 *  (x )  and 9 *  (x )  a re  lin ear. 9  is  ta m e  i f  it can be written as
a composite of elementary automorphisms.

A n automorphism ç , of A„2 determines a  rational map

00: Pk' = S —> =  pk2

such that 00 ilk2=çp. N o w  e ith e r  0 0  is  a  morphism ( in  c a s e  ço is
linear), or -0° has a un ique fundamental point po. In  fa c t , p o  is  the
unique point of S  corresponding to 4 , ,  the line at infinity of SI, which
is the only irreducible curve on S' not corresponding to a  curve on
S .  Clearly pie .E0, the  line at infinity of S .  Let

S 1—>S0=--S

be the 1.q.t. with centre po and

S1—>3

the rational map such that yjii1=00.7r1. A ga in ,'0 , is  a  morphism or has
a un ique fundamental point p ,E  7r1-1 ( Po) =E1. Continuing we obtain
uniquely a  sequence of 1.q.t.

,r1
4 .1  S,—). S0_1—> • • —› Si —> So

and rational maps

: j=  0, • • , /

such that 0 ,  is  a  morphism and for j= 0 ,••• ,1 - 1

(i) J A- 1= Jon J+1,
(ii) p5, the cen tre o f is  a  fundamental point of -Of,
(iii) p i  e Ef, where E j (p i _ i )  (for j 1 ) .
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R e m a rk : P o , • ••, pt-1 are  th e  i.n. base points of the linear system
(D= { V (a00* (x) + ago* (y) + a2) 1.

T he fo llow ing now  is easily verified  by d irect calculation (com-
puting the base points of successive proper transforms o f  (D,  fo r  in-
s t a n c e ) .  A s  before, i f  D  i s  a  cu rve  on S i, D (5 ) w ill be its proper
transform on Si, j> i .

4 .  2  Suppose q )* (4  = x  a n d  9 *  (y ) =  y  + a2x2 + • • • + aux", n >  2 ,

a i e k ,  a „ ± 0 .  Then the sequence 4. 2 is determ ined a s  follows
(i) /-=2n-1,

(ii) Pi E  E0, P i E E0(') fl E1,

(iii) for 2 < j< n —  1 ,  P5 E E1(J) n E5,
(iv) fo r n <  j< 2 7 t  —2, p iE E i (J )  fo r an y  i< j ,
(IT) p „  i s  in  one-one correspondence with a n ,  (1,,* 0 ,  and for

n + l<  j< 2 7 z  — 2, once p „ ,• • • ,p i - ,  an d  a„, • • • , a r e  fixed , p i  is
in one-one correspondence with a 2 n -  f  •

The figure below  g ives a  schematic description of the configura-
tion of E0, • • • , E2„_ 1 ( o r  rather, their proper transforms) on S2„_1. The
number given in  parenthese behind each E t  i s  ( E i " - '), E21' ) .

E 0 ( - 1 ) E 2 ( — 2) E_1( — 2) E n( —  2) E  n+1( —2) E2„_2( —2) E2„_1(— 1)

E1( — n )

N ow "-0,„_, maps E 2 n _ 1  isomorphically onto ko, and -02n1 is a  com-
posite

-02n-1—  1° • • • °Tr2n-1

of 1.q.t. which, looked at from  th e  to p , consist in  shrinking succes-
sive ly  the proper transforms of E0, E 2 ,  •  •  •  ,  E 2 _ 2 ,  E ,. (T h is  can again
b e  v e r if ied  b y  d ire c t calculation. I t  h e lp s  t o  n o te  th a t (-0,)-'=(To,
w here 0* (4 = x  and O*(y) =  y —  a2x2 —  • • • —  a„xn , so  th a t (30) -1 has a
sequence of i.n. fundamental points of the sam e typ e  a s  00.) Hence
i f  -kJ i s  the exceptional fibre of it./
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4. 3 ( i ) E0(2n - I )  ____ -
2.2re-19 E 2 n -  I 2 '0 (2 n  1 ).

(ii) E1C11' -1) ki(2.71- - I ) ,

(iii) E,2■:71_-J1) k i  ( 2 7 1 - 1 ) ,  j =  2, 2 n - 2 .

