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tion, w e assume that

(6.3) 0<K<1, 0<il<k+1,

(6.4) ralz+1+m(l+1), o • . - m-F(k-1-1)/(l+1)

Lemma 6.1. T he eigenvalue problem  (6.1) can  be  so lv ed . T h e  sm allest eigenvalue

!A n) an d  th e  corresponding eigenfunction v(x; 7)) w ith .ç v a lV(X ; 72)1 2 d X =1 satis f y  the

following:
(I) Fo r any  a>0 there ex ists a constant C i independent o f  a an d  ri such that

(6.5) p(77).5C1(log 77) 2i f  77____7).

f o r a sufficiently large  r7a >0.
(II) For any  f ixed positive b<a we see that

(6.6) lim v(x; n)l 2 dx=1.
Qb

P ro o f .  Consider th e  Dirichlet problem

(6.7) _Co.)=F, vl3s2a =0,

where f (x)722 . F o r u, vECC;(f  2a) w e have

(6.8) v)=(Diu, D i v)+(xfD,u, xfD 2 v)+(hD 2 u, D2v)+(feu,  y ) .

L e t  SC b e  t h e  Hlibert s p a c e  th a t  is  th e  completion of C7(Qa) b y  th e  norm  Ilulim=
u)jc. H ere  (u, v) j i  d e n o te s  t h e  r ig h t  h a n d  s id e  o f  (6.8) and  i t  is  the positive

Hermitian f o r m . It follow s from  th e  Poincaré inequ a lity  th a t IluIl L 2( Qa ) Ca llullA  f o r
a n y  uEJC. Since L i,  is elliptic  in  a  neighborhood of aQa a n d  subelliptic in  Qa ,  there
e x is ts  a  G re e n  operator g , from  ,4C onto ,IC such that in  SC' and g,..t,=1
in  SC, w here N ' denotes th e  dual space of F .  F u r th e rm o re , .g , is  a compact positive
Hermitian operator in L 2 (Q,,) (see Mizohata [5, Chapter 3 ]) .  W e  sh a ll show th a t the
smallest eigenvalue /X i)) is given by

(6.9) / ( '2 ) ,  inf v )/(gv , v )>0  .
vec°0°(2 a )v*0

T h e  positiv ity  o f  t h e  r ig h t h a n d  s id e  fo llo w s fro m  th e  Poincaré inequality. Since
Q(Qa) is  dense  in  LAS 2 a )  w e have

p(72) 1 =  s u p  (g,,gg,,u, u)/(Qu, u ).
.E c7 (Q a )

uto

I f  H=LT 2 V,l2/2 th e n  w e  have

re(72)-1= s u p  ( 1 1 w , w ) ,
wec7(Q a )

11w1=1

because the  im age of g;) /2 f r o m  CT(Q.) is  dense  in  1, 2 (Q a ). T a k e  a  sequence {w i}C
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C°,;(Q.) such that 11=1 and  (Hwy , wy)—>p(27) - 1 . Note that

— p(72) - 1

—2 p(72) - ' (H w  , w  .)+  p(72 )' --->  0 ( j  0 0 )  .

We see that g o ggV 2 w,--g;/zw,/p(72)—>0. Since Q,2 is  compact and iggV 2 u),} is  a  bounded
se t in  L 2 (Qa), there  exists a  subsequence w , k 1 s u c h  th a t  Ig o gfl,y 2 w, k }  is  convergent
and s o  ig;/ 2 1 4 ),,}  is also convergent. If vo=lim g;/2 w ,,EL 2 (Q .) then we have te( )g o gvo

=v o a n d  v0#0 because Q,2 i s  positive. T herefore , -r „vo=p(Ogvo a n d  vol1ya = 0 .  For
the  proof o f  (6.5) w e set

