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Introduction

Riemann-Roch theorem, one of the  most im portant theorems in  t h e  classical
theory of Riemann surfaces, was at first extended to open R iem ann surfaces by
Y. K usunoki [4], a n d  afterwards generalized along his method by H. Mizumoto
[7 ], M . Yoshida [12] and  M . Shiba [ 9 ] .  Comparing these generalizations, how-
ever, they can be classified superficially into two types, namely th e  generalization
by Mizumoto and those o f Yoshida a n d  Shiba h a v e  somewhat different forms,
where Shiba's result is clearly an extension of Yoshida's o n e .  Whereas the  rela-
tionship between the M izum oto 's result and Yoshida's one was not known, and
so we intend in  this paper to discuss about this relationship.

In  this paper, we recall in  §  1  th e  n o tio n  o f Yamaguchi's regular operators
and some related results (Yamaguchi [11]), and next in § 2 and § 3, we consider
the convergence of the sequence of the  ce rta in  harmonic functions by using the
regular operator's method (Cf. Theorem 1). Finally, in § 4, by applying th e  results
in § 2 and § 3, we show  that the Yoshida's theorem can be regarded a s  a n  exten-
sion of the M izumoto's one (Cf. Theorem 2 ) .  As for the notations and the termi-
nologies concerning the  differentials in  this paper, we shall use  those in Ahlfors
and Sario [1] without repetitions, though we restrict ourselves to real differentials.

§  1 .  Regular operator

L et R  be an open Riemann surface, W  an end towards the Alexandroff's ideal
boundary 4  o f  R  (namely, th e  complement of W is the closure o f  a  regular region
o f R ) and {R } a  regular exhaustion o f R .  Denote wuaw by W  and set

HD(R)=a Banach space o f harmonic Dirichlet functions on  R  with
respect to th e  norm III u 111=- Ild u ± I u(a.)I, where u  HD(R), II du II
the D irichlet norm on  R  of du  and  a° is  a  fixed point on  R ,

Do (R )= the  se t o f all Dirichlet potentials on  R,
X = a  subspace of HD(R),
c-(aw)-= ff :  f  is a  real analytic function on the relative boundary aw of W},
H(W)= {restriction to W of a harmonic function on an open set containing W}.
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Definition 1  (Yamaguchi [11 1). W e  s a y  a  lin ea r o p e ra to r L= Lw : c - (aw)
—H(W) is regular (w ith respect to  W), if  it satisfies the following conditions :

( i ) Lf-=f on aw,
( ii) d-Lf Ilw< 0 0 , w here  11c/Lfilw  denotes the Dirichlet integral over W,

(iii) <dLf, dLg> w = , a w f(dLg)* f o r  any f, gE0')(aW), w h e re  <dLf, dLg> w

m eans the mixed Dirichlet integral over W.

H ereafter, w e shall use frequently the following results (Yamaguchi [11]).

Proposition 1 .  ( i )  I f  u=L w u on W fo r uEHD(R), u must reduce to a con-
s tan t .  In addition, if Lw 1=1 on W, the constant must reduce to zero.

(ii) Denote by  {L} the set of all regular operators w ith respect t o  TV and
{X} the set of all subspaces o f HD(R), then there ex ists an one to one correspond-
ence betw een {L} and {X} such that fo r  any  uEH(W), the following conditions
(1) and (2) are equivalent to each other:

(1) u=-Lf on aw,
(2) u = f on aW, u=v+g o  on  W fo r  some v e X  and go ED,(R) and the set

{h: hEHD(R) and lim hdu*=0} coincides with X fo r  each {R }} .
aRn

H ereafter, w e denote by L '  the regular operator associated with the space X.

Proposition 2 .  (i) (L x )1 = 1  i f  XD 1, and (L ')1#1 i f
(ii) I f  Xpl, (dLx f)*G lad wEdX* 1 +T e o n r  1}  where wi l y  denotes the restric-

tion of w to  W and dX*± the orthogonal complement of dX*= {du* : ue X }  in ra .
(iii) The closure o f  th e  linear space {uf  :(L - r )f=u f +g o  on  W  where go e

D o (R )  and u f E X }  coincides with X .

Proposition 3. Suppose L = L  i s  a regular operator associated w ith X  and
s a harnonic function on W except fo r  isolated singularities not accum ulating to
aw.

(i) I f  L1=1 and S. ds*-+-0, there ex ists a  harm onic function on R except
aw

for the singularities o f s such that (a) p— s----L(p— s) on W, (b) p  is independent
o f  W, (c) p  is unique save for an additive constant.

(ii) I f  L1#1, f o r an y  s  there exists uniquely a harmonic function p  on R
except fo r  the singularities o f s satisfy ing the above conditions (a) and (b).

