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The quasi KO.-types of weighted
projective spaces

By

Yasuzo N ISH IM U R A  and Zen-ichi Y O SIM U RA

O. In troduction

Let KO and KU be the real and the complex K-spectrum respectively.
For any CW-spectrum X its KU-homology KU. X is regarded as a (Z/ 2-
graded) abelian group with involution because the complex K-spectrum
K U possesses the conjugation (P - ': K U -K U . Given CW-spectra X and Y
we say that X is quasi KO. -equivalent to Y if there exists an equivalence
f : K O AX—>K0 A Y of KO-module spectra (see [511). If X is quasi KO. -
equivalent to Y, then KO. X is isomorphic to KO. Y as a KO. -module, and
in addition KU. X  is isomorphic to K U. Y as an ab e lian  group with
involution (P'.

Let P = P . ( q o, ••., g„) be the (complex) weighted projective space of
type (g o, ••., g„), and CP"—P"(1, •••, 1) the usual complex projective space.
The KU-cohomology of P. has been computed in [ 1 ] .  Our purpose here is
to determine the quasi KO. -type of P .  In the special case (q 0, • ••, q„)= (1,

• • •, 1), it is known that C P is quasi KO. -equivalent to V C, or V C, V  E '. .
according as n =2m or 2m+1 where E k is  the k-dim ensional sphere
spectrum and C, denotes the cofiber of the stable Hopf map n :  E I , E 0 ( c f .

[3, Theorem 21 and [5, Corollary 2 .5 ]).
In §1 we recall some results about the KU-cohomology of a weighted

projective space /5P" =Pn(q0, ••., 90 from [1]. In §2 we investigate the
behaviour of the conjugation o j i  on KU*P' in order to determine the quasi
KO. -type of P .  In §3 we describe generators of the KO-cohomology
group KO*P".

1 . A  weighted projective space P.

Let n  be a positive integer and (q 0, • ••, q,) a tuple of positive integers.
Consider the following operation of the multiplicative group C* =C\ {0} on
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the space (Cn+ 1)*=C n+ 1 \ {0}

A • (x o , •••, x„)= (Agox o , •••, Aa,oc„). (1)

Th e associated topological quotient space is called the (complex)
weighted projective space of type (q 0, •••, q„) and it is denoted by

P n = P n ( q 0 ,  •••, q ” ) .

Of course, P n(1 , •••, 1 ) is the usual complex projective space C.Pn.

We call a tu p le  (q 0, • ••, q„) "well-ordered" if q, divides q1 1 for all i (1 <
i _<n). Given a tu p le  (q 0, •••, q „ )  the integer /k= / k (q o , •••, q,.) for 0 is
defined as the least common multiple ( lc m )  of all integers

( H q,)/gcd{ q1 I O a k } ,  w ith  0 ••• <ik <no k
where g c d  stands for the greatest common divisor. Using the integer /k=

lk (g o , •••, q„) we define integers

0,=11+1/1, ( 0 < i  < n - 1 ) ,  0 „=  gcd {go, • • q k }. (2)

Then the tu p le  (do, •••, O.) is well-ordered and /k(o, • ••, 0 „ )= / k (q o , •••, qn) for
all k (0 <k <n )  (cf. [ 1 ,  4 .1 0 1 ) .  Suppose that up W O .i)p (q  •  •  •  1 ) 1 , ( q . )  for a
prime p where v„ is the p - v a lu a t io n .  Then the p - v a lu a t io n  of /k is vp(/k) =
vp (go) +  ( q i)  +  •  •  •  +  ( q k - i ) .  Therefore lk= 4091 ••• qk -i, and hence Ok=  qk , if
(q 0, q„) is well-ordered.

