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On a problem of hypoellipticity

Dedicated to Professor SIGERU MIZOHATA o n  his sixtieth birthday
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§ 1. Introduction.

In  the  w ork  [11 ] ,  L .  Schw artz has introduced the  no tion  o f hypoellipticity,
and proposed th e  following question (see p . 146, Remarques 2°).

Let a(x , D) be a dif ferential operator, and suppose th at  i t  h as  the  following
property : there is a positive integer 1 such that every solution u(x) of

a(x, D)u(x)=0

belongs to C - . Then, can we claim  that a(x , D) is hypoelliptic?
W e reform ulate his question in the following manner.
L et P(x , D ) be  a  differential operator o f  o r d e r  m 1  in  a n  o p e n  s e t  Q  in

,  with infinitely differentiable coefficients.

Problem  I. Assume that P(x , D) has the following property : given any open
subset w  o f  Q , there is an integer such that ev ery  0 solution u(x) of

(1) P(x, D)u(x)=0

in  w belongs to C - (w). Then, is P(x , D) hypoelliptic in Q ?

Problem I I .  L et Po be a Point of Q .  Assume that P(x , D) has the following
property: there exist an integer l ni and a neighborhood V  o f  Po such that every
0  solution u(x) of  (1) in V  belongs to C''(°11). T h e n , is  P (x , D) hypoelliptic at
Po?

H e re  P(x , D ) is  sa id  to  b e  hyPoelliptic at P o i f  th e re  is  a  neighborhood CV
o f Po such  tha t, g iven  any  distribution u  in CV, u  i s  a  C-  f u n c t io n  i n  every
neighborhood o f  Po w h e re  th is  is  t r u e  o f  P(x , D)u (w e  reca ll tha t P(x , D) is
said to be hypoelliptic in  Q  if, given any distribution u in  Q, u is a  C-  function
in  every open set w here  th is  is  true  o f  P(x, D)u).

W e know  that both  o f  Problems I and II are positive w hen the coefficients
o f  P(x , D ) a re  c o n s ta n ts . B u t w e  observe tha t these  a re  negative in  general
in  case of variable o n e s .  In  fac t, le t P(x , D )=x "P o (x , D), w here  a  is an arbi-
trary complex constant s u c h  th a t  al n2+1 and  Po (x , D) is a n  arbitrary elliptic

* ) Communicated by P rof. S . Mizohata, M ay 13, 1986
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opera to r. Then, u(x)=6 is  a solution of (1 ). On the other hand, w e see that
u (x )EC - if  u(x) of (1)E Cm.

The main result of this article is that Problem I is positive for the operator
P(x, D) of principal type with analytic coefficients. T ha t is  to  say, in § 2, we
prove it in  the  following form.

Theorem A .  Ev ery  dif ferential operator P(x, D ) of  principal ty pe with
analy tic coefficients in 9 ,  o f  order m , w hich is not hypoellptic in  Q , has the
following property:

There is an open subset Wo o f  D such that, given any  integer 1 :7n, equation
(1) has a solution u(x) in  wo such that u(x)EC t (wo )\C+ 1(wo ).

L . Nirenberg [7] showed that every C 1 solution u of

u a
a

u
xx  (1 -r x  95( x  y )) a„u  = 0

in  a neighborhood of  the origin is constant, where q5(x,.y) i s  a  suitably chosen
infinitely differentiable real-valued function which vanishes of infinite order on the
y  a x is .  We know -C is not hypoelliptic at the orig in . Thus we see that Problem
II is negative generally in the class of operators of principal type with infinitely
differentiable coefficients. Nevertheless, in  § 4, we present an  another counter
example to Problem II, because it seem s to be sim pler than his one. I n  our
example the coefficients of the principal part are analytic. W hen the coefficients
of P(x, D) are analytic, a partial positive result to Problem I I  is obtained by
Baouendi-Treves-Zachmanoglou [1 ].

