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SOME RESULTS ON COMPACT ALMOST RICCI SOLITONS
WITH NULL COTTON TENSOR

A. BARROS AND I. EVANGELISTA

ABSTRACT. The aim of this paper is to prove that a compact al-
most Ricci soliton with null Cotton tensor is isometric to a stan-
dard sphere provided one of the following conditions associated
to the Schouten tensor holds: the second symmetric function is
constant and positive; two consecutive symmetric functions are
non null multiple or some symmetric function is constant and the
quoted tensor is positive.

1. Introduction

The concept of almost Ricci soliton was introduced by Pigola et al. in [15],
where essentially they modified the definition of a Ricci soliton by permitting
to the parameter A to be a variable function. More precisely, we say that
a Riemannian manifold (M™,g) is an almost Ricci soliton if there exist a
complete vector field X and a smooth soliton function \: M"™ — R satisfying

1

where Ric and £ stand for the Ricci curvature tensor and the Lie derivative,
respectively. We shall refer to this equation as the fundamental equation of
an almost Ricci soliton (M™, g, X,\). We say that an almost Ricci soliton is
shrinking, steady or expanding provided A >0, A =0 or A <0, respectively,
otherwise we say that it is indefinite. When X = V f for some smooth function
fon M™ we say that it is a gradient almost Ricci soliton. In this case, identity
(1.1) becomes

(1.2) Ric+V2f = \g,
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where V2f stands for the Hessian of f. Further, an almost Ricci soliton is
trivial provided X is a Killing vector field, otherwise it will be called a non-
trivial almost Ricci soliton. We point out that when X is a Killing vector
field and n > 3, we have that M is an Einstein manifold since Schur’s lemma
ensures that A is constant.

We highlight that Ricci solitons also correspond to self-similar solutions of
Hamilton’s Ricci flow, for more details about Ricci soliton see, for example,
[8]. In this perspective, Brozos-Vazquez, Garcia-Rio and Valle-Regueiro [6]
observed that some proper gradient Ricci almost solitons correspond to self-
similar solutions of the Ricci-Bourguignon flow, which is a geometric flow
given by

0

at?
where k£ € R and R stands for the scalar curvature. This flow can be seen as
an interpolation between the flows of Ricci and Yamabe. For more details on
Ricci-Bourguignon flow, we recommend [9].

It is important to emphasize that the round sphere does not admit a (non-
trivial) Ricci soliton structure. However, Barros and Ribeiro Jr [3] showed an
explicit example of an almost Ricci soliton on the standard sphere. For this
reason, it is interesting to know if, in the compact case, this is the unique ex-
ample with non-constant soliton function A. In this sense, Barros and Ribeiro
Jr [3] proved that a compact gradient almost Ricci soliton with constant scalar
curvature must be isometric to a standard sphere. Afterward, Barros, Batista
and Ribeiro Jr [2] proved that every compact almost Ricci soliton with con-
stant scalar curvature is gradient. In [5], Costa, Brasil and Ribeiro Jr showed
that under a suitable integral condition, a 4-dimensional compact almost Ricci
soliton is isometric to the standard sphere S*. While Ghosh [10] was able to
prove that if a compact K-contact metric is a gradient almost Ricci soliton,
then it is isometric to a unit sphere. We recall that Barros, Batista and
Ribeiro Jr [1] proved that under a suitable integral condition a locally confor-
mally flat compact almost Ricci soliton is isometric to a standard sphere S™.
For more details see, for instance, [2], [1], [10], [13] and [16].

When M is a compact manifold the Hodge-de Rham decomposition theo-
rem (see for instance [17]) asserts that X can be decomposed as a sum of a
gradient of a function h and a divergence-free vector field Y, that is,

(t) = —2(Ric(t) — kR(t)g(t)),

X=Vh+Y,

where divY = 0. From now on, we consider h the function given by this
decomposition.

