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Twining characters, Kostant’s homology
formula, and the Bernstein-Gelfand-Gelfand
resolution

By

Satoshi NAITO

Abstract
We give a new proof of the formulas for the twining character of the
Verma module M (\) of symmetric highest weight A and for the twining
character of the irreducible highest weight module L(A) of symmetric,
dominant integral highest weight A over a symmetrizable generalized
Kac-Moody algebra g, by using the Bernstein-Gelfand-Gelfand resolution
of L(A).

1. Introduction

In [FSS] and [FRS], they introduced a new type of character-like quantities,
called twining characters, corresponding to a Dynkin diagram automorphism
for certain highest weight modules over a symmetrizable (generalized) Kac-
Moody algebra g. Moreover, they gave formulas (see Theorems 3.3 and 3.4) for
the twining character of a Verma module M () of symmetric highest weight A
and for the twining character of an irreducible highest weight module L(A) of
symmetric, dominant integral highest weight A over g.

In the previous paper [N5], we obtained a formula of Kostant type for the
twining characters of the Lie algebra homology modules H;(n_,L(A)), 7 > 0,
of n_ with coefficients in L(A), where n_ is the sum of all the negative root
spaces of g, and then gave a new proof of the twining character formula for
L(A) as a corollary.

In this paper, we use an existence theorem in [N2] of a resolution of L(A)
of Bernstein-Gelfand-Gelfand type and an Euler-Poincaré principle to derive a
formula expressing the twining character of L(A) in terms of the twining char-
acters of M(\)’s. Then we immediately deduce the twining character formula
for L(A) and also that for M(\). Here we note that, unlike the case of an
ordinary character, it is not at all easy to describe the twining character of the
Verma module M (A) of symmetric highest weight A\. Thus our proof will cast
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new light on the connections among the twining character of L(A), Kostant’s
homology formula, and the Bernstein-Gelfand-Gelfand resolution.

This paper is organized as follows. In Section 2 we recall the definition of
a generalized Kac-Moody algebra and fix our notation. In Section 3, following
[F'SS] and [FRS], we review the definition of a twining character and the twining
character formulas for M (\) and for L(A). In Section 4 we recall briefly the
twining character formula for H;(n_, L(A)), j > 0, which is the main result of
[N5]. In Section 5 we give a (new) proof of the twining character formulas for
M () and for L(A), by using a resolution of L(A) of Bernstein-Gelfand-Gelfand

type.
2. Preliminaries and notation

2.1. Generalized Kac-Moody algebras.
Let I = {1,2,...,n} be a finite index set, and let A = (a;;); jer be an
n X n real matrix satisfying:
(C1) either a;; =2 or a;; <0 for all ¢ € I;
(C2) a;; <0ifi#je€l,and a;; € Z for j #iif a;; = 2;
(C3) a;; =0 if and only if aj; =0 for 4,5 € I.
Such a matrix A = (a;;); jer is called a GGCM. For a GGCM A = (a4j) jer,
there exists a triple (h, 11 = {a; }ier, [TV = {h; }ier) satisfying:
(R1) b is a finite-dimensional vector space over the complex numbers C
such that dimg h = 2n — rank A;
(R2) II = {w;}ier is a linearly independent subset of h* := Homce(h, C),
and ITY = {h; };cs is a linearly independent subset of b;
(Rg) Oéj(hi) = for i, ] € 1.

The generalized Kac-Moody algebra (GKM algebra) g = g(A) associated
to a GGCM A = (a4j)i,jer over C is the Lie algebra over C generated by the
vector space h above (called the Cartan subalgebra) and the elements e;, f; for
i € I with the following defining relations:

(D1) [h,h'] =0 for h,h' € b;

(D2) [h, €] = ai(h)es, [h, fi] = —a;(h)f; for h € h and i € I;
(D3) [ei, fj] = (Sijhi for i,7 €1

(D4) (ad €i)1_a1j e; =0= (ad fi)l_a“ fi=0ifa; =2and j # 1
(D5) [ei,ej] =0= [fu f]] if Ay Ajj S 0 and Q5 = 0= Aji-

We have a root space decomposition of g with respect to the Cartan sub-
algebra bh:

o= P o|eve| D el,

aEA_ a€Ay

where Ay C Qy = Y ,c; Z>ow; is the set of positive roots, A_ = —A, is
the set of negative roots, and g, is the root space of g corresponding to a root
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aceA=A_UA,. Weset

ne= P ga, bi=homny,

aEA L
so that we have
g=n_&hHdny =n_oPb.

Note that go, = Ce;, g—o, = Cf; for i € I, so that IT = {«; }ier C h* is the set
of simple roots.

