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Realizations of factor representations
of finite type with emphasis on their characters
for wreath products of compact groups
with the infinite symmetric group

By

Takeshi HIrAI, Etsuko HIRAI and Akihito HORA

Abstract

Characters of factor representations of finite type of the wreath
products G = G (T) of any compact groups 7" with the infinite sym-
metric group G were explicitly given in [HH4]-[HHS6|, as the extremal
continuous positive definite class functions f4 on G determined by a
parameter A. In this paper, we give a special kind of realization of a fac-
tor representation 74 associated to fa. This realization is better than
the Gelfand-Raikov realization 7y, f = fa, in [GR] at least at the point
where a matrix element (7% (g)vo,vo) of 7 for a cyclic vector vy can be
calculated explicitly, which is exactly equal to the character fa (and so
7 has a trace-element vp). So the positive-definiteness of class functions
fa given in [HH4|-[HH6] is automatically guaranteed, a proof of which
occupies the first half of [HH6] in the case of T infinite. The case where
T is abelian contains the cases of infinite Weyl groups and the limits
S (Zr) =limp—oo G(r,1,n) of complex reflexion groups.

Introduction

Let A be a datum which determines a character f4 of the wreath product
group S, (T) of compact group 7' with the infinite symmetric group ... We
mean by a character an extremal continuous positive definite class function on
the group. The precise parametrization through A is recalled in Section 2. The
aim of this paper is to construct a nice realization of a factor representation of
finite type of 6o, (T) for any A which yields fa as its matrix element.

The character formula for &, was established by Thoma in [Tho2]. Later
in [VK1]|, Vershik-Kerov characterized the Thoma parameters as asymptotic
frequencies of growing Young diagrams and showed that the characters of &,

2000 Mathematics Subject Classification(s). Primary 20C32; Secondary 20C15, 20E22,
43A35, 43A90, 46H15.

Received June 9, 2005

Revised December 13, 2005



76 Takeshi Hirai, Etsuko Hirai and Akihito Hora

are expressed as pointwise limits of the normalized irreducible characters of
&,,, the symmetric group of degree n. Hirai captured the Thoma characters in
[Hir| by using a different kind of approximation procedure. This method has an
advantage that it is applicable to general wreath product groups including the
infinite Weyl groups of other types. In a series of works [HH1]-[HH6], Hirai-
Hirai obtained a complete character formula for the wreath product & (7") of
any compact group 7' with the infinite symmetric group G.

On the other hand, Vershik-Kerov constructed in [VK2| a factor represen-
tation of finite type of &, which realizes the Thoma character as its matrix
element. It is useful to give such a nice realization of the factor representation.
Among its applications, let us mention here two cases. In [BG], Bozejko-Guta
obtained a class of generalized Brownian motions associated with the Thoma
characters. A positive definite function on Py(00), the set of the pair partitions,
is needed to introduce a Gaussian state of the algebra generated by the field
operators on a certain Fock space. They used the realization due to Vershik-
Kerov to extend the Thoma character on G4 to P2(00). Another example is
due to Biane in [Bia] concerning asymptotic concentration which is observed
in irreducible decomposition of some representations of &,, as n — oo. For
example, in irreducible decomposition of the regular representation of &,,, we
see that a typical irreducible component occupies a dominant size (the so-called
limit shape of Young diagrams) under appropriate scaling limit. Biane showed
in [Bia] that such a concentration phenomenon is observed in a sequence of
the Vershik-Kerov factor representations and that the typical irreducible com-
ponent is characterized by using free probability theory. See also [Hor| for a
survey on this concentration phenomenon and free probability.

Motivated by these facts in the above paragraphs, we are led to construct
those realizations analogous to Vershik-Kerov’s for the explicitly given charac-
ters of G (7). Apart from expected similar applications to the case of G,
we note that our realization gives an alternative simpler proof of the positive-
definiteness for f4 in [HH4]-[HHG6], which is given at first as a class function
on the group by a formula (cf. the right hand side of (2.6) below), and which
should be proved to be positive definite and extremal, and then to cover all
characters of factor representations of finite type of the group.

The paper is organized as the table of contents. After reviewing the charac-
ter formula for G, (T"), we construct our realization of the factor representation
step by step.

1. Wreath product &,(7) of a compact group 7" with the infinite
symmetric group G,

1.1. Wreath product & (7T) of a compact group T with &

A permutation o on a set J is called finite if its support supp(c) := {j €
J; o(j) # 7} is finite, and we denote by & ; the group of all finite permutations
on J. The infinite symmetric group S is the permutation group S on the
set of natural numbers N.
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Let T be a compact group. We consider a wreath product group & ;(T")
of T' with a permutation group & as follows:

(1.1) 6,(T)=Dy(T)x &y, Dy(T) =T, T, Th=T (jeJ),

where the symbol H/ means the restricted direct product or, for d = (¢;),cs €
D;(T), t; = er the identity element of 7', except a finite number of ¢ € J. An
element o € & acts on D;(T) as

(1.2) Dy(T) 3 d = (tj)jes = o(d) = (t})jes € Ds(T),

where t; = t,-1(;) (j € J). ldentifying groups D;(T) and &; with their im-
ages in the semidirect product &;(T), we have cdo~! = o(d). The groups
Sy, Dy, (T) and &y, (T) for I, = {1,2,...,n} C N are denoted by &,,, D,,(T')
and &,,(T) respectively, then G := &, (T) is an inductive limit of compact
groups G, := 6,(T) = D, (T) x &,. An inductive system (H,),>1 is called
in [TSH] a countable LCG inductive system if each H,, is locally compact and
each homomorphism H, — H,4; is homeomorphic. Introducing in the in-
ductive limit H := lim,_, H, the inductive limit topology 7,4, We get a
topological group [TSH, Theorem 5.7], and it has sufficiently many continu-
ous positive definite functions and so continuous unitary representations [TSH,
Section 5]. The present system (G,,)n>1 is an example of a countable LCG
inductive system.

When T is a non-trivial finite group, the topology Ting on G = G4 (T)
is discrete, and all the characters of factor representations of finite type were
given in [HH1|-[HH2|.

When T is infinite, 7,4 is neither discrete nor locally compact, and all
such characters for G were given in [HH4] and [HH6.

A natural subgroup of G = G (T) is given as a wreath product of T' with
the alternating group U as G’ := Ao (T) = Do (T) % Aso.

In the case where T is abelian, let S C T be a subgroup, and assume
that S is open in T or equivalently the index [T" : S] is finite. We define a
subgroup G° := &% (T) = D3 (T) x G, as follows: put P(d) = [[jent) for
d= (tj)je]\] € DOO(T), and

(1.3) G3(T) := DL (T) x G

with DS (T) := {d = (tj)jen; P(d) € S}. Then G° is a normal subgroup
with a finite index [G : G7] = [T : S].

For the groups G’, G° and G’ := A3 (T) := D3 (T) x Awo, there hold also
the similar character formulas for factor representations of finite type.

This kind of groups &.(T) and Gif;T}(T ) with T abelian, contain the
infinite Weyl groups of classical types, Wa_ , = G of type As, Wa,_, =
Soo(Z2) of type Boo/Coo, and Wp_ = 65 (Z3) of type Do, and moreover
the inductive limits G (Z,) = lim,_, G(r,1,n) of complex reflexion groups
G(r,1,n) = 6,(Z,) (cf. [AK], [Kaw], [Sho]).
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1.2. Standard decomposition of elements and conjugacy classes
An element g = (d,0) € G = 6 (T) is called basic in the following two
cases:

CASE 1: o is cyclic and supp(d) := {j € N;t; # er} C supp(o);
CASE 2: o =1 and for d = (t;)ien, tq # er only for one ¢ € N.

The element (d, 1) in Case 2 is denoted by &,, and put supp(&,) := supp(d) =
{a}.

For a cyclic permutation o of ¢ integers, we define its length as £(c) = £,
and for the identity permutation 1, put #(1) = 1 for convenience. In this
connection, &, is also denoted by (%4, (¢)) with a trivial cyclic permutation (g)
of length 1. In Cases 1 and 2, put ¢(g) = ¢(o0) for g = (d,0), and ¢(§,) = 1.

An arbitrary element g = (d,0) € G, is expressed as a product of basic
elements as

(1.4) 9="808a0 " €a, 9192 Im
with ¢g; = (dj,0;) in Case 1, in such a way that the supports of these com-
ponents, q1,92,---5 Qqr, and Supp(gj) = Supp(gj) (1 S j < m)a are mutu-

ally disjoint. This expression of g is unique up to the orders of &, ’s and
g;’s, and is called standard decomposition of g. Note that ¢(¢, ) = 1 for
1<k <rand/{(g;) =¥4(o;) >2for 1 <j<m, and that, for S-components,
0 = 0109 -0y, gives the cycle decomposition of o.

To write down conjugacy class of g, we introduce some notations. Denote
by [t] the conjugacy class of t € T', and by T/~ the set of all conjugacy classes
of T, and t ~ t' denotes that t,t’ € T are mutually conjugate in T. For a

basic component g; = (dj,0;) of g, let 0 = (i1 452 ... 4je,) and put
Kj = Supp(oj) = {ij,lv ij,27 ey ?:j7éj } with éj = E(O'j). For dj = (ti)iEKjv we
put

(15)  Poy(dy) = [ty th,_q - -tot}] € T/~ with t, =t;,, (1 <k <{).

Lemma 1.1. Let o € G be a cycle, and put K = supp(c) and Gk =
Sk (T).

(i) An element g = (d,0) € Gk is conjugate in it to ¢ = (d',0) € Gk
with d' = (t})icr, t; = er (i # o), [t;,] = Ps(d) for any ioc € K arbitrarily fived.