Proposition 4 .  ( 0  L e t {X,i }  be a sequence o f subspaces o f HD(R) such that
CO CO CO C O

(\closure { (1 X k } =closure { (1 E X k } ,  w hich w e denote by  X . Then, for au  fn=1 le=n n=1 k =n
and W, we have lirn III(Lx .)f—(L x )fIlIw=0, where IllvIllw=l1dvIlw+1v(ao)1.

n-r•eo

(ii) Let {D„} b e  a  sequence o f  reg io n s  su ch  th at n cS2n ± 1  and C.)* Q = R .
n=1

Suppose th at  X r, (resp. X ) is a subspace o f HD(S 2 n )  (resP. HD(R)) which satisfies
the following conditions (a) and (b):
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(a) fo r  each uEX, there exists a sequence lu n l  with un e X 7, such that

lu. — ullip„=Ildu. — dullsan + I u0 (a0) ±u(a ())1--->0 as n—oo ,

(b) i f  {u n : u„GX n }  is a sequence suct that sup illun,111.a0 < co, the lim it o f each

locally uniformly convergent subsequence {un k } belongs to X.
Then , for any f  and W , we have ill(LI V — (L x n)i1liwn

— '0 as n -000, where W0 =
Wr),(2..

§ 2 .  Convergence theorems o f X  principal functions

In th is  paper, w e denote  by  IS20 a  sequence of regions on R  such that

( j ) C r) Q .= R  and each component of is  non compact,n=1
(ii) aS2f l  consists of a  finite number of Jordan curves for each n,
(iii) as2n  is hom ologous to as2n, for m>n.

Definition 2. (M atsui [5 ]) .  Suppose, for e a c h  n, X 7,(Qn ) (resp. X n (R)) is  a
su b space  o f  HD(S2 n ) (resp. HD(R)). W e  s a y  th a t  a  sequence  {Xn(-Q.)}̀ Z=1
(resp. {X ,,(R)} ,,)---,) converges to  a  subspace X (R ) of H D(R ) i f  th e  following con-
ditions are fulfilled:

(i) for each u X(R) th e re  e x is ts  a  sequence lunl  w ith  unEXn(f2n) (resp.
un aX,,(R)) such  tha t Illun— ullls2„—,0 (resp. IMu,,—u111--0) a s  n -000, w h ere  a n i s  a
fixed point on R,

(ii) i f  funl w ith  unEX.(f2n) (resp. 7.17, X 71(R )) i s  a  sequence such  that
sup 1117,17.111Q„ < 0 0  (resp. sup IljunIll<œ ), the  limit of each locally uniformly convergent

subsequence fu n d  b e lo n g s to  X(R).
In th is case, w e w rite  sim ply  X n (Q n) X(R) (resp. X . ( R )  X(R)).

L et W be  an end tow ards 4, P h ,  k=1, 2, ••• , K  a  finite number of points on
R and V a  regular region such that U P k C VCR—W and  R—W—V- is connected,
and w e set

X n = Xn(Q n) (resp. X =X (R ))=a  subspace of H D (S 2  (resp. HD(R)),
L=the regular operator such that, for any fc-(avuaw), L f= (L x ) f  o n  W

and Lf=Dirichlet solution HY: (which we denote by H vf) on V,
Ln =the regular operator such that, for any fE C (aV U 3W ), L f= (Lx )f on Wn

and L .f= H v f on  V, w here  Wn=- Wr1Q.,
s=a function on  'WU -V su ch  th a t si w =0 and si T7E H (f7V— P1).
P (resP• P0=the solution on R (resp. on ,r2n)  o f  th e  equation p — s= L (p — s)

on WU V (resp. p—s-=-Ln(p—s) on Wn UV).
H ereafter, w e call the above function p  a X principal function on R with the
singularities s.

Lemma 2 . 1 .  Suppose X n (S2 X(R), then we have the following:

(i) i f ds*=0, Xpl and X„D1 fo r  each n, there exists, under the suitableav
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choice o f  additive constan ts, a sequence {n k }  o f  integers such that n k —>09 and
pn k —p—o as  k—too, locally uniformly on R,

(ii) i f  .X4)1 and X , . 1  f o r each n, there exists, f o r any s, a  sequence {nk}
o f  integers such that n k —“x) and Pn k — p— q) as  k—>co, locally uniformly on R,

(iii) i f ds*=0, X 1  and X 7,131 f o r each n, then there exists a  sequence
av

{n k } o f  integers such that n k —.00 and  d(Pn k — p) — '0, locally uniformly on R.

P ro o f . A t first we prove the case ( i ) .  We extend s to R—V----W so that we

obtain .§EC 2 (R— V— W ). Because of .
a v ds*=0  a n d  th e  fact R—V —W is con-

nected, by Lemma 2 in Yamaguchi [11] we can extend ds* to a  closed differential
a  so that a. .I"(R—V— W) and a=d s* o n  WU( V—UP i ), hence a*±d§EF(R).
Therefore, a*H-cl.§ has a  decomposition of the  form

ed-cl.§=co,n+df:.:=0)nn - Edf:nd- dgon=cond- i- n±df:n±dgon,

=04+ df:=co h -Edft-Fdgn=w+ -1- + df:+ dg o ,

where wenEre(Q7.), wk. E rh (Q .) , dfonE re0 ([2 .) , d gonE  reow  ( 0 , ,  can, r.E (dX .)',
weErc(R), wherh(R), dfo reo(R), dgnEren(R), coEclX a n d  z-E(dX) 1 . Here we
note that df o n  a n d  dgo n  (resp. dfo and  dg,.) a r e  harmonic o n  W . (resp. W). Now
we se t  dP n =ds—du n —dgo n and dp=ds—du—dg, where du n =w n  a n d  du=co, then
from Theorem 3 in Yamaguchi [11] pn (resp. p) is th e  so lu tio n  o f  th e  equation
p—s=1,.(p---s) o n  W.0 V (resp. o n  WU V ) .  O n the  other hand,
we have from above decomposition forms