(6.10) f2o= {x R 2 ; 1/25_ xi (log 7)2 )P _.<1, 1/2 x o(log 71
2 ) 5_11,

w here p = {k ±1 - km(1±1)} - ' a n d  q= (/±1 )p . W e see  tha t ,Q,cf2.,4 fo r  a  la rg e  i7>0.
It follows from  (6.4) that

f(x)77 2 2, g(x)a4P - (k +"'+' 2(log )2)2 P- 2 i n  Q 7 7  •

Since h(3(1x21—a)/a)=0 o n  Qo , th e  right hand side o f (6.9) is estim ated above from
the constant times of (log 02 2

,  multiplied by

inf ((Did-(log 722 )-2 p 1  IA+2)v, v)/(v, v)=0((log 77) 2 n ),
.,, c°,;(sao )

v*0

so  that w e obtain  (6.5). Since v o = v (x ; n) belongs to C (2 a ) w e have

vo )a L i lD iv o l2 +1xiD2v o l2 ±f(x))2 2 1v1 2 }dx

> c

Q,o 5 {1Dov o r+exp ( - 1/x21̂ ) lv o r}dx ,

where s21=s 2 an fl x,i b} . Since a(x2, $2)=a+exp x21')772 and W(x2)=2 - 2 (log 72)2 '
satisfy the condition (4) o f  Theorem  1 w e have

C a te(72) vo)_>_cO(log 77)2 0 t  Iv , 2 dx

I n  v ie w  o f  x<1, it follow s from  (6.5) th a t  lim Ivo l2 d x = 0 . I f  Q2 = Q n {  x 2 1 _ b}
77- •e° QI

and  Q2.1-- - ‘22n{ I x, I a(log 72)-'1('')} then  w e have

(_C o vo , vo )„c(; . 0 {1Div o r-kexP(-1/1x»)72 2 1v,7 1z }dx

acg7)5Q 2 ,i lv o rd x ,

so  th a t lim rd x = 0 . If X(x0=h(x i (log 72)' 1 ( k +' ) )  then
72— D2,1
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(..C,,Xv,,,X7., ,) ,2 2 {1D,Xv,,1 2 -Fexp(-1/1..v,P)n z lXv,1 2 }dx

-?-t'b(log )2) 2 /1  1Xv,) 12 c/x
.(2.2

363

Here the  last inequality follows from  Theorem  1. Since

X v )= ia(n)(gy,,, Pv>1)+Re ([DT, Xlv v , Xv,,)
c: 1t(72)00g 0 - 2 k 1 ( k + 1 ) +C i (lOg n) 2 / ( k + ' )

w e  se e  th a t lim 1Xv„1 2 c/x= 0. In  view  o f  Q„\a,=Qil.)02 w e obtain (6 .6 ). Q.E.D.

Proof  o f  Theorem  7. Suppose th a t  L  i s  hypoelliptic in  som e neighborhood Q  of
th e  o r ig in  i n  R'. I t  fo llo w s  f ro m  th e  Banach closed graph theorem  that fo r  any
integer r> 0 and  fo r any  open sets w c o 'c Q  there  exists a n  integer r '> 0  a n d  a  con-
s ta n t C  satisfying

(6.11) 11Du L2() C E IlD 'Lully, ( ' )+11/tIlL2(„, , )} fo r a n y  u C- (ro').

If  (p,, , ixE R 4 ; .x;  <a} fo r  a  sufficiently small a> 0 and if

u i,(x)= exp I N/ p(ox2-F inxiiv (x„ x2;72).

f o r  v(x„ x 2 ; )2) i n  t h e  above lem m a, w e have Lic 0 in  wa / 2 . Substituting u,„ into
(6.11) w ith  w=a),,birlf x2>01 and co' =(.002, by means of (6.5) and  (6.6) w e have 0<c02'
. C ' 7)1  w i th  p=C1 1 2 a/2 i f  72 is sufficiently la rg e . I f  we choose r p th e n  the  estimate
is absurd fo r la rge  n . T h e  proof o f  Theorem 7  is completed. Q. E. D.