Denote by 7  the canonical line bundle over CP" and set a= [ ]  - 1
K OCP". Then it is well known that the (reduced) K U -c o h o m o lo g y  group
KU*CP' .-=-- Z [ a ] / ( a )  where GP", is the disjoint union of C F "  and a point.
Consider the map go =g0(40, •••, qk) : C iin -> P "  defined by go [xo, •••, =  [ 4 0 ,  •  •
4 . ] .  According to [1, Theorem 3.4 1 the map go induces a m o n o m o rp h ism
ço* : K U * P -> K U * C P "  and there exists a Z -b a s is  { T i , •••, Tk} of K U * P n  such
that

yo* (T,)= Q,0 (a)Q, i (a)• i(a) (3)

where Qk(a) = (1+ a) k
 — 1 . Thus K U V n  is a free a b e lia n  group of rank n and

KIPP" = O.
The group Z /q  of the q th roots of the unity in C *  acts on the space

(Cn+ 1) *  as in ( 1 ) .  The quotient space denoted by f,"—.Eqq ; go, g„) is
called the weighted lens space of type (q ; go,  •••, q„). For the natural
surjection 6+:1;—>fin and the canonical inclusion in+1 : P— P " the following
sequence is a c o f ib e r in g  (cf. [4, Assertion. 11) :

go, q „ )  '= °  > Pn(qo, q n ) . 4
->  P " + 0( g

0
, • • . ,  q n ,  q ) . (4)

In particular, if q divides all q1(0 n) then Z /q acts trivially on the space
(C"+ 0)*  and hence L n =  (C "+ ')*  is (h o m o to p y )  equivalent to E2n+I.
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2 .  The quasi KO. -type of P.

In order to determine the quasi K O .-type  of P .  we shall use the
following theorem (cf. [2, Theorem 3.21 or [5, Theorem 2. 4]).

Theorem 2.1. Let X  be a CW -spectrum  such that K O X  is  a free
abelian group and KIPX  =O. T hen X  is quasi K O.-equiv alent to a certain
wedge sum of copies of C, and E 2s(0 - s 3) where C„ denotes the cofiber of the
stable Hopf map 77

R e m a rk . The conjugation map Oj i acts on K O X  as follows :

1 when X = E ° or E 4,
when X = E 2 or 6,

ç b i=  ({ 1
0 - 1 )1 

(denoted by p )  when X =C ,.
(5)

The following lemma asserts that for our purpose any tuples (q 0 ,
qn) may be restricted to well-ordered ones.

Lemma 2.2. /3 ' (go, q,) is quasi K O.-equivalent to P '(0 ,  • • •, On).

Proof . The map associated with any permutation

f :  P ' (q0 , qn) —' 13 ' g )

is clearly a homeomorphism. Therefore we may assume that v2 (q0) v2 (q 1)
> • >2 (q .)  where v2 is the 2-valuation. It is easily seen that v2( ) =1)2(4,)
for all i(0 We put i= / /q 1  and .,=1.q1/41(0 i n ) with / =lcm {go,

q„}/2'2 (a0) and consider the following two maps between P. - P '( q 0 ,
q ,) and P=PC d o , ••-,

g: P"— >P", ()co, • • x . )  H (4 0 ,  •  •
h : (xo, •-•, x„) H(40, •••, 40.

According to Theorem 2.1 P "  and P" are quasi K O .-equivalent to certain
wedge sums Y„ and 3-7, of C, and E ' ( 1 3 s . 3 )  respectively. Since gh, hg :
(x,) I--)-(Xf

2

)  and / is odd, g : P"—>P" is a 2-equivalence. Therefore Y„ must be
coincide with Y„.

Given CW-spectra X  and Y we say that X  has the same '-type as Y if
KU. X  is isomorphic to KU. Y as an abelian group with involution (,bj' (cf.
[2, 4.1]).
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Proposition 2.3. Let (go, •••, q„) be a well-ordered tuple and put ck= (go
+•-•+qk -1)/qk  for 1 k - 1 .  Then the weighted projective space P' =15 "(q0 ,
•••, q„) has the sam e W-type as the following cell complex

Y „=E 2 U e 4 U e 6 U  • • •  Ue'
0, 020 30 ,

where Ok=77 if ck is odd, and Ok= 0 if  ck is even.