Henceforth, we denote by M™, n > 3, a compact connected oriented mani-
fold without boundary. Now we remember some basic facts about symmetric
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functions. Let A be the Schouten tensor and o (A) be the symmetric func-
tions associated to A defined as follows

det(I +tA) = Zak

Since A is symmetric, then (})S,(A) = oy, (A) coincides with the kth elemen-
tary symmetric polynomial of the eigenvalues Ai(A) of A, that is,

(1.3) or(A) = (A (A),..., A = > (AN (4,
1 <<t

for more details about symmetric functions see, for instance, [12]. It should
be emphasized that the assumption of constant scalar curvature is equivalent
to require that the trace of the Schouten tensor is constant. Indeed, if we
denote by A the Schouten tensor, then tr A = ; (z ? R, where R stands for
the scalar curvature of M. Since nSi(A) = tr A, thls is in turn equivalent
to require that the first symmetric function of A is constant. Inspired by
the historical development on the study of compact almost Ricci soliton. In
this paper, we investigate which geometric implication has the assumption
that the second symmetric function Ss associated to the Schouten tensor is
constant and positive on a compact almost Ricci soliton. More precisely, we
have the following result.

THEOREM 1. Let (M™,g,X,\) be a non-trivial compact oriented almost
Ricci soliton such that the Cotton tensor is identically zero. Then, M™ is
isometric to a standard sphere S™ provided that one of the next condition is
satisfied:

(1) S3(A) is constant and positive.

(2) Sk(A) is nowhere zero on M and Siy1(A) = c¢Sk(A), where ¢ € R\{0},
for somek=1,....n—1.

(3) Ric> %g, with R>0, and [,; Sx(A)Ah >0 for some 2<k<n—1.

(4) Sk(A) is constant for some k=2,...,n—1, and A > 0.

We highlight that the symmetric functions associated to the Schouten ten-
sor were used by Hu, Li and Simon [12] to study locally conformally flat
manifolds. By assuming that the Weyl tensor vanishes, then the conclusion
of item (4) in Theorem 1 follows directly from Theorem 1 obtained in [12]. In
this direction, we point out that item (1) and item (4) of Theorem 1 improve
Theorem 1 in [12] for compact almost Ricci solitons under the hypothesis of
Cotton tensor identically zero.

The paper is organized as follows: in Section 2, we present some basic nota-
tions and definitions; Section 2.2 is devoted to define Newton transformations
associated to a symmetric (0,2) tensor and to compute the divergence of such
transformations whereas in Section 2.3 we establish some integral formulae
for compact oriented almost Ricci soliton associated to the Schouten tensor.
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Finally, in Section 3, we prove our main result as an application of the integral
formulae obtained in the previous section.

2. Preliminaries

2.1. Notations. Let (M",g) be a smooth, n-dimensional Riemannian mani-
fold with metric g. We denote by Rm(X,Y)Z the Riemann curvature operator
defined as follows

Rm(X,Y)Z=VxVyZ—-VyVxZ—-VxvZ,

and we also denote by Ric(X,Y) =tr(Z — Rm(Z, X)Y) the Ricci tensor, and
R = tr(Ric) the scalar curvature. We have the well-known formula

(2.1) (divRm)(X,Y, Z) = Vx Ric(Y, Z) — Vy Ric(X, Z).
Let A =Ric _Q(n—lil) g denote the Schouten tensor, which is a (0,2) symmetric

tensor. The Weyl tensor is given by
1
(22) Rm=W+ m(A@Q),

where ® means the Kulkarni-Nomizu product defined by the following formula

(2.3) (a0 ® B)ijii = aufjr + aji Bt — it — jiBiks
where a, 8 are (0,2) tensor. Finally we define the Cotton tensor as follows
(24) Cijk: = ViAjk — Vink.
It is well known that
n—3
(2.5) V'Wijn = mcijk-

From identities (2.4) and (2.5), we see that for n >4 if the Weyl tensor van-
ishes, then the Cotton tensor also vanishes. We also see that when n =3 the
Weyl tensor always vanishes, but the Cotton tensor does not vanish in general.
We say that a manifold has harmonic Weyl tensor provided that divW =0,
where div means the divergence of the tensor. By (2.5) we also have that for
n >4, the Cotton tensor is identically zero if and only if the Weyl tensor is
harmonic.

2.2. Newton transformations. Let T' be a symmetric (0,2) tensor and
o (T) be the symmetric functions associated to T' defined as follows

det(I +sT) = Zak(T)sk,
k=0
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where oo = 1. Since T is symmetric, then (})Sy(T) = o4 (T) coincides with
the kth elementary symmetric polynomial of the eigenvalues \;(T) of T', that
is,
1< <i
For simplicity, we do not distinguish between the (0,2) tensor 7" and the op-
erator T : X(M) — X(M), that is a (1,1) tensor, such that T(X,Y) = (T X,Y).

