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Inverse functions of Grotzsch’s and
Teichmiller’s modulus functions

By

Shinji YAMASHITA

Abstract

Let x be the inverse of the Grétzsch modulus function and let oy,
be the n-th iteration of the function o(r) = 2y/7/(1 +r), r > 0. For a
real constant § # 0 with 3 > —2, the difference x(z)? — 0, (4e72"%)?
is estimated. In the particular case where 3 = —2 one has an approx-
imation of the inverse S of the Teichmiiller modulus function, which is
applied to improving the known upper and lower estimates concerning
the error term of A(K) = x(7K/2)™2 — 1 from 167 '™ — 27! for the
variable K > 1. Expressions of x and S in terms of theta functions are
studied. Lipschitz continuity of f or log f for f = x, S, as well as other
functions are proved.

1. Introduction

The disk D = {z; |z| < 1} in the complex plane C = {z; |z| < 400}, slit
along the closed interval [0,7] = {z; 0 < x < r} for 0 < r < 1, is conformally
mapped onto the ring domain {z; 1 < |z| < e#(M}. H. Grétzsch’s modulus
function u(r) is decreasing from +oo to 0 as r increases from 0 to 1, and u
admits the inverse function x defined in (0,400). More explicitly, C. G. J.
Jacobi’s identity

+o0 _Anz 4
—x 1+e
(1'1) X(I) = de H (1 + e—(4n—2)x>

n=1
for z > 0 is known, where the right-hand side can be regarded as a function
of e™%; for the details see Section 7 in the present paper. On the other hand,
C minus the intervals [—1,0] and [t, +00), t > 0, is conformally mapped onto
{21 < |z| < eT®}, where T(t) = 2u(1/v/1+1); see [LV, p. 55]. The in-
verse S of O. Teichmiiller’s modulus function T is, therefore, given by S(z) =
x(2/2)72 — 1 for & > 0. As will be seen in Section 7,

+o00 _ 1y S
(1.2) S(z) =16""e" H ﬂ .
1+ e 2ne 7

n=1
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this is not a trivial consequence of (1.1).

Both functions p and T appear in the celebrated extremal problems in [Gr]
and [T], respectively.

Although both x and S are limits of partial products both of which are
rational functions of e~ there is another point of view. Let o, be the n-th
iteration, or the n times composed function, of o1(r) = o(r) = 2/r/(1 + r),
r > 0; the function o, is increasing from 0 to 1 on the closed interval [0, 1] and
decreasing from 1 to 0 on [1,+00). One of the main subjects is the following:
For a natural number n and a real constant § # 0 with § > —2, the function
A, g(x) of > 0 which appears in

X(@)7 = 0, (4e7") 4+ A, g(a)e” (P2

is estimated. The case where 8 =1 or § = —2 is of use for approximating x or
S in terms of functions o,,(4e=2"%) or an(4e_2"71x)_2 — 1 of e7*, respectively.
A special emphasis is placed on x and S because the function pg(r) =
x(u(r)/K) of r with 0 < r < 1 for a fixed K > 1, and the function A\(K,?)
= S(KT(t)) of two variables K > 1 and ¢t > 0, where ¢x(0) = A(K,0) = 0,
are important in Geometric Function Theory; see [LV, p. 64, Theorem 3.1] for
v (r), and [LV], [LVV] for A(K) = A(K,1). The function A(K) of K > 1
appears in the sharp inequality [LV, p. 81, (6.6)] for the boundary values
of a K-quasiconformal self-mapping of the upper half-plane preserving the
point at infinity. Both functions ¢x(r) and A(K,t) are linked by the equa-
tions ¢ (r) = x(K2u(1//1+ XK, r=2—=1))) for 0 < r < 1 and A\(K,t) =
X(K?u(er(1//1+1)))72 —1 for t > 0. Note that the function 7,(¢) has been
studied in [AVV1], [AVV2], [QV] and others is exactly S(kT'(¢t)) for x > 0 and
t > 0; see Remark 2 in Section 12. Actually, ni(t) = MK, t) for K > 1 and
t > 0. A Schottky-type theorem by G. J. Martin [Ma, Theorem 1.1] claims that,
for f holomorphic in D with f(D) C C\ {0, 1}, the inequality |f(2)| < MK, 1)
for z € D holds, where K = (1 + |2])/(1 — |z]) and ¢t = |f(0)]. The bound
A(K,t) is sharp for each pair K > 1 and ¢t > 0. See Remark 1 in Section 12.
Concerning A(K) it will be proved in Section 2 that

(1.3) 1.2425... < (A(K) — 167 e™ 4+ 271)e™ < 1.25.

for K > 1; the right constant 1.25 is the best possible in the sense that the
central term in (1.3) tends to 1.25 as K — +oco. Earlier and weaker estimations
are in

(1.4) 1< (ANK)—16"1e™ 4 271)e™ < 35/24 = 1.458333 . ..

for K > 1, the details of which may be found in [LVV, pp. 12-13], in [AVV1,
p. 7], and, in particular, in [AVV2, p. 406] for the upper bound 35/24.

The functions x and S, together with their derivatives up to the second
order, are expressed in terms of basic theta functions of Jacobi in Theorems 4
and 5 in Section 7. Theta functions are made effective use of in Sections 8, 9,
and 10. Estimates of x and S are obtained in Theorem 6 in Section 8; they are



Inverse functions of Gréotzsch’s and Teichmdiller’s modulus functions 773

“local” in contrast with (3.1) for 3 =1 and (2.1) in the forthcoming Theorems
2 and 1, respectively. Beginning with Theorem 7 functions relating to w, 7T, x,
and S are shown to be Lipschitz continuous in Section 9. Theorem 8 in Section
10 reveals that the Poincaré density of the domain C\ {—1,0} on the real axis is
important for estimating the difference |log u(r1) —log u(rs)| for r1,72 € (0, 1).
In Section 11 two series expansions of p(r) in r due to Jacobi and C. F. Gauss
are reduced to the expressions in terms of ,,. In the final Section 12 remarks
on the preceding results are given.

Acknowledgement. The referee pointed out, among others, an error in
Theorem 7 in the first draft and gave the correct form of (9.4). The present
author expresses his deepest gratitude to the referee.

2. Theorem 1 on S

The present paper begins with a theorem on S in conjunction with (1.3),
a typical one following in reality from the forthcoming Theorem 2 in Section 3.

Theorem 1. Forn>1andx >0,
(2.1) S(z) = on(4e™2" ' *) 2 — 1 4 Ag, (2)e1 27,
where the function Ag ,(x) satisfies

(2.2)
0<Agn(r) <2'""(1+v1—-16L=4)"Y  for x>2*""logL with L >2;

in particular,

(2.3) 0 < Agn(r) <2t for x>2>""log?2.

Furthermore,

(2.4)

1—0,(4)72 < Agpn(z) <1672 "(0,(V2)™2=1)  for 0<z<2* "log2
and

(2.5) 0 < limsup Ag,(x) <277

r——+00

Actually, as x increases from 0 to 227" log 2, the function Ag ,(z) increases
from 1 — 0, (4)72 < 0 to 16'72 " (x(2! 7" log2)~2 — 1) > 0 which is, as will be
proved, less than the upper bound in (2.4).

It follows on setting x = 7K and n = 1 in Theorem 1 that

(2.6) MEK)=16"1e™ — 271 £ 5,4 (K),

where the function dpyv(K) = (1 + As,l(wK))e_”K of K > 1 is studied
in [LVV, Theorem 3] and 0 < Ag;(7K) < (1 + v1—16e=27)"! < 1 for
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7K > 1 = 2log L; with L1 = €™/? > 2 by (2.2). Also the case n = 2 yields
that

(2.7) MEK) = g2(4e™2™) "2 1 4+ Ago(rK)e 3K,

where 0 < Ago(nK) < 271(1 4+ V1 —16e=47)~! < 271 for 71K > 7 = log Lo
with Ly = €™ by (2.2). Equating (2.6) and (2.7) one has that

(2.8) Spvv(K)e™ =471 4 (1 + 4y) ™! + Ago(7K)y,
where y = e 2™% < e72". Consequently
(2.9) Spvy (K)e™ > 471 4 (14 4e72™) 71

On the other hand, since the function 4= + (1 +4y) =t + 27y of y < e 27 is
strictly decreasing by e=2™ < (v/8 — 1)/4, it follows that 6.y (K)e™ < 5/4.
This, combined with (2.9), establishes that

(2.10) 1.2425... =47 4+ (1 4+ 4e2") 7 < Sy (K)e™ < 5/4
which is promised in (1.3). It follows from (2.8) that

Kl—lg-loo (vav(K)eﬂ—K = 5/4,

so that, the constant 5/4 in (2.10) can not be replaced with any smaller one.
Since dryv(1)e™ = 1671(24 — e™)e™ = 1.2428... by A(1) = 1, the lower
bound of §7y v (K)e™ does not exceed 1.2428.... Further conjecture might
be, therefore, that d711 (K)e™ were an increasing function of K > 1.
A generalization of §7yv will be discussed later in Section 6.

3. Theorem 2 and outline of proof

As was stated, Theorem 1 follows from

Theorem 2. Let 8 #0 bereal, B > —2, L > 2, and n be natural. Then
(3.1) X(@)? = o (4e7"7) 4 Ay pw)e (7D
for x > 0, where the function A, g(z) satisfies

(3.2)
=22 41— 16L-4) " < B71A 5(x) <0 for x>=2"""logL;

in particular,
(3.3) =227t < BTIA, s(x) <0 for x=2'7""log?2.
Suppose that 0 < x < 2'""log?2. If B > 0, then

(34) 22 M0, (VD) - 1) < Appla) <221 - 0, (4)7).
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For —2 < 3 < 0 the function A, g(x) increases from 1 — 0,(4)? <0 to
(3.5) 92" "t (y (21" 10g 2)% — 1) > 0,

which is strictly less than

(3.6) 22" (0, (V2)P - 1),

as x increases from 0 to 2'="log2. Finally, for all 3 # 0 with 8 > —2,

(37) =2 < limfnf 7 A () <O

A reason why 0,(v/2) is chosen on the left-hand side in (3.4) and in (3.6)
is that this is an algebraic number.