sup{lldP—dPnllo k } < 0 0  a n d  Slily IlkOn1HHIrn!! IldfonM Hdgonill < 0
0

Therefore, from th e  fact dfo n  a n d  dgo n  a r e  harmonic o n  W . a n d  Lemma 3.2 in
Matsui [5], there exists a  sequence {n k }  o f integers such that nk - - - . 0 0 ,  d p n k - - d p '
as k—co, locally uniformly on R  and  moreover, dp i =du i +dF 0 =7 x ±d G :, where
duŒdX, r n (dX) ± , dFoereonF l  a n d  dG o e r e o n .r i . Therefore, from Propositions
1 and 2 we have dp—dp'=dherh e (R ) and  h-=Lh o n  W, a n d  so  w e  have  h =
c o n s ta n t. Next, we prove the case ( i i ) .  A t first, we notice that the  linear space
X.-+ {constant} (resp. X +  {constant} ) is a  closed space in  HD(Q n )  (resp. HD(R))
(Yamaguchi [11]) a n d  L n (resp. L ) induces the  space X .  (resp. X ) on  D . (resp.
R ) .  Now we set

Ef=L(f— c f ) + c in f= L , i ( f— c f . )± c f n,
f( , =the space induced by th e  operator Î,. on Q.,
X'•=the space induced by th e  operator T. on R,

v
ds* dL1*)L1, ds* I  .r d L n l* )L n l,a ow  ,31V

fi,.=the so lu tion  of the  equation : p—'gn=1,'„(p--n) o n  W.0 V,
j5=the so lu tion  of the  equation : p—g= ( p —:s- )  o n  WU V,

where f  c " ( a w u  a v ) ,
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C f= Ga(ruv)
d L f *

 . ç  a ( w U V )
cl L1*) a n d  cf n = ( d L n f*/ d L n l*) .a(w uv) acwun

T hen  w e  have  i i = i ,  i i = i  an d  g'n —K—.0 uniform ly o n  V U W  a n d  moreover,
from  the Proposition 2, 5f'„=Xn -1- {constant} and X- = X +  {constant} .  Consequently,
there exists a  sequence {n k } = {k} o f integers such that k — f i — >0 a s  1?-4), locally
uniformly on R .  According to Theorem  3 in Yamaguchi [11] ,  w e  have

P=fi dL(p—s)* dL i*} , pk =f5k --f .d L k ( i .5 ,— g k )*/  dL k i * l .,a(wun aw acwun aw

B ut from Lemma 1 in [11], we get II dLk fik II iwk • stiP II dOk Ilwk < 00, where çbk denotes

hence w e have sup I cfk I < co . C onsequen tly , there  ex ists a  sequence {k }

= {a} o f  in te g e rs  su c h  th a t  j3,,--j5-4:1 a s  ,a—, 09. Since di5,—df, --dp ,— dp, the
case (iii) is evident.

Lemma 2.2. Let {X n (R )}  be a  sequence o f  subspaces o f H D (R ) such that

(1 closure {E X k(R)} =closure {Efl Xk(R)} , which we denote by X(R). Then,
k=n n=1 k=n

we h a v e  X (R ) X (R ).

—
P ro o f. Since n x ,(R )c n x ,(R ), there exists, for each uE X(R), a  sequence

k=mk = n + 1

{ten } w i t h  un E nxk(R)cxn(R) s u c h  th a t  Illu— u.111— .0  a s  n—+co. Next, since
k n

d X ± =  n  closure { E dXk} =closure { E  n dXki l , the re  ex ists , fo r  each W E d X i ,
n--1k = m n = 1  k = n

a  sequence {co n }  w ith  wnE ndX kLcdX, ,̀ su ch  th a t Ilw—u4,11—>0 a s  n—, 00. There-
k= m

fore , for each we dX and the limit u of a locally uniformly convergent subsequence
{u n k } such that un k  X n k (R ) and sup II K, we h a v e  <co, du>I=EK+1<du, co>D1

0.)>D1+21fe1iml<clun k , con k >±3Ke=3KE, w here D  denotes a  regular
k—os

reg ion  such  tha t ol D <s. H ence du E d X . If  XD 1, ue X, a n d  if  X13, 1, thenlklu- 
00

n X  k  fo r  each n, and so  w e  h a v e  u(a)— v n (a)1 .d v as 0 ,
k m

w here K a i s  a  positive constant and {v n }  a  sequence w ith vnE n X  k  such that
k=n

dV n1H 0  a s  n—>00 (Cf. Lemma 3 in [111). Consequently, we have Hu — vkMHO
a s  n—K)0, hence u E X.

