
J. M ath. Kyoto Univ. (JMKYAZ)
16-3 (1976) 545-554

Liou.ville's theorem on a transcendental
equation log y = y/x

By
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(Communicated by Prof. Nagata, N ov. 12, 1975)

Abstract. T h e  purpose o f  th is  n o te  is to  give an algebraic proof
to  L iouv ille 's  theorem  tha t any  so lu t io n  o f  a  transcendental equation
log y = y l x  is n o t  a n  elementary transcendental function o f  x ([5 , pp.
526-531]).

§ O. Introduction. L e t K  b e  a n  algebraically closed fie ld  o f char-
acteristic O . W e shall suppose th a t  H  is  a  differential field whose field
o f  constants is K .  Consider a  differential equation

(1) y '=A

a n d  a  homogeneous differential equation

(2) y '=B y ,

where A , B E N .  Suppose tha t F  is  a  differential extension of H  whose
field of constants i s  K .  Then, Kolchin [2, pp. 801-803] proved the fol-
lowing two theorems (Cf. Ostrowski [6], Kolchin [3, p. 1156], Risch [7,
p. 172]):

1. Suppose that an  element I) of F satisfies (1). Then, ti is algebraic
over H if  and  only if  ti e H.

2. Suppose that an  e le m e n t  of F  satisfies (2). Then, is algebraic
over H if and only if there exists such a positive integer k  that Ck e H.

Take a  transcendental elem ent 0  over H .  L e t  u s  define 0'= A.
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Then, H(0) is  a  differential extension of H .  Suppose that any element
o f  H  does not satisfy (1). Then, the  fie ld  of constants in  H(0) i s  K.

T ake  a  transcendental element p  over H .  L e t  u s  define p'=Bp.
T hen , H (p ) is a  differential extension of H .  Suppose th a t  f o r  each
positive integer k  any elem ent o f  H  different from 0  does not satisfy
y '= k B y . T h e n , th e  f ie ld  o f  c o n s ta n ts  in  H (p ) i s  K (Cf. Remark 1).

Any algebraic extension of H  i s  a  differential extension of H .  Its
field of constants is  K , because K  is algebraically closed.

Suppose tha t M , is a  differential field whose field of constants is  K,
a n d  t h a t  M 2  is a  differential ex tension  o f M 1 . T h e n , M 2  will be
called a  prim itiv e  ex tension o f  M ,  if  th e  following two conditions are
satisfied:

(i) The field of constants in M 2 is K.
(ii) There exists a  finite system o f  elements ur o f  M 2 which

satisfies the following two conditions:
(ii), F o r  each p i  is a  s o lu t io n  o f  e ith e r  y '= A i or

y' = Cly, where A i, C ie Mi.
0 0 2  M 2  is  a n  algebraic extension of Mi(Pi••••• o f  finite degree.
We shall suppose that M  is a  differential field whose field of constants

is  K .  A  finite chain o f  extending differential fields L o  L ,  c  ••• cL „  will
be called a  Liouville c h ain  over M  if  th e  following two condition sare

satisfied:
(i) For each L i is  a primitive extension of Li _i.
(ii) L ,  is  a n  algebraic extension of M  of finite degree.
A  differential extension L  o f  M  is  c a lle d  a  Liouville extension

o f  M  i f  there exists in  L  a L iouville chain  over M  which ends with
L.

T a k e  a  transcendental element x  o v e r  K .  L e t  u s  define x' =1
and a'=0 for any element a of K .  Then, K(x) is a  differential field whose
field of constants is  K .  K olchin [2, p. 771] proved that every differential
fie ld  o f characteristic 0  h a s  a  universal extension. W e sha ll take  and
fix  a  universal extension Q  o f  K (x ) .  A n  element z  of Q  is  c a lle d  an
e lem en tary  tran scen d en tal f u n c tio n  o f  x  o v e r  K  i f  th e re  ex is ts  a
Liouville extension o f  K (x ) in  52 which contains z.
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L e t u , y  be elem ents o f  Q .  Suppose th a t y ' O . T h e n  w e  w rite
u =1(y) if

Liouville [4, pp. 91-94] proved the following theorem :
Let p„ be algebraic functions o f  x  over K  different from 0,

an d  a ,,..., an, /3  be elem ents o f  K .  Suppose th a t Z a ip d p i= f3 . Then,
/3=0.

