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Inductive limit of general linear groups

By

Aiichi YAMASAKI

0. Introduction

Let G=limG, be the inductive limit of an inductive system of topological

groups G, —> G,,, (neN).

Recently, Tatsuuma ([4] or [5]) remarked:

(1) The inductive limit topology of G does not always give a topological group
structure on G.

(2) If G, is locally compact for any n, then the inductive limit topology defines
a topological group structure on G.

According to his second remark, for example, GL(C)=lim GL,(C) is a topological

group by the inductive limit topology. However, even in this particular case, it is
not quite straightforward to show the above fact.

On the other hand, for a time, the author uses the topological group structure
of GL(C) defined by the following way (3). This topology has a merit in application
that one can explicitly write down a fundamental system of neighbourhoods of the
unity.

(3) The full matrix algebra M, (C) is a Banach algebra, so the inductive limit

locally convex space structure is considered on M(C)=1lim M,(C) [1]. Embed M(C)

in End(C®*), where C®> is the countable direct sum of C. Translate the topology
on M(C) to that on 1+ M(C), then reduce it to GL(C) = 1+ M(C). Thus we get
a topological group structure on GL(C).

In this paper we shall describe the following results.

(i) In §1, we shall show that the topology of GL(C) defined in (3), in fact,
coincides with the inductive limit topology as topological spaces.

(i) In §2, we discuss a similar problem for GL,(A), where A=C(X,C) is the
Banach algebra of complex valued continuous functions on a compact space X. In
this case, since A is not locally compact, the inductive limit topology as topological
spaces does not give a group topology. But the topology obtained by (3) (but
using A instead of C) gives a group topology on GL(A), and it coincides with the
BS-topology in Tatsuuma’s sense.
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(iii) In §3, apart from general linear groups, we shall show partial converse to
Tatsuuma’s remark (2) in a general setting. Namely, we prove that under some
additional conditions, for an inductive sequence of non-locally compact groups, the
inductive limit topology as topological spaces is not a group topology. The proof
can be applied to all examples previously known.

1. Inductive limit of GL,(C)

Consider the inductive limit of general linear groups;

G,=GL,(C), G=GL(C)=limGL,(C),

and that of full matrix algebras;

M,=M/(C), M=M(C)=lim M,(C).

Hereforn<mweidentifyxeG,,with(g 0 )eG,,,,andxeM,,with(é 0 )eMm.

For the inductive limit topology as topological spaces, the system of
neighbourhoods of 1 is given by;

U, ={U[1eU <G, "neN UeG, is open in G,)}.

We consider the inductive limit locally convex vector topology on M, and
translate it to 1+ M, then reduce the topology on GL = 1 + M.
The system of neighbourhoods of 1 in the obtained topology is given by;

W ={U({e}i= 1) ley = 6,> - >0},

x, EM Z |X,,||,, ]}

‘n

where U({e,} 1)={1 +Zx eG

(Ix,ll,, is the operator norm of x, in M,(C).)

The purpose of this section is to prove that these two topologies coincide.

First we prove that G becomes a topological group in the topology ,. It is
enough to check the following (1) through (5).

(1) 1eU({e,}). This is obvious.

(2) U{Min(e,,&)}) < U({e,,})m U{e,}).- This is also obvious.

(3) We show "{¢,}o,, Helx,. Ufe,) ™' < Ude,)).

For given &, >¢,> --- >0, choose {¢,} such that

, €y €y
0<e) <1 -<—
l—¢; 2

£1+£2 €} £,

0<éy <Min(e), 1 —¢})

<_
1—(¢ +82) 1—¢, 22
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£+ &5+ ¢} B g\ +¢, €3
1—(e) +e,+ey) 1—(e)+&y) 22

0<es<Min(e,, 1 —¢) —¢))