Theorem 1 follows from Theorem 2 by setting 8 = —2 and by replacing z
with /2. More explicitly, Ag,(z) = A, —2(z/2).

Before the detailed proof of Theorem 2 its principal idea is here outlined.
Set

(3.8) O(y) = Pnp(y) = on(dy™>)"  for y>0,
and set
(3.9) a, =27" for n=0,1,2,---.

Then o, (4¢=2"%)% in (3.1) for n > 1 is exactly ®(e*/*-1) for x > 0. Set
(3.10) r=x(z) for x>0 or x=u(r) for 0<r<1

Then the function §(r) = d,(r) > 0 of r, 0 < r < 1, with n > 1 will be found,
where §(r) appears in

(3.11) x(z)? = ®(er/ =1 4 5(r)) for r=x(x);

see the forthcoming (4.4). The Mean-Value Theorem applied to ® then yields
that

(3.12) X(@)7 = 0, (4e7"7)P = (Y (r))d(r),

where Y (r) = Y, 5(r) = /=1 +-95(r) for a ¥ with 0 < 9 < 1.

The main part in the proof is, therefore, upward estimation of ®'(Y (r))
and 6(r) in (3.12).

For n > 1, and for x, r in (3.10), set

Y(r)=Y,(r) = et(m)/an-1 5(r) = et/an-1 | 5(r);

this appears on the right-hand side of (3.11). It will be seen that Y (r) > 2 for
all r, 0 < r < 1. Obviously,

(3.13) et <Y (r) <Y (r) for 0<r <1
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In Section 4 the inequality
(3.14) 0<6(r)<2’Y(r)PA(r) <1  for 0<r<l1
is proved, where

(3.15) A(r) = Ap(r) = (1+ /1 —16Y (r)=4) ™!

In Section 5, first the inequality for @',
(3.16) 0> B (Y(r)) >273C, 5Y (r)Y(r)?

is established under the restriction that n > 1 and = > a1 log L > ay,—1 log 2
which assures the inequality Y (r) > 2. Here C,, g = Zg2fi-n+d < 0 and

(3.17) v=—Ban_1—4<0

for which 3+2"*! = —v/a,,_1 appears in the second term in the right of (3.1).
It then follows from (3.1), (3.12), (3.16), (3.13), and (3.14) that

0> B A (@) = 57 Hx(2)" — 0, (de™2"7) P}l B2 e
(3.18) =371/ (Y (r))d(r)e(1/an-1)2
> C’nﬁA(r)(e—‘”/a"*?(r))'y > Cp g A(r).

Since A(r) < (14+v1—16L=%)7! for x > a,_1log L by the forthcoming for-
mula (4.7), estimation (3.2) in Theorem 2 follows from (3.18). In the remaining
case where 0 < = < a;,—1 log 2, bounds are determined by fairly direct method.
The proof of Theorem 2 is completed in Section 5.

4. Upper bound of §(r)

The function o(r) of r > 0 has the inverse function w(r) =
r%2(1 4+ +v1—72)"2in [0,1]. The n-th iteration w,, of w is therefore the inverse
of o, in [0,1]. Note that o, (1/r) = o,(r) for all » > 0. Set o¢(r) = wo(r) =7
in [0, 1].

Before proceeding further a brief review of the function p will be given.
J. Hersch [H, p. 316, (1)] proved that p(r) = (7/2) K(v1—1r2) /K(r) for
0 <7 <1, where

/2 [e%s}
dd 2n — 1!
T):/ —ZE_FEE (7(71' )>r2n, 0<r<l,
o V1-r2sin®9 2 2.7 nl2m

is A. M. Legendre’s complete elliptic integral of the first kind; see [BB, pp. 7—-
8], [WW, p. 499] for K and also [LV, p. 60, (2.2)] for the expression of p. The
function K(r) increases from 7/2 to +o0o as r increases from 0 to 1. The function
u is real-analytic and p becomes continuous in (0, 1] on setting p(1) = 0; see
[LV, p. 62]. Furthermore, u(1/v/2) = m/2 is immediately obtained. Among
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others two series expansions of p(r) in r due to Gauss and Jacobi are known;
see (11.4) and (11.9). Since u(o(r)) = 27 1u(r), 0 < r < 1 ([H, p. 316, (3')],
[BB, p. 16, 1. ¢)]), it immediately follows that p(o,(r)) = anu(r) for n > 0
and 0 < r < 1. Hence p(r) = app(wn(r)) forn >0 and 0 < r < 1.

Since 21" log2 < 21°7(x/4) = 2 " u(1/v/2) = (04 (1/2)) = plora(v/2))
by log2 = 0.69314... < 0.78539... = /4, it follows that o,(v2) <
x(217"log 2). Hence the constant in (3.6) is greater than that in (3.5) because
8 <0.

Replacing r with w, (r) in the inequalities

1+ VI=72)2

(see [H, p. 318, (9')] and [LV, p. 61, (2.10)]; see also (11.10) and (11.12)) one
obtains the estimates

(4.2) o log (14 /1 —wp(r)?)?

wp (1)

4
(4.1) log < u(r) < log s 0<r<l,

4
< u(r) < aplog ——, 0<r<l.
wn (1)

It then follows from (4.2), together with w,, = w o w,_1, that

(4.3)
(14 /1 —wp_1(r)?)?

Wr—1(T)

201+ /1 —wp_1(r)?)

!
u(r) < ap—1log on 2 (r)

Qp—1 IOg

for 0 <7 < 1 and for n > 1. The function §(r) of r € (0,1) is then defined by

8(r) = dn(r) = 2004 VI-wna(r)?) () an

- Wn—1(r)

for n > 1, so that, 6(r) > 0 by (4.3) and, for Y (r) = e#(")/%n~1 1 §(r), one has
QY (r) ™2 =wow,_1(r) = wa(r) < 1.
Automatically, Y (r) > 2 for all r, 0 < r < 1. Consequently,

(4.4) r=0,(4Y (1)) = oY (r)"”,
wn_1(r) = o(4Y (r)~?)

for 0 < r < 1 and for n > 1. On the other hand, it follows from (4.3) and (4.5)
that

(4.6) 0<6(r) < A(wn_1(r)) =Aoo(4Y(r)72)(< 1)
for 0 < r < 1 and for n > 1, where the function of p, 0 < p < 1,

Alp) ={20+1—p2) —(1+ /1 — 22}/;)
1+\/— (141 p%)72
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increases from 0 to 1 as p increases from 0 to 1. Hence the identity

Aoo(p)=p*P(1+/1-p*)"",  0<p<1,

together with (4.6), yields (3.14). Furthermore, if p(r)(= x) > ay—1log L, then
Y(r) > L+ 6(r) > L, so that

(4.7) Ar)y < (1++V1—-16L=4) 7' < 1.
5. Derivative ¢’

To establish (3.16) one begins with estimation of (¢2)(r) = (d/dr)
{on(r)?} for n = 1 and 0 < 7 < 1. Set Q, 5 = 227 -1F=" and recall
that 8 # 0 and 8 > —2. To verify inductively that

(5.1) 0< ﬂ_l(ag)/(r) < Qnp . pBan—1

for n > 1 and 0 < r < 1, one begins with the identity Fj,41 = F, o o for
F,(r) = 0,(r)? with 0 < r < 1. Because

BYF(r) = Qﬁ_lrﬁ/Q_l(l +r)7 21— < 28-1,8/2-1

by —3 —2 < 0, the case n = 1 in (5.1) follows. Next suppose (5.1) for n > 1.
Then

BT (r) = BT F (o(r)a'(r)

is positive and is strictly less than Q,, go(r)?*»~1¢’(r). Since

O'(T)'Banilo'/(’l“) — 2Ban71,’qﬁan+171(1 + r)fﬁan72(1 _ ’I“2)
< 25a71_1r6an+1_1

because —fa, —2 < 0by 8 > —2 > —2/a,, it follows that (5.1) is valid for
n + 1 instead of n.

Precisely, ®'(y) = —23y~3(c2)/(2%y~?) for the function ® of (3.8), from
which, together with (5.1), results the estimate

0> ﬂ_lfpl(y) > —Ry,p 'y_ﬁan_l_l =-R,g 'yPH_g

for y > 2, v of (3.17), and n > 1. Here, R, g = 20%—1+1Q),, 5 = 228-n+1 >

Setting C,, 3 = —23R,, 5 one immediately obtains (3.16) for = > a;,—1 log 2
because Y (r) > 2 by (3.13).

It follows from (3.18) that S~'A,, s(z) > C, gA(r) for x > a,_1log2.
Since e*/n-1 < Y (r) — 400 as & — +00, it follows that lim, ., . A(r) =271
Hence (3.7) is established.

For 0 < & < ay,—1 log?2 it is convenient to introduce the functions G(z) =
X(@)? = op(4e72"")8 and H(z) = P27 so that A, 5(z) = G(z)H(z).
Then H increases from 1 to 28%n-1%4 hecause 3 > —2 > —2"F!. Notice that
4e=2"% > 1. If # > 0 then G decreases from 1 —0,,(4)? > 0 to x(a,_1log?2)”® —
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1 < 0. Consequently, (3.4) follows from 0,(v/2) < x(an_1log2). In the case
where (—2"*! <) — 2 < 3 < 0, the function G increases from 1 — 7,,(4)? < 0
to x(an-1log2)? —1 > 0. Hence A, g(z) increases from 1 — 7,,(4)? to the
quantity in (3.5).