We set 1™ = {i € I | a;; = 2}, I' = {i € I | a;; < 0}, and call
"¢ := {o; € I | i € I"} the set of real simple roots, II'™ := {a; € I1 | i € I'™}
the set of imaginary simple roots. For ¢ € I"¢ let r; € GL(h*) be the simple
reflection of h* given by:

ri(A) = A= A(h)a; for A€ b
Then the Weyl group W of the GKM algebra g is defined by
W= {(r; |i 1) C GL(b").

Note that W is a Coxeter group with the canonical generator system {r; | i €
I}, whose length function is denoted by

LW — Z.

We call A7 := W - II" the set of real roots, and A" := A\ A" the set of
imaginary roots. (Notice that W - IT"™ C A™.)

Throughout this paper, we assume that a GGCM A = (a;j) jer is sym-
metrizable, i.e., that there exist a diagonal matrix D = diag(eq,...,&,) with
g; > 0 for all ¢ € I and a symmetric matrix B = (b;;); jer such that A = DB.
Hence there exists a nondegenerate, symmetric, invariant bilinear form (:|-) on
g = g(A). The restriction of this bilinear form (-|-) to b is again nondegen-
erate, so that it induces (through v : h — §*) a nondegenerate, symmetric,
W-invariant bilinear form on h*, which is also denoted by (+|-).

2.2. Certain Lie algebra homology modules
For A € bh*, let

M(N) :==U(g) @ue) C(N)

be the Verma module of highest weight A over g, where U(a) denotes the
universal enveloping algebra of a Lie algebra a and C()) is the one-dimensional
(irreducible) h-module of weight A on which ny acts trivially. We then define
the g-module L(X) to be the unique irreducible quotient of M (A), that is,

L(A) := M(X)/J(N),
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where J()) is the unique maximal proper submodule of M (X).
Let

P, :={Aebh” | A(h;) >0forallie I, and A(h;) € Z if a;; = 2}

be the set of dominant integral weights. Now we recall the definition of the Lie
algebra homology modules H;(n_, L(A)), j > 0, of n_ with coefficients in L(A)
for A € P.. We denote by

No =@ N

Jj=0

the exterior algebra of n_, where A\’ n_ is the homogeneous subspace of degree
j. Notice that for each j > 0, the subspace A’ n_ is an h-module under the
adjoint action since [h,n_] C n_. Let A € P, and j € Z>g. We define the
vector space Cj(n_, L(A)) of j-chains by

Gy, L(A)) = (/\j ) @c L(A),

which is a tensor product of h-modules. Then the boundary operator d; :
Cij(n_,L(A)) — Cj_1(n_, L(A)) is defined by

J
dij(mi A ANzj @v) ::Z(—l)i(m/\---/\:Z:i/\---/\a:j)®xw
i=1

+ Y (U (@ m ] AT A N A AEA e AT) @,
1<r<t<j

where z1,... ,z; € n_, v € L(A), and the symbols Z;, &, #; indicate terms to
be omitted. It is well-known that {C;(n_, L(A)),d;} ;>0 with C_1(n_, L(A)) :=
{0} is a chain complex. The j-th homology of this chain complex is called
the j-th Lie algebra homology of n_ with coefficients in L(A), denoted by
H;(n_,L(A)). Note that for j > 0, the boundary operator d; : C;j(n_, L(A)) —
Cj—1(n—, L(A)) commutes with the action of b, and hence H;j(n_, L(A)) is an
h-module in the usual way.

3. Twining character formula for L(A)

3.1. Twining characters.

We recall the definition of the twining character of a certain highest weight
module, following [FRS] and [FSS] (see also [N4]).

Let A = (aij)i jer be a symmetrizable GGCM indexed by a finite set 1. A
bijection w : I — I such that

Aw(i)w(j) = Qij for all ,7€l
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is called a (Dynkin) diagram automorphism, since such w induces an automor-
phism of the Dynkin diagram of the GGCM A = (a;;)ijer as a graph. Let N
be the order of w : I — I, and N; the number of elements of the w-orbit of
i € I'in I. We may (and will henceforth) assume that €,,;) = &; for all i € I in
the decomposition A = DB with D = diag(e1,... ,&n) (see [N4, Section 3.1]).

The diagram automorphism w : I — I can be extended (cf. [FSS, Section
3.2] and [K, Section 2.2]) to an automorphism of order N of the GKM algebra
g = g(A) associated to the GGCM A = (ai;)i jer so that

w(eg) := ey for i€l
w(fz) = fw(z) for i€ I,
w(hi) = e for iel,
w(h) =,

(w(@)|w(y)) = (zly)  for z,y€g.