(i) Identify T € G with its image in G = G (T). Then we have, for
g=1(d,0),

Tgr ' = (r(d), oY) (=: (d',0") (put) ),
and P,/(d") = P,(d).

Theorem 1.2.  For an element g € G = S(T), let its standard de-
composition into basic elements be g = £4,6q, -+ £q.9192 - - gm0 (1.4), with
&g = (tqw, (qr)) and g; = (dj,05), o; cyclic, supp(d;) C supp(o;). Then the
conjugacy class of g is determined by
(16) [l €T/~ (LSk<r) and (Po(d;),tlo;)) (1<) <m),

where Py, (d;) € T/~ and {(0;) > 2.
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1.3. The case where T is abelian

Assume T be abelian. Then the set T'/~ of conjugacy classes is equal to T’
itself. Take a g € G and take its standard decompositon (1.4). For g; = (d;, 0;),
put g; = (d},0;), where d; = (t})ien With t; = P(d;) = HieKj t; for some
ip € K; :=supp(o;), and t; = ep elsewhere.

Lemma 1.83.  Let T be abelian. For a g € G = & (T), let its standard
decomposition be g = £4,&q, -+ &g, 9192 -+ gm in (1.4). Define g; (1 < j < m)
as above and put ¢ = £4,6q, - - £q,.9195 - 9hn- Then, g and g’ are mutually
conjugate in G.

Corollary 1.4. A complete set of parameters of the conjugacy classes
of non-trivial elements g € G = S, (T) is given by

(1.7) {th,th, ...t} and {(uj,¢;); 1<j<m},

where t), =t,, € T*:=T\{er}, u;=P(d;) €T, {; >2, andr +m > 0.

2. Characters of &,,(T) with T compact and of G5 (T) with S C T
abelian compact

2.1. Character formula for factor representations of finite type of
Su(T)

Let T be the dual of T consisting of all equivalence classes of continuous
irreducible unitary representations (= IURs). We identify every equivalence
class with one of its representative. Thus ¢ € T is an IUR and denote by x¢
its character: x¢(t) = tr({(t)) (¢t € T'), then dim¢ = x¢(er).

For a g € G = 64 (T), let its standard decomposition into basic compo-
nents be

(2.1) 9=E8080 60,9192 - G

where the supports of components, ¢1,4qz,-..,¢-, and supp(g;) := supp(o;)
(1 < j < m), are mutually disjoint. Furthermore, &, = (¢, (qx)),tq, # er,
with (&) = 1 for 1 < k < r, and o5 is a cycle of length ¢(o;) > 2 and
supp(d;) C K; = supp(o;). For dj = (ti)icx, € Drk,;(T) — D (T), put
P, (d;) as in (1.5).

For one-dimensional charcters of G.,, we introduce simple notation as

(2.2) Xe(0) :=sgng (o) (0 €64; e=0,1).
As a parameter for characters of GG, we prepare a set
(23) ace (C€T,ee{0,1}) and p=(no)ceq
of decreasing sequences of non-negative real numbers a¢ . = (@¢.ep)pen,

Qeel = Qeea > CQcez> o0 >0,
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and a set of non-negative pe >0 (¢ € f), which altogether satisfy the condition

Yo > llacell + lull =

7 e€{0,1}
(2.4) e
with acell = Y acep lull= > ne.
peN ceT

Theorem 2.1 ([HH4|-[HH6]). Let G = Soo(T) be a wreath product
group of a compact group T with S.,. Then, for a parameter

(2.5) A= ((04<76)(<,a)efx{071} ; M) ’

n (2.3)—(2.4), the following formula determines a character fa of G: for an
element g € G, let (2.1) be its standard decomposition, then

(2.6)

fao) = TL 1201 2 2 Gt + g | xelta)

1<k<r | ce? \e€{0.1} peN

. (o5)
CHAS (S S ()™ o el

1<j<m | ¢ceT \e€{0.1} peN

where x.(0;) = sgng(0;)° = (—1)z¢) =1,
Conversely any character of G is given in the form of fa.

Remark 2.1. The case of G itself can be considered as a special case
of 6 (T) with the trivial T = {er }. In this case, we have in [Tho2| a pa-
rameter (o, 3) with decreasing sequences of non-negative real numbers o =
(ap)pen, B = (Bp)pen satisfying ||af| + ||B]| < 1. Take the trivial representa-
tion 17 of T' = {er} superfluously and put p = (p1,.) with g1, = 1—||a||—||3]]-
Then we have the corresponding parameter A = (ag’g)(c)g)efx{m} ; w), sat-

isfying the equality condition (2.4).

Remark 2.2.  Assume 7T be finite. Put 7 := T\ {17} with the triv-
ial representation 17 of T" and T* = T \ {er}. Then, def(dimQ Xc =0
and 1 = x1, = _Zcef* (dim¢) x¢ on T*. By this linear dependence be-
tween characters x¢, we may accept the parameter A for f4 not necessarily
under the equality condition (2.4) but under the weaker inequality condition
2ot 2oeefony llacell +1lull < 1, loosing the validity of the formula of fa for
tq. = er and accordingly for g = e (cf. [HH2|). However we insist here to keep
the condition (2.4), called (MAX) condition, and keep the uniqueness of the
parameter A and the validity of the character formula even for ¢, = er and

g=e.
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Remark 2.3. For a g = (d,0) € G = Doo(T) % S, put supp(g) :=
supp(o) C N. Let K(G) denote the set of continuous positive definite class
functions on G and K;(G) the normalized ones in K(G). An f € K(G) is
called factorizable if f(g192) = f(g1)f(g2) for any g1, go such that supp(g;) N
supp(ge) = 0. The set of all factorizable f € K;(G) is denoted by F(G), and
that of all extremal f € K;(G) or characters of G is denoted by E(G). It
is proved in [HH6, Section 4] that f € K;(G) is extremal if and only if it is
factorizable, that is, E(G) = F(G). This important fact helps us to analyse
situations and to calculate matrix elements in the succeeding sections.

Note that, in the first half of [HH6], it is proved that the class function
fa given by the formula (2.6) is positive definite if the parameter A in (2.5)
is given by (2.3)—(2.4), and that, in the second half of [HH6|, it is proved
that the set E’(G) of such functions f4 is exactly equal to the set F(G) of
normalized factorizable positive definite class functions: E'(G) = F(G). Since
E(G) = F(G), we have E'(G) = F(G) = E(G).

2.2. Characters of G (T) = Doo(T) ¥ 64, T abelian

When T is abelian, the general character formula (2.6) for G = 6,,(T) =
Do (T) %G with a compact group T has a simplified form. In this abelian case,
T is nothing but the dual group consisting of all one-dimensional characters of
T, and for each ¢ € T, its character x is identified with ¢ itself.

For a g € G, let its standard decomposition be as in (2.1),

g = gqlng o 'gq,«gng dm,

with &, = (tg,, (qr)), e, # e, for 1 <k <r, and g; = (d;,0;) for 1 < j <m.
Put K; = supp(0;), and for d; = (t;)ick, € Dk, (T) — Doo(T), put

(2.7) Pi,(d;) = T] i <(dy) = <(Px,(dy) = [T <o)

ieK; icK;
As a parameter for characters of G, we prepare a set
(28) Q¢ (C €T, ec {07 1}) and = (HC)Cefv

of decreasing sequences of non-negative real numbers a¢ . = (a¢ep)pen, and
a set of non-negative pe >0 (¢ € T'), which satisfy the condition

(2.9) Yo Y llac]

ceT €€{0,1}

= 1.

Theorem 2.2 ([HH1|, [HH4|-[HH6|). Let G = G (T) be a wreath
product group of a compact abelian group T with &,. Then, for a parameter

A= ((ac,g)(c eTx (0,1} } u) in (2.8)—(2.9), the following formula determines

a character fo of G: for an element g € G, let its standard decomposition be
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as above, then

falg) = H Z Z Z Aep + e | C(tgy)

1<k<r \ ¢ceT \e€{0,1} peN

< TT S22 X2 S ()™ xeloy) | <ldy) ¢

1<j<m CGT\ €€{0,1} peEN

where x(0;) = sgng(0;)° = (=1)FD=D and ((d;) as in (2.7).
Conversely any character of G is given in the form of fa.

2.3. Characters of the subgroup &% (T) C 6,(T) with S C T abelian

Let T be abelian and S C T an open subgroup. Let G° = &5 (T) =
D5 (T) x &4 be the natural subgroup defined in (1.3). Then it has a general
character formula similar to that for G = S (T).

Take an element g € G¥ = &3 (T) and let its standard decomposition as
an element of G D G¥ be g = &,,€4, €4, 9192+ gm With &, = (tg,, (qx)) and
gj = (dj,05),d; = (t:)ick,, K; = supp(c;). Note that each component ,, does
not necessarily belong to G°, and that the component g; = (d;, ;) belongs
to GY if and only if P(d;) = Hz‘eKj t; € S. Even so, we have the following

character formula for the subgroup G, deduced from Theorem 2.2.

Theorem 2.3 ([HH5|, [HH6]). Let G5 = & (T) be the subgroup of
G = 6(T) given by (1.3) with T abelian and compact and S C T an open

subgroup. Then, for a parameter A = ((ac,g)(c eTx {01} u) in (2.8)—(2.9),

the following formula determines a character f5 of G°: for an element g € G¥,
let its standard decomposition be as above, then

o= T1 D21 X2 D acen + e Cty)

1<k<r \ ¢eT \e€{0,1} peN

< TT X0 X2 S (ace)™ xeloy) | <) ¢

1<j<m  ¢eT \e€{0,1} peN

(2.11)

where x:(0j) = sgng(0;)° = (=1)FD=D "and ((d;) as in (2.7).
Conversely any character of G* is given in the form of f5.