For x=1+ ) x,, suppose that Zl-lx%”'kl. Then

n:finite sum n n
=14 Z(—l (Zx) =1+ Y Y (X)X
k=1 ig--i
We put MaX(ilww')—n then we have [lx;, -+ x; [l <lxi, o il = i, I,
||x,k||,k_ . ,k, so the norm of the sum of all such monomials is evaluated as
S( n)k ( i +8n—1)k*

Varying k, we denote with x, for the sum of all monomials satisfying
Max(i, , -+, ii)=n (infinite sum), then we get
, ey + - +e, ei+ ey &,
ol < ——— N Ty o
1—(£1+"'+6n) 1_(81+"' +8n_1) 2

Thus we have

—l=]+zx;l Z”xn”n< i _=1

n &y, n—12"

This means that U({e,})”" < U( {s,,})
(4) We shall show that "{¢,}=,, He, )2, U{e})? < Ule,}).
For a given &, >¢,> --- >0, choose {¢,} such that

e,>0 26 +er<e/2
O<ey,<e) 26, +26\e,+e7 <e,/2?

0<ey<é)y 283+2&183+28283 +ef<ey/23

X
For x=14+4 ) x, and y=1+ Z Yu, WE assume Z”—'f””<1 and
n:finite sum n:finite sum n n
”.V'l”ll "ot ’
Y <1, We write x,=x,+y,+ Z(xky"+xnyk)+xnyn, then xy=1+ Y x,
n 8" n:finite sum
and
n—1

[l 1l <2F,,+2Z ety +e, <g,/2"

This means that U({¢,})* = U({e,}).
(5) we ShOW gEG V{B }n 1 3{ n n 1 gU({Sn})g_l < U({S }
For a given ge G, we have ge GL,(C) for some k.
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€
For any U({e,})ell,, take {e,} as ¢,= Maxtnk)
i Max(1, gl )Max(1, g~ "0

Suppose that x=1+) x,e U({e,}).
If we put x; = - =x;,_,=0, x, =g(x,+ - +x)g" ', and x,=gx,g" ' (n=k+1),
then we have gxg~'=1+) x,, and

Il < llxl,Max(1, glMax(1, g~ ') for n>k+1

Il < oy + - +xlilglillg ™ < Z Ixillglellg™ N

i=1

X; .
| ” This means that

’ ' k
This implies that 1ln < Pl g o g 11 'x“”" <y -
&, € i<

gU{e ™" = Ufe)).

From Tatsuuma’s paper, G becomes a topological group in the inductive limit
topology U,. Using this result, we will prove that U, coincides with ,.

First we prove that

n

Y,  U({e})0 G,,={l + Y x,€G

k=1

wem, 3 uxknkd}

k=1 &

N

> is obvious. Conversely, assume 1+ Y x,€ U({e,})nG,. Tt is enough to consider
k=1
N

only when N>n. We put x,=x, (k<n), x,= ) x,. Since ¢ decreases mono-
k=n
. X x " lx N
tonically, ]>Z|| ""k >y | "”" >) | "”k , because || x, [, = Ix,ly< Y Ix .. So <
ko & k SMm(k n k=1
has been proved.

U({e,})n G, is an open neighbourhood of 1 in G,.  So U({e,}) is a neighbourhood
of 1 in the inductive limit topology of G. That is, i, is stronger than 1I,.

Conversely, take an arbitrary Uell,;. Since G is a topological group in the
topology U,, we have

k=n

e, UilcU

v, elt;, UZcU,

3U3El[l U} < Uz
Then we have U > U o U2U, > U}U,U, > ---. Since U,nG, is open in G,, we
get 3,>0, U, > {1+x|xeM,, |x],<&,}.