Conditions ( i )  t o  ( iv )  o f  4 . 2  allow , in  v iew  o f  (NO, th e  recon-
struction o f  0  u p  to  autom orphism s o f  S  an d  S ' induced by linear
autom orphism s of 21,2. Hence

4 .  4  Lem m a: Suppose 4 .  1  i s  a  sequence o f  1.q .t. su c h  th at
conditions ( i )  to  ( iv )  o f  4 . 2  are s a t is f ie d .  Let n= r io  •  •  •  o n z — i .  T hen
there ex ists an elem entary  autoz norphism  go: Ak2—>A,2 an d  a  morphisnz

S 2n-1-->Pk2 such that

13,2 =S

 

S2 n— I

_ 1 1 ,2

 

commutes and it ="f t1o•••.ir2,1 i s  a  com posite  o f  1.q.t. s u c h  t h a t  4 .3
is satisf ied.

4 .5  T h e o re m : L e t f  E k [x ,  y ]  b e  a  fie ld  generator. T h e n
th e re  e x is ts  a tam e autom orphism  0: 21,2— >A 02 such that either 0* (f )
i s  o f  d e g re e  1  o r  th e  d e g re e  f o rm  o f  0 *  ( f )  h as  tw o  distinct ir-
reducible fa c to rs . E q u iv ale n t ly , V (0 *  ( f ) )  =0 -1 (V  ( f ) )  is  e i th e r a
lin e  o r  h as  tw o  ( o rd in ary )  points at in f in ity .

P r o o f :  W e assume first th at k  is  a lgeb ra ica lly  c lo sed . Our aim
is  to  show that A (  f )  A  h as a  sequence o f  i .n .  b ase  p o in ts  a s  de-
scribed in  4 .  2  ( i )  t o  (iv ). W e  k eep  the notation used there and
put iti =,a(p i,  A m ).

Suppose A  has on ly  one ordinary base point on Eo, p0 s a y .  Since
d = deg f  = (Eo, A ) ((E0, A ) = (E0, D )  for any A ) and since a general
member of A  is  irreduc ib le  ( k (  f )  is a lgebraically  c losed  in  k (x , y ))
either d = 1  o r  A  i s  tangent to  E o  a t  p 0 , i .e .  th e r e  is  a  seco n d  i.n.
base po int (p i, p0) on E o .  B y  3 . 7  there a re  at m ost tw o , and hence
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(assuming d > 1 )

(1) d = Ito + 111

b y 2. 1 (iv). A rgu ing as in the proof of 3. 6, we have m(E0) =3 d  — 2.
Hence ni (E2) <  ( E 0 ) —  =  2 d - 2 .  Now C (E 1) =d — ii0 and C(E2)

e (E 0 ) + e (E 1 ) — 111= d  b y  3. 5. 4. I f  s  i s  th e  num ber o f  i.n. base
points of A  on E 2 , we therefore have s < 1  b y  3. 5. 8. O n  th e  other
hand, s > 1  b y  3. 5. 6. Suppose now  there is a  un ique i.n. base point

1,1 O f A  on E  and p5eE 10>, j=2, •••, r. Then p r= (E r, 1 1 ( r ) )  b y  2 .1
( iv )  a n d  (Er, A (t)) = by 2 .1  ( i i i ) .  A lso  in (Er) <m  (E2) 2.

Hence f ir= and  E (E r) = d  b y  induction on r , and w e  see  as before

th at th ere  is  a unique base point pr+1 of A  on Er+1.
L et then n b e  the first integer such that pn, the unique base point

of A  on E „, is  n o t on Ei(n). W e note that

(2) n>2,

(3) = / / „  j =  2, • • , n,

(4) (E ,) = d,

(5) 110 = (E1, A(1)) ( n  —  1)14 + y , w here v > 0  i s  the contribution to
(E1, A m ) arising from  base points on E l  other than 1)1. In particular,
flo> (n  pi.

