J. Math. Kyoto Univ. (JMKYAZ)
48-3 (2008), 617-629

Some infinite elements in the Adams spectral
sequence for the sphere spectrum*

By

Xiu-Gui Liu

Abstract

In the stable homotopy group mpn g4 (p+1)q—1(V (1)) of the Smith-
Toda spectrum V' (1), the author constructed an essential element o, for
n > 3 at the prime greater than three. Let 35 € [V(1), Slspg+(s—1)q—2
denote the dual of the generator 8y € ms(pt1)q(V (1)), which defines
the (-element Bs. In this paper, the author shows that the composite
a131€s € Tpngy(s+1)pgtsq—6(S) for 1 < s < p — 2 is non-trivial, where
& = Bi_1Tn € Tprgtspgt(s—1)q—3(5) and ¢ = 2(p — 1). As a corollary,
&s, aiés and (1€ are also non-trivial for 1 < s < p — 2.

1. Introduction and statement of results

We are interested in the problem of detecting nontrivial elements in the
stable homotopy groups of spheres.

Throughout this paper, we fix a prime p > 3 and ¢ = 2(p — 1). Let S

denote the sphere spectrum localized at the prime p. Let M be the Moore
spectrum modulo the prime p given by the cofibration

(1.1) ALY VEELS 3]

Let o : XM — M be the Adams map and V(1) be its cofibre given by the
cofibration

(1.2) SIS M V(1) L st
Let V(2) be the cofibre of 3 : X(P+1)9V (1) — V(1) given by the cofibration

(1.3) e+ay (1) L v(1) 2 v(2) & sty (1),
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To determine the stable homotopy groups of spheres 7, (S) is one of the
central problems in the stable homotopy theory. So far, several methods have
been found to determine the stable homotopy groups of spheres. For example
we have the classical Adams spectral sequence (ASS, for short)( cf. [1]) based
on the Eilenberg-MacLane spectrum K Z,, whose Ea-term is Ext®'(Z,, Z,) and
the Adams differential is given by

. s,t s+rt+r—1
dy: St — B ,

where A denote the mod p Steenrod algebra. We also have the Adams-Novikov
spectral sequence (ANSS, for short) based on the Brown-Peterson spectrum
BP (cf. 2], [3], [4]).

From [5], we know that Ext}*(Z,,Z,) has Z,-basis consisting of ag €
Ext}'(Z,,2,), hi € Ext}L{qu(Zp, Z,) for all i > 0 and Ext%*(Z,, Z,) has Z,-
basis consisting of ag, ag, aghi(i > 0), g;(i > 0), k;(i > 0), bi(i > 0), and
hih;(j > i+2,i > 0) whose internal degrees are 2¢+1, 2, p'q+1,p" g+ 2p'q,
2p' g 4+ pq, ptlq and piq + p’q respectively.

So far, not so many families of homotopy elements in m,(S) have been
detected.

In [6], R. Cohen constructed a certain infinite family of elements denoted by
G € Typrr141)—3(S5),k > 1. (i is represented by hoby, € Extilequq(Zp, Zy)
in the ASS. Using the method of ANSS, Chun-Nip Lee [4] proved that 5110_1@
is non-trivial for all k, i.e., bE 'hoby is a permanent cycle in the ASS and
converges non-trivially to 377" (;. This result gave another infinite family of
elements in the stable homotopy of spheres.

In [7], a result similar to Lee’s was proved using the method of ASS, and
Zhou X. showed the non-triviality of Ba2(.

In [8], I detected a new family in the stable homotopy groups of spheres
and obtained the following theorem.

Theorem 1.1 ([8, Theorem 1.4]).  Letp >3, n > 3, then
kohn # 0 € ExtyP 1T20ava (7 7))
is a permanent cycle in the ASS and converges to an element of order p in
Tpng+2pg+q—3(S5)-

On the way of proving the above theorem, I detected a new family in the
stable homotopy groups of V(1) which is a spectrum closely related to S. I
gave the following theorem.

Theorem 1.2 ([8, Theorem 1.5]).  Letp >3, n >3 and
hy, € Exti{pnq(Zp, Z,), be the known generator in [5]. Then

(Birio)«(hn) € Ext?P TP ey (1), 7,)

is a permanent cycle in the ASS and converges to a nontrivial element w,, €
Tprg+(p+1)g—1(V (1))
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Definition 1.1.  We define, for ¢t > 1, the S—element 3; = joj18%i1i0 €
Tipg+(t—1)g—2(S). Here the maps g, jo, i1, j1 and § are given in (1.1)-(1.3)
respectively.

