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Inverse theorems for Bernstein-Chlodowsky
type polynomials

By

Ibrahim BUyUKyazict and Ertan IBIKLI

Abstract
In this paper we establish two inverse theorems for Bernstein-
Chlodowsky type polynomials of two variables in a rectangular and a
triangular domain.

1. Introduction

In this paper, we study the inverse theorems for two of generalizations
of Bernstein-Chlodowsky type polynomials of two variables on a triangular
domain and a rectangular domain.

There are many investigations devoted to the inverse theorems for the
classical Bernstein polynomials, as well as by the two-dimensional Bernstein
polynomials and their generalizations by means of different techniques being
the main tools the classical modulus of continuity [1], [5], [6], [7]-

In the multivariate setting the paper of Ditzian [6] yields several charac-
terizations of the classes of functions for the classical Bernstein polynomials
on the simplex or on the cube.

On the other hand, since they have been defined on the unbounded region,
Bernstein-Chlodowsky polynomials [4], [10] have not been studied so well and
we don’t know of papers, devoted to the two dimensional case.

Inverse results are devoted to the task of determining the class of functions
f for which

B3 (f:2,5) — fla,y) = O ((%)) . 0<a<1
and
Bom (fi2,9) — f(2,3)| = O ({min (%" %’) }a> . (0<a<1)
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The paper is set out as follows:
In Section 2, we give the inverse theorem for the following Bernstein-
Chlodowsky type polynomials of two variables on a triangular domain:

n n—=k
. z+
Bn(f;xvy)zzcﬁ <1_ b y)

k=0

—J, J 2\ g\
XZf< b, m)cﬂ(b) (b_)

In Section 3, we give the inverse theorems for the following Bernstein-
Chlodowsky type polynomials of two variables on a rectangular domain:

Bpm(fi2,y) = ];)jzof< m ><Z> <bi)k

(- OE -2

2. Bernstein-Chlodowsky type polynomials on a triangular domain

In this section we prove the inverse theorem for the operator B} (f;x,y),
Bernstein-Chlodowsky type polynomials on a triangular domain.

Let (b,) be an increasing sequence of positive real numbers and satisfy the
properties: hm b, = oo and the sequence ( n) decreases to zero as n — oo.

Let Abn be the triangular domain:
Abn = {(1'7y) xz Z Ovy Z 0,5U+y S bn}

On the triangular domain we can define the following Bernstein-Chlodowsky
type polynomials:

n n—k
. x4
Bt = Yok (1-57)

k=0 m

k—j J
o) a()” ()

where (z,y) € Ay,

(2.1)

Theorem 2.1.  For any sufficiently large fized positive real number A,
the relation

lim max |BX(f;x,y) — f(x,y)] =0
n—00 (z,y)€A A

holds for all functions f which are continuous in x > 0, y > 0 and satisfy the
condition

|f(z,y)| < Mp(1+2* +¢7),

where My is a positive constant depending on the function f only.
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Proof. Simple calculations show that

B:(l'x y) =1,

(t17$ y)
(t27$ y)_y7
bn —
B*(t%,:ﬂ y)—l' +ua
n
" y(bn —y
Bn(tg;zvy):yz_k%'

Now we can apply Korovkin’s type approximation theorem, proved in [8],
and this gives the proof. |

Given a triangular region A4, no matter how large for some n, Ay, will
contain A4 and therefore the theorem gives a solution of the approximation
problem.

Note also that by the properties, nan;o b, = oo and the sequence (%"‘)
decreasing to zero as n — oo, the triangular domain A;, extends to the
infinite quadrant > 0, y > 0 as n — oo and therefore in effect we established
a theorem on the approximation of continuous functions by polynomials (2.1)
on an unbounded set.

Now we investigate the inverse theorem for B (f;z,y).

Theorem 2.2. If f satisfies the following condition

By (fi2,1) — fla,y)| < M (%) . 0<a<1)

for some positive constant M, then f € Lip (a; C(Ay,,)).

Proof. we can show easily,

0B; (fi2.y) _ ﬁnz_:lck Loty
ox b n=1 by,
+

0B, (fiz,y) _ ”710;@ A AN
dy n
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Using the properties of the modulus of continuity [2], [3], we can obtain

0B, (f;z,y) noo LNy

0B, (fiz,y) no LN gy

OB} (f12,y)| | |0Ba(f;2.y) no 1\ o
’ oz M oy ’SQ(aW)““"“'

For any (z1, v1), (z2 , y2)of points in A, , we have
0B ( 0B (f
/‘ fﬂsy‘dJr/‘ y)’dy

f( ‘) w(f50) [(21 = w2)* + (31— 2)2]"*.