For the proofs, see [HH5, Section 17] and [HH6, Section 14].

The parameter A = ((ag,a)(< efx {01} } u) for ff; is not unique even
under the normalization condition (2.9). Define a translation R((y) on A by
an element (o € T as

(212)  R(G)A = ((0f)coretngon : Rl

with a2’€:a<<07175 ((Ce) €T x{0,1}); R(Co)n= (He)¢er» He = Fegg
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Proposition 2.4.  Assume that two parameters for characters

A= ((ac,e)(g,e)efx{o,u ) “) and A'= (<O/C,€)(C,E)Ef><{0,1} ) l/)

both satisfy the normalization condition (2.9). Then, they determine the same
character on G, or f5 = f3,, if and only if A’ = R((o)A for some (o € T
which is trivial on S.

In this case, as characters on the bigger group G O G°, we have fa(g) =
7 (9)- falg) (g € G), where m¢, is a one-dimensional character of G defined as
7, (9) := Co(P(d)) for g = (d,0) € G. Thus each character of finite type on G°
has at most and in general |T/S| number of different extensions as characters

on G.

3. Special realization of factor representations of &, (7), T abelian
compact

Let T be abelian compact. Take a parameter A = ((O‘Cvs)(ga)efx{o 1 ,u)

in (2.8)—(2.9), and consider the character f4 in (2.10) of G = & (T') corre-
sponding to it. In this section, we construct a factor representation of finite
type 7 of G = &, (T) such that in its representation space H* there exists
a cyclic unit vector wy such that (74(g)wo,wo) = fa(g) (g € G). So wy is a
trace-element of 4.

First put

(3.1) X = | ] Nee | LI L B¢ )

(¢,e)eT x{0,1} ceT

YV\here NC,E = {(4757]9);10 S N} = Na EC = {(<7€)7€ € [OMU/C]} = [O,/L(] (C €
T), and put Xgse = u(g,s)efx{o,l} Nee and Xeony = |_|C€f Z¢, then X =

Xdisc |_| Xcont .
Let v be a probability measure on X given by A through

B2)  v({(Gep)}) =acep (PEN),  dv(((,€)) =dE (€ €0,puc]),

where d¢ denotes the Lebesgues measure on the interval [0, p¢].

Put I =1y for N =1,2,...,00, where Iy = {1,2,...,N} for N < oo and
I = N, and further put G; = 6;(T) = D;(T) x & as in Section 1. Then
Gr = 6N(T) for I = Iy. We put X! = {z = (2;)ier, 2 € X; = X (i € 1)}
and take the product measure v! = [I;c;vi with v; = v on &; = X. Then the
permutation group &; acts on X1 = [Lic; Xi as o(x) = (v,-1(;)) for o € &y,
and leaves invariant v/.

3.1. Fundamental representations of G; = &;(7T)
3.1.1. Representation I’
For each € X, we prepare a T-module as follows. For x = ((,¢,p) € Xyise

with (¢,e) € T x {0,1},p € N, put V(z) = V(¢,&,p) = V((,€) and Z, = Ze .,
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Figure 1. Image of X = Xg;5c U Xeont

where V((,e) & C is a one-dimensional T-module indexed by ¢ = 0,1 such
that
(3.3) Ze(t)v = ((t)v (weV(Ce),teT)
For @ = ((,€) € Xeone with ¢ € T, put V(z) = V(¢,€) = V(¢) and Z, = ¢,
where V(¢) 2 C is a one-dimensional T-module such that
(3.4) Ze(v=C((t)v (weV(),teT).
Denote by V(X)) the sum of a direct sum and a direct integral of V(z)’s
as
® @ @
vy = S v EB/ V() dv(z) = / V() dv(z).
X X

TEXdisc cont

For a measurable vector field v = (v(z))gex,v(z) € V(x), on X, define its
norm as

o2 = /X ()12 dv(z).

Then the vector field 1x = (1,) with 1, =1 € V(z) = C is a unit vector since
|1x[* = [, dv(z) = 1. The Hilbert space V (X) consists of measurable vector
fields v with ||v]| < oo, and on it we have a T-module structure as

(3.5) (Zx()v) (x) = Zy(t)v(z) (x € X).
Take copies V(X); = V(&;) = V(X) for i € I and make tensor product
W(X) = ®ic1 V(X); = ®ier V(X))

with respect to a reference vector (1x,)ic;. This means that the space is
spanned by the set of decomposable elements ®;c;v; such that v, = 1y, for
sufficiently large i € I.
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We give a unitary representation II% of Gy = D;(T) x &1 on W (X) as
follows. First we put for d = (¢;);er € D;(T) as

I (d) ( ®ser v3) = Qier (Zu, (t:)vi)

for w = ®;crv; € W(X) = Qier V(Xl) with v; € V(Xl), and put for o € &5,
K(o)w = Rierv,-135)- Then we have k(o) - II'(d) - k(o™!) = II'(0(d)) with
o(d) = (ty-13;))icr- From this we get the following result.

Lemma 3.1. Forg=(d,0) € Gy = D;(T) x &y, put
Iy (g)w = Iy (d)r(0)w
forw € W(X) = Qe V(X;). Then I, is a unitary representation of Gy.

3.1.2. Representation Ily

Let us rewrite the above representation using vector fields on X7 = [ ier i
and intoduce a multiplier coming from 1-cocycle for (&7, X). A decomposable
element w = ®;c1v; € W(X) = ®;c1 V(X;) can be considered as a measurable
vector field on X with values w () = ®;e1vi(z;) € RierV (z;) at T = (x;)ier €
X!, where the last tensor product is taken with respcet to the reference vector
(13,)ier, 1z, =1 € V(z;) = C when I = N.

For the action of o € Gy, the value of k(o)w at © = (z;);cr € X7 is

(3.6) (n(o)w) (.’1}) = ®i€1'vgf1(i)(l'i) = (O')( ®i€] 'Ui(ﬂjg(i))) =

(o) (w(o™ (),

where r'(0) at the right hand sides denotes an action similar to x(o) on the
spaces of values given as

K'(0) + ®@ierV () 3 Qiervi — RicrVo1(i) € DierV(Ts-13:))-

We remark that in the present case dim V' (z;) = 1 for all ¢ € I, and so we can
omit k’(o) if we identify canonically each ®;¢c;V (2;) with C. However we treat
in Section 4 the case where dim V' (z;) > 1, and for I = Iy, N < o0, k'(0) is a
linear map from V1 @ V2 @ --- @ Viy to V,-1(1) @ Vo-12) @ -+ - @ Vo1 vy with
Vi=V(z;).

Now we can define an operator Iy (g) for ¢ = (d, o) € G. Denote by H(X)
the Hilbert space of measurable vector fields w = (w(@))gexr, = (¥;)icr €
X! with norm |wl|? := [, [[w(x)||* dv’ (x), then we put

3.7) (Mx(9)w) (@) = (-1)'"®) Zy(d)' (o) (w(o ™" (@),

where Zz(d) = [l;c; Za,(t;) for d = (t;)ier, and j(o, ) is the number of
inversions in (o7 (4));e s, (z) with Ji(x) = {i € [;2; € Weer Neat

Proposition 3.2.  The formula (3.7) gives a unitary representation of

G on H(X).
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Proof. For the factor (—1)7(®®) the 1-cocycle condition
(3.8) (—1)i(ro @) = (1) @) ()il @)

should be guranteed. Put J = Ji(x) for simplicity, then J; (77 1(z)) = 77 1J,

since 771 (x) = (2,())ier.- Let z (i € I) be independent variables and put

z = (2i)ier, 0(2) = (25-133))ier, and for a subset K C I, put Vi(z) =
i<kijkex (2 — zk). Then,

V(o) =[] (o) —2o-1a) = (-1)" Vork(2),

i<k;j ke K
where m is the number of inversions in {o~!(k); k € K}. Hence,
Vi(r(2)) = (1Y TPV,15(2), Vil(r0)(2) = (=1)/ 77V 10y 14 (2).

On the ther hand, the latter can be calculated in another way as

Vi) @)= [ (o110 = Zom1-1)
j<kijkeJ

= (_1)j(7',m) H (2071(3-/) — Zo-—l(k/))
j/<k";j’,k/€7'71(]

. - —1
= (R T O 2),

where we put j' = 771(j) etc. and take into account 771J = Jy(771(=)).
Therefore we get the 1-cocycle condition (3.8).

Since d — I x(d) and 0 — Il x (o) are unitary representations of D;(T") and
&7 respectively, it is enough for us to verify the relation Iy (o0~ (d)[1x (o)
=Tl (c~%(d)). From the formula (3.7) we have

—1
)

(I (o™ YLy (d)Lx (0)w) (@) = (=1)'7 ) (~1)/
= (Ix (o™} (d))w) ().

In fact, we have (—1)i(-®)(—1)i(c" " o@) — (_1)ile"'o.@) — 1 from (3.8) and
Za(ac)(d) = Hie[ Zx(,—1(i) (tl) = Hie[ Zﬂfi (ta(i)) = Zw(g_l(d)), O

Remark 3.1.  For the symmetric group &y, a unitary representation of
it is defined in [VK2| by h(z,y) — sign(o, ) h(oz,y), where x = (z;);er and
sign(o, z) := (—1)" with r = i(o, ) the number of inversions in {o(j);j €
J := Ji(z)}. Here we have i(o, x) = j(0~ !, &) with x := x, and the action of
o € &ronx = (x;)icr in [VK2| should be understood as 0 := (24(;))icr and so
(to)x = o(7z). On the other hand, in the formula (3.13) in [BG], the unitary
representation of & is translated from [VK2| as h(x,y) — (1)@ h(oc~ 2, y).
However, the multiplier (—1)¥(®®) should be (—1)ic "®) = (=1)i(®:®) with
x = m, because the action ox := (7,-1(;))ies here is different from that in
[VK2].

