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The quasi KO.-types of weighted
projective spaces

By
Yasuzo NisuiMuraA and Zen-ichi YosIMURA

0. Introduction

Let KO and KU be the real and the complex K-spectrum respectively.
For any CW-spectrum X its KU-homology KU. X is regarded as a (Z/2-
graded) abelian group with involution because the complex K-spectrum
KU possesses the conjugation ¢¢': KU—-KU. Given CW-spectra X and Y
we say that X is quasi KO. -equivalent to Y if there exists an equivalence
f: KOAX—-KOANY of KO-module spectra (see [5]). If X is quasi KO.—-
equivalent to Y, then KO. X is isomorphic to KO. Y as a KO.-module, and
in addition KU.X is isomorphic to KU.Y as an abelian group with
involution ¢z

Let P"=P"(q,, ---, g.) be the (complex) weighted projective space of
type (qo, -, ¢.), and CP"=P"(1, ---, 1) the usual complex projective space.
The KU-cohomology of P" has been computed in [1]. Our purpose here is
to determine the quasi KO. -type of P". In the special case (g, -+, g.) = (1,

.-, 1), it is known that CP” is quasi KO.-equivalent to \VC, or VVC,V X%

according as n=2m or 2m+1 where X* is the k-dimensional sphere
spectrum and C, denotes the cofiber of the stable Hopf map n: 2'—=2° (cf.
[3, Theorem 2] and [5, Corollary 2.5]).

In §1 we recall some results about the KU-cohomology of a weighted
projective space P"=P"(qy, -+, ¢.) from [1]. In 82 we investigate the
behaviour of the conjugation ¢z on KU*P" in order to determine the quasi
KO.-type of P". In §3 we describe generators of the KO-cohomology
group KO*P".

1. A weighted projective space P”

Let n be a positive integer and (g, -+, ¢.) a tuple of positive integers.
Consider the following operation of the multiplicative group C*=C\ {0} on
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the space (C"*)*=C"*""\{0} :
Ao (o, ooy 2) = Q%% -+, A7), €D)

The associated topological quotient space is called the (complex)
weighted projective space of type (g, -+, ¢.) and it is denoted by

P":Pn(QO’ "t q")-

Of course, P"(1, --+, 1) is the usual complex projective space CP".

We call a tuple (qq, -+, g.) “well-ordered” if ¢, divides g;-; for all {(1<
i<n). Given a tuple (g, -+, ¢.) the integer l,=10.(qo, -+, g.) for 0<k<n is
defined as the least common multiple (Icm) of all integers

(I g)/gcdlg, | 0<a<k}, with 0<i<ii<--<i<n
<a<

where gcd stands for the greatest common divisor. Using the integer [,=
1.(qo, -+, ¢.) we define integers

Gi=Liv/l; (OSiSn—l), g.=gcd {QO: cey Qn}- (2)

Then the tuple (o, -+, G.) is well-ordered and 1.(Go, -+, G.) =4 (qq, -+, g.) for
all k(0<k<n) (cf.[1,4.10]). Suppose that v,(go) >v,(gy) >--->v,(g,) for a
prime p where v, is the p—valuation. Then the p—valuation of I, is v,(l,) =
v,(qo) +v,(q)) + - +v,(ge-1). Therefore [,=quq; -+ -1, and hence G.=gq,, if
(qo, -+~ q.) is well-ordered.

Denote by 7 the canonical line bundle over CP” and set a=[y] —1&
KU'CP". Then itis well known that the (reduced) KU-cohomology group
KU*CP.=Z[al]/(a"") where CP" is the disjoint union of CP" and a point.
Consider the map ¢ =¢(qq, -+, g.) : CP"—P" defined by ¢ [x,, ---, x.] = [x§, ---,
x%]. According to [1, Theorem 3.4] the map ¢ induces a monomorphism
¢* : KU*P"—KU'CP" and there exists a Z-basis {T}, --+, T.} of KU*P" such
that

o (T)= an(a)Qal (@) “‘Qai_l(a) 3

where @.(@) = (1+a)*—1. Thus KU'P" is a free abelian group of rank n and
KU'P"=(.