From [2, Theorem 2.12], 5; # 0 in 7. (S) for p > 5 and ¢ > 1.

Theorem 1.3 (]9, Theorem 2.2]). Forp > 3 and 1 < s < p, there

exists the second Greek letter element 3 € EthSpq+(571)q+572(Zp, Zy), and Bs
converges to the 3-element 35 € Typqi(s—1)q—2(S) in the ASS.

In this paper, we will base on the family of homotopy elements in . (V (1))
in [8] to detect a w,-related family of filtration s + 4 in the stable homotopy
groups of spheres.

Let 87 = jojiB® € [V(1), S]spgt(s—1)q—2 denote the dual of the gener-
ator 3] = [(%1ig € Typt1)q(V (1)), which defines the [B-element (. Let
§s = Bi_1Tn € Tpngtspgt(s—1)q—3(S). Our main result can be stated as follows.

Theorem 1.4. Letp>3,n>3 and 1 < s <p-—2, then the product
bohohnBs # 0 € Exty b7t (Hhrateats=2 7 7 )

s a permanent cycle in the ASS and converges to a nontrivial element aq(51&s €
Tpng+(s+1)pa+sq—6(S), where a1 = jocip.

In this paper, the May spectral sequence (MSS) and the ASS play very
important roles in the proof of the main theorem. We want to emphasize that
the proof of our theorem is completely elementary. This paper gives a good
example for detecting non-trivial elements in the stable homotopy groups of
spheres.

The paper is arranged as follows: after giving some useful lemmas on the
MSS in Section 2, we make use of the MSS to obtain two Ext groups in Section
3. Then the proof of Theorem 1.4 is given in this section.

2. Two spectral sequences: the ASS and the MSS

For the sake of completeness, in this section we first review some knowledge
on the ASS and the MSS. Then we show some important lemmas on the MSS
which will be often used in Section 3.

One of the main tools to determine the stable homotopy groups of spheres
.S is the ASS. In 1957, Adams, adapting the methods of homological algebra,
constructed such a machine in the form of a spectral sequence leading from the
doubly graded group Ext’y*(Z,, Z,) to the p-primary components of the stable
homotopy groups of spheres. From then on, the ASS has been an invaluable
tool in studying stable homotopy theory.

Let p be a prime, X a spectrum of finite type and Y a finite dimensional
spectrum. Then there is a natural spectral sequence {E$"',d,}, which is called
Adams spectral sequence(ASS)

(2.1) Ey' = Ext}'(H*X; Z,), H (Y Zp)) = ([Y, X]t-s)p,
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where the differential is

(2.2) d,: ESt — petmtrr=1,

If X and Y are sphere spectra S, then the ASS

(2.3) 3" = Bxt§ (Zy, Z,) = (m—o(S)),

the p-primary components of the group m;_4(S).

There are three problems in using the ASS: calculation of the Fs-term,
computation of the differentials and determination of the nontrivial extensions
from E to m.S. So, for computing the stable homotopy groups of spheres
with the ASS, we must compute the Eo-term of the ASS, Ext;"(Z,, Z,). The
most successful method for computing Ext’;"(Z,, Z,) is the MSS.

From [3], there is a MSS { E2**, d,.} which converges to Ext%'(Z,, Z,) with
F1-term

(2.4) EY™" = E(hilm > 0,i > 0) Q) P(by,ilm > 0,i > 0) X) P(an|n > 0),
where FE is the exterior algebra, P is the polynomial algebra, and

hum.i € E%,Z(pmfl)pi,?mfl’bm)i c E12,2(pm71)p1"+1,p(2m71),an c E%,2p7l—172n+1.
The May differential is
(2.5) dy 1 EYY — Bt
and if z € E>* and y € EZ'*, then

dr(z-y) = dr(2) -y + (=1)°z - dr(y).
There exists a graded commutativity of the MSS:
poy= ()Y

for x,y = hum i, bm,i or a,. The first May differential d; is given by

di(hij) = > hick i+l

0<k<i
(2.6) di(ai) = > hi—k K0k,
0<k<i
d(bi ;) = 0.