R em ark. A s  s ta te d  in  In tro d u c tio n , th e  other hypothesis O<À< min (k+1, 1+1)
(resp. O<K<1 under the  condition c). 1) seems to be necessary because it is necessary
for the  operator frozen w ith respect to  the  variab le  x 2 # 0 (resp . x i  0 ) .  In  fac t, for
exam ple, th e  o p e ra to r  f ro z e n  w ith  respec t t o  x 2 0  is  equal to  DT+xlitA +4kD,1+
exp(-1/1x 1 1A)Di a f te r  the  change of the  sca le . W e  can  co n stru c t the solution u,,(x)
-= exp (-N/ii(n)x,+inxi)v(xi) contradictory to (6.11) by considering the eigenvalue problem

{

{DT+ exp( - 1/1x11 1 " ) 2 }v=xTs tt()2)v in  (— a, a),

v=-0 on x i =  + a ,

w here s= min (1, k) and j= 2  o r  3 according to s=1 o r  =k.

7 .  Proof o f Theorem 8

In  the  proof o f  Theorem 8  w e m ay assume th a t f(0)= 0 b y  ta k in g  the change of
varibles, otherwise,

x i = x ; ( j= 1 , 2 ) , .x.3 =x-F-f(0)1 Q g (t )d t.
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W e m ay also assume th a t  a ,  f  and g  are bounded because our consideration is local.
A t  f ir s t  w e  s h a ll p ro v e  th e  theorem  in  the  case  w hen a  vanishes infinitely at the
o r ig in . T hen w e m ay assume that a O. A s in  S ec tion  5 w e  s e t  f o r  a  r e a l  ri (not
alw ays positive)

Y,=D2H-f (xi)g(x2)n, L,2=DT-ka(x1)2Y; .

N oting that for an in teger k>0

(7.1) 13.13,-=_(D1d-i4a2Y ,2)(D 1—ix'fa 2 Y
a 0 'r D1]—(k x'f - ia 2 +2x ila a ')Y  ,

for any  compact set Kc1-1 2 w e  have

({a 2 (x l
iT)gri}v, v)5_C K (L,v, y ),v E C ( K ) .

In fact, this follows from

1(k x1- 1a2 +24aat)Y 141 C K(IlaY ,Y112 + ) Y112 ) YE C(K )

and the Poincaré inequality

(7.2) 11Y112. -  CI( y ) , vEC7(K)

Here and in w hat follow s w e denote by C  K  different constants depending o n  a  fixed
compact set K .  If we also consider (7.1) w ith  P ,  replaced by 1r); th e n  w e  have with
k =1 or 2

(7.3) f ' gn y ,  v) - CK (L,v, v), v E C (K ) ,

because x 'ff'(x i) h as the definite sign if we choose k  even or o d d , su itab ly . If  follows
from  (7.3) that

(7.4) C K (Lv , v ) .:1Div112 + IlaY 72v112 +( I tex'ff'gn y ,  y),v E C ( K ) .

From  now  on, for the proof of the theorem  w e shall show  th a t for a n y  s>0 and
any  compact K c R 2 th e  estimate

(7.5) Ila(xi)(log 1)71 1 )012 (L v , y) for vE C °(K )

holds i f  1)71 K ) for a  large n( s , K ) (cf., Lemma 5.1).
I n  o rd e r  to  m a k e  th e  id e a  clear, at first w e shall p rove (7.5) assuming g(0)>0.

Since (26) still holds w ith  f '  replaced by a2 (t)tk f ' (t), in view  of (7.4) the estimale (7.5)
is  a direct consequence of

Lemma 7.1 (cf., Proposition 3.1 o f [4 ] ) .  L et a, r E c - ( R i )  satisf y  r(0)=0 and

(7.6) a(t)>O, r(t)>O, ta'(t)_ 0 i f  t O .

Furtherm ore, assume that

(7.7) ta(t)1 Hog r(01= 0 .t-40
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Then fo r any  s>0 there ex ists a  Cs > 0  such that f o r  an y  uEC7(1V) w ith  supp uC
Ilx1511 we have

(7.8) ({/2-PC2r(x)}u, u) s(a(x) 2 (log C)2 u, u) i f  C>= __Cs .

