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§1. Statement of Theorem

Let X be a locally compact separable Hausdorff space and m be an everywhere
dense positive Radon measure on X. We consider a Hunt process M =

{2, 4,X,¢, P} on X which is m-symmetric in the sense of [1]: f . f (x)g (x)m(dx)
X

=I f(x)p.g(x)m(dx), f, ge #*, t >0, where p, is the transition function of M and
X

A+ is the family of all non-negative Borel functions on X.
In this paper a set BC X is said to be an exceptional set if B is almost polar in

the sense of [1]: P,,(65< 00)=0 where P,( - )=J P_( - )m(dx) and gp=inf{t >0;
X

X, e B}. When the transition function of M has a density with respect to the basic
measure m, then a set B is exceptional if and only if B is polar ([1; Theorem 4]).
A set B is called a proper exceptional set if B is Borel, m(B)=0 and

P, (X,e Bor X,_e B for some ¢t >0)=0, Vxe X—B.

Evidently any proper exceptional set is exceptional. Conversely any exceptional set
is contained in a proper exceptional set ([1; Lemma 3]). A countable union of
(proper) exceptional sets is again (proper) exceptional. The notion of a proper
exceptional set B is useful in that we get again an m-symmetric Hunt process on
X— B if we restrict the process M to X— B in an obvious manner. In the following,
“q.e.” means “‘except for an exceptional set”.

Let us call a non-negative Borel measure 2 on X smooth (with respect to M) if
1 satisfies the following conditions:
(#.1) p charges no exceptional set
(¢.2) there exists an increasing sequence {F,} of compact sets such that

(1.1) Px(lim UX-Fn<C)=0 qe.xe X

n—soco

(1.2) p(F)< oo n=1,2,-..

(1.3) ,a(X— CJI F) —0.
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Denote by S the family of all smooth measures.

S is clearly larger than the class of all positive Radon measures charging no
exceptional set. As an example, consider the measure |x|° dx on the n-space R”
(n=2). This is an element of S with respect to the Brownian motion for any «.
Notice that this is not even smooth in the sense of Mckean-Tanaka when @< — 2 ([3]).
Nevertheless we show in this paper that the class S characterizes the class of all finite
positive continuous additive functionals defined in a relaxed way.

Let us call an extended real valued function A4,(w), =0, w e 2, an additive
Sfunctional if A,(w) is an additive functional in the ordinary sense but with respect to
the restricted process M |z _ 5, B being some proper exceptional set. More specifically
our requirement for A4,(w) is the following:

(4.1) A,(-)is A, measurable, .#, being the smallest completed sub o-field
of # making X,, s<t, measurable.

(4.2) there exist a set 4 e \/ #, and an exceptional set BC X such that P (/)

t

=1, Yx ¢ X— B, and moreover, for each we 4, A-(w) is right continuous and has
left limit on [0, ), Ay(w)=0, |4, (0)|< o0, Y1<(w), A, (w)=A;,(®), At 2{(w), and
A,, (w)=A4,(w)+ A4,(0,0), Yt, s=0. Here g, is the shift operator: X,[0,0)=2X,, (w).
A and B in the above are called a defining set and an exceptional set of the additive
functional A, respectively.

Two additive functionals 4 and A® are said to be equivalent if for each ¢t >0
P (AP =AP)=1 q.e. xe X. We can then find a common defining set 4 and a
common proper exceptional set B of A and 4® such that A (w)= AP (w), Yt >0,
Vwe A. By PCAF, we mean an additive functional which is non-negative and con-
tinuous on its defining set. The class of all PCAF’s is denoted by A;.

We now state our theorem. We denote by E, the integration with measure

P_and put E( - )=I E.( - )u(dx) for a measure v on X. We further use the nota-
p.¢
tions (v, h>=j Aeu(dx), ( fA),=r F(X)dA, Ac A*.
X 0

Theorem. Assume that the Dirichlet space on L*(X; m) of the process M is
regular. Then the family of all equivalence classes of A} and the family S are in one-
to-one correspondence. The correspondence is characterized by the following relation:

(1.4) 1333} won((f A= f 1 b

for any y-excessive function h (y=0) and any f € B~ .