1
We can choose {¢,} >, so that g, <2 ,€;>8,> -+ >0. Choose {¢,} as follows;
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& >¢,>0
Min(e) ,e;)>6>,>0 (1—¢)) ey <e,
Min(ey,e3)>e3>0 {1 —(g)+¢5)} 'es<e;

Min(ey,e)>e,>0 {1 —(e) +¢5+¢3)} ey <ey

N N-1 -1
Suppose that x=1+ Y x, e U({e,}), then we get x (1 + ) x,,) € Uy as follows.
n=1 =1

n

N-1  \-1 N1\t
x<l+ Y x,,) =1+xN<1+ Y x,,) ,
n=1 n=1

N-1 -1
x,,,<l+ Y x,,)
n=1

In a similar way, we get

N-1 N-2 -1
<1+ Y x,,><l+ Y x,,) eUy_,.
n=1 n=1

In this way we finally get

N-1 -1
<en[1-Y € ) <ey.
N

n=1

xEUN'UN_l"‘ U] (e U.

This implies that U({e,}) = U, so U, is stronger than i,. Therefore two topologies
coincide.

2. The case of GL(A), A=C(X.C)

In this section, let X be a compact topological space, A=C(X,C) be the set
of all complex valued continuous functions on X, then A becomes a Banach algebra

over C with the uniforfm norm | f||=Max|f(x). A" is also a Banach space with
xeX

the norm |la|,=Max||a;| for a=(a;))e A". The full matrix algebra M,(A) also becomes

l
a Banach algebra over C with the operator norm on M,(A). As was in the case
of M(C), we consider the inductive limit locally convex vector topology on

M(A)=1lim M,(A), then M(A) becomes a topological ring. Translating this topology
to 1+ M(A) and reducing it on GL(A), we get a topological group GL(A).

We shall define an isomorphism M,(A) - C(X, M,(C)) by identifying (a;,(x)) with
x+>(a;(x)). This is an isometric isomorphism as Banach algebras as shown
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below. The norm of (a;(x)) in M,(A) is given by, for 1=(t;) e A";

n

Z aij(x)’](x)

j=1

=sup{

where the condition(x) is given by 1<i<n, xe X, and Max Max|t(x)|<1.
J xeX

On the other hand, the norm of (a;(x)) in C(X, M,(C)) is given by, for t=(t;)e C";

n

Z a;{(x)t{x)

ji=1

sup
llelln<t

= sup Max Max

no ltllest @ xeX

n

Z aij(x)tj(x)

j=1

condition (*)},

n "
Max [|a;{(X)l| p, o= Max Max || Y a;{x)t|| =Max Max Max|Y a,(x)r;
< xeX flelln<tili=1 nooxeX flellast i@ fj=1
n
=Max<| ) a;(x)r; condition(**)},
=1

where the condition(*#) is given by 1<i<n, xe X, and Max|t)|<1.
j
Especially putting 7(x)=const.=t;, we see that the norm in M,(A) is larger

than or equal to the norm in C(X, M,(C)). Conversely we choose iy, x,, {17(x)}}-,
Y @iy, {(X0)t(xo)
=1

1)(xo)=1;, we easily see that the norm in C(X,M,(C)) is larger than or equal to
the norm in M, (A). Thus both norms coincide.

Since GL,(A) and C(X,GL,(C)) are the multiplicative groups of all invertible
elements of M, (A) and C(X, M, (C)) respectively, they are mutually isomorphic as
topological groups. Taking the inductive limit, we can embed GL(A) into
CX,GL(C)).

such that is arbitrarily close to the norm in M,(A). Putting

Theorem 1. For the topology induced from the inductive limit locally convex
vector topology of M(A), GL(A) is isomorphic to C(X,GL(C)) as topological groups.

Proof. First we shall show that the embedding above is surjective, so that it
is actually an isomorphism as abstract groups. For fe C(X,GL(C)), f(X) is a
compact subset of GL(C). If we show that f(X) = GL,(C) for some n, since f is
continuous in the norm ||-|, of GL,(C), we have f e GL,(A) = GL(A).