A s  a  coro lla ry  to  th is theorem  w e see  tha t /(p) is transcendental
over K(x) for any algebraic function p o f x  over K  different from a  con-
stant (Cf. Rosenlicht [8, p. 22]).

Theorem. A ny  so lu tio n  o f a transcendental equation 1(y)= ylx is not

an e lem entary transcendenta l function  o f x  over K.

This theorem can be stated in  the  following form:

A n y  n o n tr iv ia l s o lu tio n  o f a  d iffe re n tia l e q u a tio n  x(y— x )y '=  y 2  is

n o t an e lem entary transcendenta l function  o f x  over K.

Remark 1. Kolchin [1 ] proved that there exists a Picard-Vessiot ex-
tension f o r  any linear homogeneous ordinary differential equation over
a  differential field o f  characteristic 0 with an algebraically closed field of
constants.

Remark 2. Liouville ([4], [5]) treated Stax only in the case where
u  v 'iy  a n d  fudx = lo g  v . I t  se e m s th a t to  h im  log  y  is  a  transcenden-
tal function o f  y  defined by log v= — E(1— v)"In (1 .n<oo) rather than
a solution of a differential equation vy'=i1 in  a  fixed differentiation signed
b y  th e  p r im e . H e  c la im ed  tha t lo g  y  satisfies a  differential equation
14=13 in  a n y  differentiation signed by th e  d o t. L io u v ille 's  p ro o f  of
Theorem  [5, pp. 526-531] is not a n  algebraic one.

Remark 3. Liouville [5, pp. 536-539] stated the following theorem:
Suppose th a t f  i s  a n  algebraic function o f  x ,  y ,  a n d  th a t fx 0 0  and
.fy0 O. T h e n , a n y  so lu t io n  o f  a  transcendental equation log y =f(x , y)
is n o t  a n  elementary transcendental function o f  x  u n le ss  it  is  a con-
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stant.

The author w ishes to  express his sincere gratitude to Professor K.
Okugawa for his kind advices.

§ 1 .  Integral and exponential extensions. In  th is  section we shall
prepare several lemmas. We shall suppose that N  is a Liouville extension
of H, where H is a  differential field whose field of constants is K.

Definition 1. N  w i l l  b e  c a l le d  a n  in te g ra l e x te n s io n  o f  H  i f

th e re  e x is ts  a n  e lem ent 0  o f  N  w hich  sa tis fies the  fo llo w in g  tw o  co n -

ditions:

(i) 0 is transcendental over H ,  a n d  N=H(0).

(ii) 0 is  a  so lu tio n  o f y '= A , where A e H.

Definition 2. N  w il l  b e  c a l le d  a n  exponen tia l extension o f  H  i f

the re  ex is ts  a n  e lem ent p  o f  N  w hich sa tis fies the  fo llow ing tw o cond i-

tions:

(i) p  is transcendental over H , a n d  N=H(p).

(ii) p  is  a  so lu tio n  o f y'=By, where Be H.

Through this section 11(0) a n d  11(p) will denote a n  integral a n d  an
exponential extension of H respectively.

If an ciment Q  o f 11[0] divides Q', then Q e H .  Let R  be an element
o f  H[0], a n d  u  b e  an  c im en t o f 11(0) different from  O . Suppose that
u '= R u .  Then, R e H  and u E H .

Suppose that an element S o f H[p] d iv id es  S '. Then, S=bpm , where
b e H and in  is a nonnegative in teger. Let T  be an element of H[p], and

u be  a n  element o f  H(p) different from  O. Suppose th a t y' = T v .  Then,
Te H  a n d  v=cpt, where t  is  a n  integer a n d  ce  H.

Lemma 1. Suppose that an  element u  o f  H(p) satisfies u'=a, where

a e H . T h e n ,  u e H.

P r o o f .  Suppose that u =QIP, where P, Qe H EM  and (P, Q)= I. The
leading coefficient of P  is  a ssum ed  to  be  o n e .  T hen , PQ'— P'Q=uP2.