The group Z/q of the g th roots of the unity in C* acts on the space
(C*)* as in (1). The quotient space denoted by L"=L"(g; g, - ¢.) is
called the weighted lens space of type (¢; qo, ---, ¢.). For the natural
surjection 8 : L"—P" and the canonical inclusion 7,., : P"—P"*! the following
sequence is a cofibering (cf. [4, Assertion. 1]) :

LG qu - g =B (qu, -+ @) B1(qy, -+ qu, Q). )

In particular, if g divides all ¢;(0<i<n) then Z/q acts trivially on the space
(C"*Y* and hence L"=(C"*)* is (homotopy) equivalent to X¥*.
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2. The quasi KO.-type of P"

In order to determine the quasi KO.-type of P" we shall use the
following theorem (cf. [2, Theorem 3.2] or [5, Theorem 2.4]).

Theorem 2.1. Let X be a CW-spectrum such that KU'X is a free
abelian group and KU'X=(. Then X is quasi KO.-equivalent to a certain

wedge sum of copies of C,and X*(()<s<3) where C,denotes the cofiber of the
stable Hopf map n: Z'—=X"

Remark. The conjugation map ¢! acts on KU'X as follows :

1 when X=3%or X,
_ — 52 6
S _1 when X =73 or 2°, )

< 0 _D (denoted by p) when X=C,.

The following lemma asserts that for our purpose any tuples (qo, ---,
g.) may be restricted to well-ordered ones.

Lemma 2.2. P"(qo, -, g») is quasi KO.-equivalent to P"(go, -, G.).

Proof. The map associated with any permutation
f" P”(q()r AR Qn)%Pn(Qior ) ql'")

is clearly a homeomorphism. Therefore we may assume that v;(qo) >v,(q,)
>...>y,(g,) where v, is the 2-valuation. It is easily seen that v,(d;) =v:(q:)
for all i(0<i<n). We put £=14./q; and £=Iq,/G:(0<i<n) with I=1lcm {g,,
v, ¢} /22 and consider the following two maps between P"=P"(q,, ---,
g.) and P"=P"(gy, -+, 4.):

g: P =P, (x, -+, x) >y, -, x),
h:P"—P", (xq, -+, %) P>y o, x5).

According to Theorem 2.1 P" and P" are quasi KO. —equivalent to certain
wedge sums Y, and Y, of C, and X*(0<s<3) respectively. Since gh, hg:

(x) |——>(x£2) and [is odd, g : P~—>P" is a 2-equivalence. Therefore Y, must be
coincide with Y,.

Given CW-spectra X and Y we say that X has the same ¢-type as Y if
KU. X is isomorphic to KU. Y as an abelian group with involution ¢z! (cf.

(2,4.1D.
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Proposition 2.3. Let (qu, -+, g.) be a well-ordered tuple and put c.= (g,
+ oo +qe-1)/qr for | <k <n—1. Then the weighted projective space P"=P"(q,,
-+, qn) has the same €-type as the following cell complex
Y.=Z*Ue'UefU -+ Ue™
61 62 03 0,-—1

where 6.=n if c. is odd, and 6.=( if c. is even.

Remark. Note that 6,=7 if 6,.,=0 and g.-1/¢. is odd, and 6,=(
otherwise. LetS={1<s<n | ¢,-;and ¢, areeven} and T={1<t<n—1| ¢ is
odd} where we understand that ¢, and ¢, are even. Then Y, is just the
wedge sum V er2*C,V V es 2%

We shall prove Proposition 2.3 by induction on z below, but first show
how to obtain the quasi KO.-type of P" applying Proposition 2.3.

Theorem 2.4. Let (qo, -+, g.) be a well-ordered tuple of positive
integers. Then the weighted projective space P"=P"(qq, -+, q.) is quasi KO.
—equivalent to the wedge sum Y,=\ er2%C,V V es2? given in the above
remark.