For each element x € Ef’t’*, we define filt x = s, deg x = t. Then we have:

filt hi,j = filt a; = l,ﬁlt bi,j = 2,

deg h;j =2(p' — 1)p? = q(p't =1 +--- +pJ),
(2.7) deg b; j = 2(p' — 1)p T = q(p'7 + -+ 4 pit1),

deg a; =2p' =1 =¢q(p'" +---+1) +1,

deg ag =1,
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where i > 1, 5 > 0.

In Section 3, we need the following three lemmas on the MSS.

By the knowledge on p-adic expression in number theory, we have that for
each integer t > 0, it can be always expressed uniquely as

t=qleap™ + 1" P+ Faptc) Fe,
where 0 <¢; <p (0<i<n),p>c,>0,0<e<q.

Lemma 2.1 ([10, Proposition 1.1]).  Let t = q(cpp™ + cn—1p™ 1+ +
caap+co)+e where 0 <c¢; <p (0<i<n),p>c,>0,0<e<gq. Let sy be
a positive integer with 0 < s1 < p. If there exists some j (0 < j < n) such that
¢j > s1, then in the MSS

t
B = 0.

Let so be an arbitrary positive integer. For the above t, we consider the
structure of Ef"”t’* in the MSS. Suppose that in the MSS w = 129+ x,, €
Ef“”t’*, where m < so, z; isone of ag, hy jorb, ., 0 <k <n+1,0 < l+j < n+l,
0O<u+2z2<n1>07>0 u>0 22>0. By/(27) we may assume that
deg x; = q(c; np™ +- -+ ci1p+cio) +e;, where cij=0orl, e =1if z; = ay,,
or ¢; = 0. Then we have

(2.8)

m
deg w = Z deg x;
i=1

cof (S (S o (S ) ()

m m

Denote > ¢;j and ) e; by ¢; and €, 0 < j < n, respectively. Then we have
i=1 i=1

the following two lemmas.

Lemma 2.2 ([11, Theorem 2.4]).  Iféy — & > n+ 1, then in the MSS
B = 0.

Lemma 2.3. With notation as above. If there exist two integers i, and
i satisfying the following conditions:

(1) i1 >ig > 0;

(2) &, = m;

(3) ¢, <e<¢, =m,
then w is impossible to exist.

Proof. The lemma is easily obtained by (2.7), and omitted here. O
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3. Proof of Theorem 1.4

In this section, we first make use of the MSS to determine two Ext groups
which will be used in the proof of Theorem 1.4.

Lemma 3.1. Letp>3,n>3,1<s<p—2andl <r <s+4, then
in the MSS,

Ef+4fr,p"q+(8+1)pq+sq+sfrf1,* —0.

Proof. For convenience, we let t = p"q+ (s+1)pg+sq+s—r—1. If ris
equal to s +4, s+ 3 or s + 2, Lemma 3.1 is obvious. Consequently, in the rest
of the proof we always assume that 1 <r < s+ 2.

Consider w = z129 -+ Ty, € Ef+4_r’t’* in the MSS, where x; is one of ay,
hijorb,.,, 0<k<n+1,0<I+j<n+1,0<u+2<n,1>0,j2>0,
u >0, 2> 0. By (2.7), we may assume that deg z; = q(c; np"™ + Cipn—1p" " +
~++¢i0)+e;, where¢; j =0o0r 1, e; =1if x; = ag,, or e; = 0. It follows that

m

(3.1) ﬁltw:Zﬁltxi:s—l—él—r
i=1

and

(3.2)

m
deg w = Zdeg T;
i=1

=q("+(s+1p+s)+s—r—1

Note that filt z; = lor 2, 1 < s<p—2and 1 <r < s+ 2. We have that
m<s+4—r<s+3<p-+1from (3.1).