See the next section for the definition of y-excessive functions. As an example
of this theorem, consider the above cited measure p(dx)=|x|" dx on R" (n=2). p

t
then corresponds by (1.4) to the PCAF A,=I | X,|* ds of the Brownian paths. When
0

a< —2, this is not a PCAF in the ordinary sense because P,(4,= c0)=1, t >0 ([3]).
However this is always a PCAF in our sense because we can ignore the polar set {0}
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as an exceptional set of 4,. The point is that, by admitting exceptional set in the
definition of additive functionals, we can attain a larger and much simpler class of
smooth measures than H. P. McKean and Tanaka [3], A. D. Wentzell [6] D. Revuz
[4] to decide PCAF’s. It should be also mentioned that M. L. Silverstein [5] already
considered PCAF’s in our sense in connection with Radon measures charging no
exceptional set. But he described the relation in terms of the approximate Markov
process or excessive functions and did not consider thr general characterization (1.4)
(see Appendix).

In this paper we just follow the methods of McKean-Tanaka and Revuz to
establish the relation (1.4) first for a Radon measure g of finite energy integral and
then for a general smooth measure. It turns out that the potential theoretic lemmas
of § 2 relevant to the Dirichlet space # work quite effectively in carrying out the
programm in the present general context.

Lemma 9 in § 3 states that, when p is of finite energy integral, the relation (1.4)
can be replaced by the same formula for any non-negative bounded 4 e & and for
f=1. This suggest us a more general relation

(1.5) lim %Eh.m(At)=<T, hy
tlo

between an additive functional A not necessarily positive nor of bounded variation
and an element T in the dual space of % not necessarily a signed measure. Such
relation will be considered in a subsequent paper.

§2. Preparatory lemmas

We use those notions in [1] relevant to the Dirichlet form & on L*(X; m) of the
symmetric process M. We denote 9[£] by # and call (¥, &) the Dirichlet space.
The space (&, &) is assumed to be regular in the sense that & N Cy(X) is both uni-
formly dense in C(X) and &,-dense in £#.

A positive Radon measure p on X is said to be of finite energy integral if

@1 [, v scvEmD . veFnaw

for some constant C=C(y). There exists then for each >0 a unique element
U,pe F such that

.2 &(Up, v)=Lr Houdy)  Yve F

where ¥ is any quasi-continuous version of v (see for instance [2; Theorem 1.5]).
&(U.p, U,p) is denoted by &,(u) and called («-) energy integral of p. U, p is called
(a-) potential of . We denote by S, the family of all positive Radon measures of
finite energy integrals. We further put
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(2.3) Soo={/,t€S°,/1(X)=l,” Ul/l”oo<°°}

Lemma 1. The following conditions are equivalent for BC X:
(i) B is exceptional (with respect to M)

(ii) Cap(B)=0

(i) #B)=0Vue s,

(iv) w(B)=0VYueS,.

Proof. The relation (i)&(ii) is proven in [1; Theorem 6]. The relation
(if)&(iii) can be seen for instance from [2; Theorem 1.5 and Theorem 1.7]. Assume
that a set B satisfies condition (iv). For any non-vanishing pe S, put I',=

{xe X; ,UTﬁ(x)gn}. Choose compact sets K, increasing to X and set p,(E)= pu(E N
I'.NK)/p'.NK,). Since Uyp,<n/p(I’,NK,) q.e. on I',, the same inequality
holds q.e. on X ([5; Corollary 3.15]). Hence p, € Sy, and p(B)=Ilim p(I", N K,)p.(B)

=0 getting the condition (iii). q.e.d.

Condition (1.1) in the definition of the smooth measure can be restated in an
analytical term:

Lemma 2. Let {F,} be an increasing sequence of closed sets. {F,}satisfies (1.1)
if and only if

2.9 lim Cap (K—F,)=0 for any compact set K.

n—oo

Proof. Condition (2.4) is equivalent to
2.5) P,(lim Og_p,= oo) =1 q.e. for any relatively compact open set G

on account of [1; formula (9)]. (1.1) implies (2.5) because of the quasi-left continuity
of the Hunt process M. To get (1.1) from (2.5), it suffices to choose a sequence
{G,} of relatively compact open sets with G,CG,,,, G, 1 X, and observe the inequality
Ox p,=0g,-7,/\Cx_g, q.e.d.