Pro o f . S e t a(x, e)=V+V(x) w ith  V(x)=1 2 1(x) a n d  W(x)=sa(x) 2 (log C)2 f o r  s>0.
The direct application of Theorem  1 does not work when a  vanishes infinitely at x=0
(see Remark 1 b e low ). W e  have to  re tu rn  to  its  p roo f. It fo llow s from  (7.7) th a t  for
any  s>0 there exists a  a(s)>0 such that

(7.9)0  —  xla(x) log r(x)<1/s if xi <a(s)

F o r  th e  b re v ity  w e  assum e t h a t  a (x ) is  even  func tion . S ince  a(x) is  monotone in
[0, 00), fo r any C>0 there  exists a unique positive roo t xc such  tha t

(7.10) sa(x) log C=xV .

W e m ay assume th a t x  is  sm a lle r  th a n  a(s) if is sufficiently l a r g e .  It follows from
(7.9) th a t i f  xc5  x <6(s) then

r(x)C= exp {log C+ log r(x)}

expilogC—(sIxIa(x)) - ') >1.

Since T(x) c >0 o n  I 6(s)51 x1511, w e see that

(7.11) 1(x)(_1 o n  {x f?'; x r,51x1511,

if fo r  a  sufficiently large  Cs . D iv id e  J = [-1 , —xclU[xc, 1 ] in to  four congruent
intevals J k (k=1, ••• , 4) and divide each J k in to  tw o  congruent in tervals. W e repeat
th is cutting  until the  decomposition J =  I, satisfies

(7.12) C1125(diam /,) - z .

T hen  w e have C' 1 2 _(2diam L) - 2 . If  follows from (7.11) that

(7.13) V(x) C on L  if is sufficiently large.

If  K o =[— xc, xd a n d  if  uE  C (i x 1}) then  w e have

(7.14) 2(a(x, D)u, I Du(x)z c 1 x-1- V (x) u(x)rd x

IDu(x)rdx-1-5 V(x)1u(x)rdx

w here K t  is  four times dilation o f  Ko. It follows from Lemma 1.1 that
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Q 0 c [.Ç* K o { ( d ia m  K ) - 2
0 )- 2 1 0 ) 1 2 + 1 7 ( 3 ) 1 1 0 ) N  d y k  K  d  x

K0 

c'sa(xc)2(log C)2o lu ( x ) 1 2 d x

because o f  (7.10) and  (7.13) w ith  J.  replaced by K t\ K o . By means o f  (7.12) and  (7.13)
and  Lemma 1.1 w e have

S2 c"C'i211,1u(x)12c/x.

Sum m ing up above two estim ates, in  view  o f  (7.14) w e  g e t  the  desired estimate (7.8).
Q. E. D.

Remark 1. W e  c a n  a p p ly  T h e o re m  1 d irec tly  if  th e  co n d itio n  (7.7) is  streng-
theened to

(7.7)' liin tci(At) l o g  r(01 =

w ith  a  sufficiently large 2>1 which depends on the modulus o f  the dilation B** in the
condition (4).

2. T h e  lem m a still holds w ith 1(x) replaced by T(x) sin2 1/x. In  fac t, since C' 1 2 ._
(2 diam L) - 2  w e  s e e  t h a t  sin2 (1/x) CC- '/2 o n  a  half of L . C onsequently , it fo llow s
from  (7.11) that

(7.13)' in ,({xcl,; V (x )>C ' 1 2 }).>_11211,1

Using this instead o f  (7.13) w e  g e t th e  same conclusion.

In  the case when g(0)=0, th e  estimate (7.5) is obtained from  th e  following lemma
because Y,1 c a n  b e  reg a rd  a s  if  D2 , a s  sta ted  in  th e  proof o f  Theorem 5 (see (4.11) in
Section 4).