Finally I would like to express my sincere gratitude to Professor S . Mizo-
hata for many valuable suggestions ; in particular, the formulation of Theorem
A  was born through the discussions of our problem with h im . A nd  my thanks
go to Doctor T . Ôkaji fo r many advices.

§  2 . Proof o f Theorem A.

The proof can be done along the lines of L . Nirenberg-F. Treves ([8], [9])
and F. Treves [13], and ultimately relies on S. Mizohata [ 4 ] .

 W e  g iv e  a  little
detailed process of the proof.

Let us denote by pm (x, e) the principal symbol o f P (x ,e ) .  Set T = {(x, e)E
S2xRn\ {0} ; P.(x, e )= 0 }. Then, by virtue o f F . Treves [13], we may suppose
th a t th e re  ex is ts  (x o , $°) T  such that graddZe P.(xo, e°) and denoting by
r  the null bicharacteristic strip of Re Pm(x, e) passing through (xo, Co), either
of the following conditions ( i ) and (ii) holds :

(i) Im pn i (x, E) has a z ero of  f inite odd order at (x o , e°) along T o .
(ii) Tm Pn i(x, e) vanishes identically on r
S e t  A = A(x, e)=Re pm (x, e) a n d  B=B(x, e)=Im p m (x , F irs t, assume

tha t ( i ) holds. W e divide our argument in the following two cases.
Case 1 - 1 .  B has a z ero of  order 1 at (x o , ° )  along r
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Case 1-2. B  has a z ero of  odd order k>1 at (x 0 , C.) along ro.

Case 1-1. Setting C2m- 1(x, e)=Iln En  a
.,

P
.

m 
,  we see that C2.-1(zo, V )=

J =1 0
, .; a x ;

—2HA B(x o , e
°)* 0, where HA stands for the differentiation along T o . Then, by

virtue o f  L. H6rmander [2] (Lemma 6.1.3), there is an analytic phase function
99(x) o f p„,(x, yox )=0 in  a  neighborhood o f  x e  su ch  th a t yo(z0)= 0  Tx #0, and
Im O.

Now we can formulate Théorème 4.1 o f  S . Mizohata [4] in  the form of
Lemma A  below, and we apply it to the  actual c a s e . Thus, there is a  neigh-
borhood 5/ o f  xe  such that, given any integer l m, equation (1) has a solution
u(x) in V  such that u(x)ECI(V)\CI+J(c11).

Lemma A .  A ssume that P(x, D) is of principal type with analytic coefficients.
Assume that there is an analytic Phase function so(x) o f  Pm(x, p x ) = 0  in  a  neigh-
borhood of a such that ço(a)=0, T 0 (x )#0, and lin ço (x )_0 . Then, there is a neigh-
borhood V  of  a such that, given any integer e q u a tio n  (1 ) h a s  a solution u(x)
ECI(v)\C -H-(cU).

From now on we call this conclusion that Mizohata phenomenon arises at a.
Case 1-2. If there is a point (x ', $ ')G T  in  the vicinity of (xo, e.) such that

B  has the non-vanishing first derivative at (x ', 6') along the null bicharacteristic
strip of A  passing through (x ', $ '), then, from the result of Case 1-1, Mizohata
Phenomenon arises a t  x '.  Therefore, we can assume that :

There exists a  neighborhood cti of (x e , $°) such that, f o r  every (x , , e , )E
cu  where A =B = -0 , B  h as th e  vanishing first derivative at (x ', $ ') along the
null bicharacteristic strip of A  passing through (x',

Then, we can employ the argument of L. Nirenberg-F. Treves [8] (pp. 8-
25), and we see that there is an  analytic phase function p(x) o f  p rn (x , px )=0
i n  a  neighborhood o f  x ,  such that y(x 0)=0, çOLrO, a n d  Im ço(x)__.0 (cf. [8]
Lemma 4.2). Therefore, by virtue of Lemma A , Mizohata phenomenon arises at
xe .