Lemma 3. A4 measure p is smooth if and only if there exists an increasing
sequence {F,} of closed sets such that (1.1) and (1.3) are satisfied and that I, ,-pe S,
for each n, I, being the indicator of F,.

Proof. “If” part is clear from Lemma I and we have only to replace {F,} by
{F,NG,} where {G,} is a sequence of relatively compact open sets such that
G.CG,,;, G,1X. “Only if” part follows immediately from a Silverstein’s lemma
and Lemma 2. In fact it is implied in the proof of [5; Lemma 3.18] that, for any
bounded Borel measure p charging no exceptional set, there exists an increasing
sequence {F,} of closed sets such that I, -p e S, n=1,2, .-, lim y(X—F,)=0 and

n—sco

lim Cap(X—F,)=0. qg.e.d.

n—oo
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We say that a function u on X is a-excessive if u(x)=0 q.e. and e~ *“p,u(x) 1 u(x),
t1 0, ge. Then the restriction of u outside some proper exceptional set is Borel
measurable and finely continuous ([1; Lemma 3]). Such function is said to be finely
continuous q.e.

Lemma 4. (i) A function ue & is a quasi-continuous version of an a-potential
if and only if u is a-excessive.

(i) Suppose both u and v are a-excessive, u<v m-a.e. and ve F, then ue F
and E(u, )< E(, v). In particular u is a quasi-continuous version of an a-potential.

For the proof of (i), see [2; Theorem 1.4] and [1; Theorem 6]. (ii) is due to
Silverstein [5; Lemma 3.3].

Lemma 5. Foranyue F,ve S, T< o and >0, it holds that
T __ [
P sup [70X)[>¢) < VER) VE W
0st=T 13
where i is any quasi-continuous version of u.

Proof. Put E—{xe X;|a(x)|>¢}, then P,( sup 1a(X,)|>e)=P,(aE§ T)<
0St=T

eTE (e °%) since i is fine continuous q.e. ([1; Theorem 6]). On the other hand, the
function p(x)=E,(e **) is a quasi-continuous version of the (I-) equilibrium
potential in view of Lemma 4 and [1; Lemma 2]. Hence

E,(e-w)=L POIAX) = 8,(p, Up) < VE) v Cap(E) g% VEOVE@W. qed.

Lemma 6. Let {u,} be a sequence of quasi-continuous functions belonging to F .
Suppose {u,} constitutes an &,-Cauchy sequence, then there exists a subsequence {n,}
such that P (u, (X,) converges uniformly in t on each compact subinterval of [0, ))=1
q.e. xe X.

Proof. By virtue of Lemma 5, there exists a subsequence n, <n,< - - - <n, <+ - -
independent of 7>0 and v € S, such that

Pu( sup lu,,,xxt)—um+l(x,)|>i)§efz-" VEG), T>0, ve S,
0St=T 2k

This means P,(4)=0 for A={ Sup |, (X)) —ty, (X ,)|>% i.o.}. Since v is arbi-
0St=T
trary, we get P,(4)=0 q.e. x € X in view of Lemma 1. q.e.d.

For a Borel set BC X, we put & y_p={ue % ;ii=0q.e. on B}. Thisis a closed
subspace of (#, &,). Denote by 52 the orthogonal complement:

2.6) F=F 5_sDHE.
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P, will stand for the projection operator on the space #2. The next lemma relates
this operator to the average by the hitting distribution:

2.7 H2u(x)=E (e “*u(X,,)).

Lemma 7. Let u be a quasi-continuous function belonging to the space F.
Then H}u is a quasi-continuous version of Psu.

In particular, if u € & is a-excessive, then HZu is an a-potential of a measure of S,
supported by B.

The proof of this lemma was first given in [2; Lemma 3.4] but a simpler proof
has been presented in [5; Theorem 7.3].