Lemma 7.2. Let a , r b e  the sam e as in Lemma 7.1 and let g(t)EC - (IV ) satisfy
(25), g(0)=0 and g (t)> 0  i f  t# 0 .  I f  V(x)=C1(x 1 )g(x 2 ) a n d  if  10 = Ix e R 2 ; lx i l
then fo r  any  s>0 there ex ists a Cs >0 such that fo r  any  u cC (1 0 )  lye have

(7.15) (I M - ka(x1) 2 M+V(x)} u, u s(a(x 1 )2 (log C)2 u, u) if

P ro o f .  It follow s from  (25) th a t fo r an y  s>0 th e re  e x is ts  a  C0 > 0  s u c h  th a t  if
then

(7.16) g(x2) 1 o n  {(s log () - 1 _5.

I f  xc i s  the  same a s  in  the proof o f Lemma 7.1 a n d  if  y --=- (s log C)- 1  w e  set

w1=1xE/ 0 ; lx il<x;}
and

co2={x E10; I x2I <Yck
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Then 1 0\(w1lJw 2 )  is composed of four congruent rec tangles. W e divide each rectangle
in to  fo u r  sm alle r co n g ru en t rec tan g les . W e repeat th is cu tting  procedure . L et L=

(c R x i x R , , )  deno te  o n e  o f  c o n g ru e n t rectangles o n  so m e  s te p  (, th a t  is,
/0\(a) 1u w ,)= -(JL ) . W e repeat th e  cutting and stop i t  i f  L. satisfies

(7.12)' C'i2 (diam L) - 2 .

T h e n  w e  h a v e  Ch/2 . (2 diam L) - 2 . N oting  tha t diam 1, is equivalent to diam Q:-; w ith
j= 1 , 2 , by m eans o f  (7.16) and  (7.11) w e have

(7.17) V(x)C2 o n  L. if  C is sufficiently large.

W e also divide 531\co2 (a n d  (7,2 \w 1)  into congruent sm aller rectangles as follows:

J i , , , x

()2\w1= U  21, - = - Q rL2

w h e re  t h e  d iam eter o f  Q V  (resp . Q)" )  is  e q u a l to  th a t  o f  (4  (resp . Ço)). S et Ko =
w inah  an d  le t K t denote four times dilation of K .  I f  LI E  C7(I 0) then  w e have

(7.18) 4({DN-ce(x1)2DP-V(x)Iu. u)

il D1nI 2 -1-1a(x1)D2u1 2 +V(x)1u1 2 Idx
e r;

H- 11 , {•}dx+ {• }d x + 4 i•Idx

w here J I „ ,= [ - 2 x ,  2 x ]x Q ',' and  j ) = Q ) " x [ - 2 v ,  2 y .  If  follows from  Lem m a 1.1
and  (2.17) o f Lemma 2.1 that

(7.19) .Qo>c IxeIu(x)—n(yi, x2)I 2

j )

+a(Y1) 2 Yi 2 U(Y1 , x 2 ) — U (Y)1 2 +  V001 U(Y)1 2 }CIY1/ Ko ldx

_ c'sa(xc) 2 (logC) 2 L c o lu(x)I 2 dx

because o f (7.10) and  (7.17) w ith  L  rep laced  by  IC,;\(co1Uw2). E xchanging th e  order
o f  DI and  cr2 IA and  noting  that (diam Q )") - 2 —Ci/2 w e  a lso  have

(7.20) I a(x1) 2 n 2 1 u(x)-71.(xi, Y2)1 2

.12 ,„ "L„\o,2

± C 1  2  ILO 1, y U(Y )I2 +I (Y )IU(Y )1 2 }  C  Y ll  .1 ” dx

s(logC) 2
.ç la(x i )u(x)I 2 dx
j2,'
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Similarly we have

(7.21) Q,, c'sa(x c )2 (log C)2u ( x ) r d x

(7.22) ,Q,,.. eci,211,1u(x)12dx

Summing up (7.19-22), in  view  o f  (7.18) we obtain the  desired estimate (7.15). Q.E.D.