Proof. In order to prove our theorem by induction on n we consider
the following diagram

srrigo 29 goapr M goapr
T Yf
ZZrH-l i) Yn _— Yn+l

Here f: Y,~KOAP" is a quasi KO. -equivalence and ¢: Z"—=KO is the unit
of KO. For each component of Y, we have

KO%HZ%;{Zﬂ(generated by 7) }f n=s mgd 4
0 if otherwise,
K02n+lcr7: 0.

Since P**! and Y,.; have the same ¥-type, we observe that the map (A8
S+ SKOAP" is trivial if and only if 6,=0. Therefore the square in the
above diagram becomes commutative after changing the quasi KO.-
equivalence f: Y,—~KOAP" suitably if necessary. So there exists a quasi
KO.-equivalence g: Y,.,~KOAP"*! as desired.

Let (go, -, @u-1, Gn, Gn+1) be a tuple such that (qq, ---, ¢.) is well-ordered
and ¢..+; divides g.-.. Since L(qq, -+ ¢.) =L(qo, -, Gn, gns1) for <k <n it
follows that i, 7.=T:(1<i<n) and i, T.+;1=0 for the canonical inclusion
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fusr: P"(qo, -+ @)—>P"*'(qo, - @» @.+1) where T's are the generators of
KUP™*' and KU'P" given in (3). In order to prove Proposition 2.3 by
induction on n we may assume that the conjugation ¢! on KU'P"=KU"Y,
is expressed as a certain direct sum J, of =1 and *p after the basis {T3, -,
T.} is replaced by (T}, ---, T.} where T;=T:+ a linear combination of {7,
..., T.}. Then the conjugation ¢z' on KU'P"*! behaves as ¢c' T:=J,Ti+7.Tus1
for some integer 7:(1<i<n) and ¢c'Tws1=(—1)"*'Ts1.

Lemma 2.5. Let (qo, ***, Gn-1, G, n+1) be a tuple such that (qo, -+, g.) is
well-ordered and q.., divides q.-. When the conjugation ¢! behaves as ¢:'T;
=], Ti+7T.e1 on KU'P™', q7: is divisible by ., for any i (1<i<n) and in
particular gy,= (—1)"*'(got---+¢.-1) where ¢ =lcm{q., g.+}.

Proof. Consider P""'=P"*'(qo, -+, Gu-1, Gn-1, Gu-1) as well as P"*1=pP*!
(qo, ***, Gn-1, @n, Gns1). Recall that {T%, -, Th, Tuvi} and {74, -, Th, Tosi)
form base of KU'P"*! and KU'P"*! respectively where ¢*T..1=qo*-g._1qa"*"
and ¢* Twi1=qo---¢. 1g.—1@"*'. Since the conjugation ¢! on KUP"*! behaves
as ¢c'T:=J,T:+¢ T, for some integer & it follows immediately that g7.=
g.-i& for any i(1<i<n). In the special case i=n(T,=T,) we have

¢‘Tn=lna"+Lan+l; (p*Tn+l=ln+lan+l

Where ln:qo"'Qn—ly ln+l:q0"'q"—IQH and L:ln(q0+"'+Qn—l_n)/2. NOte that
¢c'a=(1+a)'—1. This implies that

¢’C_1a”= (_ l)nan_+_ (_ 1)n+1nan+1, (/)Elan+l: (_ 1)n+lan+l.
Since ¢clo* =@ ¢c!, we see that 7,=(—1)""'(go+ -+ +q.1)/q.

Proof of Proposition 2.3. By induction on n we shall show that the
conjugation ¢z! on KU'P"*' is normalized as a desired direct sum J,.; of +
1 and *p after the basis {T}, -+, T,, T.+1} is replaced by {73, -+, To, Tus1}
where T:=T:+6:T..; for some integer 8;(1<i<n). Set a;=v,(g) for
simplicity.

i) The “6,.,=0" case: In this case P" has the same é-type as Y,=
Y..1V Z?. Therefore the conjugation ¢¢!' on KUP" is J.=J,..D(—1)".
Then the conjugation ¢z' on KU'P**' behaves as follows :