§3. PCAF for a Radon measure of finite energy integral

Proposition 1. For ue S, there exists Ae A} such that the function of x

E,(I e 'dA ,) is a quasi-continuous version of the potential U,pu.
0

Proof. A version u of U,u can be choosen as follows: u is a non-negative finite
Borel function on X and for some proper exceptional set B, nR,, ,u(x) 1 u(x), n— oo,
Vx e X—B, and u(x)=0, Yx € B, where {R,, >0} is the resolvent of M. If we set

n(u(x)—nR,, u(x)) xeX—B

&)= {0 veB

then g, - m—p vaguely, R,g,(x) 1 u(x), x ¢ X— B, and moreover R, g, is &,-convergent

to u.
We define an approximating 1-order PCAF 4, by

aLe, w)=f e~'g,(X.(@))ds.

Then for any v € S,

3.1 Ev((gn(-’- oo)—gl(—}- °°))2)§2Mu\/é’1(ﬂ)\/éal(R1gn_ngza R.g,—R,g)

where M,=|Up||.. In fact by setting g, ,=g,—8g,, n>>/, the left hand side of (3.1)
is equal to

2£,([7 e tgnupds [ evg (X))

0 s
=2EV<IO e_zsgn.l(Xs)ngn,l(Xs)dS> =2<V, R2(gu,Lngn,l)> =2(U2U’ gn,lngn,l)
éz(UzV’ gangn.l)_—<:2Mv(gm ngn_ngl)=2Mvéal(R!gn9 ngn'—ngl)'

Since E(A(+ )/ M) =A(1)+e ' Ex (A (+ ) =A,(t)+e 'R, g, (X,), we see
that



Additive functionals 197

(3-2) M, (1) =A,(1)+e " Rig.(X), 0<t=+o

is a martingale with respect to (#,, P,), v€ S,,. By Doob’s inequality
P sup [M(0)= M) [>€) S L E(A(+ )= A+ o))
StSoo

which, combined with (3.1), means that there exists a subsequence {n,} and
3.3) P (M, (t) converges uniformly on [0, «))=1, Yy e Sp.

In view of (3.2), (3.3), Lemma 1 and Lemma 6, we can conclude that, by selecting a
new subsequence if necessary, P (4)=1, xe X— B, where

B4 A={we;A,(+ o, w)<oo, A,,(t, w) converges uniformly in t on each finite
interval of [0, o)}

and B is some proper exceptional set containing B.
Let us put A(7, 0)=lim 4,(t,w) for we 4 and A(t,w)=0 for w ¢ 4. We

ng—
3 - ~

further put A(z, w):j e*dA(s, w). A isthen a PCAF with / and B being its defining
0

set and exceptional set respectively.

In order to complete the proof, it suffices to show E,(A(+ o0))= (v, u), Vv € Sy,
on account of Lemma 1 and Lemma 4. Since M,(+ oo)=A4,(+ ) is L¥(P)-
convergent, so is the martingale M, (t). Hence E(A(1))+e v, puy=1im E(M, (1))
=lim E(4,(+ o))=lim (v, R,g,>={v, u). By letting # tend to infinity and noting

the bound <y, pu)=&,(Uy, pu) <+ & W)V E\(u, u), we get the desired equality.
q.e.d.

Lemma 8. Consider p and A of the preceding proposition. Then for any a>0
and bounded non-negative function f, E,(F e f(X ,)dAt) is a quasi-continuous ver-
0

sion of U(f - p).

Proof. It is sufficient to consider the case that a=1 and f=1;, G being an
open set with 4(0G)=0. Put

s0=E.([ e SX)dA,) YO=E ([T ez o(XdA,).

then both ¢ and 4 are 1-excessive and ¢+ = U,u. By Lemma 4, ¢ and + are quasi-
continuous versions of a-potentials of some measures 2 and v € S, respectively.

We know from Lemma 7 and the equalities ¢= HF@, y»= H¥ %) that Supp [4]
CG and Supp [VJC X—G. Since py=2+v, we have 1=1;-p. q.e.d.

Proposition 2. For e S,, A € A} of Proposition 1 is unique up to the equivalence.
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Proof. Suppose that 4, A% e A} are associated with g e S, in the manner of
Proposition 1. Then

E(J” e-tdA gl)) - E(r e"dAEZ’) —u(x), xeX—B,
0 0

for some proper exceptional set B. By the same computation as in the proof of
Proposition 1,

vi,(x)zEz(Jm e tdA® jw e“dAﬁ”) =E,(JWa e‘“u(Xl)dAﬁi’), xeX—B,i=1,2.
0

0 0

Put u,=u/An. By virtue of Lemme 8, we have
(v, vy =lim E, (r e-“u,,(X,)dAgi>) —lim (v, Uy, )y = (Ui, pp < oo
n—oo 0 n—soo
for any v e S;,,. Hence

= 0 2
E»({I e tdAP _I e_tAiz)} ) =V, Uy — 20,3+ Uy =0, v e Sy,
0

0

from which follows A ~A®, q.e.d.