W e now  show b y  induction on r  that for r<  n — 2

(i) th e re  is  a un ique base point p,,.+„, of A  on E>,+r+i, and p . + , ,

E .E 3 0 ,- 7 . , - i )  for j < n  + r,

( I I )  e (E = 111>0

(iii)

In  fac t, th is  is  tru e  for r =  — 1 . S o  le t  — 1<r< n —2 and assum e it
is  tru e  for r ' < r .  Then p„+,.e E 5 4  fo r  j =  n + r  only and s ( E „ , , )

e ( E n +r)  —  f in +r /bo rfii , a n d  b y  (5 ) , /to — r . T h is p roves (ii)
for r. Now

IT 4-r

E (En+r+i) <3d — 2

and  "ILFor,tii= /to+ (n + r) fL b y  (3 )  an d  (iii). H ence if  s  is  the num-
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ber o f i.n, base po ints o f A  on

ito+ (n +r) s(x — rti,)<3d—  2,

o r, u s in g  (1 ) ,  ( s - 2 ) i +  ( n +r —sr— 3 )fli<  --  2 . So  if s>2 , we have,
u s in g  (5 ), s (n — r-1 )— n +r-1 < —  (2 /  g i)  <0 . S in ce  th e  left hand
s id e  is  a n  in tege r , s ( n — r- 1 ) < n — r a n d  s <( n — r) / ( n — r- 1 ) <2
(since n — r - 1 > 2 ) .  H ence s > 2  lead s to  a  con trad iction  and  s<1.
O n the other hand, s > 1  in  v iew  o f  (ii). W e have

(E n + r+ 1 9  A (n + r+ 1 )  =  ten+r/

repeating an  earlier a rgu m en t. Also, ii,,,+,_E E ,(3 +r)  for j < n + r  implies
P.+,-+I Ej(n+T+1) for j < n + r ,  and by uniqueness of p „+„ as base point
of A  on En -F r ,  bA  n-l-r-1-1(

En(T.:Ir+1). T h is proves ( i )  an d  (iii). W e  note
that A 2"-1) h as base points o n ly  o n  E l "  - I )  an d  E 2 n - 1 ,  an d  n o  other
E i  ( 2 n - 1) . Hence

(6) (E5 2"-2), A "-')) = 0  j = 0  2, 3, • • • , 2 n - 2.

In  v iew  o f  (5)

(7)
(E 1 (2 n - 1 ) ,  A

2
n-1) v<ito

and, u s in g  (3 )  an d  (iii)

(8) (A (2 n - 1 ) ,  A (2 n - I ) )  d 2  2 n - 2 1 4 2 _  d 2  (/A' + (2n  —2) /112) .
= 0

W e have arrived  a t a  sequence o f 1.q.t. as required to apply 4. 4.
Let ço be as in 4 .4  a n d  p u t  =y9-4. Then ç o ( V ( f ) ) =V ( 0 * ( f ) ) ,  and
i f  j =  A ( 0 *  ( f ) )  (considered a s  p en c il o n  S '), then  A2-1)=42"-1).
P ut ci= deg 0* ( f  ). Then

(9) -cl2= ( j ,  j )  =  (A "" , A ("-')) + y 2

in  v iew  o f  (6 ) ,  (7 )  and  4. 3 (the salien t point there is that E , is the
last curve to  be shrunk under T r) .  Finally, com bining ( 8 )  a n d  (9),
we conclude that ci2< c r ,  and the degree of f  has been  reduced by
an  elementary automorphism. W e can  continue until either deg f =  1
or f  has tw o  (o rd inary) points at infinity.

I f  k  is not algebraically closed, we repeat the preceding argument
over an  algebraic closure of k. T h e ordinary base points of A  on
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E o  a re  rational over k  b y  3. 8. I f  there  is  on ly  one, p0; w e have in-
ductively p i =E0(''n E l f  p 2 - E 2  fl E 2 , •  •  •  ,  P n - 1  =  E 1 ( n - 1 )  fl E,_1 rational over
k. Also, since over th ere  is  a unique base point p „„ on E , ,  r=0 ,
•• • , n - 2, p„.„ is purely inseparable over k. Then the argum ent given
a t  the end  of the proof o f  3. 8 show s th at p „ „  is  ra tio n a l o v er k.
Hence go has coefficients in k.

4. 6 C o ro lla ry  (Ju n g , V an  der K u l k ) :  E v e ry  au tom orph ism
0  o f  A ,' is  tam e .

P r o o f :  0 *  ( x )  i s  a  f ie ld  generator a n d  V(q)* (x))=V(x) =Aki
has on ly one (o rd inary) point at infinity. B y  th e  theorem , we can
find a  tam e automorphism 0  such that deg 0* (go* ( x ) )  = 1 .  So we may
assume, applying a  lin e a r  automorphism, th a t 0* (go* (x ))  =x .  T h e n
p = v o o  is e lem entary and 0 =p o 0 - 1  is tame.