Notice that this w : g — g extends to a unique algebra automorphism w :
U(g) — Ul(g) by

w(zy - xp) =w(zr) - wlxg) for z,...,x, €4

We call these two automorphisms w also diagram automorphisms by abuse of
notation.

The restriction of the diagram automorphism w : g — g to the Cartan
subalgebra h induces a dual map w* : h* — h* by

W (A)(h) == Aw(h)) for Aebh*, heb.
We set
()% == {Aep" [w(\) =},

and call an element of (h*)° a symmetric weight. Note that we may (and will

henceforth) take an element p € (h*)° (called a symmetric Weyl vector) such
that

p(hi) =(1/2)-a;; forall i€l

Let A € (h*)? be a symmetric weight, and let V()\) be either the Verma
module M (X) or the irreducible highest weight module L(\) of highest weight
A. Then there exists a unique linear automorphism 7, : V/(\) — V(X) such
that

To(zv) = w H2)1,(v)  for x€g, veV(N),
and
To(v) =v for veV(A),,

where V() is the (one-dimensional) highest weight space of V().
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Remark 3.1.  Because M(A) = U(g) ®yp) C(A) by definition, we can
take the linear automorphism w™! ®id : U(g) ®ps) C(A) — U(g) Qu () C(A) for
To : M(\) — M()) above. Moreover, since this map w™! ®@id : M(\) — M())
stabilizes the unique maximal proper submodule J(A) of M()\), we can take
for 7, : L(A) — L()) above the linear map M(X)/J(A) — M(X)/J(\) induced
from w=l ®@id : M(\) — M(N).

Remark 3.2. Let V be an h-module admitting a weight space decom-
position

V=@V
X€h*

with finite-dimensional weight spaces V,, and let f : V' — V be a linear map
such that f(hv) = w™(h)f(v) for h € h, v € V. Then it follows that

F(Vy) C V(v

for all x € h*. Thus we define a formal sum:

Try fexp := Z Tr(flv,) e(x),

X€(h*)°

where V, is the x-weight space of V' for a symmetric weight x € (h*)°.

Let A € (h*)°. The twining character ch®(V (X)) of V(A) (= M(\), L(\))
is defined to be the formal sum

ch?(V(N) i=Tryymwexp = Y Tr(rulvn,) e(x)-
X€(h*)°

3.2. Twining character formulas for M(\) and for L(A).

We review the twining character formulas for M () of symmetric highest
weight A and for L(A) of symmetric, dominant integral highest weight A, which
are the main results of [FSS] and [FRS].

A

We choose a set of representatives I of the w-orbits in I, and then introduce
the following subset of I:

Iu::{iEIA

We define the following subgroup of the Weyl group W:

N;—1
Z @iy = 1, 2} .

k=0

Wi={weW|uww=uww
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We know from [FRS, Proposition 3.3] that the group Wis a Coxeter group
with the canonical generator system {w; | i € I'}, where for ¢ € I,

N;/2—1 N;—1
H (ka(i) Tk Ni /2 () ka(i)) if Z A ok (5) = 1,
k=0 k=0

i N;—1
H Twk (i) if Z A k(i) = 2.
k=0 k=0

Here we note that if Zgzgl a; k() = 1, then N; is an even integer. We denote
the length function of W by

(W 7.

We also recall from [FRS, Equation (1) on p. 529] that for a symmetric weight
Ae (h*)and i€ I,

21 3
wi() = A - 2 Zaw

(o |al

where s; := 2/ Zk o alwk(z)

Let A € P, N (h*)° be a symmetric, dominant integral weight. We denote
by S(A) the set of sums of distinct, pairwise perpendicular, imaginary simple
roots perpendicular to A. Then any element 3 € S(A) N (h*)° can be written
in the form 3 = >~ 7 kif3;, where 3; := Zg;gl oy € (5%)% and k; = 0, 1 for
i € 1. For such 8 € S(A) N (h*)°, we set

= Z kia
iel

while we write ht(a) := >,

sermi for a =37
W x S(A),

sermici € Q4. Set for (w, B) €

(w,3) 0 A == w(A + p— ) -

where p is a (fixed) symmetric Weyl vector.
We have the following twining character formulas.