Theorem 1 .  Let {Xn(f2n)} 1 with Xn(Qn)EHD(Dn) be a sequence of subspaces
such  tha t X (Q ) X (R ), w here  X (R ) is  a subspace of HD(R).

(i) I f  X ( R ) w  X ( Q ) 1  for each n and  a v ds*=0, there exists, under suita-

ble choice of additive constants, a sequence {n k } { k }  o f  integers such that
JIIP k—

k

—>0 as k-00.
(ii) I f  X (R )4 3 1 ,  X (Q )1  for each n, there exists, for any s, a sequence

{ n k } = {k } such that 111P— PkIllak
- 4  as k--.00.



740 K . Matsui and K. Nishida

(iii) I f  X(R )D 1, X (Q .)51 f o r  each n  a n d  a v ds*=0, then there exists a

sequence {n k } = {k }  o f integers such that Ild(P — Pk)11Q, - .0  as k—, 00. Analogously,

suppose 1X (R )}  is a sequence of subspaces of HD(R) such that ()closure { E X  k(R )}n=1 k=n
=closure { E n xh(R)}, which we denote by X (R ). Then, we have the same con-

n=1 k=n

clusions as above (i), (ii) and (iii) except fo r  setting R in place of ,S2 .

W e denote simply lint w by w f o r  a  differential w  i f  it exists, w here
aR n

{R n }  is  a  regular exhaustion.

P ro o f. Supoose { P k }  is  the  sequence of X k (f2k ) principal functions in  Lemma
2.1 and 4 k t h e  ideal boundary o f f2k . From  Proposition 1, w e have

Pk C IP:
=

 ( U k + f o k ) d L k P := - . f  f o k d L k 1 1
-=

0 ,
k k

LIk pdp *
-
-

-
- L k (u+fo)dLp * --->L f 0dLp* -=0 as

w here ukEXk(pk), Do(S2k), u e X(R) and f o ED „(R ). O n  th e  other hand, for
k < r w e have from  the Proposition 4

L , pr clp*=6,.+L k pr dp*+L r pr dLr p*— 
z

pr dL r p*
 k

Er -  <d pr , d ( L p - 1 0 - 1 0 ) > s a k - v H . 3 7 p r c l ( L p — L 4 ) *  ,

w h e re  Er
—

d )  a s  r—, 00. But from Lemma 1 in  [11], w e  have sup IldPr Ili27._v< 00,

hence firn pr dp*=0=1im , p d 0  (C f. P roposition  4). T h e re fo re , w e  g e t

lIP
r - .

k k—'13 a s  k--co. The last part in in this Lemma is evident (Cf. Lemma 2.2).

§ 3 .  Regular operators and subspaces

3 .A .  HF o (a, R) and rh o (p, R ).  Let R: be the KeracjArt6-StoIlow's compacti-
fication o f R, 4 3 =R;'—R an d  P(4,)=aUp a  partition  of 4, such  that a  is closed
and  p=4 3 —a is  re la tive  open . W e set

D(R)=the Banach space of Dirichlet functions w ith respect to III*,
Fg(a, R )= {f faC 2 (R )nD(R) and  the  support o f f  i s  disjoint w ith  a  neigh-

bourhood o f a},
HF,,(a, R)= {closure o f Fo (a, R) in  D(R)} 7:7),Theo(a, R)= {cif : f HP.(a, R)} , IIM(R)= lu : d u  rhni(R)1rh o o, R)=the orthogonal complement o f  r  (a, R)* in  F h (R).

In  c a s e  w here a  a n d  p a re  both closed, we call G  an  end  towards a  i f  R:
-=G*Ud*, G*Doe a n d  G *np=0, w h e re  D  i s  a  reg u la r  reg io n  a n d  G*-=GU
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(closure of G  in R :)n 4 s .

3 .B . Regular operators on a finite surface. Let Q be a  finite surface and
ap=au i3ur, anp= tenr , ---rna=0 where a, 49 and I  consist of contours. We
set

HD(i5)={u E H D (D ): u  is harmonic on as2},
r h (J),{ w E rh (s2): w is harmonic on as2},
H M (,  S 2 )=Iu E H D (Q ): u  is constant on each component of 131.

Lemma 3.1. (M atsu i [6 ]). (i) HF0 (a, S 2)=closure o f  {HD(SZ)nHF0 (a, 0 )1  in_
D(Q),

(ii) r h o (PUr, S 2)=closure o f  trho(Pur, Q)nrh(Q)} in rh(D),
(iii) Tho(Pur,s2)nrhse(Q)=closure of Irho(IS UT , Q)nrnse(Q)nrh(f )}  in rh(Q)-

Rem ark. It is ev ident that HM (/3, Q)=HM(S2)-1-HF0 (a, D) for a finite sur-
face Q.

Lemma 3 .2 .  HM(/3, S2)nHF0 (a, Q)-=closure { HM (p, Q)nHF0 (a, Q)nHD(S2)} .