Assertion. s—r—1>0.
m

Otherwise, we would get > e; =s—r—14q¢q=2p—3+s—r >2p—-3—-2=
i=1

m
2p—5by1<r<s+2,sincee; =0or 1. Thus > e; >2p—5>pbyp>5. On
i=1
m
the other hand, by e; = 0 or 1, we have > e; < m < p+ 1 which contradicts
i=1
m
to > e; > 2p —5 > p. The assertion is proved.
i=1
Using 0 < 5,54+ 1,s—7r—1 < p and the knowledge on the p-adic expression
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in number theory, from (3.2) we have that

m
Yei=s—r—14+A_1q, A1 > 0;
=1
> Cio+ A1 =5+ Aop, Ao > 0;
=1

m

Ny

cii+ Ao =s+1+Aip, A1 > 0;

—~
w
&

N
Il
-

ci2+ A1 =0+ Aop, A2 > 0;

NER

Cin—1 + )\n72 =0+ )\nflpa /\nfl > O;

s
Il
-

o

s
I
—

Cin + An—1 =1

Case 1. 1<s<p—3. Then m < s+ 3<p. It follows that

m

m
0< Zei,Zcm‘ <Dp.
i=1 =1

It is easy to get that the sequence (A_1, Ag, A1, A2, , An—2, An—1) must equal
the sequence (0,0,0,0,---,0,0). By (2.7), there exists a factor hy , or by ,—1
among w. By the graded commutativity of E;"™", we denote by z,, the factor
hin or bin,—1. Then we put w = wizy, for w; = 2122+ Tpym_1 € Ei’t_pnq’*,
where l = s+ 3 —r (if x, = h1 ) or s +2 — 7 (if ), = b1 ,—1). At the same
time we have

m—1 m—1 m—1
(3.4) Zei:sfrfl, ch:s, ZCm:SJrl-
i=1 i=1 i=1

m—1 m—1
Subcase 1.1. 1<r<s+2. Since Y co— >, e=r+1>1+1by
i=1 i=1
r > 1, we can get that E{T37 7P 0% — ( and E{T27P"9% — by Lemma
2.2 i.e., wy cannot exist. Thus in this case w cannot exist
m—1
Subcase 1.2. r = 1. It follows that m > s+ 2 from ), ¢;1 = s+ 1.
i=1
Meanwhile, we know m < s+ 3. Thus m can equal s + 2 or s + 3. Since
m—1
> e; =s—2,degh;; = 0(modq) (i > 0,7 >0),deg a; = 1(mod ¢) (i > 0) and
i=1
deg b; ; = 0(mod ¢) (i > 0,j > 0), then by the graded commutativity of £,
up to sign w; must have a factor aj a;j, ---a;, , (0 < ji < jo < -0 < jo_o).
Noticing the degrees of a;’s, we assume that wy = agagfagxs,l <+ Xp_1, Where
x+y+z=s5—2forx,y,z > 0. Then from (3.4) we put wg = X5_1 - Typm_1 €
Ei_s“’t " where t' = (s +1— 2)pqg + (s —y — 2)gq, and
m—1

m—1 m—1
(3.5) Zeizo,ch:s—y—z,Zcm:s—i—l—z.

i=s5—1 i=s5—1 i=s5—1
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A
(@). fw=a1292pm1hiy, then wi = afalajwy € Ey"77 2" for
4.t %
Wy = Ts_1- Tm_1 € BT 7.
When m = s 4 2, from

s+1
Z C7;71=S—|—1—Z,
1=s—1
we have that
s+1
z=s+1-— Z c1>s+1-3=s5-2.
i=s—1

Note that z < s — 2. It follows that
z=s5—-2,x=y=0.
Thus in this case, wy = Ts_1TsTsy1 € Ef’t/’* = Ef’3pq+2q’* =0.

When m = s + 3, by an argument as above we get z =s—3 or z = s — 2.
Since E;PITT2* — ) for (r1,79) = (4,3), (4,2) and (3,2), we can have that
when z=5—-3,2=1,y=0,z=s5s—-3,y=1L,z=0and z=s5s—2,2 =y =0,
weo cannot exist respectively.

A
(I1). If w = 122 - Tpmy—1b1 p, then wy = afaladwy € Eithimpias

for

3.t %
Wy = Ts_1- Tm_1 € B 7.

s+2
When m = s+ 3, wy = ©5_1 - Tsqo. From filt wy = > filt z; >4 >
i=s5—1
3 = filt wo, we get that in this case wy cannot exist.
When m = s+2, it is easy to show that z = s—2, x = y = 0 by an argument
similar to that used in (I), and wy = zy_1T4a5q1 € B * = EPOPIT2O — ),
From Subcases 1.1 and 1.2, we have that when 1 < s < p — 3, w is

impossible to exist. Thus Ef+4*r’t’* = 0.

m
Case 2. s = p— 3. Note that filt w = > filt x; = p+ 1 —1r. Then
i=1
m<p+1—rbyfilt x; =1 or 2.