Theorem 3.3 ([FRS, Theorem 3.1]).  Let A € (h*)° be a symmetric
weight. Then

-1

ch* (M (X)) = e()) - Y ()G ¢((w, B) 0 0)
BGS?Ofr:IEh*)U



90 Satoshi Naito

Theorem 3.4 ([FRS, Theorem 3.1]).  Let A € PN (5*)° be a symmet-
ric, dominant integral weight. Then

> (=) e((w, B) o A)
wew
)) _ BesS(A)N(H*)°
> (=)@ e((w, B) 0 0)
wew
BeS(0)N(h™)°

ch® (L(A

4. Twining character formula for H;(n_, L(A))

4.1. Setting.
Since the inverse w™! : g — g of the diagram automorphism w : g — g
stabilizes n_, i.e., w™!(n_) = n_, it induces an algebra automorphism

/\ w_lz/\ n_—>/\ n_
of the exterior algebra A" n_ of n_. The restriction of the A"w™" : A"n_ —
A" n_ to each homogeneous subspace A\’ n_ for j > 0 is denoted by

J J J
/\ w_lz/\ n_—>/\ n_.
Let A € P, N (h*)° be a symmetric, dominant integral weight, and let

Tw ¢ L(A) — L(A) be the linear automorphism in Section 3.1. We define a
linear automorphism

P = (/\* w_l) ® Ty : (/\* n,) ®c L(A) — (/\* 'L) ®c L(A),

and for j > 0, we define a linear automorphism

B, = </\jw1) @1 </\j n_) ©e L(A) — (/\j n_) @ L(A).
Let j > 0. Tt is casily seen that
(4.1) &, (hv) = w1 (W) (v)

for h € hand v € (AN n_) ®c L(A). It also follows that for h € b and v €
(A"n-) @c L(A),
®(hv) = w H(h)®(v).

Moreover, we have the following commutative diagram for each j > 0:
(N n_) @c L(A) (N n_) @c L(A)

4] |4

(N"'no) @e L) —— (N o) @c L),

J

®;
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where d; : (A n_) ®c L(A) — (N’ "' n_) ®c L(A) is the boundary operator in
Section 2.2. Hence the linear automorphism ®; : (A’ n_)®cL(A) — (A’ n_)®¢
L(A) induces in the usual way a linear automorphism

B, Hy(no, L(A) — Hy(n_, L(A))
for j > 0. Notice that for j >0 and h € h, v € H;(n_, L(A)),
B (h) = w (0)B5(0)
by (4.1).

4.2. Main result of [N5].
We define the twining character ch” (H;(n_, L(A))) of the Lie algebra ho-
mology module H;(n_, L(A)) for each j > 0 by

ch“(Hj(n_, L(A))) = TrHj(n,,L(A)) 6j exp,

where ®; : Hj(n_, L(A)) — Hj(n_, L(A)) is as in Section 4.1.
The following is a summary of the main result of [N5].

Theorem 4.1 (see [N5, Section 3.2]).  Let A € P, N (h*)° be a symmet-
ric, dominant integral weight, and let 5 > 0. Then

ch*(Hy(n_,L(A) = Y cupel(wB)on),
wew
BesS(AM)N(H*)°
£(w)~+ht(8)=3

where the scalar c(,, 3y € C is defined by

C(w) = TR k(0 L)) pyon)-

Moreover, we have

C(u) = T(5](H; (n_ LA))) (u yon)
= Tr(R5] (A )@ L8)) (w pyon)
(1)) +(3) ~ Ew) +R(B).

Remark 4.2.  Here we recall from the proof of [N2, Proposition 3.3]
the construction of a nonzero weight vector v, g € (A’ n=) @c L(A) of weight
p = (w, ) oA. First we note that w(p) —p = —>_ o and that the number
of elements of the set A,, equals £(w), where A, == {a € Ay |w™(a) € A_}.
Second we write 3 in the form 8 = >, o, , where m = ht(f), a;, € II'™,
and i, # iy for 1 <r # t < m. Now we take nonzero root vectors Fj € I—w(ai,)
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for 1 <k <m, F, € g_o for a € Ay, and a nonzero weight vector v,x) €
L(A)(a) of weight w(A). Then we set

VUw,p) = (FL A A ) A ( A Fa> ® Vu(n) € (/\] n_> @c L(A).

aEAy,

We know that the vector v, gy € (AN’ n_) ®c L(A) is nonzero and of weight
p = (w, 3) o A. Moreover, we know that the image ¥, g) of the vector v(, g €
(A n_)®c L(A) of weight p by the natural quotient map ~: (A’ n_)®@c L(A) —
Hj;(n_, L(A)) is nonzero, and hence that the p-weight space (H;(n_, L(A))),
of Hj(n_, L(A)) is spanned by the vector v, g), i.e.,

(H;(n—, L(A))pp = COuw,p)-
5. New proof of the twining character formulas

5.1. Construction of a resolution.

In order to give a new proof of the twining character formulas for M()\)
and for L(A), we recall from [N2] an existence theorem of a resolution of L(A)
of Bernstein-Gelfand-Gelfand type.