Next, assume that (ii) holds. If  there is a point (x ', $ ') in  th e  vicinity of
(x o , $°) such that B  changes sign at (x ', $ ') along the  null bicharacteristic strip
of A  passing through (x', e , ), then, it is clear that Mizohata phenomenon arises
a t  x '.  Hence, we can assume that :

There exists a  neighborhood V ° o f (xo, V) such that B  never change sign
along any null bicharacteristic strip of A  contained in  V o.

W e can  assume th a t, i n  a  conic neighborhood w  o f  (zo, P.(z,
(en—  a(x, —1b(x, e'))g(x, $), ••• 7L-1), where a(x, e') and b(x, $')
a re  real-valued, positive homogeneous in  6 ' o f  degree 1, a n d  analytic in a
neighborhood of (x,, V) )  a n d  g (x , $ ) i s  positive homogeneous in  6  o f  degree
m- 1 , a n  analytic function nowhere vanishing in w .  V, denotes (6?, ••• ,
Notice th a t e, * 0 .  Set t =  x , ,  r = e . ,  r o = a  x '=(x i, ••• , a(x, e')=
a(t, x', $'), and b(x, $') , b(t, x', $'). We may suppose x0 = 0 .  Let O be a neigh-
borhood c V , o f  (x „  V ) such that the above expression holds. Let Co be the
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projection of 0  in  the  t, x ', e'-space. Consider the  integral curves defined by

aaxt '
 =  g r a d e , a ( t ,  x ' ,  $ ' )

{

ae,  

=grad x , a(t, x', C')at
Denoting by T o th e  integral curve of (2.1) p assin g  th ro u g h  (0, 0, et;), w e can
assume that :

(a) b(t, x', $') vanishes identically on 1'0 .
(b) b(t, x', $') never change sign along any  integral curve o f  (2.1) contained

in O .
W e devide o u r argument in the following two cases :
Case 2-1. In the v icinity  of  (0, 0, e ) th e re  is  a p o in t (t 1 , x, $1) such that

b(t i , x i', ep=0 , but grad e, b(t i , x;, ep*0.
Case 2-2. I f  b(t, x', $')=0, then, grag v b(t, x', e')= O.
Case 2-1. From  the argum ent of F. Treves [13] (p. 643), we see that there

is  a  real-valued analytic solution w(t, x') of

aw aie
at _a(t, ax, ) "v qt' aa xw, )=°

a  in  a  neighborhood o f  (t1, x l) s u c h  th a t  w (t, x;)=0 and ' w (t;., x )= e  (*0).ax
This directly im plies that there exists a  real-valued analytic phase function ço(x)
of pm (x, wx )=0 in  a  neighborhood o f  som e point s u c h  th a t  ço(.74)=0 and
Wx(x) 0. Hence, Lemma A  is  applicable, and Mizohata phenomenon arises at .X."0.

Case 2-2. Following L. Nirenberg-F. Treves [8] (pp. 21-22), we straighten
ou t the  bicharacteristic s tr ip s  o f  r— a(t, x', $ ') p assin g  th ro u g h  (t, x', zo).
Namely, le t y=(y i (t, x'), yn_i(t, x')) be an  analytic solution of the equation

ay =J(y/ x')grad v a(t, x', U(y/x/)$)at

such  tha t y I t =o = x' , where J(y/x r )=-- ( ).7=1, n - 1  a n d  T y / x ')  i s  the trans-ux kn - 1

posed m atrix of J (y / x '). Consider the change of variables (t, x')—>(s, y )  such
th a t s = t and y ,= y ,(t, x ') (j= 1 , ••• , n -1 ). Let us denote by (a, 72), 72=07, ••• ,

7).-1), the associated new coordinates in  the  c o ta n g e n t sp a c e . B y  th is  tra n s -
form ation we denote by 6(s, y, 77) the function b(t, x', $'), and set

d(s, y , 72)=a(s, x', ef(y/.07))—<gractz
, a(s, x', tf(y/x')$), efly/.07)>.