7O Z ) (d)w ()
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3.2. Calculation of matrix elements of IIy

Let us compute a matrix element of the representation IIy with the pa-
rameter A. Take a g = (d,0) € Gy = &;(T) and let its standard decompo-
sition into basic components be g = &4, &g, - €q.9192 - gm as in (2.1) with
g = (tgws (q)), tq, # er, g5 = (dj,05), 0; a cycle. Put Q ={q1,¢2,...,4¢},
K; = supp(o;) and K = supp(o) = |_|1§j§m K. For the parameter A, we put

(CeT) with focell= " acep.
pEN

pe = llacoll +pe, g =

Let w? = ®;erly, € H(X) and let us compute the matrix element ¢(g) =
(Mx(g)w, w®). This is not so simple but we get a summation formula for ¢(g)
in general. The calculations here give us helpful indications for our later task
to obtain the character f4 as a matrix element of a cyclic representation 74
corresponding to a unit cyclic vector 1o. From the formula (3.7) we get

(3.9) 6(9) = /X (e (H Zzi(m) dv' ().

i€l
Let [K;] be the smallest interval in N containing K;, and put K =
Ulgljgm[KjL .’Bf = (xi)ie?, and T = (xZ)ZEK Let j(O’,.’Bf) be the nume-
ber of inversions in (¢7!(i)) for i € Ji(xg) = {i € K; zi € Ueer Neats
and similarly for j(o,zx). Then we have (—1)7(*®) = (—1)/(%:*%) but not
necessarily (—1)7(%®) = (—=1)7(®®x) This complicates our calculations.

Lemma 3.3. Let g = (d,0) € Gy = &;(T) be with standard decomposi-
tion as above. Put for d = (t;)icr, dz = (ti);cix and Zor(di) = [lici Ze.(di)

and vE the product of v; = v on X; = X,i € K. Assume QN K = 0 for g,
then,

¢(9) =11 (Z (p¢ +q<)<:(tq)) / (~1) 0 7, (d) dvR (25).

< b7y
q€Q  ¢eT &

Further assume for o that the multiplicative factor (—1)j(""‘) has the prop-
erty

(3.10) (-1e® = J] (/=) (zeal)

1<j<m

Then, with F(d;,o0;) /K (o5 )Zij (dj)dyKi(ij),
X

J

( (pc+qc)¢ q)x H F(dj,o5),

ce 1<j<m

’ﬂ)

where Zg, (dr;) = Hz‘eKj Zy,(t;), and v¥i is the product of v; = v on X; =
X,i € Kj.
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Proof. 1f QN K = (), then for any ¢ € Q the variable z, in  does not
change the value j(o, ), and so we can perform independently the integration
with respect to dv(x,) in the integral expression (3.9) of ¢(g). Then we get

/X Zey(tg) dv(zg) = > (lacoll + ue + llacall) ¢(tg) =D (pc + ac)S(tg)-

B ceT CeT

The second assertion is straightforward from the assumption. (|

Note that the assumptions in Lemma 3.3 are satisfied if all K; = supp(o;)
are intervals in IN. For the integration F'(d;,o;) on X Kj we examine two cases
here.

CASE 1: 0;=(123 ... )t =(¢ =1 ... 2 1) with £ = ¢; the length
of oj.

In this case, K; = {1,2,...,£}. If Ji(xk;) does not contain /, then
jloj, ;) = 0, and the partlal 1ntegrat10n corresponding to this case gives

11 (Z (Pe: + 4c.) G z) (ZPQC@W)

1<i<t G eT C[ET

If Ji (x k) contains £, then j(o;, xx,) = |J1(x K, )|—1. Therefore the partial
integration corresponding to this case is

H ( Z (pC, - QCL Cz i ) ( Z d¢, CZ ty )
1si<t  ¢eT CeeT
Therefore we get

F(dj, o)

= > I we +ac) v, + [] e —ac) - ac ¢ ] ()

C1,Caynnn CeeT 150t 1<i<t 1<i<e

CASE 2: 0, =(123 ... {) with £ ={; = (o).

In this case, K; = {1,2,...,¢}. If Jl(a:K) does not contain 1, then
jloj, ;) = 0, and if Jy(xx;) contams 1, then j(oj, ;) = |[J1(zk,;)| — 1.
Therefore similar calculations as above give us

F(dj’aj)

= Z P H (pCi +QQ) + g H (pCi - QCi) H Gi(ts)

C1oCornCe€T 2<i<e 2<i<e 1<i<e

Example 3.1. Let oy = (1 3),00 = (2 4). For x € X!, assume that
Ji(x) = {1,4}, {2,3}, then j(o1,zK,) = j(o2,zK,) =0, j(o,x) = 1, whence
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the equality (3.10) does not hold. Moreover if J;(z) = {1,2,4},{3,2,4} (resp.
{1,3,2},{1,3,4}), then j(o1,zx,) = 0 (resp. 1), j(o2,xk,) = 1 (resp.0),
jlo,x) = 2, and (3.10) does not hold. Otherwise (3.10) holds for Ji(x) C
{1,2,3,4}. From this, we can write down the matrix element ¢(g) for g = (d, o)
with d = (t1,te, t3, ts,er,er,...) in a certain sum.

Suggested by this example, we can give a general summation formula for
@(g) as follows. Devide X as
X=x0x" with X%:=| | (MoUZ), &= | | Moo
CeT CeT
and accordingly for X; = X (i € I), X} = XPuxt with X2 = X9 x! = X1, For
asubset 7 C K, let j(0, ) be the number of inversions in 0=1(i),i € Z, and put
T = ([Lerg X)) % (Ilier &), Then (1)) = (=1)7(@8) (2 € XT)

and XK = Lzcw XET and

/X?,z Zar(dF) dV?(wf) - Z ( H pcl-) (H in) H Gi(ts).

GET (ieK) i€K\T i€l i€(QNK)UK

Proposition 3.4. Forge G =6(T), put K = Ui<j<mlK;]- Then

(3.11)
o) = T1 (X e+ a)<(t) [ (170 2o (i) o ()
q€Q\K (¢eT *
=TI (X e+ a0)ct)x
9€Q\K (€T
<> S (IT ee)(ITee)  TT Gt
ICK GET (i€RK) i€K\Z = i€(QNE)UK

3.3. Construction of factor representations of finite type 7* of G;

Starting formally from the fundamental representation IIy given above, we
construct bigger representation of Gy. For that, we introduce a new variable
y € X! controling multiplicities of representations and construct a unitary rep-
resentation IT whose certain subrepresentation 74 gives a factor representation
corresponding to f4.

For ¢ = (z;)ier € X!, take a tensor product W(z) = ®;c;V (x;) with
respect to a reference vector (1,,)ier with 1, = 1 € V(z;) = C, and take a
measurable vector field w on X! x X! such that w(z,y) € W (x) for (z,y) €

XTI x X1, We define  ~ y if = 7(y) for some 7 € &7. The norm of w is
defined by

(312) [l = [ 3 ey @)

Yy~
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and this gives us a Hilbert space H. The action of g = (d,o) € Gy is defined
through IIy(g) acting on x-side as

(3.13) ((g)w) (@, y) = (~1)"®) Zy(d) ' (o) (w(o " (@), y))-

Similarly as Proposition 3.2, we can prove that (II,H) is a unitary representa-
tion of Gj.

Let A be the diagonal subset of X7 x X! and 1 its characteristic function,
then [|14]]> = [, dv/(x) = 1. Let H* be the closed linear span of II(G1)1a
and 74 be the restriction of IT on the subspace H“. Summarizing these results,
we have the following.

Proposition 3.5.  The set of measurable vector fields w(x,y), (x,y) €
XTx X1, with norm (3.12) gives a Hilbert space H, and I1(g) (g € G1) in (3.13)
is a unitary representation of Gy on H. Its subrepresentation 7 on H* has a
cyclic unit vector 1.

3.4. Calculation of a matrix element for 74

We calculate the matrix element for 15 using integral expression
(3.14) (rM(9)1a,1a) =

= /XI Z (—1)j(”’w)<Zm(d)f€/(‘7)(1a(0_1(a:),y))71A(m7y)> dyj(m)7

and get a factorizable positive definite class function on G7j.

Theorem 3.6. (i) The matriz element (1(g)1a,1A) is given by the
same formula as that for the function fa in Theorem 2.2. In particular, as-
sume I = N. Then the matriz element (14 (g)1a,1A) is equal to the extremal
positive definite class function fa on Gy = G (T) in Theorem 2.2 correspond-

ing to a parameter A = ((aCﬁ)(g,e)efx{o,l} ; u)
(ii) The cyclic representation 7 generated by 1 is a factor representation
of finite type with normalized character fa.