¢\ Ti=Ju 1 Ti+7Tory if 1<i<n—],
(/)ElTnz(_l)nTn+TnTn+l and ¢C_‘1Tn+l:(_].)"+l n+le

We first assume that a,_,>a,-,. If a.-;=a,, then (g;+---+¢.-1)/q. is odd, and
hence, by Lemma 2.5, so is 7.. Hence the conjugation ¢¢! is congruent to
Jooi®(— 1D and Y, =Y, vV ZC,. If a, >a,, then all of 7; are even from
Lemma 2.5. Therefore the conjugation ¢:! is congruent to /,A(—1)"*' and
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Y.i=Y,VZ¥"*% We next assume that a,-;=a,-,, and hence 8, ,=7. Then
there exists an odd integer m>3 such that a,-n- ;> -n="=Qn-2=0a_1.
From Lemma 2.5 it follows that 7, is even if and only if a,_; >a.. Now our
result is shown similarly to the first case “a,-;>a.-;".

ii) The “G,.,=n" case: In this case P" has the same ¥-type as Y,=
Y,,vVZ*?C, and a,_;=a,-,. We first assume that a,_,>a.. Then Y,.,=Y,
V 27*? a5 is shown in the “9,-,=0" case. We next assume that a,.,=a,.
Then there exists an even integer m>2 such that a,—n-1 > Q- n="=Qn1=
a,. From induction hypothesis the conjugation ¢:' on KUP" is J,=],_n®
(=D (0@ ---@p). Then the conjugation ¢c! on KU'P**' behaves as
follows:

o' Ti= (=D T+ 7 Twr, ¢ Ti=(=1D)"Ti+7Toer,
¢51Th: + (Th+ T;xﬂ) +')’th+1, (/’Elﬂﬂ: + Th+l+7h+1Tn+1.

for some i, j>n—m and h<n—1. For ¢5‘=((_(1))"+1 (—15n+1) on the (i, n+
1)-th component we have 7,=0 because (¢:)?’=1. On the (b, h+1, n+1)-
th component ¢5‘=(16‘° (—Ty»+1) is congruent to ()@ (—1)"*' where r=

Tf:l). We here consider P**2(qy, *+, Gn, Gn+1, Gn+z) With g.ss=g.. Then the

conjugation ¢! on the (j, n+1, n+2)-th component is expressed as

(=D 7i G
oc'=| 0 =D G
0 0 (=D
for some integer & and &= (—1)"(go+---+4¢.)/q. by Lemma 2.5. Note
that 7,&,+1=(—1)"2& because (¢c)?=1. This equality implies that 7; must
be even since ¢, is odd. Therefore </)E‘=((_OD" (—»+1) on the G, n+1)-

component is congruent to (—1)"®(—1)"*". Consequently we see that the
conjugation ¢¢! is congruent to J,(—1)""'and Y,,, =Y,V Z**%

3. The group KO*P"

We have the Bott cofiber sequence
»K0™ L koK U 520

where 8 : KU— YK U denotes the inverse of the Bott periodicity and g, : KO
—KU is the complexification and &,: KU—KO is the realification. As is
well known, the equalities o6y, =2 and eyveo=1+¢z' hold. Let nEmK0=2/
2 NEMKO=Z/2 and £EEmKO=Z be the generators such that £=4B;&
1 KO=nKO=Z where B denotes the Bott periodicity element. Hereafter
we shall drop B; writing £=4 instead of £=4B;. Let (q, ---, ¢.) be a well-
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ordered tuple of positive integers and P"=P"(qy, - g¢.). Recall that KU'P"
is a free abelian group with basis {T}, ---, 7.} and KU'P"=(. By a routiné
computation we can obtain

Lemma 3.1. Operating eveo=1+¢c' on KU"P" we have the following
equalities : (1+¢c)BT.=28.T.,, 1 +¢cHB Toci=CsB' T, (1+¢cHB'T,=0
and (1+¢c)B ' To-1=28"""Ts-1— 1B ' T, where c.=(qo+ -+ +qr-1)/ s

Consider the following cofiber sequence

2271—1 4 Pn—l in Pn j" 2271.