6. The function 45y revisited

Although the choice © = KT (t) = 2Ku(1/y/1+t) in Theorem 1 leads to
the expansion of the function A(K,t) of K and ¢, there is another approach with
t limited. Set L(n,t) = exp{2"~'u(1/y/1+t)}, so that L(n+1,t) > L(n,t) for
n > 1and t > 0. For example, L(2,1) = e™ > L(1,1) = ¢™/2 > 2. Under the
condition that

(6.1) L(n,t) > 2

for n > 1 and t > 0, Theorem 1 for v = 2Ku(1/v/1+t), together with L =
L(n,t) in (2.2), immediately yields

Theorem 3.  Suppose that n > 1 and t > 0 satisfy (6.1). Then for
every K > 1,

MK, t) = on(dexp{~2"Ku(1/VI+1)})~* -1
+ A (K ) exp{(2 - 2" Kp(1/VI+ 1)},

where Ay (K, t) = Agn(2Ku(1/v/141t)) and

(6.3) 0 < Ay, (K, t) <27 (14 /1 —16L(n,t)~4) "1

Furthermore, for all fited n > 1 and t > 0, possibly L(n,t) < 2,

(6.2)

(6.4) 0 < limsup Ay (K, t) <277,
K—+oco

where Ay, (K, t) is, this time, defined directly by (6.2).

Set
(6.5) drvv (K, t) = MK, t) — 1i6 exp{2Kp(1/vV1+1t)} + %

for K > 1 and t > 0, so that dpyv(K) = dpyv (K, 1) by (2.6). Furthermore,
set

(66)  Crelt) = exp{—2Ku(L/VI+ DHE exp{-2u(1/VI+ D)})

and U, (K,t) = 0,(4Ck (£)2" )2 for n > 1 and t > 0. The latter is exactly
the first term in the right of (6.2) even in the case L(n,t) < 2. Then

(6.7) V(K1) = G0+ 5+ oo
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Suppose that for ¢ > 0 the function Ay ,, (K, t) is defined directly by (6.2).
Then

(6.8) MK, t) = U, (K, t) — 1+ Ay (K, )¢ (8)*

for n > 1 and ¢ > 0. Set

(6.9) W (K, t) = U, (K, t) — U, (K, t) + Cx (t).

Then it follows from (6.5), (6.8), (6.9), and (6.7) that

(6.10)  Spyv (K )¢k ()™ = Wa (K, )Cre () ™"+ Ax (K, 0)Cre (8 72

forn>1andt>0.

On the other hand, for each fixed ¢ > 0 the function

(611) WK, 0k ()7 = 5 = et
' A T k()2 4

of K > 1 increases from 5/4 — 4/(e**(//VI+0) 1 4) to 5/4 as K increases from

1 to +o0.

Fix t > 0 and consider (6.10) for n = 2. Since Wa(K,t)(x(t)™! — 5/4
as K — +o0 by (6.11), it follows from (6.3) that v v (K, )k (t)™F — 5/4 as
K — +4o0.

In the present and next paragraphs the condition that L(1,¢) > 2 is sup-
posed, so that pu(1/4/1+t) > log2. Since L(n,t) > L(1,t) > 2, estimates (6.3)
in Theorem 3 are valid for n, ¢, with L = L(n,t). It then follows from (6.3) and
(6.10) that

W (K, )¢k () < vy (K, 6) (ke (8)
(6.12) < Wo(K,t)Cx(t) ™

+ 2171 4 /1 — 16 L(n,t)=4) L exp{(22 — 2" u(1/v1 + 1)}

It further follows from (6.12) for n = 2, together with the monotone property
of the function Wo(K,t)(x(t)~! of K > 1, that

13)
_ % < Opyv (K, t)Cx(t)7!

64#(1/\/1_"1‘t)
+(242-/1—16L(2 “Lexp{—4u(1/vVI+ 1)}

On setting ¢ = 1 in (6.13) one immediately has

ENESIEN

1.2425... = 5/4 —4(*™ +4)7! < Spyv (K)e™
<5/4+e (2421 —16e~4m)"1 =1.2504...;

the right most is worse than 5/4 in (2.10).
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Since pu(1/v/1+t) > log2 by L(1,t) > 2, it follows that L(2,t) > 4. Hence
(6.13) can be reduced to a weaker form with the bounds independent of ¢,

1.05 =

N 16i 1 < vy (K 1) exp{2Kpu(1/V1+ 1)}

1 14 — 15
+(2+2.1/1_16.4—4)—1.E:%:1.2658...

(6.14)

= Ot ] Ot

<

for ¢ with L(1,t) > 2.
More precisely, if

(6.15) t>0(vV2)72—1=(3v2—-4)/8=0.03033...,

then

p(1/V1+1) = p(e(1/vV2) =27 u(1/V2) = 7/4 > log 2.

Hence L(1,t) > e™/* > 2 and moreover, L(2,t) > ¢™/2. Consequently, (6.13) is

reduced to
5 4
(6.16) 5 o
< -+ =1.2608...
4 2(1+V1—16e77)

for t satisfying (6.15).
Setting ¢t = 1 in (6.14) or in (6.16) one still has improvement of (1.4).

7. Basic theta functions

Topics on the functions y and S are picked up in conjunction with theta
functions. The main reference is the book [BB].
The basic theta functions ([BB, pp. 52 and 33], [WW, p. 464])

+o0 +oo +oo
92((])(: 02(0,Q)) _ QZq(n+2—1)2 _ Z q(n+2—1)2 _ 2q1/4 an(n+1)7
n=0 n=-—oo n=0
+oo —+oo
03()(=05(0,0) =1+2> ¢ = > ¢, and
n=1 n=-—o0
+oo +o0
04(a)(= 04(0.0)) = 1423 (=) = D> (=0)"
n=1 n=-—oo

for 0 < ¢ < 1 admit respectively infinite-product expressions ([BB, p. 64,
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Corollary 3.1], [WW, pp. 472-473)),

_ 2q1/4 H 2n 1 +q2n)

+oo

03(0) = [J(1 - (A +¢*1?%  and
oo

0u(q) = [ (1 - (@ — > 71)2
n=1

In the present Section the dash ’/ means the derivative. Set Zj(q) =

0x(q)'0x(q)~! for k = 2,3,4 and for 0 < ¢ < 1. Then Z3(q) = 4 1¢7 +
Q' (9)Q(g)~" > 0 where Q(q) = 237 ¢"("+1). Obviously Z3(¢) > 0. It will
be soon observed that Z4(q) < 0.

Two theorems involving theta functions will be proved.

Theorem 4. Forxz >0

(7.1)  x(x) = O2(e72")05(e7>") 72,

(72)  X'(2) = ~02(e7>)?03(e ") 20a(e™™)",

(7.3)  X"(x) = 02(e™%)%03(e™>*) 720a(e™ ") [Ba(e™ )" + 8> 2y (e7)),
(7.4)  (d?/dz®)log x(z) = 8e~**04 (e~ ) Eq(e™?").

A real function f defined in an open interval (a, b) with —oco < a < b <
is called d-increasing if f'(x) > 0 for all € (a,b) and f is called d—convex 1f
f"(z) > 0 for all € (a,b). If —f is d-increasing, then f is called d-decreasing,
whereas if —f is d-convex, then f is called d-concave.

Proof of Theorem 4. The quotient Q(q) = 02(q)/03(q) is d-increasing in
(0,1) and it increases from 0 to 1 as the variable ¢ increases from 0 to 1. In
reality,

+oo on 2
(7.5) a1 (llfq?n )
and
(7.6) (d/dq)log Q(q) = E2(q) — Es(q) =47"q~ "0a(q)™;

see [BB, p. 42, (2.3.11)] which, together with ds = —7~1¢~1dq for s = —7~!log
q there, reads (7.6). Since 2u(r) = —logq for r = Q(q)? by [BB, pp. 4041,
Theorem 2.3], the identity (7.1) follows on setting ¢ = e~2*.

Taking the square roots of both sides in Jacobi’s formula [J, p. 146, (7.)]
one actually has (7.5); accordingly the identity (1.1) is Jacobi’s. Jacobi’s for-
mula can be rewritten as

+oo o2n 4
l+g
exp(u(r) +logr) = 4 ]| <W>
n=1 q
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Here the variable ¢ = e=24(") € (0,1) is called the nome associated with the
variable 7 € (0,1).

Since dq/dwx = —2q for ¢ = e~2*, it follows from (7.6), together with
x(z) = Q(q)?, that
(7.7) X (@)/x(x) = —04(g)";
furthermore,
(7.8) X' (@) /X' (&) = X' (x)/x(x) = —8¢Z4(q)-

Obviously, (7.2) follows from (7.7). One is now able to prove (7.3). The identity
(d*/dz?)log x(x) = (X' (2)/x(2)) (X" (2)/X' () = X' (2)/x(2)),
together with (7.7) and (7.8), shows (7.4). O

It is known that p”(r,) = 0 for only one point r, € (0,1); see [AVV2,
p. 84, Theorem 5.13, (1)]. Hence x”(z,) = 0 for only one point z, = p(r,); the
derivative of 04(e=2*)~* with respect to z at this point z, is just —1 by (7.3).
Let us introduce Legendre’s complete elliptic integral of the second kind

(2n — 1N r2n
nl2n on—1’°

0<r<l;

/ \/Wdﬁffffz

n=1

see [BB, p. 8] and [WW, p. 518]. The function £(r) is d-decreasing and it
decreases from 7/2 to 1 as r increases from 0 to 1. It then follows from [BB,
p. 43, (2.3.17)] that

(7.9) Ea(g) = 7727 K(r)(E(r) — K(r))

for r = Q(q)?. Since E(r) < K(r), it follows that Z4(g) < 0 for 0 < ¢ < 1.