4. 7  C o ro lla ry : Let f  b e  a f ie ld  g e n e rato r and suppose V  ( f )

-7L- Ak2. T h e n  th e  au to m o rp h is m  0  o f  4 .  5  i s  unique u p  to  l in e ar
au to m o rp h ism  and ch arac te riz ed  b y  the f ac t  th a t  d e g  0 *  ( f )  is m in-
i mal.

P ro o f :  I f  0  i s  a s  constructed in  4. 5, th en  V (,*  ( f ) )  has tw o
ordinary points at in fin ity , q ,  and q ,  say, and deg 0 *  ( f )  <deg f .  Let
go be a  non-linear automorphism of A , 2 .  Then an  in itia l segm ent p0,

•• • , A n - 2  of the sequence of i.n. fundamental points of ço0 w ill satisfy
4 . 2  (i) to  ( iv )  fo r  some n  (since 0* (x ) , ço* (y ) are  fie ld  generators,
fo r  in s ta n c e ) . A = A ( 0 *  ( f ) )  is  n o t  tangent to  E o  a t  q o  and  q ,  by
3. 7, and hence 21(24 - ') meets Eoon-') and possibly E12' , but no other
E 1 2 1 . ço.2.-1-1). is a  morphism on E 0

( 2 R - 1 )  and E1
( 2 n - 1 )  and contracts

E02n.-1) and E1 ( 2 1 1 , - - 1 )  to  the same point on and th is  is  the only ordi-
n ary  point at in fin ity  of go(V (0* (f)).

4. 8 C o ro lla ry : Let f  b e  a  f ie ld  generator an d  0  a s  in  4. 5.

T hen  a n  irreducib le factor o f 0 *  ( f )  has tw o ordinary points at in-
fin ity o r  is  an  irreducible polynomial in  a  linear form  in  x  and y.
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P r o o f :  W e m ay assume that 0* ( f )  is  n o t lin ear. T h en  0* ( f )
has tw o ordinary points at infin ity, p  and q  s a y , w h ich  a r e  rational
over k b y  3. 8. A lso , an  irreducible factor y of 0* ( f )  is not tangent
to  Ea b y  3. 7, an d  if  y  does not pass through q , th e  m ultip lic ity of
p  on g  is  eq u a l to  d eg  g. In  that case  y splits in k[x, y ] into linear
irreducible factors passing through p. H ence g E k [u ],  w h ere  u  is
the linear form  in  k[x, y ]  vanishing at p.

4 . 9  R e m a r k s :  ( i )  A n  irreducible factor o f a fie ld  generator
is  no t, in  general, a  f ie ld  generator.

(ii) L et yEk [x, y ]  such that k[x, y]/ q i s  a  polynomial ring in
one variab le over k. I f  c h a r  k  0, Abhyankar an d  M o h  [6 ] have
shown that g  is  a  r in g  generator, that is , ther exists hE k [x, y ] such
that k[x, y ] = k [g , h ]. It follows from  4. 8 that the same is true with-
out restriction on the characteristic i f  it is assum ed  that g  i s  a n  ir-
reducib le  fa c to r  o f  a  f ie ld  g e n e ra to r . T h is , o f co u rse , i s  a  much
w eaker resu lt than  that o f Abhyankar and Moh, but nevertheless has
u se fu l applications over fie ld s o f positive  characteristic , w here the
stronger theorem fails.

M CGILL UNIVERSITY

References

[ 1 ] H . W . E . Jung, Über ganze rationale Transformationen des Eberre, J .  Reine
Angew. Math. 184 (1942), 161-174.

[ 2 ] J.-P. Serre, Groupes algébriques et corps de classes, Herman, Paris, 1959.
[ 3 ] I. R .  Schafarewitsch, Grunclzlige der algebraischen Geometrie, Vieweg,

Braunschweig, 1972.
[ 4 ] J .  Tate, Genus change in inseparable extensions of function fields, Proc. Amer.

Math. Soc. 3 (1952), 400-406.
[ 5 ] W. Van der Kulk, On polynomial rings in tw o  variables, Nieuw. Arch. Wisk.

(3 ) I  (1953), 33-41.
[ 6 ] S. S. Abhyankar and T.-T. M o b , Etnbeddings of the line in the plane, to appear

in J .  reine angew. Math.