The map j, induces elements of the group KO*P" as follows :
R,=j;1EKO"P", R,=j;""EKO"'P" and R,=j/EEKO"*P".

There hold the following relations: 2R,=¢eoB"T., evR,=B"T., R,=08"'T,,
evR,=0, R.=&eoB"?T, and &yR,=28"°T,. In particular, R, and R, are
contained in the image e,(KU*P") CKO*P".

Assume that ¢,-; is odd. Then we have the following cofiber sequence

22"_3C” Pn_giniu—kp,, k,. ZZn_ZC” .

inducing a split exact sequence
0—KO" ¥*'C,——KO'P'—>KO"P"*—(

Set T,-i;=T.,.1+(1—c.-1)/2T.. Using the realification e,: KU—-KO we
consider the following elements in KO“P":

S.=eoB' Ty EKO¥P",  S.,=¢of" \T...EKO"P",
S.=eoB" T, . EKO"'P", S, =e0f"*T, | EKO*"°P".

Since €4S.=p"T,=¢euR, and 2¢,S,=26"""T,=&euR, it follows that S,—R,=n"x
for some x€K0**'P"=KO0"*'P"? and 2S,—R,=n"y for some yEKO" 3P =
KO" %P2 Therefore we may employ the elements S,, S,, S, and S, instead
of a basis of the image k; (KO X" *C,) CKO"P".

Lemma 3.2. Let (qo, -+, Gn, -+ Gu+n) be a well-ordered tuple such that c,
=(go+-+-+¢.-1)/qn is even. Forany m>() there exists an element T, n.m=T,+
aTorit+ 4+ anTrinEKUP™ " satisfying o8 ' Ty im=0, where a,= —c./2 and
ay is taken to be () or 1. In particular, aw=am+2=0 if C.+u iS even.

Proof. By induction on m we shall construct a desired element T, ,sm.
Obviously &o8"1'T,=0 and (1+¢c)B"*' T, ..1=0, which implies that &,
B"*'T. ..1=0. Under induction hypothesis we here assume that there exists
an element T, ,+,-;EKUP """ satisfying 08" ' Ty nsm-1=0.
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i) The m=4k+2 case: Take an+;=0 if €0B8""'T, nins1=0EK0O"*?
P*%*2 and au.,=1 if otherwise. Setting T neaesz= T netes1+AipssTortpss=
KU'P"*** it follows immediately that £o8"*' T, vss+2=0.

ii) The m=4k+3 case: Note that (+¢c)B T wstms2=Dbnssrso
B T s EKUP P *+3 for some integer b,.s+s. Since there exists an
integer b such that €08 ' Ty vears2 =00 Tritns 3 EK O 2P+ #+3 \we see that
bn+4k+Z:2b is even. Setting T nitws3=Ts n+4k+2—bn+4k+2/2Tn+4k+3EKU0Pn+4k+3y it
is obvious that 08" T, weaers=0.

i) The m=4k case: Setting T .+se="Twnis1+a T EKUP™* for
any integer a, we see that &8""'T, ..«=0. The integer a, will be
determined in iv).

iv) Them=4k+1 case:Note that (1+¢c DB ' To witr-1=bnssn B Trstnsr
EKU»*P *** for some integer b,,4. Consider P"+#*2=pr+%+2(gq. ... g 0 1,
Qn+aks Gn+tis Qn+4k)- Then (1+¢EI)B"+ITn,n+4k—1=bn+4kﬁn+lTn+4k+l_dB"+1Tn+4k+2, (1
+¢C_‘1)B"+1Tn+4k+l:zﬁn+lTn+4k+l - (Cn+4k+ 1)5”+1Tn+4k+2 in Kl]z"+zpn+4k+2. Since
(¢cH?=1 it is immediate that b,.+4(C.+ee+1) =2d. This implies that c¢,.4 is
odd if b,.+4 is 0odd. Take aw=0, @p+1= —bn+4/2 When b,.4 is even, and au=
L awn=—(buraetCor)/2 wWhen bniy is odd. Setting T rmsr=Tonraes+
@uTrintau Torns EKUP**1 it follows immediately that (1+¢ch)
BTy w1 =0, and hence eo8" "' T, vsaer1=0.