Thus it is sufficent to prove that a compact subset C of GL(C) is contained
in GL,(C) for some n. Assume that YneN, 3,eC, c,¢ GL,(C). Choose ¢, such

that Max |c

Max(i,j)>n
decreasing. For this {¢,}, we consider the neighbourhood of 1,

wij— 0i I > €, Max,, _,lc,l[>0, ¢, can be taken to be monotonically

x,eM,(C), Z—Lx"”" < l}.

n n

U= U({8n r010= l):{l +ZX”
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We shall show that for every m,c,¢c,U for sufficiently large n, so that C is not
1
compact. Assume that ¢,,€ GL(C),n>k,and ¢, 'c,=1+ ¥ x;, x;€ M{C), I>n.Since
j=1

CGEL+M(C)+cpxys+ - +x), we get g, <[Ix,. 4+ - +x 0, <X 5 lper+ - +
! I

e o 3 U S st Thus of e ¢

j=n+1 & Epj=n+1
Next we shall show that the topologies of GL(A) and C(X,GL(C)) coincide.
The system of neighbourhoods of 1 in GL(A) is obtained by

ul ={U1({8n :0=l)|812322 >0}

Sn€ M (A), Zm<l}.

n

where U, ({¢,}2) {1+an

The sysytem of neighbourhoods of 1 in C(X, M,(C)) is obtained by
W, ={Uy({e, )i )l 2, > -+ >0},
where Us({e,};2 ) ={/ "xe X, f(x)e U{e.}i= 1)},

U({E"}:‘D:l):{yzl-'-zyn ynEMn(C) ZM<1}

n

We shall show that U,({e,}) = U,({¢e,}) below.
Suppose f € U,({e,}), then for any xe X, putting y,=f,(x), we see f(x)e U({e,})
because || £,(x)l, <[ /lln, so that f e Uy({e,}).

Conversely we shall show that U{{%}) < U ({&.})-

Assume that fe U2<{;—}> and f(X) < GLy(C).

N
For any xe X, we can write as f(x)=1+ Y y,,y,€ M,(C), ||y,,|l,,<%. For a
n=1
fixed x,eX, we choose such {y,}. For n<N we define y,(x)=y,, ynx)

=f(x)—1— ) p,. Since yy(xo)=py, for an open neighbourhood U,, of x,, we see
=1

€ . . . .
||yN(x)||N<2—I':', for xeU,,. Since X is compact, there exists a finite set 4 such that

{U, }seq is an open covering of X. With respect to this open covering, consider a
decomposition of unity {f,},... (f,(x) is a continuous function X — [0,1]; f(x)=0

for x¢ U,, and Y f,=1) For n<N, we put f,(x)=Yp,.(x)f(x). For n<N, we

have ||f,,(x)||lely,,v,,Ilfa(x)<%. Since [y, N{x)||< if f(x)#0, this inequality also

1
holds for n=N. So f=1+ Zf,, with Z,’:’=,”ﬁ’”"s>:,’,"=1:2;<l, which means
n=1 &,
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f € Ul({en})'

Thus the two topologies coincide.

Remark. The topology above is defined for any GL(A), where A is an arbitrary
Banach algebra. This topology also coincides with the BS-topology in Tatsuuma’s
sense. Similarly as in §1, we see that this topology is the strongest topology in group
topologies. Since the BS-topology is also so, both topologies coincide. But we
have to check the Tatsuuma’s condition (PTA)

Yo, "U, 3V c U V=V""', Ym>n, "W, W', W'V < VW.

(U, V are neighbourhoods of 1 in GL,(A), W, W’ are neighbourhoods of 1 in GL(A).)
Suppose that V < {1 +x||x[,<1} and V=V "" holds. If W {1+y||yl.<e}

it is enough to choose W'={1+y|||y||m<§} as follows. Let w=1+yeW’,

€
||y||m<‘—‘. For ve V, we only have to show v~ 'wve W because wo=uv(v"'wv). But

it is O.K. because v 'wo=1+4+0v""yv and|v™'yo|, <o ' |1yl l0l., <4y, <e
(U ol <t lxl,=14+lx],<2).