Remark. Note that 0 „ - n  i f  0 = 0  and  qk-i/qk is odd, and Ok = 0
otherwise. Let S =  c , _ 1  and c, are even) and T = c ,  is
odd} where we understand that co and c„ are even. Then Y , is just the
wedge sum V tETE 23C„V V sEsE Os

.

We shall prove Proposition 2.3 by induction on n below, but first show
how to obtain the quasi KO. -type of P" applying Proposition 2.3.

Theorem 2 . 4 .  L e t (4 0 , • •• , q „)  be  a  w ell-ordered tu p le  o f  Positive
integers. T hen the weighted projective space P" =P" (go,  •••, q„) is quasi KO.
-equiv alent to the w edge sum  Y „= V  ,ETE 2 tC ,V  V  esE 2'' giv en in the above
remark.

Pro o f . In order to prove our theorem by induction on n  we consider
the following diagram

E 2n+1K 0
 1 A O  KO A P '  1A in 

KO A Pn+ 1

t f
0, 17 , - > Y,

Here f : Y , - K O  A P ' is a quasi KO. -equivalence and t: E °-->K0 is the unit
of K O . For each component of 37,  we have

K02,+1E
r / 2 ( g e n e r a t e d  by 77) if n s  mod 4

0 if otherwise,
K02,+1C„ - O.

Since P"+1 and Y,+1 have the same v - ty p e , we observe that the map t AO:
E 2n+1->K O A Pn is trivial if and only if e „ = 0 .  Therefore the square in the
above diagram becomes commutative after changing the quasi K O -
equivalence f : A  P n suitably if necessary. So there exists a quasi
KO. -equivalence g: Y „+ 1->K 0 A P " ' as desired.

Let (go, •• 4-1, q,, 4 - 1 - 1 )  be a tup le  such that (q0, • •-, q ,)  is well-ordered
and q,+ 1 divides q„_ 1. Since lk (q 0 , •••, q„)=lk (q 0 ,  • - , q „, q„+i) for O ^ k n  it
follows that i:F I T,=  T ,(l i n )  and i:+1T„+1= 0 for the canonical inclusion
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P'(q0 , •••, qn ) - >P' 1 (q0 , •••, qn , qn+ i )  where T's are the generators of
K O P+ 1 and K U '!"  given in (3). In order to prove Proposition 2 .3  by
induction on n  we may assume that the conjugation K ' on K O !» =- K U °Y„
is expressed as a certain direct sum L  of ± 1  and ± p  after the basis IT 1 ,

T„) is replaced by {71, •••, rn} where r = a linear combination of {T+1,
••., T>,} . Then the conjugation (,/* 1 on KLPP 1 behaves as K ir = f r , +  r, T H - 1

for some integer 7 ( 1 _ i n )  and K i Tn+1= ( - 1)n + 1 Tn+1.

Lemma 2 .5 . Let (go, • ••, qn-1, qn, 4,,,-1) be a tuple such that (q0, q ) is
well-ordered and q„+ 1 divides qn_l. When the conjugation Oj i behaves as OE. 1T:
=J-nr + T n + 1 on K I M ' ' ,  0 ', is divisible by qn_, for any i  ( l i n )  and in
particular q r, ,=( -  D ' 1 (q0 + •-• +q„_1)  where q  =lcm  {q„, q„+ 1 }.