Theorem 5.1 ([N2, Theorem 3.4]).  Let A € P.N(h*)° be a symmetric,
dominant integral weight. Then there exists an exact sequence of g-modules and
g-module maps:

0 LA) 2 Co(A) 2 oAy & P o) 2

)

where for each p > 0, the g-module Cp,(A) has an increasing g-module filtration
of finite length

OZVOCV1CV2C"'CVkp:Cp(A)

such that the quotient module V;/V;_1 is isomorphic to a Verma module M()\;)
of highest weight \; for 1 <1i < k,. Moreover, for each p > 0, the set of highest
weights {\;i | 1 <1i < kp} is equal to the set

{(w,B)oAweW, §eSA) with £(w)+ht(3) = p},

and i £ N if 1<i#j <k,

By investigating the construction of this resolution, following [N2] and
[GL], we will give a new proof of Theorems 3.3 and 3.4. First we have the
following exact sequence of g-modules and g-module maps:

0 L(A) 2 By(A) 2= By(A) &2 .. 2 poa) &
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where for p > 0, the g-module B,(A) is defined by

By(A) = U(g) ey (A (a/0)) @c L))

Furthermore, we have the following commutative diagram of g-modules and
g-module maps for p > 0:

(5.1)
(U(g) ®u) A'(8/0)) @c L(A) ——  U(g) ®u(s) ((A"(8/b)) ®c L(A))

%®ml J%

(U(g) @uwy A" (/b)) ®c L(A) — Ulg) ®u) (A" (g/0)) @c L(A)).

Here the g-module map d,, : U(g) ®u(s) (A"(8/6)) — U(8) ®u ) (A (8/0))
is (well-) defined by

p
dp(x @G A ATp) = > (1) ays) @G A= A A== ATy

i=1

+ Z (1) @ [Yrs gt AL A AGr Ao AGe A A T
1<r<t<p

where z € U(g), ¥1,--.,Yp € g, and ~: g — g/b is the natural quotient map.
Note that for p = 0, the map dy : U(g) ®y(s) C — C is defined by the condition
that do(x ® 1) is the constant term of = € U(g).

Let p > 0. We define a linear automorphism ¥, of U(g) ®u sy (A" (g/b))
®c L(A)) by

v, = e ((Ae)en),

and a linear automorphism W7, of (U(g) @y ) (A"(8/b))) @c L(A) by

v, = (wle (A'o)) e,

where 7, : L(A) — L(A) is the linear automorphism in Section 3.1, w : U(g) —
U(g) is the unique algebra automorphism of U(g) extending the diagram au-
tomorphism w : g — ¢, and @ : g/b — g/b is the linear automorphism induced
fromw:g—g.

Remark 5.2. Let p > 0. Then

U,(zv) =w N z)Vy(v) forz € g, v e U(g) ®up) ((/\p(g/b)) ®c L(A)) :

W (zv) = w_l(x)\lf’p(v) forzeg ve (U(g) ®u (o) (/\p(g/b))) ®c L(A).
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Lemma 5.3.  Let p > 0. Then the following diagram is commutative.

U(a) @0 (A'(a/0) ©c LIA) —2—  U(g) Qo) (A(g/b)) @c L(A))

b,,l lb,,
U(g) ®u) (A"~ (8/6)) ®c L(A)) - U@ @ue (A"~ (g/0)) ®c L(A)).

p—1

Proof. Tt immediately follows from the definitions of d, and ¥}, for p > 0
that the following diagram commutes:

(5.2)
(U(9) @ueey N'(8/b)) @c L(A) LI (U(9) @ueey N'(8/b)) @c L(A)

dp®idl Jdp@)id

(U(g) @uey A\ (/b)) ®c L(A) . (U() ®uw) A" (a/b)) @c L(A).

p—1

In addition, by using the explicit form of the isomorphism

(U@ v N\'(@/9) ©c L) = U(g) o) ((A(0/0)) 0c L))

described in the proof of [GL, Proposition 1.7], we can easily check that the
following diagram is commutative:

(5.3)
(U(8) @u(e) A"(8/b)) ©c L(A) —— U(g) @u () ((A"(8/b)) ©c L(A))

| e

(U(9) @u(e) A\"(8/6)) @c L(A) ——— Ulg) @u () ((A"(8/6)) @c L(A)).