Next we ask if this topology coincides with the inductive limit topology as
topological spaces. This is true if and only if GL(A) becomes a topological group
with the inductive limit topology. According to Tatsuuma’s paper, if all G, are locally

compact, then G=1lim G, becomes a topological group with respect to the inductive

limit topology as topological spaces. However, it can also be showed that locally
compactness is close to a necessary condition.

Up to the present, we know two kinds of countr examples.

Tatsuuma’s counter example: the additive group of Q"(or @ x R").

Hirai-Shimomura’s counter example: For a ¢ compact differentiable manifold
M, the group Diffo(M) of all difftomorphisms which are the identity map outside some
compact set.

Here we can add one more couter example, namely the general linear group
GL(A) for a non-locally compact Banach algebra A. The proof of “not being a
topological group” is carried out only using non-locally compactness, as shown in
the next section.

3. The converse of the Tatsuuma’s theorem

We assume from now on that for n<m, G, s G, is a continuous injective
homomorphism of topological groups. As Tatsuuma proved, if all G, are locally
compact, G becomes a topological group with respect to the inductive limit topology
as topological spaces. This theorem can be generalized as follows.
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Theorem 2. Under the following condition (LC), G becomes a topological group
with the inductive limit topology as topological spaces.

(LC) Yn,3U,3m>n, U™ is compact.

where U is a neighbourhood of 1 in G, and U™ is the closure of U in G,,.

Remark. If (LC) holds for some m>n, then it also holds for (n’,m’) where
n'<n, m<m', as shown below. UnG, is a neighbourhood of 1 in G, , and
UnG,™ < U™. Since U™ is compact in G,,, it is compact also in G, so it is
closed in G,, and contains UNG,. ™.

Proof of the theorem. By taking a subsequence of {G,}, we can assume that
some neighbourhood U of 1 in G, is relatively compact in G,,,. We divide the
proof of the theorem into two steps. We shall show that the Tatsuuma’s condition
(PTA) holds for {G,} (and the BS-topology can be defined), and that the inductive
limit topology as topological spaces coincides with the BS-topology.

Step 1. Let U be a neighbourhood of 1 in G,, such that the closure
U of Uin G,,, is compact.

For an open neighbourhood W of 1 in G,,,, UW is open and contains the
compact set U, so that WU < UW for some neighbourhood W’ of 1.

STep 2. Itisenough to show that any open neighbourhood O of 1 in the inductive
limit topology is also a neighbourhood of 1 in the BS-topology. Namely, it is
enough to find a sequence {W,} of symmetric neighbourhoods of 1 in G, such that

(*) N W Wy WoWEW, - W, W, < 0,(=0NG,).

First we choose W, as follows. Let V, be a neighbourhood of 1 in G, such
that V3 < O,, then V}® < 0,. Choose W, such that V,nG, > W,(= W, ') and
W is compact, then we see that (W(?)2= W22 c V22 c 0,.

By induction with respect to n, we shall prove that

(++) WD (WP .. Wb <o,

Then (+) holds since O,,,nG,=0,. We write the left hand side of (%) by
K,.y. Assume that K, ,, is a compact subset of G,,,, then we can choose a
neighbourhood V, 4, of 1 in G,,, so that V,,,K,, V12 < O0,,,. U VZ,cV,,,
holds, then V,,,"*? < V,,,. Choose W,,, such that V., ,nG,., > W,,,
=W,y and W"? is compact. Since WO D < V,,,"*D < V,,,, we see that
WiEPK, o WP < 0, ,. Putting the left hand side as K, ,, this completes the
induction.

Rermark. If G, is a closed subgroup of G,,, (G, is closed in G,,, and
homeomorphically embedded), the assumption of the theorem is equivalent to the
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locally compactness of each G,. (For a neighbourhood U of 1 in G,, U"*V is
contained in G, and coincides with U®.)