In the following, we denote E(r oot f(X,)dA,) by Uzf(x) for de A* and
0
fe B*.
Lemma 9. For pe S,and A e A}, the next conditions are equivalent each other:

(i) Uil is a quasi-continuous version of U,p.

(i) (b, Usf)={F-p, RED, >0, f,he B*.
(i) Ennl(f) = <f-pi pbys, 10, fihe B°.

(iv) lim %Eh,m((fA),)=(f-y, h) for any y-excessive function h (y=0) and
tio

fe#.
(V) lim By o(A)= 0, he BN .

(i) ah, Us*t )1 {f-p, B), at oo, for any y-excessive function h (y =0) and
fe#*.

(i) lima(h, Us))={p, by, he B*NF.

Proof. (i) is equivalent to (ii) by Lemma 8. We can also see the equivalence
of (ii) and (iii) by the uniqueness of the Laplace transform. The implications (iii)=
(iv)=>(vi)=> (i), (iii)=(v) and (ii)=(vii) are clear. Suppose that (v) is satisfied and
put ¢,(x)=E (4,). Then,
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13 . 1 13 . 1 13
j s phdds—=1lim - f (p.h, ¢,)ds=lim _j h, c, .. —c)ds
0 ul0 Y 0 ul0 Y 0

—lim L J (h, ¢)ds— lim 1 I (h, c)ds=(h, c,)
t ul0 Y JO

ul0 Y

for any y-excessive function 4 in &#. By taking the Laplace transform we get (ii)
for 4 of this type and =1, which is enough to obtain (i). In the same way we can
derive the implication (vii)=(i). g.e.d.

Lemma 10. Let pe S, and A e A} be related as in Lemma 9. Then for any
closed set FC X

aBp([ e )aA) 1 HOS@p@,  ah e,

where h is any y-excessive function (y =0), fe #* and F is the fine interior of F: F©®
={xe X: P(ox_»>0)=1} (CF).

Proof. 1t suffices to give the proof when /4 is bounded excessive and belongs
to LX(X;m) and fe #* is bounded. By Lemma 8, U5f is a quasi-continuous
version of U,(fy). On account of Lemma 7,

aE,,.m( f ;'” et f(X,)dt)
—a(h, Usf — HEFUL)=aé (Roh, Uif — HE-FU5S)
—aé (Rh— HEFR ), Usf)=aé (REh, U(f ) =a j _ REAGOS ()

which increases to I ) h(x)f(x)pu(dx) as « 1 . Here
F(o

th(x):Ex< f e e'“‘h(Xt)dt). ge.d.
0
§4. Proof of Theorem

Theorem is divided into two propositions.

Proposition 3. Given A € A;, there exists a unique p e S such that (1.4) holds.

Proof. For a given Ae A} with a proper exceptional set NCX, we put
¢(x)=EI(r e“f(Xt)e‘A‘dt), x e X—N, where f is a Borel function in L*(X; m)
0
such that f(x)>0, Yx e X. Then ¢(x)>0, Yxe X—N.

It can be seen that

4.1 Uip(x)=R f(x)—¢(x),  xe X—N.
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In particular Ujg is a 1-excessive function dominated by R, f e #. Hence Ujp is
by Lemma 4 a quasi-continuous function of & and so is ¢ by (4.1) again. Accord-
ingly there exists a sequence {E,} of increasing closed sets such that Cap(X—E,) | 0,

n—oo, NC( (X—E,) and ¢|g, is continuous for each n.
neol

Let us put

(4.2) Fo={x<E.; ¢(x)g%},

and prove that {F,} satisfies condition (1.1). To this end, set B,= {x e X—N; ¢(x)

g_l_}, and g=lim ¢,. Since ¢ is fine continuous on X— N, we have for x e X— N,
n

n—s oo

15',,<fm e"f(X,)e‘A’dt)=Er(e""'e““"”¢(X,n))§L. By letting » tend to infinity, we
n

In

can see P,(6<{)=0, xe X—N, in view of the strict positivity of . Hence {F,}
satisfies (1.1) because of the inclusion X— F,C(X—E,)U B, and [1; formula (9)].