Introduce the Newton transformations Py (T') : (M) — X(M), arising from
the operator T', by the following inductive law

2.7)  Py(T) =1, Pk(T)<Z)Sk(T)ITPk_1(T), 1<k<n

or, equivalently,
n

Pu(T) = (k) Sp(T)I — (kﬁ 1) St (T)T + -

+ (=1)F 1 (;‘) Sy (T)TH ! + (—1)*T*.

Using the Cayley—Hamilton theorem, we get P, (T) = 0.
Note that Py (T) is a self-adjoint operator that commutes with 7" for any k.

Furthermore, if {ei,...,e,} is an orthonormal frame on T, M diagonalizing
T, then
(2.8) (P(T)), (e1) = i (T)pes,
where
0041
pik(@) = Y X (1) (1) = a; (A (T), -, 2n(T)).
(2

i1 <o <15 AT

Moreover, we have the well-known formulae

tr(TPk (T)) = Cksk+1 (T),
tI‘(Pk(T)) = CkSk(T),

ck:(n—k)(;D =(k+1)(kil).

The divergence of Py (T) is defined as follows

(2.9)

where

div Py(T) = tr (VP (T Zvelpk
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where {e1,...,e,} is a local orthonormal frame on M. Our aim is to compute
the divergence of Py (T). The following definition is important in the sequel.
Introduce the tensor D by

(2.10) Diji =ViTj — V;Ti.

Note that when T is the Ricci tensor, then by equation (2.1) D = divRm, and
when T is the Schouten tensor, then D is just the Cotton tensor.

LEMMA 1. Let Pi(T) be the Newton transformations associated with T

above defined and let {e1,...,en} be a local orthonormal frame on M. Then,
for all Z € X(M), the divergence of Pi(T) are given recursively as
div Py (T) =0,
(2.11) ,
(div Py(T), Z) = —(T(div Py_1(T)), ZD ei, Z, Pr1(T)e;),
=1

or equivalently

n

k
(2.12) (div P(T), 2y => > (1) D(e;, TV Z, Py j(T)e;).

j=11i=1

Proof. Since Py(T') = I, then div Py(T') = 0. By the inductive definition of
P(T), we have

VzP(T)Y =(Vor(T),Z)Y —Vz(T o Pi_1(T))Y
=(Vou(T),Z)Y — (VT o P_1(T))Y — (T oV P,_1(T))Y,

so that
div P,(T) = Z(veipk (T))e;
= VUk(T) — zn:(veiT) (Pk_l(T)ei) - (leVPk_l(T))

Now, by using (2.10), we get
(Ve D) (Per(T)es), Z) = (Ve T)Z, Per (T)es
=(Ve,T)(Z, Pu—1(T)e;)
=D(ei, Z,Pe—1(T)e;) + V2T (ei, Poo1(T)e;)
=D(ei, Z,Pe—1(T)e;) + ((V2T)es, Pe_1(T)e;)
=D(ei, Z, Pe—1(T)e;) + ((Pec1(T) 0 V2T (e:), ).
Therefore, letting p=>"""_, D(e;, Z, Py_1(T)e;), we deduce
(2.13) (divPy(T),Z) = (Voi(T), Z) — tr(Py—1(T) 0o VT)
— (TdiVPk_l(T)) - p.
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Now we just need to prove that
(2.14) tr(Py—1(T) o V;T) =(Vor(T),Z).