Then, r —a(t, x', $') becomes a —d(s, y , I)). W e see  tha t, in  a  neighborhood of
(s, y)=(0, 0),

(2.2) grad,iii(s, y, $ ) , 0

(2.3)ã ( s ,  y , e )=0.

T hen  the  bicharacteristic strip  of a --d(s, y , 1)) p assin g  th ro u g h  (so, yo, e(;, ao)

(2.1)
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i s  th e  stra igh t line  segm ent parallel to  th e  s ax is su ch  th a t y = y „  n=e, and
cr=a o . Therefore  w e see that there  is som e positive constant 6 such that

(c) E(s, 0, e )= o  in  .50= {s ; I s  <6}.
(d) gradAs, 0, eL)=0 in  83.

T hen , the  follow ing tw o cases are  considered :
Case 2 -2 -1 . 3 (so , o, v,)(.30 .5.3) such that grad y 5(s0 , 0, e0#0.
Case 2-2-2 . grady Rs, 0, V,)=0 in ,95.
Case 2 -2 -1 . Treves ( [ 1 3 1 ;  p p . 645-646) s h o w e d  th a t  th e re  is  a n  analytic

characteristic real surface o f  P(x, D) in  a  neighborhood o f  some point x o , name-
ly , h e  p r o v e d  th a t  th e r e  is  a  real-valued analytic  function so(x) such  tha t
P.(x, sD.x)=0 o n  ço(x)=0, w here yo(x0)=0 and  yox * O .  T h e re fo re , b y  v ir tu e  of
S . Mizohata [4 ]  (Théorème 3.1), Mizohata phenomenon arises at  xo.

Case 2-2-2 . It finally holds that

(2.4) c15(s, 0, e())= 0  i n  So.

From  (2.2), (2.3), and  (2.4), Treves ([13] ; pp . 647-648) p ro v e d  th a t th e re  is  an
analytic phase function so(x) o f  p n i (x, gn.,)=0 in  a  neighborhood o f  x, such that
ç(x 0)=O, ços =0, and  Im so(x) 0. Thus, from  Lem m a A ,  Mizohata phenomenon
arises at  x o .

§ 3. Fundamental lemma.

L et f (y )  be  a  real-valued continuous function in  a n  o p e n  s e t  containing
the  origin in  W .  F o r th e  nex t section, w e prepare the  following fundamental
lemma.

Lemma 3 . 1 .  Suppose that there ex ists a solution u=u (x. y ) continuous in  a
neighborhood w o f  th e  origin and continuously  dif ferentiable i n  ws =co\{x=0},
satisfy ing the Mizohata equation

au . au(3.1)
ax + I X  by = f(Y )

in w± . Then, f (y )  is analy tic in  corlfx=-01.

T h is  w as previously proved i n  H . Ninomiya [5] ( in  Japanese). H e r e  w e
shall reproduce it. It w as insp ired  by  H . LewY [3].

P ro o f . Setting u1 =u 1 (x , y )=u (x , y)-11(—x, 3 )) w e  se e  th a t ui  is continu-
ous in  co and  continuously differentiable in  w± , and  moreover, u ,  satisfies (3.1)
in  co., with the initial condition u1(0, y)=--0. L et P  be a n  arbitrary  point (0, yo)
o f  con {x = 0 }.  W e  sh a ll p ro v e  th a t  f (y )  is  ana ly tic  a t P .  W e m ay suppose
Y0=0. L et x ' be a n  another independent real v a r ia b le . W e  can  co n sid e r the
function ui (x, y ) th a t o f  th ree  variables x, x', and  y .  W e m ay suppose I y I <
r o  f o r  some positive constant r o . L et us in tro d u c e  n e w  re a l variab les r  and
O  b y  x=r cos 0  a n d  x '= r sin 0 ,  w h e re  0 < r< r 0 a n d  I 01<7/2. Setting ut=
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ut(r, 0 , y)=u t (r cos 0, y ), w e see  tha t (3.1) can be transform ed as follows :

sin°  aut 
-1 - ir  c o s  0 = f ( y ) .cos Od u t

Orr  ae
Hence, for an arbitrary sufficiently small positive constant s, we see that 

t aut
/ 2 -  s (cos 0014s i n  0  aur  c o s  

a y
c l0=(7 t. — 2s)f (y ).Orr  ae )