Proof. Denote by ®(g) the matrix element in (3.14). For g = (d,0) € G,
the integrand in (3.14) is not zero only when o71(z) = y = x.
For a general element g € Gy, take its standard decomposition as in (2.1),

9 =808 " qr 9192 gm, With §g = (tq,, (ar)), g, # er, for 1 <k <r, and
g; = (dj,o;) for 1 <j <m. Put Q ={q1,¢2,...,¢}, K; = supp(o;), and for
dj = (ti)iex; € Dk, (T), ¢(d;) = [;ex, ¢(t:). The condition o Yzx) = x says
that, for each j, all z; (i € K;) coincide with each other. So the set of such
elements, taking from X% is equal to the set of zx, = (7;)ick, given as

Zg, = |_| |_| {zk,; (Vi) 2, = (¢, e,p) }
(Ce) pEN

LI L fores (90) 2 = (€.6),€ € 0, e}

ceT
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where (¢,¢) runs over T x {0,1}. The point mass of {rk;; (Vi) 2 = (C,e,p) }
with respect to the product measure 1% is equal to (a¢ )il = (acc )49,

The integral in (3.14) can be carried out independently on each component
X,, and X% because, if 071(z) = =, either Ji(z) D K; or Ji(z) N K; = 0
holds and the sign (— 1) i(7:®) is decomposed into a product as

(2 = I oo = [~y
1<j<m 1<j<m

if, for 1 < j < m, the component of zx; is given by ((j,£;,pj) € Xaise. Thus
®(g) is expressed as a product of integrals as

1/ 2t vie)x

q€Q

< ] / (1) ) T Za, (ts) dv™o (k).
Z

K
1<j<m Y 2K, (CX ’) i€K;

(3.15)

For each factor of the first term, we get

/)(Zx(tq)du(m): S Y e Clt) + 3 nedity)

(¢,e)eT x{0,1} PEN CeT

For each factor of the second term, the integral for the integration subdo-
main UceT{xKa’ (Vi) & = (¢,€),€ € [0, puc]} C 2k, C X% is zero because for

cach ¢ € T the domain is a one-dimensional subset in [0, u¢] /51 of dimension
¢; = |K;| > 2. On the other hand, the value of the integrand for the subdomain

Upen{zr;: (Vi) i = (C,e,p)} is C(dj)xg(oj), and so we have

/ (71)3'(0]',96;9) H Zy. (L) dVKj(ij) _
ZK

J i€EK;

- Z Z Qg 5717 ])Xs(UJ)C(dj).

(¢C.e)eTx{0,1} PEN

By calculations above, we get the product formula for ®(g) as for f4 in
(2.10), and in case I = N we get ® = f4, and the first assertion of the theorem
is proved.

For the second assertion, note that the matrix element corresponding to
the cyclic vector 14 is equal to fa, whence 74 is equivalent to the Gelfand-
Raikov representation 7y associated to f = fa. On the other hand, f4 is known
in Theorem 2.2 as a normalized character of a factor representation of finite
type. Therefore the Gelfand-Raikov representation 7¢, is known to be factorial
of finite type and its character is equal to fa, according to a general theory for
the representation of topological groups (Theorem 1.6.2 in [HH3]). O

Remark 3.2. In the paper [HH6], the positive-definiteness of the class
functions f4 is proved in the first half. Theorem 3.6 above and Theorem 4.7
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below give another proof of the positive-definiteness of the functions f4. See
also Remark 2.3.

Remark 3.3. For I = N, the cyclic representation 74 has

(m*(9)1a,1a) = fa(g)

as its character, and so the factor 74(G)” has 1a as its trace-element in the
sense of Definition 3 in [Dix, 1.6.3].

3.5. Special cases of Theorem 3.6

Here we expose some details in certain special cases. This is to explain
how we could arrive from the study of special cases to Theorem 3.6 in the most
general case, and also to become more familiar to the method of constructing
factor representations.

3.5.1. Special case: } . [loac|| =1 for a cetain ¢ € T for A

We fix ¢ € T. Let us examine first the simplest case where a¢. =
(1,0,0,...) for some ¢ € {0,1}. For each i € I, let V(¢,e); be a copy of
V(¢,e) in (3.3), and consider a tensor product ®;c;V (¢, €); and make it a G-
module by an action of g = (d,o) € Gy with d = (¢;)ier,t; € T; = T, given
as

Pee((d, 0))(®iervi) = xe(0)¢(d)(®ierve—1(3)),
where ((d) = [[;¢; C(t:) = ((ILies ti)-

Lemma 3.7.  The above formula gives a one-dimensional unitary rep-
resentation (unitary character) of Gr. If I = N, the parameter

A= ((ac,s)(c,e)efx{&l} ; M)

corresponding to this factor representation of type Il is an extreme case where
ace = (1,0,0,...) for a (¢,e) € T x{0,1} and accordingly all other parameters
are zero.

Starting from this simplest case, we examine more general case where
llacoll + llacall = 1 for a fixed ( € T'in A = ((O‘<»€)(<,e)efx{0,1} ; u) , and
accordingly all other parameters in A are zero. In this case the measure space
(X,v) is given as X = | |.c(q 1) N¢. with pointwise measure v({(¢,¢,p)}) =
Qlep-

(I) Take copies of T-module V({,¢) as V(z) = V((,¢) for x = (¢,e,p),p €
NN, and consider its direct integral or weighted direct sum as follows. For a vec-
tor field v = (v(2))zex,v(z) € V(2), on X, we put |[v||* = [, [v(z)]?dv(z) =
> e Qz|v(2)]?, and denote the space of such vector fields by

@D
V(X):/ Vi)du(z) = 3 V().

x reX
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Take copies V(X); = V(X;),i € I, and make tensor product W(X) =
®ier V(X;) with respect to the reference vector (1x,);cr. On W(X), we have
a unitary representation IT, as in Lemma 3.1.

(IT) Consider a Hilbert space H(X) of vector fields w(x),z = (z;) €
X! =T1,¢; A with norm [|wl? := [, [[w()||* dv'(x), then we have a unitay
representation Iy on it given for g = (d, o) € G as

(Ix (g)w) () = (1))@ ¢(d) &' (0) (w0} (@) (w € H(X)).

(III) Now introduce a new parameter y which controls the multiplicities of
representations, and construct a new representation II. For & = (z;);es € X7,
take a tensor product W(zx) = ®;c;V (x;) with respect to a reference vector
(1, )ie1, and take a measurable vector field w on X7 x X! such that w(zx,y) €
W(zx) for (z,y) € X1 x X1, The norm of w is defined by (3.12), and the
Hilbert space consisting of such w that |w|| < oo is denoted by H. The action
of g = (d,o) € Gy on H is defined as

(M(g)w)(z,y) = (1Y > ((d) &' (0) (w(o ! (x),y)).

Let A be the diagonal subset of X! x X! and 1, its characteristic function,
then ||1a] = 1. Let (74, H*) be the cyclic representation generated by 1a
under TI. We calculate the matrix element ®(g) = (74(g)1a,1a) for 1A as

o

g) =
G = /;a > A1) ® ¢(d) £ (o) Qalo (@), ), 1a(z, y)) dv' (),

Yy~

and get the following result:
Assume I = N. The matriz element (1(g)1a,1A) is equal to the ex-
tremal positive definite class function fa corresponding to a parameter A =

((ce)iemperonyi 1) with ool + ol = 1.

3.5.2. Special case: ||u|| =1 for A
Fix a ¢ € T. Define a character of the subgroup D;(T) C G;(T) by

¢p(d) = ((II,csts) for d = (t;)ier, and consider the induced representation

e = Indgigg (p realized naturally on the space (?(&).

Lemma 3.8.  The vector v = &; € (?(S) is cyclic, where 1 denotes
the identity element in &y. The matriz element (m¢(g)v°,v°) is equal to ((d)
for g =(d,1), and vanishes outside of Dy(T) C G1(T). Assume I = N. Then
the induced representation ¢ is factorial of type 11y, and the corresponding
parameter A = ((O‘Cﬁ)(c,s)efx{o,l} ; u) is an extreme case where pe =1 and
accordingly all other parameters are zero.

We give another realization of this factor representation. To be more gen-

eral, we treat the case where ||ul| = X . cppuc =1in A= <(a4v5>(C )T {01} i
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,u) In this case the measure space (X,v) is given as X = I—lCET He, B¢ =

{(¢, &), & € [0, pe]} with the Lebesgue measure dé; on the interval [0, u¢]. Let
V(¢ ) be a one-dimensional T-module given in (3.4), and take copies of it as

V( ) )_ (C)v&Ce‘—‘C'

(I) For a measurable vector field v = (v(z))zex,v(z) € V(z), we put
[v]|> = [, [v(z)|? dv(z), and denote by

@ (&)
V(x) = / Vi) dv(r) = 3" / V(G &) dec

* cer UE¢
the space of such vector fields that ||v|| < co. Take copies V(X); = V(X&;)
and make tensor product W (X) = ®;ecr V(X;) with respect to the reference
vector (1x,)ier. On the space W (X') we have a unitary representation II% as
in Lemma 3.1.

(IT) Going to the form of vector fields, we have another but similar unitary
representation (Ily, H(X')) given as follows: for g = (d,0) € G

(Mx(9)w) (x) = Ze(d)r' (o) (w(o ™ (2))) (w € H(X)),
where © = (2;)ie; € X1, Z,, = ( for z; = ((, &) € Xi.

(IIT) Now introduce a new parameter y which controls the multiplicities
of representations and construct a new representation. For © = (x;);e; € X 1 ,
take a tensor product W(z) = ®;c;V (x;) with respect to a reference vector
(14,)ier, and take a vector field w on X! x X1 such that w(z,y) € W(x)
for (z,y) € X' x X1, The norm of w is given by (3.12). The action of
g = (d,o) € Gy is defined as

(3.17) (I(g)w) (x,y) = Zz(d)x'(0) (w(a_l(ac)7 ),

where Zg(d) = [[;c; Za, (ti)-

Let A be the diagonal subset of X7 x X7 and 1, its characteristic function,
then ||1a] = 1. For the cyclic representation 74 generated by 1A, we calculate
a matrix element and get the following result: In the case I = N, the matriz
element (7(g)1a, 1) is equal to the evtremal positive definite class function

fa corresponding to a parameter A = ((O‘C,E)(c,e)efx{ml} ; u) with ||| = 1.