Pro o f . Consider P"+ 1 = P + 1 (q 0 , • ••, qn_ 1 , qn_ i , q )  as well as P"+1 =P + 1

(go, q ,  q n +i) . Recall that {ri, •.., T ,  Tn-F1} and {ri, T ,„ r„+,}
form base of K O P ' and K U °Pn+' respectively where yo*T,±1 - 40...4-14a + 1

and yo*T>,+1 =qv -4,-iq„_ian + 1 .  Since the conjugation 0 1 on K L I T 'l  behaves
as 0 1 7': = J„7';+,7',,.+ 1 for some integer C, it follows immediately that qy ,=
qn-iC, for any In the special case i = n  (T „ T „)  we have

(p*T „=1„a'd-L a" 1 , y o*T n+ i =lni

where /„=q 0.-q„_ 1, /„+1 =q 0 .••qn_ 1q,, and L =1„(q 0 + • •• +q- 1 - n ) / 2 .  Note that
'a =  ( 1 +a ) 1 -1 . This implies that

gbJ la'=- ( - 1)na"+ ( - 1 ) '" n a ' 1 ,

Since KV* =(,0*(PE, ', we see that 7„ = (-1Y+ 1 (q 0 +•-•+qn_ i ) /q .

Proof  of  Proposition 2 . 3 .  By induction on n  we shall show that the
conjugation K i on K O P 1 is normalized as a desired direct sum J„+ i of ±
1 and after the basis {Di, ••., Tn+1} is replaced by {T';, ••.,
w here T ,'=r+61T n_p 1 f o r  som e integer 6,(1 - n), Set a 2 ) 2(q1) for
simplicity.

i )  T h e  "0 - 1 = 0 "  case : In this case P" has the same (6-type as Y =
Y 1 V 2". Therefore the conjugation 0E 1 on  K O Pn  is
Then the conjugation (/) i on K L PP"' behaves as follows :

if
OE'rn=( - 1)'7 '+7„T „+1 an d  K i Tn+i= ( - 1 )" - i Tn+1.

We first assume that a- 2 > a - i .  If an_i - a „,  then  (go+  +9,,--0/4,, is odd, and
hence, by Lemma 2.5 , so is H e n c e  the conjugation (Pj' is congruent to
J, -i ( - 1)"p and Y n+ 1 =  r1-1  V  E 2"Cn .  If a„_ 1 >an , then all of r, are even from
Lemma 2 .5 . Therefore the conjugation (Pjl is congruent to  J ( - 1 ) °  and
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y n , i _  y n v  E2n+2. We next assume that a 2 = a - 1 ,  and hence 0,- 2 =77. Then
there exists an odd integer m  3 such that a„_„,- 1 >a„-.=•••
From Lemma 2.5 it follows that r n is even if and only if a 1 >a„. Now our
result is shown similarly to the first case "a„-2>a„-1".

) The "0„_ i =77" case : In this case P" has the same ce-type as Y„=
Yn-2V E ' - 2 C, and a -2 = a 1 . We first assume that a 1 >a„. Then Y„+1= Y„
V L 2"+ 2  as is shown in the "0,-1=0" case. We next assume that an_i=a„.
Then there exists an even integer n i  2 such that a„_„-I >an-m= •-• =a-1=
a„. From induction hypothesis the conjugation 0E1 on K O P" is

1 )" 1 (9@• • •O P ) .  Then the conjugation ç5 on KLIV "+1 behaves as
follows :

(1) ir i= (PJlri= ( - 1) n ri+7iTn+i,
OCI ph —  ±  (ph+ r h + 1 )  ± 7 i tT r t+ 1 , OC1 rh+ 1 —  T h + 1 + 7 h + 1 T n + 1 ,

for some i, j n - ni and h n - 1 .  For 0. 1 = ( (  1 0 ) n + 1 7 1 ) n + 1 )  on the (i, n+
1)-th component we have r, = 0 because ( 1) 2 =1 . On the (h, h+1, n +1)-

th component OE' = (7F
3

f ) i ) n + 1 )  is congruent to (± p )0 (- 1 )"+ 1 w here =

( j h  )  We here consider P"+ 2 (q 0,  • • . ,  q n , q n + l , q n + 2)  with q„+2=q„. Then the,h
conjugation çb - 1 on the (j, n+1, n+ 2)-th component is expressed as

r,
(PEI= 0 (— 1)+1

\ 0 0 (—DV
for some integer C, and Cn + 1=  ( - 1) n (q0±-•• +Q )M', by Lemma 2 .5 . Note
that 7, „-Ei= ( - 1)"2C, because (ç 1) 2 = 1 . This equality implies that 7, must

be even since C„+i is odd. Therefore 0J 1 =( (
 0

1 ) ' ri)„-,i) on the (j, n +1)-

component is congruent to ( - 1) ( - 1)" +1 . Consequently we see that the
conjugation 0E1 is congruent to j ( - 1 ) 1 and 17„, 1 = Y„ v  E " .