Therefore, the integration by parts yields :
z/2-s au' cos 0

cos 0

a r  
u - - [ s i n

ç
/2.1-a

l [sin Out] fg,72:„

O ç r / 2 - e

+1 r cos Outd 0 =(7r-2s)f(y).
a y  - r / 2 +6

N am ely, it holds that in  { (r, y ); 0<r<ro, 13/1 <ro }

- ./2 + ,
r cos Outc/O-Fi r2 - ` r cos OutdOOru y

2
cos E u i (r sin s, y )=(7r-2s)f (Y )•

Hence, in view  of the fa c t th a t u1(0, y)=-- 0 for a n y  y  {  I y l<r o } , letting
w e obtain the following :

(3.2)
1  a  ç, /2 a .

r cos Outc/O-ki r cos Outd0 , --
7r/2

r  O r  7;/2 a y  1r/2

Set R=r92 and define the function ult*=0*(R , y ) by :

i7 r

11

 f ( e ) d0 ( R = 0 )

Since ut* is purely imag . nary-valued on the y axis, ut* can be holomorphically
extended into { (R , y ); IR I<4/2 , I y I <r o l  b y  reflection principle. T h e re fo re , i t
is concluded that .f (y ) is  ana ly tic  a t y=0.

§ 4. A counter exam ple to  P roblem  II.

In th is  section w e present an operator ..C„ which is not hypoelliptic a t the
origin such that S i u = 0  admits only zero C' solution in a neighborhood of the
origin.

Let f (y )  be a  real-valued C- (1V) function which is not analytic at any point
o f  an  interval (— ,o, p), w h e re  p  is  a positive constant, and both of a(y ) and
b(y) be rea l-valued  analy tic  functions in  I t '  w h ic h  v a n is h  o n ly  a t  y = 0  of
order 2. A n d  le t n  be a  non-negative integer.

L et u s consider the following differential equation in tw o real variables x
and y :

7 f (y ) .

if r/2
3 , 7 /  2

r  cos Outc10-1-ir o f ()dE (R >0)
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au.(4.1) d-tx"-Fla(y)—
a u  

— x"b(y)f(y)u=0.ax ay

F irst, w e  find  tha t (1) x 0 5 , is  a distribution solution of (4.1), w h e re  (1)..
denotes the distribution w h ic h  is  constant 1 on the x-space. Therefore, the

aa  operator ..f i=
+ i x 4 n + i a ( , „ )

 x "b (y )f (y )  is not hypoelliptic a t  the origin.ax ay
On the other hand, w e  g e t the following theorem:

Theorem 4 .1 . A ny 0  solution u o f  (4.1) in  a neighborhood of  the origin is
identically zero.

P ro o f . Let u=u(x, y) be  an  arb itra ry  C ' solution of (4.1) i n  a  neighbor-
hood w o f th e  o rig in . W e can assume th a t  co={(x, y ) ;  x  <6, < E } ,  where
6 is  a positive constant<p.

F irs t of a ll, w e shall prove the following fact :

u(0, y)=0 f o r e v e ry  yEcg's= {Y; YI <6} .