The lemma now follows from the commutativity of these diagrams (5.2) and
(5.3) together with the diagram (5.1). O

To explain the definition of C,(A) for p > 0, we need some more notation.
The (generalized) Casimir operator € in [K, Chapter 2] is defined by

dimge b dimg ga
Q-2 3 e 303 el
acAy =1

where {u/}3¢Y and {u;}37¢ Y are dual bases of h with respect to the bilinear
form (|), and for each o € A, {19 9o and ({39 8 416 bases of g_q
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and g, that are dual to each other with respect to (:|-). Let V be a g-module
admitting a weight space decomposition

V=[P
XEh*

such that dimc¢ V, < oo for all x € h* and such that all weights of V' lie in a set
A — Q4+ for some A € h*. Then we know from [GL, Section 4] that the module
V' decomposes into a direct sum of g-modules

V=P Vo

ceo(V)
where
OV):={ceC|Qw)=cv forsome0#veV}
and for c € O(V),
Vie ={v eV [(Q—-c)"(v) =0 forsomen € Zxo}.

Lemma 5.4. Let V be a g-module above. We further assume that there
exists a linear automorphism f:V — V such that

flzv) =w Ha)f(v) for x€g, veEV.
Then, as operators on 'V,

foQ2=Qof.

Proof. Let v € V. Then we have

dimc b dimc g
F(Qv)) =2f( Z f(utuv) +2 Z Z f( fae(()f)v
acAy =1
dimc b
= 2w (v~ +Zw u')w ™ (ui) f(v)
dimc go )
—I-QZ Z w_l(e(_zlé)w_l(eg))f(v).

OLGA+ =1

Recall that (w(z)|w(y)) = (z|y) for 2,y € g, and w(h) = h. So, {w " (u?)}Imed
and {w™!(u )}?mf“’ are dual bases of h with respect to (-]-), and for a €
Ay, {w (e )ydime o and {w=1(e)}dmese are bases of I—w(a) a0d gu+(a)
that are dual to each other with respect to (-|-) since w™'(ga) = gur(a)- In
addition, w=t(r=1(p)) = v~ (w*(p)) = v~ 1(p). Because the Casimir operator
) is independent of the choice of dual bases, we conclude that

F(Q(v)) = Q(f ().
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This proves the lemma. |

We set for p > 0,
Cp(A) := (Bp(A))eo>
where ¢g := (A + p|A + p) — (p|p). It follows from Lemma 5.4 that for p > 0,
V,00Q=0Q0V,

as operators on By(A). Hence the linear automorphism ¥, : B,(A) — By(A)
stabilizes the g-submodule Cp(A) of B,(A) for p > 0, that is,

N 2% (Cp (A)) = Cp (A) .

Thus we obtain the exact sequence of Theorem 5.1. Note that the map 9, :
Cp(A) — Cp—1(A) is the restriction of the map b, : B,(A) — B,_1(A) for
p > 0. In particular, the following diagram commutes for p > 0:

Cp(d) —2—  Cy(A)

) [o

Cp—1(A) —— Cp1(A).
\I’p71
Therefore we can apply an Euler-Poincaré principle to the exact sequence of
Theorem 5.1 to obtain that

ch®(L(A)) = 3 (=1)P ch*(Cp(A)),

p=0
where ch®(C,(A)) for p > 0 is defined by
ch”(Cp(A)) := Tre, (a) ¥p exp.

5.2. New proof.

Now we compute the twining characters ch® (C,(A)), p > 0. For this
purpose, we have to modify the original construction of the g-module filtration
of Cp(A) for p > 0. By carefully reading the proof of [GL, Propositions 5.5
and 6.4], we see that for each p > 0, there exists a b-module filtration of

(A’(g/b)) @c L(A)
0=NogCN  CNyC - C (/\p(g/b)) ©c L(A)

such that:
o (NN H®r,)(N;) CN; fori > 0;
en, -N; CN;_;fori>1,
o dimc (Ni/Ni—l) < oo fori>1;
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e (A’(g/b)) @c L(A) = U;>o Ni;

o D,o (N;/N;i_1) = (A" n_) ®@c L(A) as h-modules.
(Notice that the N;’s are defined as in the proof of [GL, Proposition 5.5].)
We write for ¢ > 1,

l;
Ni/Ni_1 = @(C@ka
k=1

where v, € N; is a weight vector of (A”(g/b)) ®@c L(A) of weight \x, and vy, is
its image by the natural quotient map ~: N; — N;/N;_1. We set

L; :=U(g) ®u) Ni

for ¢ > 0. Then, by [GL, Proposition 1.10], we obtain a g-module filtration of
BAA):47()®Uw>“pr/®)®cL())

O:LOCLchQC"'CBp(A)

such that:

o U,(L;) C L; for i > 0;

o Li/Li_1 =U(g) ®up) (Ni/Ni—1) as g-modules for i > 1;

e By(A) = Uizo L;.
Here we note that because N;/N;_; is a trivial ni-module, the quotient g-
module L;/L;_; is isomorphic to a direct sum of finitely many Verma modules
M), 1 <k<l.

