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Let E; be the compact, 1-connected simple exceptional Lie group of rank
I (1=26,7,8). Consider the following real representations:

p6 i B — U(27) — SO(54),
p7 :E7 — U(56) — SO(112),
Py E; — SO(133)

and
P8 Eg — S0(248),

where p% and pg are the adjoint representations (see Adams [1]). The purpose
of this note is to show the following without using the structure of H*(BE))
where H*( ) denotes the mod 2 cohomology ring:

Theorem 1.  wy-1(p;) and wea(ps) are not decomposable in H*(BE}).

Let p = py, : Spin(n) — SO(n) be the universal covering and C,, = ker p,,.
The subgroup of SO(n) which consists of diagonal matrices is denoted by V' (n)
and V(n) = p;1(V(n)). Put p/ = pl, = Pnly(ny, d(6) = 10,d(7) = 11 and
d(8) = 13. Ej contains Spin(d(l)) as a closed subgroup. Denote by A(l) the
unique irreducible representation of V(d(l)) on which Cqqy acts non-trivially.
Note that dim A(l) = 2/~! and A(l)|c,, is isomorphic to 2!=1¢ where € is the
one dimensional non-trivial real representation of Cy) = Z/2 (see Quillen [3]).
Note that (the center of Ej) N Cyy = {0}. Therefore pi|c,, and p7|c,., are
non trivial. Since dim p; < 2!, we have the following:

Lemma 1.  pily 0y = A() + p™m where py is a representation of
V(d(l)).

On the other hand, since we may assume Cgy(7) contained in a maximal
torus, p7|c,,, contains at least 7-dimensional trivial representation. Therefore
we have
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Lemma 2.  p7lyqy) = A(7) @ p7u; where pi7 is a representation of
V(d(m).

Denote the natural maps BCy;) C BV (d(1)), BV (d(l)) — BSpin(d(l))
and BSpin(d(l)) — BE; by i,j; and k;. Put & = k; o j; o 4;. Note that in
H*(BCqqy) = 7/2[t] where degt = 1, Imi} = Z/Q[thil] (see Quillen [3]).
Using Lemma 1 and Lemma 2, we have

(1.1) w(gp) =1+
and
(1.2) w(&ph) = 1+t%,

where w( ) denotes the total Stiefel-Whitney class. We have £ wqi-1(p;) and
& wea(ph) are not decomposable in Im i} and therefore we have Theorem 1.

Remark 2.  The fact that wi2g(ps) is not decomposable in H*(BFEg) is
also obtained by Mimura and Nishimoto using ¢*(w(ps)) where ¢ : BSpin(16)
— BEjs (Talk in Naha 2004).

Consider the following commutative diagram

4 .
H*(BE; ) SN H*(BCy; Z)

| al
HYBE) —L HYBCy),

where p and p’ are mod 2 reductions. Note that p is epic and p’ is isomorphic.
Since i =0, & =i o j; o kj = 0. Therefore we have

HY(&;2) = 0.

Therefore there exists él : BCd(l) — EJEZ such that m; o g} ~ & where m :

BE, — BE;, is the 4-connected cover. In Ohsita [2] 77 (w(pr)) and 73 (w(ph))
are determined. To determine 7/ (w(p;)) I = 6,7 and 73 (w(ps)) the structures
of H*(BEs) and H*(BEr7) are used. In this section we determine m§w(pg) and
miw(p7) without using H*(BEg) and H*(BEy). For symbols and notation see
Ohsita [2]. Since & # 0, & # 0. Note that Im 71 C Z/2[y16, y24] and Im 75 C
z/Z[y167y24,y28] where |y;| = 7, S¢®y16 = yoa and Sqtyas = yos. Therefore
iy = 10 By (1.1), mgw;(ps) =0 1 < j < 31 and mwsz(ps) = yis. By
(1.1), mw;(p7) = 0 1 < j < 63 and miwea(pr) = yig + Byieys, for some
B € Z/2. Applying S¢® we have 0 = B(y3, + yieyss) and therefore 3 = 0.
Using (1.2), we can prove miw(ph) = yis similarly. Note that pf|77 contains
7-dimensional trivial representation and therefore wi2s(p%|77) = 0. Using this
fact we have mrwia8(p%) = 0.



A note on the Stiefel-Whitney classses of representations of exceptional Lie groups 219

DEPARTMENT OF MATHEMATICS
KyoTro UNIVERSITY

KyoTo 606-8502, JAPAN
e-mail: kono@math.kyoto-u.ac.jp

References

[1] J. F. Adams, Lectures on exceptional Lie groups, Chicago Univ. Press, 1996.

[2] A. Ohsita, On the Stiefel-Whitney class of the adjoint representation of Es,
J. Math. Kyoto Univ. 44 (2004), 679-684.

[3] D. Quillen, The mod 2 cohomology ring of extra-special 2-groups and the
spinor groups, Math. Ann. 194 (1971), 197-212.