3. T h e  group KO*P”

We have the Bott cofiber sequence

E 1l f0 KO KU S >E 2K-49

where ,63 :K U ->E 2K U denotes the inverse of the Bott periodicity and E u : KO
-*KU is the complexification and E 0 :  KU->K0 is the realification. As is
well known, the equalities E D E /J=2  and EuEo=1+(,b 1 hold. Let nEx il f0 =- Z/
2, 772 E71-2K0 -=Z/2 a n d  Eii-

4K 0 =- Z  be the generators such that P=4BR E
n-

2,K O n -
oK O Z  where B R  denotes the Bott periodicity element. Hereafter

we shall drop B R  writing L = 4 instead of e =  0 5 .  Let (90, •••, 9„) be a well-
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ordered tuple of positive integers and P" =13 "(q o , • ••, g„). Recall that KU15 "
is a free abelian group with basis { T 1, •••, T„} and K U IP  = 0. By a routiné
computation we can obtain

Lemma 3.1. Operating eue0=1+0J 1 o n  K II - P " we have the following
equalities : (1+0E 1)13"T,,=213„T., (1+(k 1)S "T „ -1 = c -e T .,  (1  + ' )$ " 1T, =0
and (1+ O')13" --1 T-1= 28 "  — I T. —1 — 1  S '  1  Tn where ek= (go+ • • • +4„-i)/g)r.

Consider the following cofiber sequence
2-1 —1— 1 E2n.

The map j„ induces elements of the group KO - P ' as follows :

R n
 = j„. 1 E K 0 2"P", kr,=j„*772 E K 0 2- 2 P "  an d  R := j :E K O 2n- 4 P'.

There hold the following relations : 2Rn=e0 i3'T„, EuR„=i3nTn, .1? =E 0 /3' T „
Euk n=0, 1?;: =E0,3" - 2 7 'n  and EuR„=2/3- 2 7'n. In particular, k ,  and R :  are
contained in the image Eo(KU"Pn)ŒKO'"Pn.

Assume that c„_1 is odd. Then we have the following cofiber sequence

P"

inducing a split exact sequence

0— >K0* E 2n - 2 C,— )K 0 *  n — > K O * 13 " - 2 — . 0.

Set r„_i= Tn-i+ (1 - c-0 /2 T „. Using the realification eo : K U ->K 0  we
consider the following elements in K0"Pn :

,s,,=E 0 i3n r„ _ 1 EK0 215 ", Sr,=EoR" 1T„_ 1E K 0 2"- 2 P ,
S:=e0,3" - 2 7 1E K 0 2"- 4 13 ", =e0R - 2 T„_ I E K 0 2- 6 13 ".

Since euS„= ITT„-euk , and 2EuS„=2/3" - 2 T„=euRn it follows that S„-R„=77*x
for some xEK0 2' 115 n :-='.1f02" 1:13 - 2  and 2S;; - /?:, =77*y for some y E K 0 2- 3/5 '
K 0 2- 3/5 - 2.  Therefore we may employ the elements Sn, S , S: and S>:' instead
of a basis of the image k: (KO"E 2' 2C ,)cK O "P ".

Lemma 3.2. L et (g o , • ••, q„, • ••, g„+„,) be a well-ordered tuple such that c„
= (go+ • • +g-i)/g„ is even. For any m. - 0 there exists an element T„„+„,=T„+
a1Tn+1 ± • • • ± a„,T„ +m EK UT" "  satisfying eoR"'T„,„+„,= 0, where a l = - c„/2 and
a2, is taken to be 0 or 1. In particular, a4k=a4k+2 = 0  if  c„±4k is even.