The d-decreasing function log x(z) < 0 of & > 0 is d-concave by (7.4). See
also [AVV2, p. 96, Theorem 5.46]. A consequence is that the inverse function
x = p(e®) of s = logx(x) is a d-decreasing and d-concave function of s < 0.
Consequently, for a constant 8 < 0, the function u(s”) = p(exp(Blogs)) is
a d-increasing and d-concave function of s > 1 because flog s is d-decreasing
and d-convex. Furthermore, the d-increasing function x(z)? = exp(8log x(z))
of x > 0 for a constant 3 < 0 is d-convex. In particular, S is seen to be a
d-increasing and d-convex function without appealing to the direct calculation
of S”(z). Consequently the inverse T of S is a d-increasing and d-concave
function. Furthermore, S” for a constant 3 > 1 is d-increasing and d-convex.

The inverse function of y = tanhz, x > 0, is = tanh ™'y, where tanh ™'y
=2"1log{(14y)/(1 —y)}, 0 <y < 1. To prove that tanh™ ' is d-decreasing
and d-convex, the identity [BB, p. 35, (2.1.10)]

(7.10) 03(q)* — 02(q)* = 04(q)*
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for 0 < ¢ < 1 should be recalled. Then for ¢ = e=2% it follows from (7.1) that
1 —x(x)? = 05(q)*04(¢q)* for z > 0. On the other hand, the identity

(7.11) Z3(q) = Ea(q) +47 ¢ 02(0)"
follows from [BB, p. 42, (2.3.15)]. Consequently, in view of (7.2) one has

(tanh~"x(2))’ = —02(q)*0s(a)? < 0

and hence

(tanh ™y (x))"/(tanh™ x ()" = —4q(E2(q) + E3(q)) < 0.

Let Q be the first quadrant in the plane. The set {(x,t) € Q; S(k~1T(t)) =
¢} for a constant ¢ > 0 is the curve {(x, S(kT(c))); k > 0}. On the other hand,
for a fixed t > 0 the d-increasing function S(kT(t)) of k > 0 is d-convex; see also
[AVV2) p. 217, Theorem 10.31]. Accordingly the shape of the level set defined
above should be clarified. Furthermore, the set {(x,t) € Q; S(kT(t)) = c} for a
constant ¢ > 0 is the curve {(x, S(k~1T(c))); £ > 0}. The function S(k~17T(c))
of k > 0 is d-decreasing and d-convex.

From the infinite-product formula for 64(q), together with (1.1) and (7.7),
it follows that

+oo
X/(x) — _4e°7 H(l o 6787195)4(1 - 67(47172)1)8(1 + 67(47172)1)74.

(7.12) S(x) = Oa(e™") " *04(e™")*,

(7.13) S'(x) = 02(e™") T05(e™) 0a(e™ )Y,

(7.14) 5" () = O2(e™ )" 403(e ") 04(e7*) B3 (e ")t — de"E5(e 7)),
(7.15) (d%/dx?)1log S(x) = —de %03(e~®)4=3(e™")

4

Proof of Theorem 5. It follows from (7.10) that Q(q) ~*—1 = 62(q) ~*04(q)*
for all ¢ with 0 < ¢ < 1, so that, one has S(z) = 02(p) ~*04(p)* or (7.12) on
setting p = e~ for # > 0. Hence S'(z)/S(z) = —4p(E4(p) — Z2(p)). On the
other hand, it follows from [BB, p. 42, (2.3.16)] that

(7.16) E4(q) — Ea(q) = —47 "¢ 103(q)*

for 0 < ¢ < 1, so that one may replace g with p; actually, (7.16) is a consequence
of (7.6), (7.11), and (7.10). Consequently,

(7.17) S'(x)/S(x) = 05(p)*,
whence,

(7.18) S"(x)/S"(z) — S'(z)/S(x) = —4p=3(p).
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Both (7.13) and (7.14) follow from (7.17) and (7.18). Multiplying (7.17) and
(7.18) one immediately obtains (7.15). O

An immediate consequence of

1 1 —1/4 1—g*! ’
oa(a)0ula) =27 H( )

combined with (7.12), accomplishes (1.2). From the infinite-product formula
for O3(p), p = e~ %, together with (1.2) and (7.17), it follows that

S =16" H _Q"I e—(4n—2)$)8(1 + 6_27”)_8,

One can express the right-hand side in (7.15) in a series form. Let us recall
the identity 03(¢)* = 1+8> " ng"(1—q¢") ! for 0 < ¢ < 1, where " means the
summation taken over all integers n > 1 with n £ 0 (mod 4); see [BB, p. 71
(3.2.23)]. Differentiation then yields that 403(q)*Z3(q) = 8> " n?¢" (1 —

q")~2 for 0 < q < 1. The derivative (d?/dz?)logS(z) in (7.15) is hereby
—86_96 S n2e=(nmhr(] — g7 =2 <,

Consequently, the d-increasing function log S(x) of > 0 is d-concave. An
additional conclusion is that the inverse function « = T'(e®) of s = log S(z) is d-
increasing and d-convex for —oo < s < 4+00. Furthermore, for a constant g < 0,
the function 7'(s?) = T'(exp(Blog s)) of s > 0 is d-decreasing and d-convex. For
a constant 3 < 0, the d-decreasing function S(z)? = exp(BlogS(z)) of z > 0
is d-convex.

In particular, for each fixed ¢ > 0, the d-increasing function log S(kT'(t))
of K > 0 is d-concave; see [AVV2, p. 217, Theorem 10.31]. The function
log S(kT(t)) of t > 0 for a fixed k > 0 is d-increasing and d-concave; see [AVV2,
p. 213, Theorem 10.23]. For 8 < 0, the function S(rkT(t))? =
exp(Blog S(kT'(t)))) of t > 0 is d-decreasing and d-convex.

The function S is seen to be d-convex. This fact, together with (7.14),
reveals that 5(q)* > 4¢=3(q) for 0 < ¢ < 1, a direct proof of which is obtained
from (7.11), 05(q) > 02(q) and Z4(q) < 0.

The following notice on £(¢) might be significant. Consider the particular
case where 8 = 1/2, n = 1, and = —27!logq in Theorem 2. Then (3.1),
(3.3), and (3.4) yield that Q(q) = 2¢"/*(1 + 4¢)7'/2 + A(q)¢*/*, for 0 < ¢ < 1,
where —8 < A(q) < 16v/2(1 — 2/+/5) = 2.3883....

8. Inequalities for y and S

Let f = yor f = S, and let A,, = 2"~ !7 for all integers n. “Good” functions
gn and h,, will be found so that g, < f < h,, in each closed interval [A,,, A, +1].

Hereafter for a negative integer n and for 0 < r < 1, let us set o,(r) =
w_p(r) and wy(r) = o_,(r). Then (o, (r)) = 27"u(r) for all r € (0,1) and for
all integers n. Set 1, = w,(1/v/2) for all n. Since u(¢,) = 2"u(1/v2) = A
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it follows that 0 < t¥,11 < ¢, < 1 for all n. Moreover, ¢,, — 0 as n — 400,
whereas, ¢, — 1 asn — —oo because p(t,) — +00 asn — +oo and p(,) — 0
as n — —oo.

Next, four constants are defined in terms of .

Bn,l == 21771,”71 log(d)n—o—l/?/)n) Bn,? == %% - ]-a
2 _ 1 2 —2
Bn3_21 n _110g¢ Bn4_2ln -1, ,l/}
wn 1 1 wn 1 1

Obviously By 1 < 0 and B,, » < 0; furthermore, B, 3 > 0 and B,, 4 > 0.
An absolute constant cg = 4717 ~3'(1/4)* = 1.39320. .. will become im-
portant, where I'(1/4) = 3.62560990822190. ... It follows from

(8.1) K(1/V?2) = 47177121 (1/4)? = 1.85407 . ..

(see [BB, p. 25, Theorem 1.7]) that co = 472K (1/v/2)2.

Set ¢, = co[[—; (L4 x) 2 forn > 0 and ¢, = ¢o Hn+1(1 + 9y)? for
n < 0. Then ¢,41 < ¢, for n > 0 and ¢,41 > ¢, for n < 0. Since ¥,, — 1
as n — —oo, it follows that Znﬂ Y — +00 as n — —oo, whence ¢, — +00
as n — —oo. At the end of the present Section it will be proved that ¢,, has a
finite limit as n — +oo.

Theorem 6.  Let an integer n be arbitrary. Then for allx € [A,,, Ani1],

(82) U eXp{Bn 1($ - An)} < X(l‘) < Py eXP{Cn Bn,Z(x - An)}a

63 ( ; ; — 1) max [exp{Bng( A}, 1+ epo1(z— An)} < S(x)
' < ($:2, — 1) min [exp{cn_l(x — A}, 1+ Bpa(e — An)]

Equality holds in the left in (8.2) if and only if x € {A,, Ant1}, whereas, in
the right if and only if x = A,. All the equalities hold in (8.3) if and only if
S {Ana A7L+1}-

Proof. The proof depends on fairly elementary treatment. For a d-convex
function f in an open interval (a, b) with —co < a < b < 400, and for A € (a,b),
the quotient F'(z) = (f(x) — f(A))/(x — A) becomes a continuous function in
(a,b) on setting F'(A) = f'(A). The derivative f”(z)(x — A) of the function

g(z) = (v = AP’F'(z) = f'(z)(x — A) = (f() — f(4))

of z € (a,b)\{A} is positive for z > A and negative for z < A, and furthermore,
g(xz) — 0 as x — A. Hence g(z) > 0 for all € (a,b) \ {A}. This implies that
F'(z) > 0 for z € (a,b) \ {A}, whence F(z) < F(y) for a < x < y < b. Thus,
for x € [A, B] C (a,b) with A < B,

f@) = 1(4)  f(B) — F(4)

(8.4) < 2 —
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Equality holds in the first if and only if x = A, whereas it holds in the second if

and only if x = B. The right-most is strictly less than f’(B) by the Mean-Value

Theorem with the monotone property of f’. Furthermore,
flx) = f(A) _ flx) - f(A) f(z) — f(4)

. —oo < li li
(8:5) R R— < x—A <;clg}) x—A

< 400

for all « € (a,b). All the inequalities in (8.4) and in (8.5) should be reversed if
f is d-concave in (a,b).