Liouyille's theorem 549

Hence, P I P '  and P = p ,  w h e r e  s  i s  a  nonnegative integer. W e  have
Q'—sBQ=aps. Suppose that

Q = (b0 °, bi E H,
i=o

T h e n , bk' +(n— k — s)Bbk= 0  f o r  a n y  k (0 -_k _n ) d iffe ren t from  n—s.

Hence, bk =0  for such k. Since b000, we have n = s .  Suppose that s>0.

T hen, b „= 0 . T his i s  a contradiction to  the  assum ption that (P, Q)= 1.

Hence, n= s=0.

Lemma 2. Suppose that two elements u , y  o f  11(0) satisfy u' =uy',
and that '10 0 .  Then, u E H.

P ro o f .  Suppose th a t  u=Q1P, v=SIR where P, Q, R, S  a H [0 ] and
th a t (P , Q )= (S , R )=1 . T he  leading coefficient of R  is assum ed to  be
o n e . T h e n , R2(PQ' —P'Q)=PQ(RS' —R'S). Suppose th a t  X  is  a n  irre-
ducible fa c to r  o f  R  a n d  t h a t  R = X tT , w here (X , T )= 1 ,  t > 0 .  The
leading coefficient of X  is  a ssum ed  to  be  o n e . T h e n , X'+' T2 .(PQ'—

P'Q )=PQ{XTS' — S(tX 'T+ XT')}. Hence, XIP o r XIQ or X I X '.  Suppose
th a t  X IP  a n d  th a t  P= XsPo, where (X , P0)=1, s> O. Then,

Xi T2{X PoQ' —Q(sX'Po+ XP'0) } = P0Q{XTS' —S(tX7+ Xr);

H ence, X IX ', because (X , Q)—(X, S)= 1. Suppose tha t X IQ - Then we
also have X I X '.  Hence, in  any  case X IX ',  a n d  X  = 1 . This is  a  con-
tradiction. Hence, R = 1 .  W e have u e H , because u'=S'u.

Lemma 3. S uppose that two elements u, y  o f  H (p ) satisfy u'=uy',
an d  that u 0 0 .  Then, v a l ! .

P ro o f .  L et u s  rep lace  0  b y  p  in  th e  p rev ious p roof. Then, the
p ro o f  g o e s  to  a  conclusion  th a t  X I X '.  In  th is  case  w e  have  X=p.
H ence, R= pm, a n d  pm(PQ' — P' Q)= PQ(S' — mBS). Suppose that ,n>  O.
Then, pIP o r  pIQ o r  O S ' — mBS). Suppose that pl(S'—mBS), and that

S= E b„_ iP i 0 0 0 0 ,  bi E H,
1=0
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T h e n , b,— mBb„=0. H ence , b„ =  0 .  T h is  is a  c o n tra d ic tio n  t o  the
assumption that (R, S)=- I. Hence, p  does no t d iv ide  S' — mBS. Sup-
p o se  th a t  p IP , a n d  th a t  P= prP0, where (p , P 0 )= 1  a n d  r > O. Then,
p'n{P0Q' —Q(P'0+ rBP0)} =P0Q(S' — tnBS), a n d  p lQ . T h is  contradicts to
th e  assumption that (P , Q )=  1. Suppose th a t  p lQ . Then we also meet
a  c o n tra d ic tio n . H ence, m  = 0 and  R = i. W e  have y E H [p ] ,  and

y' e H [p ] .  Hence, y' e H , because u ' = u v '. We have y e H  by Lemma I.

§ 2. Proof of Theorem. By th e  definition o f  1(y), y  is  a solution
o f  1(y)= y lx  if and only if  it is  a  nontrivial solution of

(3) x(y — x)y' = y2 .

Suppose that this equation
extension N  o f  K (x ), where
tion  is transcendenta l over

h a s  a  nontrivial so lution in  a  L iouville
N  is  a  subfie ld  of Q . T h e n  su c h  a solu-
K (x ) ,  s in c e  1 (p ) is transcendental over

K (x )  for any algebraic function p  o f  x  over K  different from a  con-

s ta n t .  L e t  M  b e  th e  algebraic closure of N  i n  Q .  Then, the field

of constan ts in  M  is  K .  To each elem ent u  o f  M  w e can  correspond
a nonnegative integer n(u) which satisfies the  following two conditions :

i ) In  A l th e re  e x is ts  su c h  a  L iouv ille  c h a in  L „  L, c • • Ln,„)

over K (x ) tha t L,,1 u)

(ii) S uppose  that 1I c•••c H m  is a  L io u v ille  chain over

K(x) in  M , and  that H ,„ u. T h e n , m  n(u).