P ro o f. We have only to prove the relation: closure {HM( jS, S2)nHF0(a, f2)(-1
HD(Q)11-1,11(p, Sd)r\LIF0 (a, D ). For each ueHM(d3, S2)nHF0 (a, Q), we set O(P)
=u (P)  for P Q  and 0 ( P ) = - u ( j a P) for P Q -Q , w h e r e  ij a  i s  the double of
Q with respect to a , j ,  being the involutory mapping of S a, then we have
HM(13U j a A, f2„), and so from Lemma 3.1, there exists a  sequence {O n } with
çbnEHM(15U lai3, [2. a)(111D(S).) such that 11107, - 95111b„- 431 a s  n - >o o . Therefore, by

1 1
setting f n ( P ) = - 2 - { 0 . ( P ) - 9 5 n C i a g  a n d  f(P)-= y{95(P) - 0 (i.P )}, w e  have f 7,1,Q E

HF,(a, Q)nHM(13, S2)(1 1-1D(Q), f  I (2=u  and 111f. - as n-.00. q. e.d.

Suppose Wa ,  Wig and  TV, are ends towards a, 13 and 1 ,  respectively, where
IT”n T9= W- ni,T7r = tifla nWr -o.

Lemma 3 .3 . Let L be the regular operator associated with HM (P, S2)nHF0 (a, Q).
Then, L-=H w a  a n  W a , L =(Q )L i  o n  W p and L =L 0 o n  WT ,  where (Q)L , (resp.
L o )  denotes the S ario's (Q)L i  (resp. 1 , 0)  Principal operator f o r  W,8 (rasp.
and H w a=th e  Dirichlet operator Cw(aW nQ)-41(117a )  such that H w af =0  on a and
H w a f = f  on aW „(-)Q.

P ro o f. At first, we denote by Y the space associated with L ,  then we can
prove easily Y cH F o (a, S 2)nHM (p, D) by Proposition 1, 2 and Lemma 3.1. Con-
versely, for each tt liF o (a, Q)nHM (13, Q)nHD(S2) and any fCw(5147) we have

1(dL f)*=0, Ç u (d L f )* =0  and .ç u (d L f )* =0  (Cf. Proposition 1), and so from
.19

Lemma 3.2 we have HF0 (a, S2) .nHM (p, S2) Y .  q. e.d.

3 .C . Regular operators on a bordered surface. Let D be a  bordered sur-
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fa c e  whose border aQ consists o f  a  finite number o f co n tou rs . We se t 5D=
a U p , a n P = O  where a  a n d  13 consists of contours, r=4?—as2, Afs2 being th e  ideal
boundary o f D, and set

HM(13, Q)=. fuGHD(Q): u=constant on each component o f pl.

Remark. HM(P, Q)=HM(Q)+HF,,(p, D).

Suppose {G} is a n  exhaustion o f D  such that ac„Das2 f o r  each n and further,
167J is a  regular exhaustion o f  9, where On (resp .6 ) is the double of G . (resp.
D) with respect to a .  Then, from Lemma 3.3 and Proposition 4, we have

Lemma 3 .4 .  HM(p, G.)nHFo(a, H M ( P ,  Q ) n H F 0 (a, Q).

Next, we consider the case Q = a' and  p/ur=4 ,v—a' where 7- a n d  13 ' are
disjoint and both closed. L e t {Q„} be a n  exhaustion of Q such that each com-
ponent of 3 f2„ is dividing fo r each n  and Q—Sl a U a D  is  a n  e n d  towards /3' on
D  fo r each n .  Denoting as2 —a' by 48„, we set

HM(/3', Q)==fu : there exists a  sequence {u n } with uneHM(P., Q . )  such that

u — u - - - > O a s  n --.00l

Lemma 3 .5 . (i) HM(13', Q)=closureIHM(Q)+HF 0 (131 , Q)},
(ii) HM(/3., [2.)nHF„(a', HM(p', Q)nHF,,(a', Q).

P ro o f .  ( i )  Since HM(/3', D)B1, we have only to prove dHM(p', D)-=closure
ir,,,,,(D)+rheo(y, S2)} by Lemma 3  in Y am aguchi [1 1 ] . But, it is evident that
dHM(P', D )D closurefr„.(Q )+r heo (/3', Q )} . B y  t h e  definition o f  HM(13', D), we
have  dHM(13', Q)C{rho(rua', Q)nrhse(Q)}* i =closurelThm(S2)+1 -1,0(P', -( 2)1.

(ii) By the  analogous method a s  in  Lemma 3.3, we can prove the  fact that,
f o r  each  vEHM(P', Q)nHF 0 (a', D ), there exists a  sequence {v a } w i t h  vi.E
HM(P., Q.)nHF.(a', Q .) su c h  th a t 111 v . —  nills27,- .0 as n—, 00. Next, suppose lunl
w ith  un EHM(J3., Q.)nHF„(a', Da )  b e  t h e  sequence such that sup illunIll(2„< K.

Then, for each sequence {n k } --= {k} o f integers such that uk --- u a s  k—>c>9 locally
uniformly on D, we have u-=0 o n  a ' since u ,,= 0  o n  a '  f o r  a l l  n, an d  so uE
HF„(a', D ) .  F o r  > 0  a n d  wEraa(a'UP', Q)nrhse(Q), there exists a  region D
such that aDDa', 11(011Q-D<e a n d  D—DUaD i s  a n  e n d  towards /3/Ur. Con-
sequently, we h a v e  I <co, du*>l < Ke +1<w, du*>D1=Ke±liml<a), dult>D1<3Ks+

lim  <a), dunQ k ---3KE, hence we have uETIM(Y, Q).