Since log x and logS both are d-concave in (0,+00), one immediately
obtains for = € [A,, A,11] that

B(An) exp { (Ai log %) (o - An>} < h(z)

<hanen | Ha e - )

for h = x, S. Equality holds in the left if and only if 2 € {A,,, A1} and in
the right if and only if z = A,,. Furthermore, since S is d-convex in (0, +00),
one also has for = € [A,, A,11] that

S(Ar) (1 + i,/((ﬁ:)) (x — An)) < S(x)

<804 (14 5o (222 ) - a0):

again equality holds in the left if and only if x = A, and in the right if and
only if x € {Ay, Any1}

One thus observes that (8.2) and (8.3) depend finally on proofs of a string
of identities

(8.6) X(An) = ¥,

(8.7) S(An) =42 - 1,

(8.8) X' (An)/x(A) = (2 —1)¢,,  and
(8.9) S'(An)/S(Ap) = cn_1

for all integers n.

Identities (8.6) and (8.7) are obvious from u(¢,) = A, and x(2714,) =
wn—l-

Proofs of (8.8) and (8.9) begin with establishing that 47 =2k (¢,,)? = ¢,, for
all integers n. This is obvious for n = 0 by (8.1). First, the identity /C(r) = (1+
r)"tK(a(r)) for 0 < r < 1 ([BB, p. 12, Theorem 1.2, (a)]) should be changed
into K(w(r)) = (14+w(r))~1K(r). Then induction to both identities shows that
K0 ()) = ) [Ty (14 01 (1)) and Kfewn(r)) = K0) [Ty (14 wn(r)
forn > 1and 0 < r < 1. Setting r = 1/\/5 in these formulae, one obtains the
requested ¢, = 472K ().
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Since
(8.10) 03(q)* = 4n 72K (r)?
for 7 = 0(q)?03(q) =2 with 0 < ¢ < 1 by [BB, p. 35, (2.1.13)], it follows that
(8.11) 02(q)* = 4n2r?K(r)?,
so that the identity 04(q)* = 05(q)* — 02(q)* reveals further that
(8.12) 04(q)* = 47~ 2(1 — r?)K(r)%

Here p(r) = —27'logq.

One thus has (8.8) with the aid of (7.7) and (8.12) for r =
¥, by (8.6), whereas one has (8.9) with the aid of (7.17) and (8.10 =
X(2_1An) = wn—b U

In addition to (8.4) one has

£(A) < [(B) — f(4) _ f(A) - [(B)  f) - [(B)

B-A A-B x—B

for x € [A, B] on considering the function (f(z) — f(B))/(z — B) instead of

F there. Again the inequalities are reversed if f is d-concave. One can then

obtain obvious counterparts of (8.2) and (8.3) the details of which are left as
exercises.

Return to (8.5) and set f = —logy. Since x(x) — 1 as  — 0, it follows

< f(B)

that ) (A) -1 (@)
. logx(A) —logx(z)
ili)% ] = —A""log x(4).
On the other hand, since 63(¢q) — 1 and 4(q)?¢~*/? = Q(q)? — 4 as ¢ — 0, it

follows from (7.1) with ¢ = e~2® that

log x(A) — log x(z)

li =1.
:L’—IE‘,I}OO x— A
One now obtains that
(8.13) (—A™ " og x(A))|x — A| < [log x(z) — log x(A)| < |z — A|

for all x > 0; both equalities hold if and only if x = A.
Next, set f = —logS and also f = S in (8.5). Since S(z) — 0asz — 0
and A > 0, it immediately follows that
log S(A) —log S(x)

lim = —00
x—0 €xr — A ’

whereas, since 4(p) — 1 and 03(p)*p = Q(p)~* — 167! as p — 0, it follows
from (7.12) with p = e~* that
lim log S(A) — log S(x)

=—1.
r—+00 rz—A
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Consequently,
(8.14) |z — Al < |log S(x) —log S(A)|

for all x > 0; equality holds if and only if z = A.
On the other hand,

L S(@) = S(4)

z—0 z—A

= A715(4)

because S(z) — 0 as  — 0. Furthermore, one is now able to prove that

. S@) -84 _ . pt
1 _— = 1 _— =
e — | p0 log(p~1) oo

with the aid of (7.12) again. Hence
ATIS(A)r — Al < |S(x) - S(A)]

for all x > 0; equality holds if and only if z = A.

Explicit estimations will be obtained on setting A = A,,.

In Section 7 functions other than logy, log S, and S are shown to be d-
concave or d-convex. For example, x? for 8 < 0 is d-convex in (0, +-00), so that
one has estimations of x? in intervals [A,, A, 1] on following the described
argument. In case —2 < 8 < 0, these estimations are different, in spirit, from
(3.1) in Theorem 2.

In view of (7.9) for u(r) = —27!log g, one can prove with the aid of (7.11)
and (8.11) that

(8.15) Zs(q) = 7% K () (E(r) = (1= r*)K(r))
and with the aid of (7.16) and (8.10) that
(8.16) Ea(q) = 72 LE(r)K(r).

It follows from (7.7), together with (8.12), that x'(z)/x(z) = 47 =2(r% —
1)K (r)?, whence

(8.17) X (2) =47 2r(r? — 1)K(r)?
for r = x(z). It further follows from (7.8), together with (7.9) and (8.17), that
X' (z) = 167~ 4r(1 — r?)K(r)2 (28 (r) — (1 + r3)K(r))

for r = x(z). Since 2&(r)/((1 + r?)K(r)) decreases from 2 to 0 as r increases
from 0 to 1, the function yx is d-convex in (0, z,) and d-concave in (z,,1). It is
now an exercise to obtain the following for S, where, this time, 7 = y (27 x).

S(z)=r"2-1,
S'(x) = 4n2(r7% — 1)K(r)?,
S§"(z) =164 (r 2 — DK(r)3((2 — r2)K(r) — E(r)).
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As for T, one obtains on setting 7 = (14¢)~'/2 that 7"(t) = —r3y/(r) and
T"(t) =27 %W (r) (3 + " (r) /1 (1))

for t > 0. Since 7" < 0 and since p/ < 0, one has the inequality p”(r)/u'(r) >
—3r~1 for r € (0,1).

To prove that ¢, — ¢ H:ﬁ(l +hp) "2 # 0, %# 400, as n — +o00, it suffices
to set r = 1/v/2 in

+oo

(8.18) 0< Y log(1 +wn(r)) < +o0
n=0

which is valid for all 7 € (0,1). For the proof, first, w, (r) < 72" or o, (r) > 72"
for n > 1 and r € (0,1), is obtained by induction; in particular, w,(r) — 0 as

n — +00. On the other hand, there exists a unique r, € (v/ V17 — 3/2, 1) such
that (1+7)? < 1+0(r) if and only if r < r,. Consequently, (1+7)2" < 140, (r)
for n > 1 by induction. Hence 1+ w,(r) < (14 r)? ", from which

(8.19) log(1 + wy(r)) < 27" log(1l +r)

forn > 1 and r € (0,r,). Given r € (0,1), choose N such that wy(r) < 7.
Replace then r with wx () in (8.19) to have log(1l+wpn (7)) < 27" log(1+7,)
for all n > 1. The proof of (8.18) is herewith complete.

9. Lipschitz continuity

In the present Section, Lipschitz continuity and “inverse” Lipschitz conti-
nuity of f or log f for f = p, x,T, or S are mainly investigated.

Theorem 7.  Forry € (0,1) with k=1,2,
(9.1) [logry —log o] < [u(r1) — p(ra)l;

inequality is strict if and only if r1 # ro. For each constant a € (0,1), and for
ri € (0,a] with k =1,2,

(9-2) |u(r1) = p(ra2)| < —ap'(a)|logry — logral;
inequality is strict if and only if r1 # ro. The constant
—ap/(a) =47 7% (1 — a®) "' K(a) 2

depending on a, increases from 1 to +o0o as a increases from 0 to 1. For each
constant A > 0, and for xy, € [A,+00) with k = 1,2,

(9.3) [log S(x1) — log S(x2)| < (S'(A)/S(A))|z1 — 22;
inequality is strict if and only if x1 # xo. The constant

S/(A)/S(A) = 4r=2K(x(27 4))*
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depending on A, decreases from 400 to 1 as A increases from 0 to +oo.
For x, > 0 with k = 1,2,

(9-4) [log x(21) —log x(22)| < [log S(z1) — log S(x2)l;
inequality is strict if and only if x1 # xs.

For (9.1) see also [AVV2, p. 84, Theorem 5.13, (2)].
Consequences are listed. Inequality (9.1) is equivalent to

(9.5) [log x(21) — log x(22)] < [z1 — 22,
so that
(9.6) |log(S(z1) +1) —log(S(x2) + 1) < |z1 — 22];

both for 1 > 0 and x2 > 0 with 21 # z2. The right inequality in (8.13) is, in
reality, equivalent to (9.5). A direct proof of (9.1) in connection with that of
(9.2) will be given. Incidentally, the inequality

(97) |1‘1 — IE2| < |10g 5(131) — IOg S($2)| (ZEl > O, To > 0)

is equivalent to (8.14).
Furthermore, it follows from (9.2), (9.3), (9.7), and (9.6), respectively, that

(9.8) |21 — @2 < —(x(b)/x'(b))|1og x (1) — log x(x2)|
for xy € [b,+00), k = 1,2, with 21 # x5 and b > 0;
(9.9) |logt; —logts| < B~'T/(B) YT (t1) — T(t2)],

for t, € [B,+00), k = 1,2, with t; # t;, where B~'T'(B)"! =
412K (x (27T (B)))? for B > 0;

|T(t1) — T(t2)| < |logt; — logts| and
[log(t: + 1) —log(tz + 1)| < |T'(t1) — T(t2)|

both for t; > 0, to > 0 with ¢ 7é to.