3.6. The case of the subgroup G7 = &7(T) with S C T abelian com-
pact

The natural subgroup G5 = &7 (T) of G; = &(T) is defined in (1.3) for
T abelian and compact, and it is normal and the index [G : G] is finite under
the assumption that S is open in T. For I = N, characters of G7 = &5, (T)
are given in Theorem 2.3. Note that, for S = {er} C T = Z,, we have
65 (Z2) = Wp_.

The group Gy is decomposed into Gf—cosets as Gy = L]teT/S ZG;Q =
Lier/s GSt with t = (t,er,er,...) € Dy(T), where “t € T/S” means that
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t runs over a complete system of representatives of 7'/S. The restriction
of inner automorphism ¢ — tg¢ ' on G7 is denoted by 6;. Let H{ be
the closed span of ﬂA(G}S)lA, then the representation space H* of 74 is a
sum of m4(1)H{', t € T/S, and is generated under G5 by a set of vectors
{w? == 74(t)1a;t € T/S}.

Denote by 7' the representation of G}g obtained by restricting 74 onto
mA(t)HE'. Then it has a cyclic vector w) and the matrix element is given
as (1 (g)w?, w?) = f3(0,-1(9)) = f5(g9) with f5 = fa|G7, because fa is
invariant under inner automorphisms.

In the case I = N, we know by Theorem 2.3 that f% is the normalized
character of a factor representation of finite type of G77. Therefore we see that
each 7/ is a factor representation of finite type having the same f5 as its
character, and so they are all quasi-equivalent to each other. Thus we get the
following result.

Theorem 3.9.  Assume that T be abelian compact and S C T be an
open subgroup. Then, for the group G3 = &35 (T) with I = N, a factor
representation of finite type with character f5 is realised by 7{* witht = er € T
on the space H{' generated by 1.

4. Special realization of factor representations of 6.,(7"), T’ any com-
pact

Let T be a compact group and we study the wreath products G; =
S;(T) = Di(T) x & for I = Iy with N =1,2,...,00 with I, = N. Put
Gn=6,,(T), G=64(T).

4.1. Factor representations of a compact group 7'

Denote by T' the set of all equivalence classes of irreducible unitary rep-
resentations of T', and for each ( € T we fix a representative of the class and
denote it again by the same symbol . Denote by V' ({) the representation space
of ¢ and by x¢ its trace character.

4.1.1. A realization of cyclic factor representations of T'

Fix a unit vector v € V(¢). Take a complete orthonormal basis {e;;1 <
j < dim¢} in V(¢) such that e; = v°, and let (jx(t) = (((t)ek, ;) be matrix
elements with respect to it, then (11 (t) = (¢(#)v°,v°). Put

(4.1) vg(s) = ((s)v" =((s)er (s€T).

Lemma 4.1. (i) The elements v° and vg(s) are both cyclic in V({), and

(C(t)vg(sl), v2(52)> = (11(s, 'ts1). Denote by ds (s € T) the normalized Haar
measure on T, then

/TCM(S_ltS) ds = diil( xc(t).
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(ii) There holds the following integral relation:

, Gralsy tse) Ga(sy tast) <o Cuals, Mtese—1) dsidss -+ dsg =
(42) T

_ X¢(tetg—1---tatr)
(dim ¢)*

Proof. 1t is sufficient for us to note the following two equalities:

dim ¢
[anttesas= 30 [ Guls™) Gt Gats) ds
T k=1
dim ¢
= > (@dim¢) ™ e Gre(t) = (dim¢) " xe(?).
ko l=1
/Cll “Mt1se) Cua(sy Mtasy) dsy
dim ¢
-y / Cis(5171) G (tr5e) Cun(s142) Gea (1) dsy
k=1
dim ¢
= (dim¢)~ Z Cir(sy M) Cer(tise) = (dim <)~ Cii(sy Htatise).
k=1

O

For later use we define a continuous direct integral of the same irreducible
representation ¢ as follows. For s € T, put V((;s) = V({), and the representa-
tion space U((), the operator of representation ¢V (¢) and a special unit vector
ug are defined as follows:

(&) (&) (&)
(4.3) U(C) = /T V(Cis)ds, V()= /T C(t)ds, ul = /T o(s) ds.

Note that the above space U(C) is nothing but the V(¢)-valued L2-space on
(T, ds), denoted by L?(T,ds; V(()), and the representation ¢V acts on the space
of values V/(¢). For this representation (¢V,U(()), the unit vector u? is a trace-
element for {. In fact, we get the normalized character of { as a matrix element
for ug thanks to Lemma 4.1:

<CU( )UC’U(C)> /< (t)’l)?(s),v?(s)) ds =

(4.4) 3 ,
/Cn ts)d = @imc X x¢(t)-
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4.1.2. Another realization of cyclic factor representations of T’

We also prepare another type of a factor representation ¢Vt for ¢. On the
dual space V(¢)" of V({), the adjoint representation ¢’ acts as ({(t)v,v’) =
(v,'(t1)') (t € T) for v € V(¢),v" € V(¢)', where (v,v") := v'(v) denotes
the natural pairing between these two spaces. Consider the tensor product
U1(¢) = V() ®V(¢)" as a T-module through the action (V* = ( ® 17 with the
trivial representation 17 of T, that is,

45  Owev) =Kt ev (teTve V() eV(()).

Note that (¢Y*,U;(¢)) is canonically equivalent to the part corresponding to
e T of the right regular representation (Rr, L?(T)), which is spanned by the
matrix elements of . Take a complete orhtonormal basis {e;;1 < j < dim(}
in V(¢) and its dual basis {e};1 < k < dim(} in V(¢)’ such as (ej,€)) = djx,
and define a unit vector in U;(¢) as

1
(4.6) u' = — Y ged.
vaim¢ |

Lemma 4.2. (i) The element u' is independent of the orthonormal ba-
sis used to define it. In particular, ut = (1/y/dim) Di<j<dimc(C(8)es) ®
(¢'(s)ef) for any s € T. Any element of U1(¢) = V(¢) ® V(C) invariant under
C® (' is a scalar multiple of u'.

(ii) The unit vectors u' is cyclic under ¢V, and

1

<CU1 (t)ul’ u1>U1 = dl—mC X((t)’

where (-, )y, denotes the inner product in Uy(C).

Proof. (i) By calculation, we can prove that u! is independent of the
choice of {e;}. Anelement u =3, - qim ¢ bju(ej ®ey) of Ur () is invariant if
and only if the matrix B = (bj;,) satisfies ((s)B(¢'(s)) = B or ((s)B = B((s)
for any s € T. So the irreducibility of ¢ guarantees that B is a scalar matrix,
and so u is a scalar multiple of u!.

We omit the proof of (ii). O

Lemma 4.3.

(4.7) //Z Xe(sy  tise) Xe(s5 Mtast) -+ xe(sg tese—1) dsydsy -+ dsg =
T

_ Xc(teto—t - - - taty)
(dim ¢)¢1

Remark 4.1. As a representation of T'x T', the representation T'x T >
(t,s) — C(t) ® ¢'(s) on U1(¢) = V(¢) ® V(€)' gives a Hilbert algebra in the
sense of [Dix, 1.5, and concerning Lemma 4.2, we refer to Proposition 3 in [Dix,
1.6.3].
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4.2. Fundamental representations of G;
Let X = Xgise | | Xeont, where

Xdise = |_| NC,Ea NC,E :{(C,E,p);pEN}’EN
(¢,e)eTx{0,1}

Xeont = |_| EQ EC = {(Cvg)ag € [QM(H = [O,uc],
ceT

and v the probability measure on X given by A as follows:

48)  v{(Gep)}) =acep (pEN), dv(((,€)) =dE (€0, puc)).

We put for I = Iy with N =1,2,...,00, X! = [Lic; & with &; = X (i €
I} and v! = [I;c; vi with v; = v. Then, the permutation group &; acts on
X1 as o(x) = (T5-1(;))ier for 0 € &1 and @ = (2;)icr, z; € Aj.

For each x € X, we prepare a T-module as follows.

I. FIRST CHOICE: For a discrete parameter z = ((,&,p) € Xgisc and also
for a continuous parameter z = (¢, ) € Xeont, we put

D
U(z) = U() = / V(Cis)ds

T

with the distinguished unit vector ul := ug = f vg( s)ds, and the action

of t € T is given as follows. We denote an element wu fT s)ds with
u(s) € V(¢;s) = V(¢) simply by u = (u(s)) in the form of a vector ﬁeld then

(4.9) (Za(t)u)(s) == (¢ (B)u)(s) = ¢(t) (u(s)),

II. SECOND CHOICE: For a discrete parameter x = (¢, &,p) € Xyise, we
put U(x) fT s)ds, as above (cf. Remark 4.2). For a continuous
parameter T = (C &) € Xcont, put

(410)  U@)=Ui(Q)=V(Q® V().  Zi(t)=¢"() (teT),

and uQ = ué the distinguished cyclic unit vector.

4.2.1. Unitary representation II’, of G;
Denote by U(X) the sum of a direct sum and a direct integral of U(z)’s

- S UG EB/ )_/ij)du(x).