3 .D . Regular operators on an open Riemann surface (1). L e t  P(.1„)---
aU 13Ur be a  regular partition of 4, and  Wa , W t3 an d  Wr  e n d s  towards a ,  p  and
r, respectively. Suppose {p 7,} is an  exhaustion of R such that, fo r each n, each
component of ai2- 7, is a  dividing Jordan curve and R--s),,vas)„ is an end towards
/3. We set
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H M (P, R )= {u: there exists a  sequence {u n }  w ith  u „E H M (ai, f ) . )  such
that as n—>col.

Lemma 3.6. H M ( ,  R )= closure{H M (R)+ H F o (P, R)} .

P ro o f. Omitted.

Next, we consider an exhaustion {Dg} of R such that R—,W,Ua n  is, for each
n, an end towards a , where a„=ailt.

Lemma 3 .7 .  Xn = H M (P , Q nnliF 0(an , HM (8 , R )nH F 0 (a, R)=-X.

P ro o f. For each u  X, we set f = u  on f2g.— W7, and f n = l-Pnvn on W7i , where
Wa  is  an end towards a and  Wn =  W „n g t. Then, f n  has a  decomposition of the
form : f . =- 72.+10, where u n H D (Q ) and f o n E D .( Q ) .  Obviously, u,,ŒXn (Cf.
Lemma. 3.1). Since Illfn-u111,271-.0 a s  n—, 00, w e can  get a  sequence { ic;,} with

c n  b e in g  a constant for each n, such that Ill u — u n i l l f 2 t — , 0  a s  n.-00 .
Because Ildf07j1(2 1,—, 0  a s  n—>C<D, f O n  W,C=1/31'%±/Pcir' an d  suplIdHcw,n16<oc, we

have c - - ) as n-000, where H w n denotes the Dirichlet operator fo r 1V„, hence
Illun— u1114 — , 0 as n-000. Next, le t {v n } w ith  y„EX .

n b e  a  sequence such that
sup Illv.1114 < 0 0 . For the lim it y  o f a  locally uniformly convergent subsequence

ly n k l, we have, by the analogous method a s  in  Lemma 3.5, v H M (p , R ) . On
the other hand, it holds v k =Invkk on W k  and  y k —'Htira as k—>oo, and so v = li fv, .

-=-7)d )rin  where li a  is  the harmonic measure of Wa  w ith  respect to a (Cf. p. 28 in

C. Constantinescu und A. Cornea [21). Therefore, applying Theorem 2.4 in Fuji-i-e
[3 ] and Lemma 3 in Ohtsuka [8] to u, we can get easily uEH F,(a, R ).

Corollary. Let L be the regular operator associated with H M (p,R )nH F,(a, R ).
Then, L = (Q )L , o n  W13, L = -L , o n  W , and L = H w a, where (Q)L i  (resp. Lo )  is
the S a rio 's  (Q )L , (resp . L o )  principal operator and t h e  D i r i c h l e t  operator

on W a  such that (Hw cV-)(a)-=H'P(a)=- fd l i n , p a being the harmonic measure of Wa

with respect to a.

3 .E . Regular operators on an open surface R  (2 ) . Let P(.610) = aU  pU r be
a partition of 4 ,  such that a  a n d  aU P are closed and an,8=13ny=rna -=0.
Suppose {R n }  is a  regular canonical exhaustion o f R  and R — R nU aR n= y,  D n k ,

where D n k  denotes a  component for each pair (n, k ) .  Denote GU (closure of G
in  RP)n 4 3 b y  G* where G  is a  region on R , and we set

a l=4 3 n [U  { D t : a n D L * 0 } 1 , 48nDLErli

Then, atl.l igtUri , is a regular partition of 4 , and a  I a , r',,; I r as n-000 (Cf. [101).
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Denoting HM(a:, R)=HM(at) and HF0 (g , R )=H F 0(13), we get the followings :

Lemma 3 .8 . (i) Let A  and p be closed and relatively open sets on 4,, then
we have HM(2Up)=HM(2)n1-1M(p),

(ii) HF„(annHM (A)DHFo(annffill(g) fo r  ni> n,

(iii) Denote H F0(a )nH M (Pt) b y  X ., th e n  closure{i xkl---h° closure
n=1 k =n n=1

E X,}, which we denote by X. From Lemma 2.2 we have X  k  X.
k =n

P ro o f. (i) Omitted.
(ii) F o r each in  (m >n ), it holds 1 3 .= ( P t n c 4 ) u ( 1 3 t n ie ) ,  and so H F.(4 )

n H /II(A )  = HF0 (a ( -) HM(1377
1/4,nalonHM(131,n P:). B u t, H F.(a ) c  H M (a t)c

HIVI(c4,n P t ) ,  w e  h a v e  HFo (a ) HF,(annHM(13t n 13n D HF0 ( a )
nH M ( ) .