F o r  each nonnegative integer n , le t  M (n ) denote a  subset {u e M;

n (u )= 0  o f M . S u p p o se  th a t n >  O . Then, to each elem ent u  o f M(n)

we can correspond a  positive  integer r„(u ) which satisfies th e  following

two conditions:
(iii) In  M  there exists such a Liouville cha in  L o  L , •  •  c  L „  tha t
u and the transcendental degree of L„ over L„._. , is r„(u).

(iv) S u p p o se  th a t  H o  H ,c •••  H „ is  a Liouville chain over K (x ) in

M , and th a t H„ 3 u .  Then, the transcendental degree o f  H„ over H „_ , is

not less than  r (u ) .

Suppose that r„ (u )=  r . Then, there exist r elements 11,, o f  L„

which satisfy th e  following three conditions:
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(y) u  is algebraic over Ln_ (1.1/1,• • •, PO.
(vi) For each 1(1 5_ i p , satisfies either ,t6= A, o r 1,4 = qp,, where

Ai, Cie L„_ 1.
(vii) p i,..., itr a re  algebraically independent over L„_ .

L e t F  b e  a  subset o f  M  consisting o f all nontrivial solutions of (3)

in  M . T h e n , F  is not empty by our assumption. There exists an element
y  o f F  which satisfies the following two conditions :

(viii) n(y)= min {n(u); u E .
(ix) r„(y)= min {r„(u); u e F n /14(n)}, where n= n(y).
W e  sh a ll ta k e  su c h  a n  element y  o f  F .  Suppose th a t  rn(y)=r.

T hen , the re  ex ist r  elements p r o f  M  w hich  sa tisfy  t h e  three
conditions (v)-(v ii) i f  w e  replace u  b y  y. L e t  L  deno te  L„_ i(tt,,...,

P r - , )  a n d  I./ denote Jr. T hen , L (p) is  e ithe r a n  integral extension of
L  o r  a n  exponential extension of L .  O v e r  L (2), y  satisfies a n  irredu-
cible algebraic equation  f ( y ) O. W e  s h a l l  suppose that

.1= am- (06o = 1, e  L(//), 1 5_ in).
1=0

W e  h a v e  in 0 1. I n  f a c t  suppose  t h a t  m  = 1 .  Then , y  L ( p ) .  It
satisfies y ' =(y 1x )'y . I f  L (p) i s  a n  integral extension of L ,  th e n  y  L
by Lem m a 2. I f  L (p )  i s  a n  exponential extension of
by L em m a 3. I n  a n y  c a se  w e  m e e t a contradiction.
f = 0 , we have fx+ y' fy= 0 , where

yi, fy= y ' ' . .
i=0 i=0

L ,  then  y/x e L
Differentiating

B y  ( 3 )  w e  h a v e  a n  identity  x (y -  x)fx+ y2fy= {my + (xat', - al)} f  in
since f  is irreducible. Hence,

(4) (aklxk)' = +(ailx )'(ak _ilx k -'), 2 < k < m

(5) a',„ + (a I x)' =  0  .

Let fik denote ock/xk for each k ( 1  k  m ) .  Then,

(6) f rk= + (k - 1x  +131)13k-1,
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(7) 0= fl + ( x fr.)13113.