L e t X(t) be C°°(R 1 ) fu n c tio n  su c h  th a t suppXC{ T h e n , by substituting
X(x 1 /5)y into (7.5), in  view  o f  (7.2) w e see  tha t for any 5>0, any s>0 and any compact
K c R 2 th e re  ex is ts  a  79(5 , s, such that

(7.23) )(log17718)X(xj/3)025.(L,v, y) f o r  vE CW(K),

provided that 1771_7)(3, s, K)(cf., Lemma 5.2). W e  re m a rk  th a t if  com pact se t 1,-Z of
2 3 is  c o n ta in e d  in _:31 f o r  a  5>0, then  fo r an y  s>0 there exists a constant
C=C(s, IZ) such that

.(7.24) 11(log A)u112 <=s(Lu, u)+ClIu11 2 , u C (IZ).

In  fac t, it follow s from  (7.23) that

11(log ( D3I +1)u)r< s(Lu, u)+Cllur, uEC7(170 •

T h is  yeilds (7.24) because we have w ith  a  ca >0

(7.25) 2(Lu, u)__IlD1u11 2 +11aD2u112 — (suPlgl 2 lla/D3ull 2

II Diu112 +ca) D2u ql1D3u11 2 , u E C ( I ) .

The form ula (21) in  th e  region is c lear by  m eans o f  (7.24) a n d  Corollary 2
in  [10].

To consider (21) in  th e  region near x1=0 w e prepare th e  following:

Lemma 7.3. L et i(e) ,S , satisfy  01<jc- .1 and suppiC S 0 3 1  f o r  a  30 >0,
w here e'=(ei, Es). I f  K  i s  a com pact se t in  1-13 and  i f  3>0 is suff iciently  small than
there ex ists a  CK such that

(7.26) Ila(x01 D I 112. CK (L u, u)

f o r uECT(K) satisfy ing

(7.27) suppuci I xi1 43l.

P ro o f .  L e t X2($) ,S7,0 sa tis fy  0<x 2 < 1  a n d  supp X2 e21 >_501e31/21. Since the
first inequality o f (7.25) holds for any  u S an d  f  vanishes infinitely at the  o rig in , by
substituting X3 (D)h(x 1 /43)u in to  (7.25) w e have

2(Lu, u)_11DiX2(D)1111 2 4-11aD2X2(D)11112

— C{511ah(xi/43)D,X2(D)u11 2 +11u119 •
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Here h(t) is  th e  sam e as in  Section 5 .  If  3>0 is sufficiently  sm aller than 60 then  w e
have

2(Lu , 1/2{ j D1X2(D)u112 + Ila D2X2(D)u112 } —

for u E S  satisfying (7.27). Since (5.1) s till h o ld s , fro m  (7.28) w e  o b ta in  the  desired
estimate (7.14) because o f  11/310 2 _<(Lu, u). Q. E. D.

W e shall prove that if  po =(0, (0, 0, +1) and if then

(7.29) poOWF Lv im p lie s  po OWF v.

A s in Section 5, fo r  a  sufficiently small 3>0 w e d e fin e  yo6(x) and o (e ) with
a n d  e=(e', e4) R 4 r e p la c e d  b y  xER 3 a n d  e•=7 (e', $3) /?3 , respectively. T h e n  the
implication (7.29) is obvious, if  w e  sh o w  Lemma 5.4 fo r  th e  corresponding {ço,},
to  those p , T a.

W e shall derive (5.16) in  the present case, assuming K = I I x,1_<.431. Recall (5.17),
th a t  is,

[L, çc,
; (x)T -

 i (D )]= [L, y ) ; (x)]T i (D)-Fgoi ( x ) [ L ,  i (D)] .

W e see that
Regte(D

2
± fg D

3
)2 , g o ( x ) 1 u ,  yo,(x)u)

(CN) 2 11au ll2 f o r  u E S  .