We set for p > 0,

Vi/ = (Li)cov

where ¢g = (A + p|A + p) — (p|p). Then, in the same way as [GL, Proposition
4.7], we get a g-module filtration of Cj(A)

(5.4) 0=VyCcViCVyC--CCpuA)

such that:
o Cp(A) =U;»o Vis
e the quotient g-module V//V/_; for i > 1 is isomorphic to the direct sum
of Verma modules M (A\) with 1 < k <; for which (Ax 4+ p|A\x +p) =
(A + plA+p).
Here, by Lemma 5.4,

(V) c VY

for ¢ > 0. Moreover, we know from [N2, Section 3.2] that

(5.5) D P C(g) B C(wB)oA

i>0 1<k<I; (w,B)EW X S(A)
Ak+plAk+p)=(A+p|A+p) £(w)+ht(B8)=p
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since (A"(g/b)) ®c L(A) = (A’n_) ®c L(A) as h-modules. Now a suitable
refinement of the sequence of the V;’s gives the filtration of Cp(A) for p > 0 in
Theorem 5.1. From the W,-stable filtration (5.4), we immediately get that for
p=0,

ch?(Cy(A) =D h(V//Viy).

i>1

Furthermore, it follows from the exactness of the functor V' +— V|, for all c € C
that for ¢ > 1,

ch®(V/'/Vi_1) = ch®((Li) ey /(Li-1)eo)
=ch®((Li/Li-1)c,),

where ¢ = (A + p|A+ p) — (p|p). Notice that the following diagram is commu-
tative for ¢ > 1:

Li/Li-y —— Ul(g) ®u(e) (Ni/Ni-1)
(5.6) | |eme@rETen)
Li/L;—y — U(g) ®u ey (Ni/Ni-1),
where
ﬁp : Li/Li—l - Li/Li—l

is induced from ¥, : L; — L;, and

p
(/\ w_l) ® 7w : Ni/Ni—1 — Ni/Ni_1

is induced from (A’@~!)® 7, : N; — N;. For simplicity of notation, we set
fori > 1,

Xi = U(g) ®up) (Ni/Ni-1),

Hp = wl® ((/\pw—l) ®Tw> X — X,

Because the linear automorphism =, : X; — X; commutes with the action
of the Casimir operator {2 by Lemma 5.4, we deduce from the commutative
diagram (5.6) that for ¢ > 1,

ch®((Li/Li-1)e,) = ch”((Xi)eo ),
where

ch®((Xi)eo) := Tr(x,)., Epexp.
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Proposition 5.5. Leti> 1. Then

¥ ((Xy)ey) = > cr ch” (M(Ar)),

1<k<l;
()\k+P|)‘k+P) (A+plA+p)
w ( k)—)\k

where the scalar ¢, € C is determined by

cp = "Tr <(</\p wil> ®Tw) ’((/\P(g/b))®cL(A))Ak) '

Proof. Since N;/N;_1 = @Q:IC’U}C is a trivial np-module for i > 1, it
can be shown by using the Poincaré-Birkhoff-Witt theorem that

A
(5.7) X, = U(g) Qu(p) N/NZ 1 = U 1®’Uk
k=1

where the g-submodule U(g)(1® ) is isomorphic to the Verma module M (\)
= U(g) ®u () C(Ax) of highest weight Ax. Because the Casimir operator €2 acts
on the Verma module M (\;) as the scalar (Ax + p|Ax + p) — (plp), we deduce
from (5.7) that for ¢ > 1,

(Xi)eo = . U(g)(1® ).
1<k<l;
(etpI Ak £p)=(A+p|A+p)

Let 1 < k <; be such that (Ax + p|Ax + p) = (A4 p|A+ p). Then we have
for x € U(g),

(5-8) Ep((1® ) =w ™ (2) 51

where (A"@™!) @ 7,)(vk) € (Ni)w=(r,). Here we recall from (5.5) that the
weight A\ of (A”(g/b)) ®c L(A) with 1 < k < [; such that (Ax + p|\x +
p) = (A + p|A + p) can be written in the form A\, = (w, ) o A for a unique
(w,B) € W x S(A), and that the multiplicity of the weight A\, = (w,8) o A in
(AF(g/b)) ®c L(A) is equal to one. Hence we deduce that

dim@ (NZ/szl)w*()\k) =1= dlm(c (NZ'/Nifl))\k
since w* () is also a weight of N; C (A(g/b)) ®c L(A) such that