Theorem 3. Suppose that the injection G, s G, is a homeomorphism (i.e. G,
is a subgroup of G, as topological groups). If G, is open in G, for all n, then the
inductive limit topology is a group topology. (The condition can be weakened as
“W,Ym>n, G, is open in G,

Proof. Since G is an open subgroup of G,,, the system of neighbourhoods U of 1
in G, is also so in G,. Therefore U is also the system of neighbourhoods of 1 in the
inductive limit topology. Of the five conditions for 1 to define a grouup topology,
) YUeW1eU, 2 YU Vell, 'Well, Wc UnV, 3) YUell, 3Vell, V! c U, (4)
YUell, 7Well, V2 c U are obviously satisfied. For the last condition (5) geG,
YUell, 3Vell, gVg ' c U, since geG, for some n and U is the system of
neighbourhoods of 1 in G,, it is obviously satisfied.

Now we consider the converse of the above two theorems. From now on, we
assume the additional condition: “Every G, has a countable system of neighbourhoods
of 17, then the converse holds as the next theorem claims

Theorem 4. We assume that the injection G, s G, is a homeomorphism and
every G, has a countable system of neighbourhoods of 1. We assume that neither
condition of the above two theorems holds. Namely we assume that

(1) 3n,,"U(aneighbourhood of 1 in G, ), "m>ngy, U™ is not compact in G,,.

2 Y, 'm>n, G, is not open in G,,.

Then the inductive limit topology is not a group topology.

Remark. 1f we assume that G, is a closed subgroup of G,,,, then (1) is
equivalent to that some G, is not locally compact.

All the counter examples previously known are in the situation of this theorem,
so its proof is valid for all such examples. We also see that the locally-compactness
is very close to a necessary and sufficient condition.

Proof. The inductive limit topology does not change if we take a subsequence
of {G,}. Thus we can assume that n,=1 in the condition (1), and that “G, is not
open in G,,,” in the condition (2).

Suppose that the inductive limit topology is a group topology. For any
neighbourhood U of 1, there exists a neighbourhood ¥ of 1 such that ¥? < U. Then
putting ¥nG,=V,, we get the next result.

“Yn, IV, (a neighbourhood of 1 in G,), V|V, < UnG,”

Thus the theorem will be proved if we find a sequence U, of open neighbourhoods
of 1 in G, which satisfies
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“1eU,, U,,,nG,=U,, "V, (a neighbourhood of 1 in G),
n>1, YV, (a neighbourhood of 1 in G,), V,V, ¢ U,”".

We write a countable system of neighbourhoods of 1 in G, as {V, ;}=,. It
is enough to find U, inductively so that the following condition (*) holds:
(%) Yn>1, YV, (a neighbourhood of 1 in G,), V,,V, ¢ U,

((*) is sufficient, since YV, (a neighbourhood of 1 in G,), *n, V,, = V)).

We choose an open neighbourhood U, of 1 in G, arbitrarily. (For example
U,=G,). We assume that U, is defined for k <n.

From the assumption of the theorem, G,_, is not open in G,, and since G,

has a countable system of neighbourhoods of 1, }{x}=,, x;e G\G,_,, lim x;=1.
j= oo

Now since ¥, ,™ is not compact in G,, again by G, having a countable system
of neighbourhoods of 1, *{y;}2 ., y;eV,,. {y;} does not have an accumulating
point in G,. We put z;=y;x;, then {z;} does not have an accumulating point in
G,. (" 'z=limy,x, implies z= lim y; ,since lim x; =1. Therefore Z={z}|1 <j<oo}

k— o0 k= o k=
is closed in G,.

Since z;¢G,_; (. x;¢G,_, and y;eG,<G,_), ZnG,_ =¢. Therefore
G\Z>G,_,> U,_,. Since the injection G,_, 5 G, is homeomorphic, U, (an
open subset of G,) U,nG,_,=U,_,. Then U,=U,n(G,\Z) is an open subset of
G, and U,nG,_=U,_, holds. Since ¥j,z;=yx;¢ U, and x;— 1 in G,,y;eV,,.
we obtain the desired result “Y¥, (a neighbourhood of 1 in G,), V,,V, ¢ U,
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