It follows from (8.8) that the Lipschitz constant —ay’(a) in (9.2), for a =
x(A,) with integer n, is —x(4,)/X'(An) = (1 —2)~1c,!. Furthermore, the
constant S’(A)/S(A) in (9.3) for A = A,41 is ¢, by (8.9). It is now obvious
that the constant in (9.8) for b = A,, is (1 — 2)7 ¢, !, while the constant in
(9.9) for B = S(Ap+1) is cp.

Combinations of the above inequalities yield, for example, the following
two, where kK > 0 is fixed. For 0 <rp <a<1,k=1,2,

[ log x(ru(r1)) — log x(kpu(r2))| < —rap/(a)|log 1 —logra|,
whereas, for ty, > C >0, k=1,2,

|log S(KT(t1)) — log S(KT(t2))| < 47 2kK(x (27 ,T(C)))?| logt; — logts|.
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Remaining cases are left as exercises.

Before the proof of Theorem 7 expressions of p/(r) and p”(r) in terms of
0(q), k = 2,3,4, and Z4(q) are proposed, where u(r) = —27tlogq. It follows
from (7.2) with ¢/(r) = 1/x'(x), ¢ = e, and r = Q(q)?, that

(9.10) 1 (r) = —02(q) 203(q)%04(q)~* = —r'04(q) .

Since pu(r) = —x" (x)p' ()3, it further follows from (7.3) and (9.10) that

1 (r) = 02(q)"*05(q)*04(q) (04(q)* + 8¢4Z4(q))
=1"204(q) % (04(q)* + 84Z4(q)).

That 65 is d-increasing and 6, is d-decreasing is observed by 65(¢q) > 0 and
E4(q) < 0in (7.9) respectively, both for 0 < ¢ < 1. On the other hand, 65 is
d-increasing by 6y = 05).

It follows from (8.12) and lim, 1 (K(r) — log(4/v1 —12)) = 0 (see [WW,
p. 521]) that 64(¢q) decreases from 1 to 0 as ¢ increases from 0 to 1. The
function —rp/(r) is d-increasing because its derivative is —464(q) ~*Z4(q)(dg/dr)
by (9.10), together with dq/dr = —2qu'(r) > 0; furthermore, it increases from
1 to +00 because r increases if and only if g increases. One is now able to give

Proof of Theorem 7. Since —ry/(r) > 1 for all r € (0,1), it follows from
integration that p(r1) — u(re) = logry — logry for r1 < ro. Exchanging r; for
r9 in the opposite case one has (9.1).

On the other hand, —ru/(r) < —ap’(a) for r < a, whence, by integration,
0 < p(r1) — p(re) < —ap/(a)log(re/r1) for r1 < ro < a. Exchanging 71 for ro
in the opposite case one has (9.2). Since

(9.11) —rp (r) = O4(q) " =472 (1 — rH) () 2

for 0 < r < 1 by (9.10) and (8.12) (see also [BB, p. 137, (4.6.3a)]), one has
immediately the expression of —ap’(a). One can prove that V1 — r2/C(r) is
d-decreasing directly by the formula of K(r).

It follows from (7.17), together with (8.10), that S'(x)/S(x) = 472K (r)?,
where r = x(271x). By the d-concavity of log S, or by the d-increasing property
of K, §'(x)/S(x) is d-decreasing. Thus, S'(z)/S(z) < S'(A)/S(A) for > A.
The proof of (9.3) is now obvious.

To prove (9.4) the identity 04(p?)* = 05(p)%04(p)? for 0 < p < 1 resulting
from [BB, p. 34, (2.1.7i7)] is of use. It then follows from (7.7) and (7.17) for
g = p? with p = e~® that

(X' (2)/x(2))* = 04(p)*S"(2)/S(2) < §'(x)/S(x)

for x > 0. Consequently, the Schwarz inequality for integral gives that

(log x(z1) — log x(22))? < |21 — @2

/ " (¢ (@) /x(@)de

Z1

< |21 — x2||log S(z1) — log S(x2)|,
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which, combined with (9.7), proves (9.4). O

10. Grotzsch function p and Poincaré density

The Poincaré density P(z) in the twice punctured plane C* = C\ {—1,0}
is the function defined by the equation P(2)~! = (1 — |w|?)|M'(w)| at 2z =

—M(w), where
+oo w 2n 8
M(w) = 16q(w) [ (112?71(0)3_1)

n=1

with g(w) = exp{m(w + 1)/(w — 1)}, is an elliptic modular function defined
in D, which omits precisely three points 0,1, and oo; see [N, p. 319, (76)] and
[BB, pp. 112-115].

The Poincaré distance between z and w in C* is

d(zw) = / P(O)]dC),

where the integral is taken along a geodesic connecting z and w in C*. Fur-
thermore,

(10.1) P(2) = P(~1 —2z) = |1+ 2| 2P(—2/(1 + 2))
for z € C* and
(10.2) dz,w) =d(—1—z, -1 —w) =d(—2z/(1 + 2),—w/(1 + w))

for z,w € C* because the mappings z — —1 — z and z — —z/(1 + z) both are
conformal from C* onto C*.

Theorem 8.  Forri,ry € (0,1) with rq # ro,

/1 _ 2 /1 2
(10.3) |log (r1) — log pu(re)| < 4P(1) |log " " log . 2 ,
1 2
where
(10.4) 4P(1) = ST 0.456946
. = T

In addition,

VitR VI
T2

m 1
(10.5)  |log u(ry) — log p(ra)| > §T(r1,r2) log o

for ri,re € (0,1) with ri # rq, where

1

max[KC(r ) K(y/1 —r?), K(r2)K(y/1 — 7‘%)]

T(Tl, T‘Q) =
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For (10.4) see [Hm, p. 436] where p(—1) = 2P(1). The constant cg =
271P(1)~! is important for estimating Poincaré densities in hyperbolic do-
mains; see [Y1, p. 118]. The length [ of the lemniscate (22 + y2)? = 2% — % in
the zy-plane is

l= 4/ (1/V/1 —718)dr =T(1/4)T(1/2)T(3/4)"
= 27122~ 12P(1/4)2 = 5.24411 . . .,

where [/4 = 1.3110287771460599068 . . . is shown by Gauss [Ga, p. 413], so that
P(1) = wl=2, the area of the disk of radius /7.
For 23, > 0, k = 1,2, with @1 # x4, set rp, = x(21/2), k = 1,2. Then (10.3)
reads that
|log z1 — log o] < 2P(1)|log S(x1) — log S(x2)]-

Proof of Theorem 8. One first proves that

(10.6) (tP(t) "' =8 K(1/VI+)K(/t/(1 +1))

for t > 0. This is true for t = 1 by (8.1).

Set ¢ = q(s) = exp{n(s+1)/(s—1)} for -1 < s < 1,so that -1 <t <0
for t = —M(s). Then u(r) = —27tlogq for r = r(s) = Q(q)? and t = —r%.
Since (1 — s%)¢/(s) = 2qlog g, and since

M'(s) = 49(9)*(E2(q) — E5(0))q'(s) = —tq~ "¢/ (5)04()"*
by (7.6), it follows from (8.12) that
(10.7)  —(tP(t))"' = —204(q(s))*logq(s) = 87 (1 + )K(V—t)K(V1 + 1)

for —1 < t < 0. Identity (10.6) for ¢t > 0 follows on replacing ¢ with —t/(1 + ¢t)
in (10.7) and further, on observing (10.1).

As is seen in the proof of [AVV2, p. 64, Lemma 3.32] the function
K(r)K(v/1 = 1r?) is d-decreasing in (0,1/+/2) and d-increasing in (1/v/2,1), so
that (tP(t))~! is d-decreasing in (0,1) and d-increasing in (1, +o00) by (10.6).
Consequently, P(t) < P(1)t~! for all t > 0, t # 1. Combining this with the
identity

MK )
(10.8) d(t, MK, 1)) = / Pa)dr =2 'log K (z €R)

for K > 1 and t > 0 (see [KY, Section 4]), one immediately has
(10.9) 27 og K < P(1)log(\ (K, t)/t).

Notice that A(K,t) > t. Suppose that 0 < r1 < 19 < 1 and set t = 7{2 -1,
and further, K = pu(r1)/pu(re). Then M(K,t) = r;? — 1. Substituting these in
(10.9) one immediately obtains (10.3) for r; < ro.
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The proof of (10.5) begins with the inequality zP(z) > C(a,b) for = €
[a,b] C (0,+0), a # b with C(a,b) = min[aP(a),bP(b)]. Then for a =t > 0
and for b = A(K,t) with K > 1 one has in view of (10.8) that

(10.10) 27 og K > C(t, (K, t)) log(A(K,t)/t).

Given 0 < r; <79 < 1, set t = ;% — 1 and K = pu(r1)/u(rs) to have again
MK, t) = r7? — 1. One then accomplishes the proof by obtaining (10.5) from
(10.10) for C(ry? — 1,752 — 1) = 81w (ry,7) with the aid of (10.6). O

Since Y(r1,7m2) = Y(a,b) for for r1, ro € [a,b] C (0,1), it follows from
(10.5) that, for ry # ro,

| log pu(r1) — log u(r2)| > T(ab log

VT Y e
T2 ’

Set I; = (0,400), I = (—00,—1), and I3 = (—1,0). One can then show
that

(10.11)
al(tl,tg):l logu( > logu< ! >’ for t1, to € Iq;
2 Vit 6 T+t
(10.12)
d(ty,te) = 1 log 1t ( > log 1t (L)‘ for t1, to € Iy;
2 V—ti V—t2
(10.13)
d(ty,ta) = %\ log u(+v/1+ t1) — log pu(+/1 + t2)] for ty, ty € I3.