A s in  the  proof o f  Lemma 5.4, fo r  a  m o m e n t  w e  d e n o te  b y  t h e  sa m e  no ta tion  C
different constants independent o f  N, M and  s. Therefore,

(log M 8 )2 Re ([az(D 2 -1- f gDo )2 , ÇD; (x)]?r i (D)u, çoi (x)T i (D)u)

< (C N ) 2 j11(log M .8 )Ti(D)au11 2 -1-(log M8 )2 11 [a, i(D)11u112 } •

Using (7.5), fo r  an y  s>0 w e have

Wog .11/18 )W i (D)au112 5_ C W og D3 18 )h((M '1 D31 - 3)/26)aull 2

u) f o r  u E C (K ),

i f  M__/14, fo r  a  la rg e  M8 > 0 .  Since (5.1) still holds (cf., (7.2)), by m eans o f  (5.13) we
see that

(log M 8)2) [ay  r i(D)]u11 2

(logAP) 4 M - 'I CK (Lu, u)+C 8 AT2 2 +8 M - 8 11u112 1, uEC7(K),

i f  log Als>.C/V. T herefo re , i f  log Ms C N  a n d  M  is  su ffic ien tly  la r g e  su ch  th a t
(log Ms) 4 M - i 1 then  w e have

(7.30) (log M 8 )2 Re ([a 2 (Do -1- f g yojriu, ço i f . fu)

(C {(Lu, u)d- C 8 1\12 8 1 - 8 111 Q,

Note that
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(log WY Re ( [D ;,  ; ( x ) ] r i (D)u , çoi (x)T i (D)u)

.<(C N) 2 (log M 8 )2 11X(x1/6)T;(D)u112

_- _(CN) 2 { II(logID31')//((1 - '1D,1-3)/26)X(x1/6)/111 2

+(log /14 8 )2 11[X(x1/5), r(D )1u

where Z(t) is  th e  sam e a s  in  (7.23). Using (7.23) and  (5.13) to  estim ate  th e  first term
and second one, respectively, we obtain

(7.31) (log M 8 ) 2 Re([D1, go.,(x)7 ,(D )u , uE C7)

°(K),

if  M  satisfies the  sam e condition as in (7.30). From  (7.30) and (7.31) w e obtain (5.23).
O n the  other hand, since coefficients of L  a r e  independent of x ,,  b y  n o t in g  th e  form
o f W., w e see that

(7.32) (log /1/8 )2 Re ( i (x)[L , i (D)1u, ço) (x ) r f (D)u)

C (log 1IP ) 2 {N 4 (aX0(D)u Ir N a (I ace' I X0(D)u, X 0(D)u)

N 2 ((a I a" I -1-a")Xo(D)u, Xo (D)u)

-FAIGM - 1 1JuP-PC8N2 8 +"111- ' - illu

where X0ES?, 0 satisfies

suppX0C1251$31-le'l.-aleglInI251$31/M_41.

Note th a t th e  a ssu m p tio n  a 0  im p lie s  a ' I / a  a n d  th a t  (A / a N) 3 aN 2 -1-(aN 2 )2 .
I f  log /14. 8 -CN then it follow s from  (7.32) that

(7.33) (log M 8 )2 Re (goi (x)EL , ¶(D)1 u, çoi (x)g i (D)u)

_<CN 2 I(log M 8 )4 11aX0(D)u112

+(1 +(log M 8 )4 M - 1 )11u IF+ csN2s-Hom
because we have

(aXo u, Xou)_<(log M 8 )2 11aXo u 112 +(log AP) - 2 1111112

By means of Lemma 7.3 an d  (5.1) w e have

(7.34) 11X0au112-5- CM111 DIXoaur 5CM - 2 (Lu , u) f o r  uECT(K).

U sing this to estim ate th e  first term  o f  th e  righ t hand  side  o f  (7.33) w e  g e t  (5.26) if
log Ms__CN a n d  M  is sufficiently large such that (log M 8 )4 M - 1 < l .  Since (5.23) and
(5.26) still holds w e obtain (5.16). Therefore , w e get (7.29) i f  p0 =- (0, (0, 0, ±1)).