Taking 6, = —" we have

/‘BB ’d +/’88 f,xy' y
2

<V2 (5 + 5) w(f;6) [(z1 — z2)” + (y1 — yz)Q]l/ :

(2.2)

For all fixed natural numbers n, we write

(2.3)
|f(z1,91) = f(z2,92)| < [f(21,91) — By (fs o, yn)| + [f(z2,91) — B (f;72,91)]
+1f(x2,91) — By (fi22,91)| + | f(w2,y2) — By (f;72,y2)]

/’—B* fiz,y1)

Also 0,1 < 20, for n = 2,3,... and for a given 0 < 6 < 1 there exists a
natural number n such that

d13+/‘ nfaJ:Z y)‘

(2.4) Op <6 < p_1 <24,
Using inequalities (2.2) and (2.4) in (2.3), we obtain

ZL’2—1312 2—121/2
|f(z1,91) — fz2,y2)| < My {50(4- [( ) +5(y v1)] w(f;9)

where M; = max {4M,3\/§}. For \/(z2 — z1)2 + (y2 — y1)? < h where
0 < h <1 and by the definition of w, we can write

(2.5) w(f;h) < M, (&Y + %w(f;d)) . 0<hd<l.
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On the other hand, from the inequality (2.5) we get the inequality w(f; h) <
Msyh® (proof in [1]). Consequently, we have

w(fsh) < Mah®, (0<a<l).
This completes the proof. 0

3. Bernstein-Chlodowsky type polynomials on a rectangular do-
main

In this section we prove the inverse theorem for the operator B, . (f;,y),
Bernstein-Chlodowsky type polynomials on a rectangular domain.
Let (b,) and (¢;,) be increasing sequences of positive real numbers and

satisfy the properties: lim b, = lim ¢, = oo and the sequences (%) and
n—oo m—0o0

(‘jn) decrease to zero as n,m — oo.
For any b, > 0,¢,, > 0 we denote by Dy . :

Dbncm, :{(xvy) nggbna OSySCm}

We can introduce the Bernstein-Chlodowsky type polynomials for a func-
tion f of two variables as follows:

(3.1) Bpm(f;2,y) = zn:if (Sbn %cm) “n (%) O (i) ,

° Cm
k=0 j=0
where (z,y) € Dy, ., pE(t) = (Z)tk(l — )k,

Theorem 3.1.  For any sufficiently large fixed positive real numbers A
and B, if f € C(Dag) then the equality

lim max |By,n(f;z,v)— f(z,y)]=0
H X (x,y)€Dan

holds.
Proof. We can easily prove the following Korovkin type equalities,

Bn,m(l;xvy) = 17
n,m(tﬁxay) =,
n,m(t2;m7y) =Y,

b — _
B+ t52,y) = 2 + 3 + 2 - 2 y(c":n )

B
B
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If we use the above equalities we can see that

||Bn,m(17x7y> - ]‘HC(DAB) = 07
HB»mm(tlvx?y) - xHC’(DAB) =0
| Brym (t2; 2, y) — yHC(DAB) =0,

max x(bn - 13) + y(cm - y)
(z,y)€DaB n m

9

HBn,m(t% + t%; zvy) - (1,2 + yz)HC(DAB) -

b c
<AZ24+B 50 as n,m— oo.
n m

According to Korovkin-type theorem for multivariate functions, the proof
of Theorem 3.1 is completed. O

Now we can give an inverse theorem for By, ,.

Theorem 3.2. If f satisfies the following condition

Bun i) = Sl < & famin (22,21 0 <a<)

m
for some positive constant K, then f € Lip (a; C(Dp, e, ))-

Proof. We can write the partial derivative of By, ., (f;z,y) with respect
to x, and as for the classical Bernstein polynomials,

OB m(f;7,y) n A k+1 j k. J
o = b ;ZO[ ( bn7mcm> f(nbrwmcm)]

Taking absolute values on both sides and using the properties of the mod-
ulus of continuity, we can obtain

) o (f n—1 m )
B R 004

kOJO

L S (1) e (5) o4 (2)

k=0 j=0

[ b
< ™ oWy 4+
< () 14 32

n

and so

a n,m ; i
et s+
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Like this way, it is obvious that

M <w®(f5) | ™ 4 1]
> ) em 5

Taking 9, ., = mm(% m

[0,

[0,b,] and y; , y2 of points in

), we obtain for any pair x1, x2 of points in

¢m)

/‘8Bnm fiz,y)

dz| < WM (f:5) {51

n,m

+1|
gy —
5 2 —T1],

S i S AR < . _ — .
/‘ 9y dy| <w=(f30) | s+ 5| ly2 —w

n,m

The sequence d,, ,,, decreases to zero as n,m — 0o0. Also §p—1.m—1 < 20,.m
forn,m=2,3,...

Hence for a given 0 < § < 1 there exist natural numbers n and m such
that

(33) 6n,m S 4] S 6n—1,m—1 S 25nm

Using (3.3) in (3.2), we get

(1) ¢.

aBnm ; b (2)
/‘#‘dy <320
Y 1)

On the other hand, for all fixed natural numbers n and m, we write

‘f(xlvyl) - f(l'g,y2)| S |f(:c1,y1) - Bn,m(f;ml,ylﬂ
+ [f(@2,91) = Bnm(fi22,91)] + [ f(22,91)
B (fi22,y1)| + | f(22,92) — Bpm(f;22,92)|

(3.5) + / %Bn,m(f;xvyl)

T 1

Y2

o/

Y1

Using (3.3) and (3.4) in (3.5), we can obtain

dx

9
dy

Bn,m(f;xz,y)‘ dy| .

I2—$12 2—121/2
36) [forn) — Floaw)] < Ko [o 4 220 L m W],
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then

1]

Ibrahim Biiyiikyazcr and Ertan Ibikli

where K7 = max {4K, 3\@} . By the inequality (3.6) we have
w(f;h) < Kah?, (0<a<l).
This completes the proof. 1

Corollary 3.1. If

Bun(fie) = fle < 1 ()
Bum(fi) ~ 1)l < () 0<ap<)

f € Lipy (a; C(Ds,e,,)) N Lipy (8;C(Dy,e,.)) -
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