P roo f. By induction on m we shall construct a desired element T„,„+„,.
Obviously E0,T+1 7'„---0 and (1+0c-.')R - k'Tn.,+1=0, w h ich  im p lies that Eo
R" -"T„, n ± i = 0. Under induction hypothesis we here assume that there exists
an element Tr,. „+„,_1 KII°P"+"` - 1  satisfying E0/3".+1T„,n+.-1-0.
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i )  The m  = 4 k  + 2  case :  Take a40+2=0 i f  e o R n + lT n ,  n + 0 + 1 = C I E K 0 2 2

P " 4k+2 and a4k+2= 1 if otherwise. Setting T,,,,+0+2= T, n +4 k +1 + a4 k +2 Z +4 k +2 E

I f 0 / 3 "  + 4 k  ± 2,  it follows immediately that e0Rn+17 '„, + 0 + 2  0.
II) T h e  m  = 4 k  + 3  case : N o te  th a t (1+ (P 1)15'n+1 7'n, n+0 +2 = bn+0+2

/3n+1Tn+0 +3 E K U 2n+2P ' + '  for some integer bn+4k+2. Since there exists an
integer b  such that eoR 17',„ n+4k+2 beoRn + 7 .+ 0 + 3 E K 0 2 213 " ,  we see that
bn+412+2 2b is even. Setting T n+4k+3 T n ,  n + 4 k + 2  b n + 4 k 1 - 2 / 2 T n + 4 k + 3 E K 0 /3 n + 4 3 ,  i t

is obvious that EoRn + 1 T„, n+4k+3 =  O.

iii) The m = 4 k  case :  Setting Tn, n + 4k =  n + 4 k - l+ a T n + 4 k E K 0 1 3 4 k  for
any integer a ,  we see that e015— F1 r ,,,+ 0 = 0 . The integer au  w ill be
determined in iv).

iv) The m  =4k +1 case : Note that (1+ 0E 1),3"+1T„, n+0-1— bn+4kR " - I Tn+4k+1

E K U 2 "+ 2P + 4 k+ 1 for some integer b„+0 .  Consider P4k+2=i5n+0+2 ( q  0 ,

qn F4k , q n-F4k, q n + 4k) . (I +(k . 1),6 ' + 1 Tn, ,,+4k-1 bn+4k[P +1 Tn+4k+1 — CIIT +1 Tn+4k+2, ( 1
n+4k+± (PC 1) 8 n + 1 Tn+4k+1 —  2$ ' ' ' T+4,,+1 (Cn+ ,1k+ 1 ) X +1 T n + 4 k + 2  in  K U2n+2P 2. Since

(0E 1) 2 = 1  it is immediate that b„+4k (c„+0+1) = 2 d .  This implies that c„+4,  is
odd if b„+4,  is odd. Take au  = 0 , a 40+1= — b n +0 /2  when b„+u, is even, and au=
1 ,  a 4,,+ 1 —  (b,,+4,, + c + 4 , , ) / 2  when b„+4, is odd. Setting T ,  Tn,n+4k-1±
(2 4 k T n + 4 k  + a 4 k + 1 T n + 4 k + 1 E K V /3 ' - " k + 1 , it fo llows im m ediately that (1 + 4 * 1)
S 1 Tn, ,,+4k+1 =  O, and hence e0/3" - i T n n+4k+1 = O.