(iii) It is evident that closure {  E  nxk}cn closure { E Xk } . O n the other
n=1  k =n n= 1 k =n

CO CO

hand, from HF.(4)DHF0(4) for k> n, w e  have the relations : closure {  E  n  X }
n=1  k =n

=closure { EHF,(anni-Livion D closure { EHF 0 (4 ) ( -)H M ( ) }  D n closure {EX k } .
n=1 k =n n=1 n =i k =n

N o te . X  is independent on the choice of {R,,}.
From th e  definition o f  r h o (*, R ) we have R)Œrho(r, R) since 71

Hence we can get

C orollary. H M (c e N i3 ) closure { , H11/1(a',K,U 137'n}

We denote the closure o f { EHM(a'),`UP)} by HM(aU 13, R)=HM(aU p).
n= 1

Next, le t P i , 1=1, 2, • ,  K  be points of R and  V a  regular canonical region
containing P i , and we set

G 1 1
.
(

7
S P i),1=1

X=closure { R)(111M(Pt, R)}.
n= 1

Further, le t at,'„ X  and 71, be sets of Jordan curves on SR,, w hich a re  th e  deri-
vations of a t, p'7, and 7','„ respectively. From Lemmatta 3.4, 3.5, 3.7 and  3.8 we
can construct th e  another regular canonical exhaustion {G ,} such that X '.=
HF„(a'n , G.)nHM(Y., G . ) *  X , where a'n an d  i% are the Jordan  curves on ac.
derivated b y  a t and pt, respectively. Therefore, by Theorem 1 we have

Lemma 3.9. (i) L et p  (resP. po be the X (resp. principal function on

R (rasp. G.) with singularity s such that a v ds*=0, then there exists a sequence

{k .} o f  integers such that ildPk. — dPIla1 n
- - 4  as n—, 09.

(ii) L et q (rasp. q.) be the Z=HM(aUP, R) (rasp.G . ) )  p r i n -
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cipal f unction on  R (resp. G .) w ith  s such that L d s*= 0 , then there ex ists a

sequence {n k }  o f integers such that fillIGnk—>13 as

§ 4 . Notes on the Riemann-Roch theorem

L e t P(4 8)=aU pUr be the partition of 4, a s  in  § 3. E . W e set

jhe(R)= {du EPh e (R ): there exists a  sequence Id u .E r.,(R .)} such that (i)
un = u  on and aun ian=o on n, (ii) u n =constant o n  each component I

o f  g  such that •
I du*=0, (iii) Illun — ull1R - 4 )  a s  n—>001.

R em ark . From Propositions 1 and 4, A h e (R) is independent on  the  choice of
canonical exhaustion {R }.

Further, le t  D  be a  regular region and R—D-=UD where Q is a  component.

Divide aQ into d isjo in t subarcs Ck (k=1, 2, ••• , y, ap= co an d  le t IQ h be a
k=1

point on C k .  Suppose (01q, = -0 )(P , C h , D) is t h e  generalized harmonic measure of
C h  with respect to D (Cf. Mizumoto [7]). 'We set

Ah e (R)= {du ET h e (R ) :  there exists a  regular region D  such that, fo r each
component Q o f R—r) with the  condition : (closure o f  D in  R*)na=(), we

h a v e  u (P )H ' u(Q)da =lim U(Q  h ) C 0 ( 1 3 ,  C k , D) for P Q } .
k=1

Lemma 4 . 1 .  J h e (R)C A h e (R).

Pro o f . A t first, we s e t  /3 =D*ni3,*, where D*=QU(closure of D in  R*)nil s ,

X.0=HF0 (aQ, fl)nH-11/1(134?, D) a n d  X0=closurel X f 2 1 .  Further, le t  WD be an
Te=1

e n d  towards J?=S2*—Q a n d  Lx „: c-(aw,)--,Fgw„uaw.,) th e  regular operator

associated with X 0 . F o r each du E J h e (R) we associated a  function v= .çudco', on

W0, where al,_=ar,Q. T h e n , b y  use  of Lemma 1.1. in  [7], we have L x p,(u— v)-=
u— v o n  WD, hence from Proposition 1 we have duE/1, e(R ).  q. e.d.

Lemma 4 .2 .  Suppose R satisfies the condition: A.,(R)-= {0}, then a differential
of X principal function w ith s on R is also a dif ferential of  Z  principal function
w ith s on R.

Pro o f . L e t p  (resp. q) be th e  X  (resp. Z )  principal function o n  R  with s,
then from Lemmatta 3.9 and 4.1 we have dp— dgE  j h e (R).= {0}, and so dp=dq.

Corollary. Suppose R satisfies the condition: A.,(R )={0}, then dX=dZ.

Pro o f . Cf. Lemma 4.2 and Corollary o f Theorem 2 in  Yoshida [12].

L et Y  be a  subspace o f H D (R ). Now we generalize the definition o f Y  prin-
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cipal function on R  (Cf. Yoshida [12]). Suppose V is  a  parametric disc and  c  a
s im p le  a rc  o n  V  such  th at ac=C1 — C2. W e s e t  s-=0 o n  W and  s -=arg(z— C 1)
—arg (z—C2 )  on V , where z  is  a local parameter of V and W an  end  towards 4 2 .