Assume that c¢,.+4 is even. In this case b,.4 is even, so a4 is taken to be
0asin iv). If Coems: is odd, then P"*#+2 is quasi KO. —equivalent to P"+# v/
> #+#+2C  Hence we can see that €08 ' T, viws1 =0EKOY 2P ¥ S0 q4,.4s is
takentobe ) asin i). When ¢,.u+: is even, we consider P +#+2=pr+#+2 (g
evoy Quith-1, Quiaw Gniaw Guia). Then the canonical map z: Prti+2—sprti+2
induces a homomorphism 7z*: KQ¥*P"*#+2sKQ¥*2p +%+2 carrying eo
/3”+1Tn,n+4k+l to 50/3"+1Tn,n+4k+1~ Since £OB”+1Tn.n+4k+1:0 in KOZHZP"HHZ. QA+ 1S
taken to be () even if C.+4+) 1S €vVen.

Corollary 3.3. Let (qo, -+, Gu, *+* Qn+m) be a well-ordered tuple such that
c=(qo+++q.-1)/q. is even. For any m>1 there exists an element R, ,+n<
KOz'lpM’m such that EuRn, n+m —_—,B”T,,' ntms 7::+mRn, n+m:Rn, n+m—1 0T Rn. n+m—l+R;|+m—l 1f
m=2 mod 4 and C,+m-1 1S 0dd, and i,smR, 2im =R, nim—1 if Otherwise. Here R, .
=R, zj:leKoznpn and Rln+m—l :j:+m—17]26K02"+2m—4pn+m_l EKOZnPn+m—l.

Proof. The induced homomorphism iy, : KO**'P"*"—>KO¥*'p "1 ig
an epimorphism unless m =2 mod 4 and ¢,+n-; is odd. In this case we can
easily find an element R, ...€KO"P"*" satisfying euR. nsm=B"Tnr+m and
InsmBRy ntm=Ru nsm—1. Assume that m=2 mod 4 and c¢,+n-; is odd. Since
Gpamnim-1) * 1 KOPH P "—sKO¥*1P"*"~2 ig an isomorphism, we can find an
element R, ,+nEKO"P"*™ such that eyR, vsm=B"Trnim aNd Grsm—timimRn nim=
Irem-1Ru wim-1. The last equality implies that &, mR wim =R ntm-1+XRuim-1 fOr



Weighted projective spaces 259

some xEZ/9.

Remark. In Corollary 3.3 we can uniquely choose an element R, ,+m
unless m=1 mod 4 and c¢,+.-: is even. On the other hand, we can choose
just two elements R, ,+m and R, ,sm+Roim if m=1 mod 4 and c.+n_; is even.

If ¢, is even, we set

R;l, n+m=80ﬁ"_lTn, n+mEK02”_2P”+m, (6)
R, .in=8f T, EKO*" ‘P

Note that 7°R, »+m=€o0B '€uRu nsm =R »+m Where R, ... EKO"P"*™ is obtained
in Corollary 3.3. If ¢, is odd, we set

S nsm=€oB'Tr-1 EKO"P™™,
S:l,n+mZEOB“_ITn—lEKOZ’._ZP’H-m, (7)
S:,n+m=£O/3"—2 n~1EKOZ”_4P"‘m,

S vim=€0B" Taot EKO¥ 8P,

By virtue of Theorem 2.4 we can now give generators of KO*P" as
follows (cf. [3]):

Theorem 3.4. Let (qy, -+, g.) be a well-ordered tuple of positive
integers. For the weighted projective space P"=P"(q,, ---, q.) the group KO* P"
=@Py<:<:KO'P" is generated by the following elements :

Rs.ny nRs.n, Rs,ny Rs.m St+1.m Sl+l.m SI+L ny SH—Ln

where s and t run over S={1<s<n; ¢c.-; and c, are even} and T={1<t<n—
1: ¢ is odd} respectively.
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