Identity (10.11) for ¢t; < t5 follows on setting K = T'(t2)/T(t1), and t = 1
n (10.8), whereas Identities (10.12) and (10.13) both follow from (10.11) with
the aid of (10.2).

As a corollary of Theorem 8 the following six inequalities are listed. Three
upper estimates of d(t1,t) are first exhibited.

t

d(tl,tg) < P(l) logt—l for ti, to € 1, t1 7’5 to;
2
14+t

d(t1,t2) < P(1) [log th for ti, to €I, t1 #to;
1+t9
t1(1+ o)

d(tl,tg) < P(l) IOg for t1, tg € I3, t 7& to.
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Three lower estimates of d(t1,t2) are the following.

13

i) > 50 (e 7)o

for tl, to € [A,B] cli, t 75 to;
1 1 1+t
d(t1,ta) > ( ) ‘1 Th

V=A" /=B 1 + to
for tl, t2 S [A,B] C IQ, tl 7é tQ;
1+1¢
d(ty,t) > T(\/1+ .V1+B)|lo %
to 1

for t1, to € [A,B] clz, t 7& ta,
where A # B in all cases.

11. Function p and iteration o,
Two expressions of u in terms of ¢, are summarized in

Proposition. For0<r <1,
+o00

(11.1) u(r) =log + 3" 27 og(1 + 0 (v/1— 12),
n=0
(11.2) uir) =7 H % m

The expansion (11.1) can be read about in [QV, p. 1059, Theorem 1.1]. It
will be shown, nevertheless, that (11.1) follows from Gauss’s identity explained
below.

Proof of the Proposition. Set ao( ) =1, bo(r) = /1 — r2; and inductively,
ant1(r) = (an(r) + bu(r))/2, bpsa(r) = \/an 7)bp(r) for 0 < r < 1 and for

n > 0. Then one obtains that

(11.3) bn(r)/an(r) = on(v/1 —12)
for n > 0 and for 0 < r < 1, which may be proved by making use of the

recursion formula b, (r)/a,(r) = o(bp—1(r)/an—1(r)) for n > 1.
The Gauss identity [BB, p. 50, (2.5.14)] states that

+oo

(11.4) p(r) = log(4/r) + Y 27" log(ant1(r) /an(r))

n=0

for 0 < r < 1; the cited identity of Gauss is the case a = 1, b = v/1 — r2, and
¢ = r in the formula in the second line in [Ga, p. 388]. On the other hand, the
recursion formula

an_H(r): an(r) ' 1+o0,(V1—12)
an(r) an—1(r) L+ on-1(V1—12)
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forn > 1 and 0 < r < 1 following from (11.3) demonstrates that

(11.5) ant1(r)/an(r) = 1+ o,(V/1—172))/2.

Substituting this in (11.4) one obtains (11.1).
To prove (11.2) the celebrated limit formula [BB, p. 5, Theorem 1.1]

1/ nh_}rr;o an(r) =1/ nh_}rr;o bn(r) = (2/m)K(r)

due to Gauss should be recalled. Meanwhile, the expression

(11.6) an(r)y=27" 1:[(1+ak(\/1—r2))
k=0

forn > 2 and 0 < r < 1, immediately follows from (11.5), which, together with
the Gauss limit formula for K, proves that

o =5y

Hence (11.2) follows. Formula (11.7) is equivalent to [BB, p. 14, Algorithm 1.1,
(a)] on replacing ko with /1 — r2 there. O

Incidentally, (11.6), combined with (11.3), shows that

n—1

bu(r) =270 (V1 —12) [ (1 + or(vV/1—12))

k=0

forn>2and 0 <r < 1.

It would be interesting that, as a consequence of (11.3), the function
0,(4e72"%) which appears in (3.1) is the quotient b,(v1— 16e=2""'z)/
an(V1—16e=2""') for n > 1 and for x > 217" log 2.

Since

1+op(V1—12)=20,(vV1- r2)1/207L+1(\/ 1—r2)71
it follows from (11.1) that
41— r?) ©=__
(11.8) p(r) =log =———= — (3/2) > 27" log oy (V1 —12).

n=0

Substituting b, (r)/a,(r) instead of o, (v/1 — r2) in (11.8) which is possible by
(11.3) one has the Jacobi expansion [BB, p. 52, (2.5.15)] which is equivalent to

+oo
(11.9) p(r) =log(4V/1 = r2/r) +(3/2) ) 27" log(an(r) /ba(r))
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for 0 < r < 1. One can reverse this procedure, so that the Jacobi expansion
(11.9) follows from the Gauss expansion (11.4), and vice versa.
Setting » = 1/4/2 in (11.1) one has

“+o0
> 27 log(1+1_p) =7/2 —log V2 = 1.2242....

n=0
and setting r = 1/v/2 in (11.8) one further has has

“+o0
> 27" logh_y = (2/3)log(2V2) — /3 = —0.35405 .. ..

n=0

Upper and lower bounds of x(r) can here be studied. The expression (11.1)
is transformed into

() = log (1+m +Z2_"1 1+an(M)

b
whence for n > 1,

(1110)  pulr) < log 2XEEVIZT) | §rgongop LoV r)

2

Lot LE V)
2

= log{21/2r_1(1 +v1- 7"2)1/2(1 +V1—r2)}
<log{2r (1 + V1 —12)} <log(4/r).
Furthermore, the expression (11.1) is equivalent to

(1+\/ﬁ 22—n1 1+U7L(m)
1+ Vioe2

On the other hand, since o(r) > r for 0 < r < 1, it follows that o, (V1 —r2) >
V1 — 12 where n > 1. Hence for n > 1,

(HW)QJFZH:ilo 1+ o (V1—12)
" k:12k & 14+vV1—r2

< log

2(1+ V1 —12)

p(r) =log —————

(11.11)  p(r) > log

1+ vI—72)2

> log

Let us treat the case n = 2 in (11.11). Since

L+ 05(r) _ <1+\/W)2<1+\/F)2,

1+7r 1+o(r) 1+7r
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it follows that

Lo LoV 1, 4oV 1 14 YT

og — AV " ) _ o
P 14+v1—1r2 2 8 14+o(vV1—12) 2 BT VI

for 0 < r < 1. Consequently,

(11.12)
p(r) > log Lrvi- Tz)(i HVA-E %bg(l +o(v/1—12)1/2)
> log (HM):H Vi-i?) log (1+\/71ﬂ_—762)2'

Both inequalities in (4.1) are actually established with the aid of a confor-
mal mapping in [H, p. 318] and [LV, p. 61]. On the other hand, improvements
of (4.1) are obtained by (11.10) and (11.12) both of which follow essentially
from (11.4) due to Gauss.

12. Nine remarks
The following remarks might serve for further studies.

Remark 1. Let Fx be the family of K-quasiconformal mappings f
from C onto C with f(0) = f(1) -1 = 0, K > 1. Set P(t,K) =
SUp pe 7, Max,—¢ | f(2)] for t > 0. S. Agard established in [A, p. 10, (3.11)]
that Pa(t, K) = A(K,t) for t > 1. Although Agard assumes that ¢t > 1,
this is also true for 0 < ¢ < 1. In reality, it is verified that A\(K,t) =
max e F, max|.|— |f(z)| for all £ > 0; see [Y2, Theorem 1]. Let Gs be the
family of functions f holomorphic in D with f(D) c C\ {0,1}. For ¢t > 0 let
Gs.t be the family of f € Gg with |f(0)| = ¢t. Martin [Ma, Theorem 1.1] claims
that supyeg, , |f(2)] = Pa(t, (1+|2]) /(1 —|2])) for z € D. Since 1/f € Gg 1, for
[ € Gsy, it follows that infregy , [f(2)| = 1/A(K, 1/t) for K = (14]z])/(1—12])
with z € D.

For extensive treatment of A(K,t) which is defined even for ¢ < 0, see
[KY]; the starting definition of A\(K,t) in [KY] is different but natural and it
coincides with S(KT'(t)) for t > 0. Also the function v(K,t) for real ¢ is defined
in [KY]; in particular, v(K,t) = S(T(t)/K) = 1/A(K,1/t) for ¢t > 0.

Remark 2.  Obviously x(7/2) = 1/v/2 and S(r) = 1. First, for = > 0,

(12.1) x(@) = VI—x(@ 17 /a)2.

For the proof, let us set 7 = x(z) in the formula 72/4 = p(r)u(v/1 — r2) which
directly follows from the definition of p. Analogously,

(12.2) S(x) = S(n?/x)~"

for > 0. For the proof, replace x with /2 in (12.1) and eliminate y to have the
equality only for S, from which (12.2) follows. One then has T'(t)T(t™1) = =2
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for t > 0. Consequently, S(k~1T(t71)) = S(kT(t))~!, whence it follows that

1e(t) = (en(VE/(1+1)) /017 (1/ V1 +1))?
= (S(KT(1)) + 1)/(S(+T'T(t™1) +1) = S(KT(1))

for k > 0 and t > 0, where ¢, (r) = x(k 1u(r)) for K >0and 0 <r < 1.
Let us be concerned with the case 0 < x < « for S(x). First, (2.6) reads
that
S(z) =167t =271 + (1 + Agq(x))e™™

for x > w. Hence, for 0 < x < m, one has

S(z)"! = S(r2/z) =1671e™ /T — 271 4 (14 Ag(n2/2))e ™ /"  with

0< Aga(r/a) < (1+ V1= 16e27) 1,

A consequence is that 1im(S(x)e”2/”) =16 as z — 0.