Now put 4,=1I..-A. On account of the inequality U; 1<aUj¢ (e F) and
Lemma 4, there exists a unique g, € S, such that U 1 is a quasi-continuous version
of the potential U,p,. But then

(4'3) ﬂn:IFn'ﬂh n<l
because U;,1=Ul,, is a version of U, -y, by Lemma 8. We can now define a
measure y by Iy -p=1Ip -p,, n=1,2, -, ,u(X—UF,,):O. p is smooth in view

of Lemma 3.

It remains to show that 4 and p are related by (1.4). By Lemma 9, we see for
any f e #* and y-excessive function 4,

(o hy=lim lim a(h, Uz f)=lim lim a(h, Ug+(Iy,- £)).

By virtue of (1.1), we get {fp, hy=Ilim a(h, Usf) which is obviously equivalent to
(1.4). q.e.d.

Proposition 4. Given p e S, there exists A e A uniquely up to the equivalence
such that (1.4) holds.

Proof. Consider p e S with {F,} satisfying the conditions of Lemma 3. From
Proposition 1, Proposition 2 and Lemma 9, we see that there exists 4™ e 4
uniquely up to the equivalence such that 4® is related to 7, -x by (1.4). But then

4.4) A ~ T, - AD, n<l

because 7, - A" is related by (1.4) to Ip, - I, - u=1y, - p.
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Choose a proper exceptional set N and a defining set 4 which are common to
all A™ such that, for any w € 4, A™(w)=If,-A"*")(0), Y1 >0,n=1,2, - - -, and

o(®) (:}l{n;” ox_F(w)>g t(w). Putforwe A

{At(a))=A§")(w), UX—F,._l(w)ét <UX-Fn(w)v n= ]’ 29 et
At(a))—_—Ao(m)_(w), t ga(w).

Obviously 4 € 4. Since A,=A™ for t<oy_p, We see from Lemma 10,

aBun([" e 1000 1 [, HOS W), e,

F® being the fine interior. Notice that the set U F,— U F® is exceptional because
of (1.1). By letting n tend to infinity, we get 11m alh, Us*Tf)={f-p, h) proving

that A is related to p by (1.4).
The uniqueness of A is then clear because I, - A4 is related to I, - ¢ in the manner
of the preceding section for each n. q.e.d.

Appendix

In § 3, we saw that the function U,u for p € S, can be expressed as the potential
of the associated A ¢ 4F. It is convenient to give simple conditions for a more
general excessive function to be expressible this way. We state here a criterion of
this type due to M. L. Silverstein.

Let {D,} be a sequence of relatively compact open sets such that D,CD,.,,,
n=1,2,-.-,and D, 1 X, n—>o. Weputz,=ox_p,n=1,2,---,and fix >0.

Proposition 5. Let u be an a-excessive function on X satisfying the following
conditions:

(i) lim E (e u(X,,))=0, m-a.e. xe X.

(ii) there exists, for each n, an a-excessive function v, € F such that u<v, q.e.

on D,. Then u is the a-potential of a unique A € A}, namely u(x)=E,B(J‘0° e""dA,)
0
q.e.
By taking v,(x)=C-E (e *"0:), xe X, n=1,2, . - -, we get

Corollary. If u is a bounded a-excessive function satisfying the condition (i)
above, then u is the a-potential of a unique A € Af.

Let Ae A} and p e S be related to each other by our Theorem. By Lemma
3, we can see that the formula of Lemma 9 (ii) still holds for 4 and x. Hence
Proposition 5 follows from the next proposition.
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Proposition 6. Let u be the function of Proposition 5. Then there exists a
unique pu € S such that

h,u)=<_fp, RN, fihe #*.
t is moreover a positive Radon measure charging no exceptional set.

This proposition is almost the same as Theorem 9.3 of M. L. Silverstein [5] and
can be proved using Lemma 7.
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