Subcase 2.1. 1<r<s—2. Thenm <p+1—1r <p—1. We easily
get that the sequence (A_1, Ao, A1, A2, -+, Ap—2, Ap—1) must equal the sequence
(0,0,0,0,---,0,0). A similar proof as in Subcase 1.1 shows that w is impossible
to exist either.

Subcase 2.2. r =1. Then m < p. By the knowledge of p-adic expres-
sion in number theory it is easy to get that the sequence (A_1, Ag, A1) must
equal (0,0,0). From (3.3) we have

m
> cia = op.
i=1

Note that 0 < 3 ci2 <m < p. It follows that A\ may be equal to 0 or 1.
i=1

1=
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m
(I). If A =0, then > ¢;2=0.

i=1
m
When n = 3, we have Y ¢;3 = 1. By (2.7), there exists a factor hy 3 or
i=1
b1)2 in w.
When n > 3, we may similarly discuss and obtain that A3 may be equal
to 0 or 1. We claim that

A3 = 0.

m
Otherwise, we would have that A3 =1 and > ¢; 3 = p, then m = p. Meanwhile,
i=1

m p
note that > ¢;2 = 0 and Y e; = p — 5. By Lemma 2.3, in this case w is
i=1 i=1
impossible to exist. Thus A3 cannot be equal to 1 and the claim is proved. By
induction on j we get that

m
so Y. ¢in = 1. By (2.7), there is a factor hi,, or by ,—1 in w.
i=1
In a word, for n > 3, there always exists a factor h; ,, or by ,,—1 in w. By an
argument similar to that used in the proof in Subcase 1.2, it is easily obtained

that w is impossible to exist.
m

(IT). If X2 =1,then Y ¢;2=p. Byc;a =0o0r1and m < p, we get that
i=1
m = p. Note that filt w = p. By (2.7), we have that, for each ¢, filt 2; = 1 and

W=z Ty € E(hpilm > 0,1 >0) ®P(an|n >0).

P P
When n = 3, it is easy to get that > ¢;3 = > ¢, = 0. Then we have
i=1 i=1

that
p

p P p
i=1 i=1 i=1

i=1
By an argument similar to that used in Subcase 1.2 it is easy to show that

w = x1T2 - - Tp cannot exist either.
When n > 3, from (3.3) we have

p
Zci,3+120+)\3p.

i=1
By ¢1,3 =0 or 1, we have

A3 =1.
By induction on j, we have

N=138<j<n—1).
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P
Using (2.7) and the facts that Z Ci2 =D, Z Cig = Z Cin—1=p—1, we

divide the p z;’s into two dlSJOlnt classes 51 and Ss. Th WO disjoint classes
are given by

Sy = {z|deg x = q(p" ' +p" "2+ + p?) + lower terms},
Sy = {x|deg x = gp? + lower terms}.

For a class S in this paper, denote by N(S) the number of elements in S, then
We get that N(Sl) =p—1 and N(Sg) =1 Similarly, Using the facts that

Ze, =p-—25, cho =p-3, Zczl =p—2, 2612 = p and (2.7), we can
=1
also divide the p x;’s into four dlSJOlnt classes. The four classes are given by

S5 = {x|deg x = g(higher terms + p? + p+ 1) + 1}, N(S3) = p — 5;
S, = {x|deg x = q(higher terms + p? +p+ 1)}, N(S4) = 2;
Ss = {z|deg x = q(higher terms + p* + p)}, N(S5) = 1;

Se = {x|deg x = g(higher terms + p?)}, N(S¢) = 2.

Since S1US2 = S3|J S+ U S5 U Ss, Se or Sy must be in S;. For example, all
elements of Sy are in S;. Then there would be at least two h, ¢’s among w
with deg h, o = ¢(p" ' +--- + 1). This is impossible since hij =0 (i >0,
j > 0). Thus in this case w is impossible to exist either. '
From Subcases 2.1 and 2.2, we get that when s = p — 3, EST47"0* = 0,
From Cases 1 and 2, the lemma follows. O

Theorem 3.1. Letp>3,n>3,1<s<p—2, then the product
bohohn s # 0 € Ex ts+47p q+(s+1)pg+sq+s— 2(Z ).