TEXgise Xeont
For a measurable vector field u = (u(x))zex,u(z) € U(z), on X, define its
norm as |u® = [, ||lu(z ||2d1/( ). Then the vector field u% = (u2),ex with
the distinguished unit vector u € U(x) has norm 1, that is, |u%| = 1. The
Hilbert space U(X') consists of measurable vector fields w with |Ju|| < oo, and
the T-action on it is given by (Zx(t)u)(z) = Z,(t) (u(z)) (z € X)

as
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Take copies U(X); = U(X;) = U(X) for i € I and make tensor product
W (X) = @i U(X); with respect to a reference vector (u%, )ier. Then, on a
decomposable elements w = Q;eu; € W(X), elements d = (t;)ier € Dy (T)
with ¢; € T; =T and o € G act respectively as

My (d)w = @ier (Zx, (t)wi),  K(O)w = Dicrtg—1(),
and we get a unitary representation II’, of G as follows.
Lemma 4.4. Forg=(d,0) € Gy = D;(T) x &y, put
Iy (g)w =Ty (d)r(o)w  (w € W(X)).

Then this gives a unitary representation of Gj.

4.2.2. TUnitary representation Ily of G;

We rewrite IT% using vector fields on X! with values in W () := ®;¢,U (x;)
at € = (z;)er, ;i € &;, and introduce a multiplier coming from a 1-cocycle for
(&7, X7%). Let H(X) be the Hilbert space of measurable vector fields w(zx) €
W(zx), z € X1, such that |w]|| < co, where |w||? := [, |[w(z)|?dv! ().

Recall that each space U(x;) is isomorphic to Lg(T, ds; V(¢;)) for z; =
(Ciyeiypi) or (¢, &) in the first choice. Therefore, in turn, the value v =
w(x) € RierU(z;) can be considered as an L2-function v(s) of s = (s;)ier
7T = [I;c; Ti with values in ®;¢7V/((;), where the measure dm(s) on TT is the
product of normalized Haar measures ds; on T;. Here the permutation group
G acts in two ways.

(i) The one is the action on the space of values ®;c;V ((;) as

m

K'(0) 1 @ierV($i) 3 Qiervi — QierVe-13) € QierV ((o-1(:))-

(i) The other is the action on the variable s = (s;)ie; € TT as o(s) =
(sa—l(i))iEL

We denote by «” (o) the simultaneous action of o of type (i) and (ii).

The action " (o) is natural in the following point of view. Take a decom-
posable element w := ®;crv; with v; € L?(T;,ds;; V;), where v; is given as a
function in s; € T; with values in V;. By 0 € 6, we permute the components
of w as ®;erv,-1(;), then this is a function of s = (s;)ier € T = [I;c; Ti given
as ®ierVe—1(;)(So-1(s)), and the last expression gives nothing but " (o) (w).

For our present case, take a decomposable element w = ®;cru; with u; €
U(X); = U(X;), and consider ®;¢ru; as a vector field on X7. Then its value at
apoint = (x;)ier, x; € Xj, is given by ®;cru;(x;), and then by ®;cru;(z;)(s;)
as a function of s. A permutation o € & acts as w = Rje1U; — RicrUy-1(;)-
Its value at @ is ®jcrus—1(;)(7;) and further is @ierue—1(:)(2:)(so-1(;)) as a
function in s, which is expressed as £” () (®ierui (T(;))) = £ (o) (w(o ™! (x))),
that is,

(®ier Uo—1()) (®) = DicrUo-1(5) (i) = K" (0) ( Rier wi(T43:))) =
K (o) (w(o™ (z))).
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Proposition 4.5. For g = (d,0) € G; and w € H(X), put

(4.11) (Mx (9)w) (z) = (1) Zy(d) & (o) (w(o " (2))),
where w = (w(x)),x = (2;)icr € X!, and Zz(d) = [L;c; Za, (t:) with Zy, in

(4.9) in the case of the first choice, and j(o,x) is the number of inversions in
(071(0))ies (@) with Ji(x) = {i € L;x; € UcerNeat fore =1. Then Iy is a
unitary representation of Gy on H(X).

The proof is a word for word repetition of that for Proposition 3.2.

Furthermore in the case of the second choice, Z,, for z; = ((;, &) € Xeont 18
chosen as in (4.10), and accordingly the transformation x” (o) : W (o~ (z)) —
W (x) should be defined to realize the transformation w = ®;cru; —
®ie1Uq-1(;) for decomposable elements w € W(X) = ®;c/U(X;) with u; €
U(&;). Hence £ (0) : ®@icrwi(T,(:)) — Qicrtto—1(;)(2;). Then the assertion in
Proposition 4.5 holds in this case too.

4.3. Construction of factor representations of finite type of G;

Now we introduce a new variable y € X! controling multiplicities of rep-
resentations and construct a unitary representation Il whose certain subrep-
resentation 74 gives a factor representation corresponding to f4. For x =
(wi)ier € X1, take a tensor product W (x) = ®;c;U(x;) with respect to a ref-
erence vector (ugi)ie 1, and take a measurable vector field w on X! x X' such
that w(z,y) € W(z) for (z,y) € X! x X1. We define « ~ y if z = 7(y) for
some 7 € G as before, and the norm of w is defined by

(412 ol = [ | 3 (o) @) & =)

Yy~

Denoted by ‘H the Hilbert space of measurable vector fields w with finite norms
in (4.12).

The action on H of g = (d,0) € Gy is defined through I1x(g) acting on
x-side as

(4.13) (W(g)w)(@,y) = (1) Zy(d)r" (o) (w(o ™" (@), y))-

Proposition 4.6.  The formula (4.13) gives a unitary representation of
G on the space 'H.

Let A be the diagonal subset of X1 x X! and un(x,y) is a vector field
supported by A such that ua(z,y) = 0 if ¢ # y, and ua(z,x) = u(z) =
®icrul € W(x) = ®;c1U(x;), then ||uall = 1. Denote by H* the closed linear
span of TI(Gr)ua and by 7 the restriction of IT on the subspace HA. As will
be proved in the following, the cyclic representation (74, H4) is factorial of
finite type with normalized character f4.
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4.4. Calculation of a matrix element for 74

We calculate the matrix element of 74 for the cyclic vector ua as

(4.14)
<7TA(9)'UJA7'U«A> =

:/XI Z (*1)j("’m)<Zm(d)n”(U)(UA(UA(GJ),y)),uA(a:,y»W(w) d' (x),

y~x
and get the following result.

Theorem 4.7. (i) The matriz element (1(g)ua,un) is given by the
same formula as for the function fa in Theorem 2.1. In particular, in the
case I = NN, it is equal to the extremal positive definite class function fa in

Theorem 2.1 corresponding to a parameter A = (044,5)(C Sefx{o1} s M

(ii) The cyclic representation T generated by ua is a factor representation
of finite type with normalized character fa.

Proof. Denote by ®(g) the matrix element in (4.14). For g = (d,0) € G7,
the integrand in (4.14) is not zero only when o~1(z) = y = «.

For a general element g € Gy, take its standard decomposition as in (2.1),
9=858q0 &g 9192 - Gm, With &g, = (tq,., (qr)), tq, F# er, for 1 <k <r, and
g; = (dj,o0;) for 1 < j <m. Put Q ={¢1,¢2,...,4¢-}, K; = supp(o;), and for
dj = (ti)iEKj (S DKJ- (T), let Pa]. (dj) be as in (15)

The condition o~ !(z) = x says that, for each j, all z; (i € K;) coincide
with each other. So the set of such elements, cut off in X7, is equal to the set
of xr; = (7;)ick, given as

Zg, = || || {ﬂcKj;(W) ﬂcz‘:(C,&P)}
(¢,e) pEN
LI L {3 (90) @ = (G €),€ € [0, ],
¢ceT

where (¢,¢) runs over T x {0,1}. The point mass of {rk;; (Vi) @i = (C,e,p)}

with respect to the product measure 1% is equal to (a¢ )il = (acc ) 9.

The mass of the set of continuous parameters

{wx,5 (V)@ = (¢, €),€ € [0, p]} C (F)™

with respect to the | K;|-dimensional Lebesgues measure is zero, since it is a one-
dimensional subregion of (Z¢)%7 = [0, u¢]/%s! of dimension |K;| = £(0;) > 2,
where Z¢ = {(¢,€);€ € [0, pe]} C Xeont-

The integral in (4.14) can be carried out independently on each component

X,, and X% because, if 071(z) = z, either Ji(z) D K, or Ji(z) N K; = 0
holds and the sign (fl)j("’ ) is decomposed into a product as

(12 = ] xelon) = [ (-,

1<j<m 1<j<m
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if the component of xx; is given by ((j,€;,pj) € Xaise. Thus ®(g) is expressed
as a product as

(4.15) ®(g) = H fa(tq) x H ij((dj7Uj>)7

q€Q 1<j<m

(4.16) filta) = [ (ot ) (),
(4.17)
ij<(d.j7Uj)) =
= / (_l)j(Ujszj)< ®i€Kj (sz (tz)ug 1 ),@ie[{jug,> dij (,’L‘KJ)
2, o W (ak,)
For the last formula (4.17), we note that for o; = (i1 i --- i¢,), K; =
supp(o;) = {i1,%2,...,4,}. Anelement in W (zg,) is regarded as a vector field
on 7% hence a function in sy, sg, . .., S¢;, in such a manner as is indicated just

before Proposition 4.5 (where ¢; denotes ¢(¢;)). Namely, on the first argument
of the inner product in (4.17), o; acted as follows:

(K@) @ier, ) (5152, 50,) = K (0) (@i 08 (51,524 50,))

=K' (05)( @iek, uf,(si)) = ®ieKjugo,1(,) (85-1(3))-
S

This remark is essential in the computation of (4.18).