Suppose th a t L (p ) is  a n  exponential extension o f  L .  Then, by Lemma
3 ,  w e  have oc, e L because o f  ( 5 ) .  H ence, by L em m a 1, w e obtain
cx„ e L ,  2  k  i n ,  inductively from  (4). T h is  i s  a  contradiction t o  the
assumption o n  y .  Hence, L (p) i s  a n  integral ex tension  o f L  and  p '
= A ,  w here  Ae L . B y  L e m m a  2 , w e  h a v e  ct  e  L  and  e  L  from
(5). B y  ( 3 ) ,  L (y ) is  a  differential field. By the  assumption o n  y , it is
transcendental over L. Hence, p is algebraic over L(y). We have p E L(y),
because p '= A .  L et us express p  in  th e  form  Q IP, where P , Q e L[y]
a n d  (P ,Q )= 1 . T h e  leading coefficient of P  is  a s s u m e d  to  b e  one.
Differentiating p= Q IP , w e have  Ax(y—x)P 2  =  PQ * —P*Q, where P*=
x(y—x)Px+y2Py a n d  th e  n o ta tio n  Q * h a s  th e  sam e m eaning a s  P*.
H ence, P i P*• Let us express P  in  the  form

i=o
(a0=1, a; E L,

T hen , P*={sy+(xa',—a,)}13. Suppose t h a t  S  i s  a n  irreducible factor
o f  P ,  a n d  th a t  P=ShR, where (S, R ) = 1  a n d  h > 0 .  T h e  leading co-
efficient o f  S  is assum ed to be one. Then,

(8) x(y— x)(hSxR + SRx)+y2(hSR+SRy)={sy+(xa'i—  )} SR.

A n irreducible algebraic equation S(y)=O has a  so lu tion  z  in  M , since
M  is  a lg eb ra ica lly  c lo sed . Suppose t h a t  z  0 .  T h e n ,  z e f '  b y  ( 8 ) .
W e  h a v e  e ith e r  n (z )< n (y ) o r  1.„(z)<r„(y). T h is  is a contradiction.
Hence, S= y, a n d  P = y s . W e obta in  Q—pys= O. T h is  algebraic equa-
t io n  i n  y  o v e r  L (p )  is irreducible because (Q, y ) = 1 .  Suppose that
s > deg Q .  T hen , s> 0 , a n d  th e  c o n s ta n t te rm  c  i n  Q  is  n o t  0 .  W e
have f=ys—p-1Q, and a„, c/ p . Since an, E L , th is  is  a contradiction.
Suppose that s= deg Q .  Then, s > 0 because pk L . W e  have f= (b — p )-'
•(Q—pys), where b  is  th e  leading coefficient of Q .  Hence, a„,=c1(b—p).
T h is  is a l s o  a  c o n tra d ic tio n . H ence, s <deg Q .  W e  have  f=b-1(Q
—pys), a n d  s >0 because a„, e L .  Hence, /3, e L  f o r  a n y  k(l k. m)
differen t from  Ill — s. W e  s h a ll  express /3,,,_s i n  t h e  fo rm  cop+c,,



Lionv ile's theorem 553

w h e r e  c o  —  ' xs-'" and c 1  L .  F i r s t  suppose t h a t  s < ni — 1. Set

k =ni—  s in  (6). Then, /3 ,=f3_s_i + {13', +(m — s — 1)14 /31,„ 1 . The

r ig h t  h a n d  m e m b e r  is  a n  e le m e n t  o f  L . H e n c e ,  gn_. e L .  Set k
=m — s - 1  in (6). Then, ff,  m-s-f- 1  =  g t t - s +  {13'1 (111 -  s)/x} f3 , .  Hence,

+ (in — s)lx} = O. W e  have 13'1 + (m — s)1 x = 0  because  c0 0. Sec-
o n d ly  suppose t h a t  s = m — I . Set k = 2 i n  (6). Then, X2 = +  (/3 ',
+ 1/x)/31. Hence, (/3', + 1 /x)co= 0 because 13'1 e L .  In any case we have

(9) — 0 ,

where j  i s  a positive in teger less than  m .  Integrating this equation,
we get /31 = b, —j1(x), where b, e K .  By (6) and (9) we have

k -

fl { — i +
I 

—i)fli},i=

Integrating this equation inductively, we obtain

13k E ckiti(x)Ii,i=0
2 ,

where cki eK , i k .  On the other hand, w e have 13„+13(in — Dix= 0
from (7) and (9). Integrating this equation, we obtain fi„, = b2xi-m, where
b2 e K .  Since f  is irreducible, fl,„ 00. Hence, we meet a contradiction,
because 1(x) is not an algebraic function of x  over K.
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