Proof. Since by g, by, and a3 2hgohyy € B} are permanent cycles in
the MSS and converge nontrivially to by, h,, 85 € Exty"(Z,,Z,) for n > 0
respectively (see Theorem 1.3),

-2 s+4,p" q+(s+1)pg+sq+s—2,%
b1 oh1,0h1,nay “haohi1 € EY (s+1)
is a permanent cycle in the MSS and converges to

2 s+4,p" q+(s+1)pg+sq+s—2

bohohnﬂs S EXtA (Zp, Zp).
From the case = 1 in Lemma 3.1, we see that
3,p" 1 -2

E«l‘s+ P a+(s+1)pgtsqts—2,x 0,
then for r > 1,

Eﬁ+37p"q+(S+1)pq+sq+s—27* = 0.

Thus the permanent cycle

s—2 s+4,p"q+(s+1 +5q+s5—2,%
by.oh1.0h1 @y 2hoghyy € ESFHP at(s+hpatsq
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cannot be hit by any differential in the MSS. Then
bohohnB3s # 0 € Ext’ (2, Z,).
This completes the proof of Theorem 3.1. O
Theorem 3.2. Letp>3,n>3,1<s<p—2,2<r<s+4, then

EXt:+4—T,q(P"+(S+1):D+S)+s—r—1(Zp’ Zp) -0

Proof. From the case 2 < r < s+ 4 in Lemma 3.1, we have
Ei?+4fr,q(pn+(s+1)p+s)+sfr71,* —0.
By the MSS, Theorem 3.2 follows immediately. O
Now we give the main theorem in this paper.
Theorem 1.4. Letp>3,n>3 and1l < s <p—2, then the product
bOhOhnBs £0¢ Exti,+4’pnq+(S+1)pq+sq+s_2(Zp, Zp)

is a permanent cycle in the ASS and converges to a nontrivial element a1 1&s €
Tpng+(s+1)pg+sq—6(S), where ay = joovig.

Proof. 1t’s well known that by € Ex’ci"pq(Zp7 Zyp) and hg € Extzq(Zp, Zy)
both are permanent cycles in the ASS, and converges nontrivially to the (-
element B = joj1fi1io € Tpg—2(S) and a-element a1 = joaiy € me—1(S5)
respectively. From Theorem 1.2,

(Bivig)s(hn) € Ext%P @I oy (1), 7))

is a permanent cycle in the ASS and converges to a nontrivial element w,, €

Tprq+(p+1)g—1(V (1))-
Now consider the following composition of maps

:B:_ 1TWn
—

alﬁlfsi Epnq+qu+(s—1)q—3s & Sﬂ)z—pQ+2S&E—pq_q+3S.

Since @y, € Tyngt(p+1)g—1(V (1)) is represented up to nonzero scalar by
(Birio)(hn) € Ext” TV (HY (1), 2,)
in the ASS, then the map a;5:1&; is represented up to nonzero scalar by
(jogr B%i140)x (bohohn) € Ext‘i‘+4’p q+(8+1)pq+sq+s—2(zp’ Z,)

in the ASS. By Theorem 1.3 and the knowledge of Yoneda products we know
that the composition

Gogi B¥ivio)s : BxtS (Zp, Zy) "0 Bxt®* (H*V (1), Z,)

(joﬂ:)* Ext2*+qu+(sfl)q+(572)(Zp’ Zp)
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is a multiplication up to nonzero scalar by
5 ', 5pq-+(s—1)g+(s—2
ﬁs c EXtZSpq (s=1)g+(s )(Zp,Zp).
Hence, a1 1&; is represented up to nonzero scalar by
bOhOhnBs £0¢e Extf4+47p"q+(5+1)pq+8)q+s—2(Zp’ Z,)

in the ASS (see Theorem 3.1).

Moreover, from Theorem 3.2 and (2.2), it follows that bohohnBS cannot be
hit by any differential in the ASS. Thus the corresponding homotopy element
a131&s is nontrivial. This finishes the proof of Theorem 1.4. O

From Theorem 1.4, the following consequence is immediate.

Corollary 3.1. Letp>3,n>3 andl <s<p—2. Then &, £1&s and
a1€s are non-trivial.
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