For the factor (4.16), we took (Z,(t)u)(s) = (¢Y(t)u)(s) = ¢(t)(u(s)) for a
discrete parameter = ((, &, p), and the same for a continuous parameter x =
(¢,€) € X.ont in the first choice, whereas Z,(t) = (V1 (t) for z = (¢, €) € Xeont
in the second choice. Then we get in any choice

tq tg
/X<Zz(tq)ugﬂug> dV(.’E) = Z Z ac’s’p >(<1§1(n<) + Z MC fijl(nc)

(C.e)eTx{0,1} PEN CeT

For the factor (4.17), the integral on the region of continuous parameters
Ucerlzr,; (Vi)zi = (¢,€),§ € [0,uc¢]} is zero, since each of the subregion

corresponding to Z¢ C Xeopnt is a one-dimensional subset in [0, ,u<]|KJ'| and of
measure 0.

Put f(Uj) = |K]| = €j7 and tll = ti17t,2 = t¢2, ey tléj = ti(j for 05 =
(i1 g -+~ igj). Then the value of the integrand for the region of discrete
parameters L]peN{ij; (Vi)x; = (C,e,p)} is

(71)j(0j7ij) <®i€Kj (Zz7 (ti)ugg.l(i)> s ®16K7u21> =

(4.18)
= (—1)=&Y /T@' I | (C(ti)ud(sk—1), ud(sk)) dsy dss -+ - dsy,,
T 1<k<e,
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where we put s;,11 = s1. By Lemmas 4.1 and 4.2, the above integral is equal
to

(—1)==1 . Cra(sy Mthse,) Cualsy 'thsy) -
T3
(4.19) Cu(sg;ltéjszjfl)dﬁ dsy -+ dsg; =
e KT xR )
(dim ()% X2 T dim Q)

where P, (d;) is defined in (1.5). Hence we have

/ (1)o7 o) <®i€Kj (Zw (ti)Ugg,(i)) ; ®ieKjUgi> dv’i (k)
ZKj J

_ e\ |
Z Z dim ¢ xe(75) x¢(Po, (d;))-

(¢e)eTx{0,1} PEN

By the calculations above, we get the product formula for ®(g) as for fa
in (2.5), and in the case I = N, ® = f4 as is asserted in the theorem.

For the last assertion in (ii), the proof is similar as in the proof of Theo-
rem 3.6. (|

Remark 4.2. From the computation of the integration (4.17) on the
region of discrete parameters [_|(<}6) [_|peN {ij; (Vi) x; = (C,e,p)}, it can be
seen that Lemma 4.3 is an obstacle why we cannot choose Z,(t) = ¢Y1(t) in the
second choice IT in 4.2 for discrete parameters x = ((,€,p) € Xgisc, whereas
we could choose it for continuous parameters = = (¢, §) which appears actually
only in the one-dimensional integration (4.16) on X'.

Remark 4.3. Let G be a topological group and K a closed subgroup of
G. Then the pair (G, K) is called spherical if for any TUR T of G, the subspace
V(T)¥ of all K-invariant vectors in the space V(T') of T has dimension < 1
[Ols, Definition 23.1]. An IUR T of G is said to be a spherical representation
of a pair (G, K) if dim V(T)¥ = 1.

For a topological group G, put G = G x G and let A(G) (2 G) be the
subgroup of diagonal elements of G. Then the pair (G, A(G)) is always spherical
[Ols, Corollary 24.4]. For an IUR T of G, put m = T|gyx e} Assume T has
a unit A(G)-invariant vector vy € V(T). Then 7 is a factor representation of
G of finite type, and vy is a trace-element of 7, or f(g) = (7(g)vo,vo) is the
normalized character of 7. Moreover, Theorem 24.5 in [Ols| says:

The functor T — 7 establishes a bijection between the set of equivalence
classes of spherical representations T of the pair (G, A(G)) and the set of quasi-
equivalence classes of factor representations of finite type of the group G.

From this standpoint, we can look back our construction of factor repre-
sentations of finite type 74 of G = & (T).

(See also [Far|, for spherical functions for several spherical pairs (G, K) of
infinite classical type, and for characters of factor representations of such G.)



104

Takeshi Hirai, Etsuko Hirai and Akihito Hora

Acknowledgements. We express deep appreciation to Professor Marek

Bozejko for having suggested us the problem treated in this paper on the occa-
sion of the 25th QP Conference held at Bedlewo in Poland in June 2004. We
thank also the referee for valuable comments.

[AK]

[Bia]

[BG]

[BL]

[Dix]

[Far|

[GR]

22-8 NAKAZAICHI-CHO, IWAKURA,
SAkyo-Ku, KyoTo 606-0027, JAPAN
e-mail: hirai.takeshi@math.mbox.media.kyoto-u.ac.jp

DEPARTMENT OF MATHEMATICS,
FAcuULTY OF SCIENCES,

KyoTo SANGYO UNIVERSITY,
Kira-Ku, KyoTo 603-8555, JAPAN
e-mail: hiraietu@cc.kyoto-su.ac.jp

GRADUATE SCHOOL OF

NATURAL SCIENCE AND TECHNOLOGY,
OKAYAMA UNIVERSITY,

OKAYAMA 700-8530, JAPAN

e-mail: hora@ems.okayama-u.ac.jp

References

S. Ariki and K. Koike, A Hecke algebra of (Z/rZ)1S,, and construction
of its irreducible representations, Adv. in Math. 106 (1994), 216-243.

P. Biane, Approzimate factorization and concentration for characters
of symmetric groups, Internat. Math. Res. Notices 2001-4 (2001), 179—
192.

M. Bozejko and M. Guta, Functors of white noise associated to charac-
ters of the infinite symmetric group, Comm. Math. Phys. 229 (2002),
209-227.

E. Bishop and K. de Leeuw, The representation of linear functionals
by measures on sets of extreme points, Ann. Inst. Fourier 9 (1959),
305-331.

J. Dixmier, Von Neumann Algebras, North-Holland Mathmatical Li-
brary, 27, 1981.

J. Faraut, Infinite Dimensional Harmonic Analysis and Probability, in
Proceedings of the CIMPA-TIFR on Probability Measures on Groups,
2002, TIFR, Mumbai, to appear.

I. M. Gelfand and D. A. Raikov, Irreducible unitary representations of
locally bicompact groups, Amer. Math. Transl. 36 (1964), 1-15 (Orig-
inal Russian paper in Mat. Sb. 13(55) (1943), 301-315).



[Hir|

[HH1]

|HH2]

|HH3|

[HHA]

[HH5]

|HLH6]

[Hor]

[Kaw|

[Obal

[Ols]

[Sho]

Realizations of factor representations for wreath products 105

T. Hirai, Centralization of positive definite functions, weak contain-
ment of representations and Thoma characters for the infinite sym-
metric group, J. Math. Kyoto Univ. 44 (2004), 685-713.

T. Hirai and E. Hirai, Characters for the infinite Weyl groups of type
Boo/Coo and Dy, and for analogous groups, in Non-Commutativity,
Infinite-Dimensionality and Probability at the Crossroad, World Sci-
entific, 2002, pp. 296-317.

, Character formula for wreath products of finite groups with
the infinite symmetric group, in the Proceedings of Japanese-German
Seminar on Infinite-Dimensional Harmanic Analysis 11, World Scien-
tific, 2005, pp. 119-139.

, Positive definite class functions on a topological group and
characters of factor representations, J. Math. Kyoto Univ. 45 (2005),
355-379.

, Character formula for wreath products of compact groups with
the infinite symmetric group, in the Proceedings of 25th QP Confer-
ence Quantum Probability and Related Topics 2004 in Bedlewo, Ba-
nach Center Publications, Institute of Mathematics, Polish Academy
of Sciences, to appear.

, Characters of wreath products of finite groups with the infinite
symmetric group, J. Math. Kyoto Univ. 45 (2005), in press.

, Characters of wreath products of compact groups with the in-
finite symmetric group and characters of their canonical subgroups,
preprint.

A. Hora, Representations of symmetric groups and asymptotic com-
binatorics (in Japanese), Stgaku, 57 (2005), 242-254, Math. Soc. of
Japan.

N. Kawanaka, A g-Cauchy identity for Schur functions and imprimi-
tive complex reflexion groups, Osaka J. Math. 38 (2001), 775-810.

N. Obata, Integral expression of some indecomposable characters of
the infinite symmetric group in terms of irreducible representations,

Math. Ann. 287 (1990), 369-375.

G. I. Ol'shanskii, Unitary representations of infinite-dimensional pairs
(G, K) and the formalism of R. Howe, in Representations of Lie groups
and related topics, (Advanced Studies in Comtemporary Mathematics
7), Gordon & Breach, 1990, pp. 269-463.

T. Shoji, A Frobenius formula for the characters of Ariki-Koike alge-
bras, J. Algebra 226 (2000), 818-856.



106

[Thol]

[Tho2]

[TSH]

[VK1]

VK2

Takeshi Hirai, Etsuko Hirai and Akihito Hora

E. Thoma, Uber unitire Darstellungen abzihlbarer, diskreter Gruppen,
Math. Ann. 153 (1964), 111-138.

, Die unzerlegbaren positiv-definiten Klassenfunktionen der
abzdhlbar unendlichen, symmetrischen Gruppe, Math. Z. 85 (1964),
40-61.

N. Tatsuuma, H. Shimomura and T. Hirai, On group topologies and
unitary representations of inductive limits of topological groups and
the case of the group of diffeomorphisms, J. Math. Kyoto Univ. 38
(1998), 551-578.

A. Vershik and S. Kerov, Asymptotic theory of characters of the sym-
metric group, Funct. Anal. Appl. 15 (1981), 246-255.

, Characters and factor representations of the infinite symmet-
ric groups, Soviet Math. Doklady 23 (1981), 389-392.