Remark 3. Recall that p(1) = 0. Hence 0 < u(r) + anlogw,(r) <
aplog4 for all r € (0,1] by (4.2). Consequently, the sequence of functions
—ay, logw, converges to p as n — —+oo uniformly on (0, 1]. The k-th derivative
of —ay, logw,, therefore, converges to p*) uniformly on each closed interval
[p,q] C (0,1). Particularly, —a,w),/w, — . It then follows from (11.7) and
(9.11) that

o0

n/2(0(1 — 2200 (1) /! (r)) Y2 — () = 2
2"5(r(1 = 77)) " (wn(r) /wn(r)) (2/m)K(r) E—H%(m)

as n — +oo uniformly on every closed interval [p, q] C (0,1).
An exercise is to prove that —27"log,, — /2 as n — +o0.

Remark 4. Let 8 # 0 and 8 > —2. For each p > 0, the function
o (4e72"®) in (3.1) uniformly converges to x(z)? as n — 400 on the interval
[p, +00). Actually, let us choose N > 1 such that p > 2'7"Vlog2, so that
2N+l > 2 > —3. Then, for all n > N, and for all z € [p,+00), it follows
from (3.3) that |x(2)? — 0,(4e72"%)P| < |A, 5(x)| < |B[2297 "+, the right-
most tends to 0 as n — 4oco. Since x(z)? and ¢, (4e=2"*)? both are real-
analytic in (0,400), the k-th derivative of o, (4e=2"*)? converges to that of
x(x)? uniformly on each [p, +00), p > 0. A conjecture is that the conclusion
were valid for all 3 # 0.

The function o(r) is d-increasing and d-concave for 0 < r < 1, so that
the same is true of o,(r), and furthermore, of log o, (r). For a constant § <
0 the function o = exp(Bloga,) is therefore d-decreasing and d-convex in
(0,1). Since 4exp(—2"z) is d-decreasing and d-convex for x > 0, the function
on(4e_2"””)ﬁ, with a constant 8 < 0, is d-increasing and d-convex for = >
22-"]og2. As was observed in Section 7, the function x(x)? with 3 < 0 is
d-increasing and d-convex for x > 0.
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Remark 5. The constant 0,(v/2) in (2.4), (3.4), and (3.6) can be
replaced with any algebraic number N, satisfying

on(V2) < N, < x(21 " log 2).

Obviously N, becomes better as N, becomes nearer to x (2! "log2). For a
rational number p > 0 there exists a unique algebraic number k, with 0 < k,, <
1 and p(k,) = 7y/p/2 ([BB, p. 139 et seqq.] and [BB, p. 156]). If a natural
number m is found so that

(12.3) log2 < 27" try/p < /4,

or equivalently, if log 2 < p(om(kp)) < 7/4, then N, = 0ypqim—1(kp) will do. Ac-
tually, the inequality ay—1log2 < p(on4m—1(kp)) implies that oy qm—1(k,) <
X(an_1log2). On the other hand, u(o,(v/2)) = an_1u(0(v/2)) = ap_17/4 >
1 p(0m(kp)) = (1(Tnsm—1(kyp)), whence 0,(v2) < Oppm—1(kp).

The algebraic number o(y/2) = 0.98517... appearing in (6.15) may be
replaced with o,,(k,) > o(v/2) for m and p satisfying (12.3).

Let € be rational with 0 < & < 64(1 — (47~ !log2)?) = 14.151.... Then,
(12.3) is true for m = 4 and p = 64 — . For instance, ¢ = 6 will do for which
kss = (13v/58 —99)(v/2 —1)® by kss = A*(58) in [BB, p. 299, Exercise 9.d).iii)].
Here pu(o4(kss)) = mv/58/32 = 0.75409.. . ..

Suppose that ¢ > o4(kea—c)™2 — 1. Then p(1/v/1+1t) > p(os(kea—c)) =
m/64 — €/32, so that L(2,t) > exp(rv/64 — e/16). It then follows from (6.13)
that

5 4
1 onvei s gy Gi=e/s 1 4 < Orvv (K, t)exp{2Kpu(1/vV1+1t)}
5 677{'\/6476/8
< Z +

2(1 4 /1 — 16e—7V61=¢/4)

for t with o4(kes_c) 2 — 1<t <o(vV2)72 - 1.

It is remarkable that there exists k, with p # 64 — ¢ for which log2 <
w(om(kp)) < m/4 with m # 4, or (12.3) is still valid. Notice that 49 < 64 —¢ <
64.

As a first example, let us choose ki3 which satisfies the equation
4k (1—k?s) = Gt = 649—180/13; see [BB, p. 172, Table 5.2a] where G'? =
2kn k). Calculation with the aid of [BB, p. 161, Exercise 2.a).ii)], together with
G1_312 = 5v/13 — 18, then reveals that ki3 = 2_1(\/5@ — 17— \/19 — 5V13)
= 0.01387... and u(o3(ki3)) = m/13/2% = 0.70794. . ., so that (12.3) is valid
for m = 3.

Another example for large p is o5(ka19) = 0.99266. .. for S. Ramanujan’s
celebrated

koo = (V2 — V1) (V4 — V3)(VT — V6)3(V10 — v9)?
x (V15 — v14) (V16 — V15)%(v/36 — v/35)(V64 — V63)
=10"1% % 5.2025...
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because log2 < pu(os(kato)) = 7mv/210/2° (= 0.71134...) < 7/4; see [BB,
p. 141, (4.6.12)] for kojo. Since u(os(ki3)) = mV/208/28 < my/210/25 =
[J,(O'g,(kzlo)), it exactly follows that 0'3(14313) > U5(k210).

Finally, for the non-integer 31/2 one has p(os(ks1/2)) = 727%/31/2 =
0.77302..., so that p = 31/2 with m = 3 is an example.

Remark 6. For a fixed K > 1 the functions dpyv (K, t) and (x(t) in
(6.5) and (6.6), respectively, are functions of t > 0. Set A(K,t) =
5va(K, t)CK(t)il — 1. Then

(12.4) MK, 1) =167 Cre ()71 = 271 + Cre(8) + A(K, £)Ck (2).
For A(K,t) one observes in [KY, Theorem 6.2, (6.7), (6.6)] that
(12.5) 0<A(K,t) <8

for t > t, = S(K~'log4), or equivalently, K > T(t)~!log4, whereas
(12.6) —5/2 < A(K,t) < 5/2

for 0 < t < t,, or equivalently, K < T'(t)~!log4.

Set n = 1 and @ = 2Ku(1/v/1+t) = —log(k(t) in Theorem 1. Then
Formula (2.1) in this case is exactly Formula (12.4) with Agq(z) = A(K,1).
It then follows from (2.3) that 0 < A(K,t) < 1 for ¢t > t,, a result better than
(12.5). On the other hand, it follows from (2.4) that

(12.7)
~0.5625 =1 —0(4) 72 < A(K,t) <4(c(vV2)"2 = 1) =3/V2 -2 =0.12132. ..

for 0 < t < t,. Estimation (12.6) is thus improved in (12.7).

One can replace o(v/2) in (12.7) with o4 (kes_. ); see Remark 5. One cannot
set t = 1 in (12.7) because T'(1) " 'log4 = m~1log4 = 0.44127... < 1. Hence
(12.7) does not serve for estimating 6rvv (K)e™ = A(K,1) + 1.

Finally, (6.14) yields that 0.05 < A(K,t) < (6 — v/15)/8 = 0.2658 . .. for ¢
with ¢t > S(log4) > t,.

Remark 7. Particular values of A(K,t) and ¢k (r) for K > 1 are
obtained:

A2/ onim(ky) > =1) = ou(k,) 2 = 1;
e (0n(kp)) = onim(ky), K =2"\/p/q,

where p and ¢ are rational numbers with 0 < ¢ < p and n and m are integers
with m > 0. First, A(K,r;z—l) = r;2—1 and pg(r1) =refor0<r; <re <1
and K = p(r1)/p(r2). Next, u(on(ky))/w(0nim(ky)) = 2™+/p/q for rational
numbers p, ¢ with 0 < g < p, and for integers n and m with m > 0. On the
other hand, it follows from k, < k, that r1 = 0,(kp) < 0n(kg) < Opngem(ky) =
ro. Hence the requested formulae follow.
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Remark 8. Identity (7.9) can be rewritten as
qZ4(q) = 72K (r)(E(r) = K(r)),
for 7 = 02(q)?03(q)~2 with 0 < ¢ < 1, which, combined with (7.16) and (8.10),
yields
¢=2(q) = 72K (r)E(r),
whereas, combined with (7.11) and (8.11), yields
¢=3(q) = 7 2K(r)(E(r) = (1 = r*)K(r)).
Since
(1 =) (K(r) = £(r)) < E(r) = (1 = r*)K(r) < K(r) = £(r)

for 0 < 7 < 1 ([AVV2, p. 53, Theorem 3.21, (6)]), it follows from 1 — 72 =
04(q)*03(q)~* that

(0 <) — 04(q)*05(q) *E4(q) < Es(q) < —Ea(q)

and since
47172 < E(r)K(r) < 47 w2 (1 — )~ V/4

for 0 < r <1 ([AVV2, p. 62, Theorem 3.31, (1)]), it follows further that
471 < ¢Z5(q) < 47104(q) 1 05(q)
for0 <g<1.

Remark 9. The doubly connected domain which is the plane C slit
along the interval (—oco, 0] and the circular arc {e?; 0] < a} for 0 < a < 7 can
be mapped conformally onto the ring domain {z; 1 < |z| < exp u(sin(a/2))}.
Calculation with the aid of [AVV2, p. 82, (5.9)] yields that

(d2/da2)u(sin(a/2)) = 16_17r27"_2(1 - 7”2)_11C(7“)_3(25(7") — K(r))
for r = sin(«/2). Since
/21— 2r2gin2 0 a0,
0 V1—1r2sin?0

it follows that 2&(r) — KC(r) > 0 for 0 < r < 1/+/2. Consequently, u(sin(a/2))
is d-decreasing and d-convex as a function of t, 0 < a < 7/2. For 0 < o < /2,
the described doubly connected domain is known as Mori’s extremal domain.
See [Mo] and [LV, p. 59].
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