Assume that c, +,, is even. In this case b„+0 is even, so au is taken to be
0 as in iv). If c„+0+1 is odd, then P" -F4k+2 is quasi KO* —equivalent to P n + 4k V
L 2 n + 8 k + 2 C ,. Hence we can see that eolT + 1 T ,  n+4IH 1

=
 0  E K 0 2 " " /3 n + 4 ° - 2 . SO a4k+2 is

taken to be 0 as in i  ) .  When cn+0+1 is even, we consider P n + 4k+2 =  
r + 4 k + 2  (go,

q n+ 4k-1, q n+414 qn-1-410  q,,+4,,).T h e n  the canonical map pn+4k+2_,,pn+4k+2

induces a  h o m o m o rp h is m  7r* :  K 0 2" + 2P "
+ 4k + 2

, K o 2 n  +  2 P  n + 4 k + 2  carrying eo

S n + 1 Tn n+4k+1 t o  E O R n + 1 Tn, ,,+4k+1. Since E 0 /3 "'T ,, „A-0+1— 0  in K 0 2"+2/5 n
+ 0 4 - 2 ,

. , 4k+2

taken to be 0 even if Cn+4k+1 is even.

Corollary 3 .3 . L et (q o , • ••, qn, •••, qn + „,) be a well—ordered tu p le  such that
c n = (go + • - P q n _ i ) / q n  is ev en. For any t h e r e  e x i s t s  an element R,,,,,+„, E

K O 2n.13 '  such that euR n n + . - = [3n T n  „+„„ i,7+,„Rn >, F. =R „,„+,,_ i or R n

m = 2  mod 4 and cn+._1 is odd, and in*+n,Rn,„4->n = R n n + - 1  if  otherw ise. Here R „,.

= R n = 1 :1 E K 0 2".13 " and R'n -1 =1 .:+-177 2 E K O 'n + 5 n- 4 P- n+ m- 1

Pro o f . The induced hom om orphism K 0 2  1 15 "+m—)-K0 2"+1P " + " '  is
an ep im orph ism  unless m = 2  mod 4 and c„+„- 1 is odd. In this case we can
easily find an element R , + „,EK O 2n/3 n+ ' satisfying E R , .  ,,+,,, =/3"T,,,,+,. and
i„*,„,R„,„±„,=R„„+„,_ 1. Assume that m —= 2  mod 4  and c„ ± „,_1 is odd. Since

: K 0 2"-" P " '— > K 0 2"+'/3 "' - 2  is an isomorphism, we can find an
element R „  n + , n E K 0 P " ' such that euRn, n-Fm =  T n ,  „+ .  and

„+._1. The last equality implies th a t i,4 .12n ,n+.= R n , n+,n -i+x 14+-1  for
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some xEZ/2.

R e m a r k .  In Corollary 3.3 we can uniquely choose an element R„,„+„,
unless m 1 mod 4 and c,,F.-1 is even. On the other hand, we can choose
just two elements R ,+„, and R„,„+,„+ k,,,„ if m 1 m od 4 and c„+ 1 is even.

If c„ is even, we set

k „+,„=e0,T - 1 T„,„+,„EK0 2- 2 13 "+"',
R„,„+ =e o R n 'T „ E K 0 2- 4 13 .

Note that 772R„„+„,=E 0 ,3- l e uR „,„+„,=k ,„,„ where R „,„+„,E K O 'P' is obtained
in Corollary 3.3. If c - 1 is odd, we set

S„, „+„, =E0,8' EK02"/3'",
g„.„+,„=e013- 1 T„_ 1E K 0 2' - 2 P+",
S,:,n+.=E013" - 2 7 'n _ iE K 0 2 n -4 .15 - - ,

s:,„+„,= E 0 S - 3 7' 1 E K 0 2- 6P n " .

(7)

By virtue of Theorem 2.4 we can now give generators of K O*P" as
follows (cf. [31)

T h e o r e m  3.4. L e t  (q 0, • • . ,  q „)  be a  well-ordered tu p le  of positive
integers. For the weighted projective space Pn (q0, q„) the group KO*P"

00 ,1 ,7K O T P . is generated by the following elements :

R. n ,  77R s  n , R.s n, St+1. n t  S ;+ 1 ,  n  ST+ L n

where s and t run over S = ; cs_1 and cs are even} and T = {1<tn-
1 ; c, is odd} respectively.
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