On the contrary, suppose th a t th e re  is  so m e  yo#O(Y0E,1) s u c h  th a t  u(0, Yo)*
O. Then, w e can define the  single-valued function v=v(x, y) by log u(x, y) in
a  neighborhood CV o f the  poin t P(0, y o ). From  (4.1), w e have

av
 - F i x " + l a ( y )

a v   
= x " b ( y ) f ( y ) .(4.2) ax ay

Consider the change of variables (x, y)—(X , Y ) su ch  th a t X=x 2 n+V(2n-F1) and

11a(e)cl$. This defines a  homeomorphism from a neighborhood CV1(g C V)

o f  P  o n to  a  neighborhood of CV'' o f  th e  o r ig in . T h en  w e  se t v*=v*(X, Y )=
v(x, y) and f* (Y )= b (y )f(y ). v *  is continuous i n  V T  a n d  continuously differ-
entiable in  cVT± =c- Vt\ {X=0}. (4.2) becomes the  Mizohata equation

6v * 6v *
ax aY

in  cVt ± . T herefore , from  L em m a 3.1, i t  f o l lo w s  th a t  f * (Y )  is  a n a ly tic  a t

Y = 0 .  Since Y-=_.-Y (y )= .  1 /a(e)de is analy tic  w ith  respect to  the variable y at
Yo

y="- yo, b (y )f(y ) is  a ls o  a n a ly t ic  a t  y = y o .  Hence, this implies that  f (y) must
be  ana ly tic  a t y=y 0,  w hich contradicts our assum ption o n  f (Y). Therefore,
w e  se e  th a t u(0, y)=-0 in 9 \{ O } . T h e re fo re , b y  the continuity o f u(x, y), we
conclude that u(0, y)=0 in

Now, let t be an  another independent real variab le . W e can  consider the
fu n c tio n  u(x, y )  t h a t  o f th e  v a riab le s  x, y ,  a n d  t. Then, from  (4.1), since
au = 0  w e have the following equation in oi X RI :at

(4.3)
au. au au

a ( v )
ax ay at

x2nb(Y)f (y)u =0 .
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L et U =U (t, y ) be a  real-valued analytic solution of

au (4 au.4) a(y)ax ay

in  a  neighborhood o f  th e  o r ig in  s u c h  th a t  U(0, y)-._= y .  L e t  u s  consider the
ch an g e  o f  v a riab le s  (x , y, t)—>(x, Y , t )  s u c h  th a t  x= x, Y  =U (t, y ) ,  and t=t.

. aSince U(0' y)=1, b y  th e  implicit function theorem, y  is  e x p re sse d  b y  y =ay 
y(Y, t)(y(Y , 0)=Y), w here  y(Y, t ) is analytic in a neighborhood {(Y, ; <61,
1ti <ei}(0<zi.<e) o f  t h e  o r ig in .  W e  d e n o te  b y  u*=u*(x, Y, t ) the  function
u(x, y(Y, t)), and  F(Y, t ) th e  function  b(y(Y , t))f(y(Y , t)). T h e n , u*eC 1 (.0, 1 )
a n d  F(Y, C '( 1 ), w h e r e  P = Y , t ) ;  x  < r ,  I Y  < e l ,  t I < O .  F r o m
(4.3) and  (4.4), it follow s that

 

au*
ax

±ix,n÷idu* x  2 n

atF ( Y  ,  t ) u * = 0  i n  2 , 1

 

u*(0, Y , t)= 0  i n  {(Y, t); I Y < ei, t i  <si }

T h e re fo re , b y  v ir tu e  o f  t h e  uniqueness theorem ([6 ], [12]), fo r  every Y  such
th a t  IYI < e s , th e re  is  a  constan t e(Y)(0< e(Y) e i )  s u c h  th a t  u*e-_-0 i n  {(x, t);
I x  < E (Y ),  t  < e (Y )} . O n the  other hand, -C  is elliptic for x y  O. T h e re fo re ,
in  view  o f th e  fa c t th a t u(x, Y)=u(x, y(Y, 0))= u*(x, Y, 0), by virtue of unique
continuation property o f  elliptic operator, w e conclude that u - . 0 in  co.

Rem ark. W e refer to H . Saltzmann-K. Zeller [10] concerning on the existence
o f function having th e  p roperty  such  tha t it is  no t ana ly tic  a t any  point of an
interval.
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