Then ds*=0, hence there exists a  harmonic differential w on R—IC1, C21 whichav
has th e  following properties : (i) 11w—ds11v < (ii) w is  th e  differential o f  a  har-
monic function p in  R— c such that p - s = L ( p - s )  o n  WU( V—c) where L f=L Y f
•o n  W and L f=HY  o n  V—c fo r each faCw(aHAJa V).

W e call also  the harm onic function p  in above (ii) a Y principal function
w ith s on R.

Remark. F or thus generalized Y principal function, all of the Theorems and
Lemmatta in  § 2, § 3 and  § 4 a re  also true.

L et 6-=5p16 Q  b e  a  finite divisor such that ap and aQ a re  integral divisor. W e
•set

A i ( Y, 6)-= {0 : (i) 0 is  a  meromorphic differential on  R  such  that Re (0) is  a
finite sum o f differentials of Y  principal functions on  R , (ii) divisor o f 0
(which we denote by (0))> a  and  E Res (0)=0}

Si (Y, 3)= ff: (i) f  is  a  meromorphic function o n  R  su ch  th at Re (d f )  i s  a
finite sum o f differentials of Y  principal functions on R , (ii) (f )>31.

From Lemma 4.2 and its Corollary, we can get

Lemma 4.3. Suppose R  satisfies the condition: A h e (R)= {O}, then  w e have

S i (X , 115)=S 1 (Z, 116), A ,(X , 113)=A 1 (Z, 115) and A i (X , 1160= A ,(Z, 113 Q ).

Further, we consider th e  following linear spaces (over the real number field).
L e t D  be a  fixed regular canonical region such that D ô .  W e  set

A 2( Y, 5, D)= { 0 : (i) 0 is  a  meromorphic differential such that Re (0)1 R - D  is
an exact differential du, (ii) du is  a  finite sum of differentials o f  Y  prin-
cipal functions on  R , (iii) (0)>3 and  E Res (0)=01.

S,(Y , 113, D)=- If  : (i) f  is  a  multivalued meromorphic function such that du=
Re (df ) is  exact on R  and f I D  i s  single valued, (ii) du is  a  finite sum of
differentials of Y  principal functions on R , (iii) (f )>61.

Analogously a s  in  Lemma 4.3, we can get by Lemma 4.2 and  its Corollary

Lemma 4 .4 .  S uppose R  satisf ies the condition: Il h e (R)= IC  then w e have

S,(X , 110, D)=S 2 (Z, 115, D), A 2 (X , 6, D)=11 2 (Z, 3, D) and

A ,(X , 114, D)=A 2 (Z, 115Q , D).

Now we consider th e  relationship between the R iem ann-Roch theorems by
Mizumoto and by Yoshida. F irst, we have
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Theorem A . (Cf. Mizumoto [7]). Suppose R  satisfies the condition: A h e (R) ,

={0}, then we have

dim S2(X, 1/3, D)=2(d+1—g)±dim A ,(X , 3, D) ,

where g  is the genus of  D  and d=deg 3.

Next, Yoshida proved the following :

Theorem B . (Cf. Yoshida [1 2 ]) . Suppose Y DHM(R), then we have

dim S i ( Y, 1/5)=2 {deg ô +1 —min (1, deg 6(2 )} dim Ai( Y, 1/50 
Ai(Y, a) •

A s we see in the above Theorem A and Theorem B, the formulations of the
Riemann-Roch theorems by Mizumoto and by Yoshida are different each other,
and so, in order to compare these two theorem, it is necessary to express them
in the analogous fo rm . Therefore, we modify Theorem A  (resp. Theorem B) and
reform ulate it i n  term s o f  S i (X , 1/5) a n d  A i (X , 5) (resp. S,(Y , 1/5, D )  and
A,(Y, 3, D)) as follows :

Theorem A'. Suppose R  satisfies the condition: Ahe(R)= {O}, then we have

Ai (X, 113Q ) dim S i (X , 1/5)=2 {deg 4 +1  —min (1, deg 3(2 )} dim A i (X, (3) •

Theorem B ' .  Suppose Y DHM(R), then we have

dim S2( Y, 1/3, D)=2(d + 1 —g)+dim (A 2 ( Y, 3, D) ,

where g  is the genus of  D and d =deg 3.

P ro o f. Theorem A ' and Theorem B ' can be proved by the same method as
in  Kusunoki [4] or Yoshida [12], and so omitted.

Now, to  compare Theorem A  (resp. Theorem B ) with Theorem B' (resp.
Theorem A'), we consider a Riemann surface satisfying the condition Ah e (R)={0}.
Then, b y  se tt in g  Y = Z  in  Theorem B, w e have Theorem A ' from Lemma 4.3,
and moreover, if  we se t Y = Z  in  Theorem B ', it reduces to  Theorem  A  from
Lemma 4.4. Therefore, we have the following :

Theorem2. Concerning the Riemann-Roch theorem on open Riemann surfaces,.
the theorem by Yoshida can be regarded as an ex tension of  that by Mizumoto.
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