The implication (7.29) fo r  p,=((0, x 0 2 ,  x 0 3 ) ,  (0, 0, ±1)) w ith  (x02, x02)(0, 0) is ob-

v io u s . In  fac t, Lemma 5.4 still holds for p 5 (x) corresponding to (Da(x)=  n h((x ) — x 0 )/6),

w h e re  x0 1 = 0 .  I n  v ie w  o f  Lemma 7.3, th e  preceding argum ent also yields (7.29) for
po =(x E  o )  w ith  e0 *(0, 0, ±1) if  we modify gra($) to  c o rre sp o n d  to  the direction
T h u s  t h e  p roof o f T heorem  8  is accomplished when (1, (x 1) vanishes infinitely at the
origin.
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In  the  finite vanishing case , the  above argum ents c a n  b e  c a rr ie d  o u t  u n t il  (7.32)
(without serious c h a n g e ) . Instead o f  (7.32), we employ

(7.32)' (log AP) 2 Re(Soi(x)CL, gr j(D)714 . yo(x )T (D )u)

C(log A4 2 )2 /V4 {11X0(D)u1I 2 +C sN "+"M  - 3 - 1 1Iu112 }.

I f  a  vanishes o f order / a t  x 1 =- 0, b y  th e  well-knowun H6rmander theorem  w e have

Ill D'1 1 '" + "ull 2 -S Cx(11Diu11 2 +11a(xi)D2u V) f o r  u E C ( K ) .

T his and  (7.26) give

(7.24)' 11X0(D)u112_ CM -2/0+11 ly1 l(L+ 1)X 0 (D)u 112

CM - 2 1 "(LU, u) f o r  uE C ( K ) .

By (7.32)' and  (7.34)' w e g e t (5.26) and  hence (5.16) in  the finite vanishing c a se . T h e
r e s t  o f  t h e  p r o o f  is  t h e  sa m e  a s  in  th e  infinite vanishing c a s e .  Now the  proof of
Theorem 8 is completed.

T o  end th is  p a p e r  w e  s ta te  a  c o n je c tu re  a b o u t th e  assumptions (25) a n d  (26).
T h a t is , (25) and (26) seem  to  be close to necessary under the additional condition that
f '  and g  are m onotone in ( -00, 0] a n d  [0, 00). For instance , as for (26) we consider
a  little  w eaker condition as fo llo w s :  For a positive ic<1  w e have

(26)' lim ta(Kt) log j f '(t) I =0.t- o

Suppose th a t (26)' does not h o ld . T h e n , w ithout loss o f  g e n e ra lity  w e  m a y  assume
tha t there  ex ist sù >0  a n d  a  sequence of positive numbers 1>t i >t 2 >•••>t,--->0 such that

(7.35) I Rt.?) I _exP{ so / t  a ( t )  I } (cf., (1.5) o f  [4]).

If  w e take  the change of variables x ,= y  ( j=1 . 2) an d  x 3 = y ,d- f (y ,)f : 2g(t)dt th e n  the

operator L  o f Theorem 8 becomes

(7.36) a(x1)21A+(D1— g(t)dtD3)2 ,

w here x denotes th e  new variables instead of y . L e t  C, be  a positive such that

(7.37) t, I a(Kt,) I log C., = s .

T hen Cj  te n d s  to  00 a s  j—*00. F o r each C, we consider a  sm all box  in  T*(Rr I X R ,,)

B ,={ rt,_x i t,, x3I 51/2, I t  I 1/2(1—k-)t,, le,—C, _<1/2 } .

Since f '  and  a  a re  m onotone  in  [0, 00), it follow s from  (7.35) and  (7.37) th a t o n  13
x2 ;  I x21 -<1} X B , w e have

(7.38) I — f/(x i ).Ço
s 2 g(t)dted / I a(x )I

it7 1f / a(Kt ,)

log Ci  .
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In v iew  of (7.38), the o p e ra to r  L  of the fo rm  (7.36) m ig h t b e  seen  "h yp erbo lic "  w ith
respect t o  D , on B ,  in a certain microlocal sen se  (see  a lso  Introduction of [ 1 2 ] ) .  We
m ig h t ex pec t the propagation of w ave front set a lon g  the null-bicharateristic cu rv e  of
D , passing  (0, (0, 0, CAE T*(R 3 ) ,  and hence  L  m ig h t  b e  n o t  hypoelliptic in a neigh-
borhood  of the origin . The sim ila r considera tion  can  be  done  to  the assum ption (25)
w ithout the change of variables.
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