(W (X&) + plw™ (M) + p) = (W (A + p)|w™ (A& + p))
= (A + p[Ak + p)
= (A+plA+p).
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So (AN"w™) ® 7w)(0k) € (Ni/Ni—1)w=(n,) implies that (A"@ ™) @ 7,)(0x) €
Coyy, for a unique m with 1 < m < I; such that \,, = w*(\g). Thus we
conclude that =,(U(g)(1®0;)) = U(g)(1®0y,) for a unique m with 1 <m <.
Therefore, for ¢ > 1,

(5.9) ch®((Xi)eo) = > ch®(U(g)(1 ® vy)),
1<k<l;
(Aet+plAe+p)=(A+p|A+p)
W (Ak) =X
where

ch®(U(g)(1 ® ) := Tru(g)10s,) Ep €XP-
Let 1 < k <1; be such that (A +p| A\ +p) = (A+p|A+p) and w*(Ar) = Ak

We set
cp ="Tr <(</\P w_1> ®T°’) ‘((/\T’(g/b))@cL(A))Ak) .

Then we have the following commutative diagram from Equation (5.8):

Ug)1® ) —— U(g) ®ue) CAk)

Epl lck(w71®id)

U(e)(1®vk) ——— Ul(g) @u(e) C(Ak)

since ((A”(g/b)) ®c L(A))x, = Cuy implies

((/\P w_1> ®Tw) (’Uk) = CLVk.
Thus it follows from Remark 3.1 that
ch®(U(g)(1 ® ) = e ch” (M ().

This together with (5.9) proves the proposition. O

Let 1 < k <; be such that (A +p| A\ +p) = (A+p|A+p) and w*(A;) = g,
and then write it in the form

)\k = (’U},ﬁ)OA

for a unique (w,3) € W x S(A) such that ¢(w) + ht(5) = p. Then, as in
the proof of [N5, Proposition 3.2.1], w*(Ag) = Mg if and only if w € W and
B € S(A) N (h*)°. Therefore, from the obvious commuting diagram:

(A"(8/b)) ®c L(A) —— (A"n-) @c L(A)
(/\p w_l)®7'wl l‘bp:(/\pwil)(@ﬂu
(A"(g/b)) @c L(A) —— (A"n-) ®@c L(A),
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we see that the scalar ¢y is equal to the scalar c(, gy in Theorem 4.1, which
equals (_1)(Z(w)+ht(ﬁ))*(?(w)+}?t(ﬁ)).
Summarizing all the arguments above, we see that

(5.10)
ch®(L(A)) = > (=1)? ch®(C,(A))

p=>0

=D (1P Y e (V//VLy)

p>0 i>1

= Z (=1)P Z ch®((U(g) ®u(e) (Ni/Ni-1))eo)

p>0 i>1

=Y (=Y > ch* (U (g)(1 ® o))

p=>0 i>1 1<k<;
(Ak+p| Ak +p)=(A+p|A+p)
W' (AR)=Ag

- Z (—1)? Z (_1)(L’(w)+ht(6))—(Z(w)+ht(5)) ch® (M ((w, B) o A))
p=0 weW
peES(MN(H")"
£(w)+ht(B)=p
= > ()TN (M((w,8) 0 A))-

wGW
BeS(M)N(H™)°

Here we note that for a symmetric weight A € (h*)°, the Verma module
M(X) = U(g) ®up) C(A) is isomorphic to U(n_) ®c C(\) as an h-module.
Moreover, by Remark 3.1, we can apply [N5, Lemma 3.1.3] to deduce that

ch®(M (X)) = e(A) - ch*(U(n-)),
where

ch(U(n_)) := Trym_yw™ ' exp.
Therefore, by putting A = 0 in Equation (5.10), we get that

1= 6(0) _ Chw(U(ﬂf)) . Z (_1)2(111)-"-}?0(5) e((’w,ﬂ) o 0) )
wEW
BESO)N(Hh™)°
and hence that for A € (h*)?,

(5.11)  ch®(M(N)) = e(A) - ch®(U(n_))

-1

=e())- > (=) R e((w, B) 0 0)
wew
BeS(O)N(H*)°
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We finally obtain from Equations (5.10) and (5.11) that

S (1)) e((w, B) 0 A)

wEW
) = BES(AM)N(H*)°

Y ()R o((w,5) 0 0)

wEW
BESO)N(H*)°

ch® (L(A

Thus we have given a new proof of Theorems 3.3 and 3.4.
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