We prove the above equation using a local orthonormal frame that diag-
onalizes T. We point out that such a frame does not always exist, since
the multiplicity of the eigenvalues may change. Therefore, we will work in a
subset My C M consisting of points at which the multiplicity of the eigen-
values is locally constant. We recall that such subset is open and dense in
M, and in every connected component of M7 the eigenvalues form mutually
smooth distinct eigenfunctions and, for such a function A, the assignment
p— Vap)(p) C T, M defines a smooth eigenspace distribution V) of T' (con-
sult [4], Paragraph 16.10). Therefore, for every p € Mr there exists a local
orthonormal frame defined on a neighborhood of p that diagonalizes T, that
is,

(VzT)ei=Z(N)ei+ Y (A = \j)w! (Z)e;,
J#i
where we use the standard notation w’(Z) = (V ze;, e;). Using (2.8) we get
n

tr(Pk_l(T) o VZT) = Z Wi k—12Z(N;)

1=1
n

:ZZ()‘I) Z Ail..')\ik—l
i=1 1< <y

Il
N
N
g
3
>
s
3
~_
I
T~
<
Q
ol
N
\./

This proves the statement on My, and by continuity on M. Substituting
(2.14) into (2.13), we get (2.11). In order to arrive at (2.12) it suffices to use
an inductive argument. U

In particular we have the following.

COROLLARY 1. If D =0, then the Newton transformations are divergence
free: div Pp(T) =0 for each k.

2.3. Integral formulae. Let (M, g, X,\) be an almost Ricci soliton. Now
take T' to be the Schouten tensor, that is, T = A. Note that Vy Py(A) is
self-adjoint for all Y € X(M). A straightforward computation shows that

n
(2.15) div(Py(A)X) = (div Pu(A), X) + > (Ve X, Pe(A)e;),
i=1
where {e1,...,e,} is a local orthonormal frame. If we take such a local or-

thonormal frame that diagonalizes A, then by (2.8) we have
<VeiX, Pk(A)€Z> = ui’k<VeiX, 6i> = <VPk(A)eiX» €i>.
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By the almost Ricci soliton equation (1.1), we get

(2.16) <VPk(A)eiX7 6,‘> = /\<Pk(A)6i, €i> — RiC(Pk(A)ei, ei)

R
= <)\ - 2(71_1)) <Pk(A)ei,e,;> - <APk(A)e7;,ei>,

hence, using equations (2.16) and (2.9), equation (2.15) becomes

diV(Pk(A)X) = <lePk(A)7X> + ()\ - ) tI‘Pk(A) — tI‘(APk(A))

R
2(n—1)

= <le Pk(A),X> + <>\ — )ckSk(A) — Ck-Sk;Jrl(A).

R
2(n—1)

Taking trace in (1.1) we get R+ divX =n). Since S1(A4) = 27(:(LT_E)1)R we
obtain

(217) le(Pk(A)X) = <lePk(A),X> + <S1(A) + %dle) CkSk(A)

- CkSk+1(A).

When M is a compact manifold and A is the function given by the Hodge-de
Rham decomposition theorem it is easy to see that identity (2.17) becomes

(2.18) div(Py(A)X) = (div Py (A), X ) + (Sl(A) + %Ah) cxSk(A)

- CkSk+1(A).

LEMMA 2. Let (M,g,X,)\) be a compact oriented almost Ricci soliton. For
each k, the following integral formula holds:

(2.19) /M<div Pi(A), X)dV,

+ cx /M(<51(A) + iAh) Sk(A) — Sk+1(A)) dvy, =0.
Note that when the Cotton tensor vanishes Corollary 1 implies that
(2.20) /M<dika(A),X> dVy, =0.
Therefore, we obtain the next corollary.

COROLLARY 2. Let (M, g,X,\) be a compact oriented almost Ricci soliton
such that the Cotton tensor vanishes. Then,

(2.21) /A 4 ((sl (4)+ %Ah) Si(A) SkH(A)) dv, 0.
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3. Proof of the main results

REMARK 1. Before presenting the proofs of the results, we recall that the
symmetric functions satisfy Newton’s inequalities:

(3.1) Si(A)Ski2(A) < Sz 1(A) for0<k<n-—1,
which is a generalized Cauchy—Schwarz inequality. Moreover, if equality oc-
curs for k=0 or 1 <k <n with Sg12(A4) #0, then A\ (4) =X2(A)=--- =

An(A). As an application, provided that A\p(A4) > 0 for 1 <k <n, we obtain
Garding’s inequalities

(3.2) S1>88>85>..>55.
Here equality holds, for some 1 < k < n, if and only if \j(A) =X 2(4)=---=
k1

An(A). Note that (3.2) implies that S, * > Si1; for 1 <k <n. For a proof
see for instance [11], Theorem 51, p. 52 or Proposition 1 in [7].

3.1. Proof of Theorem 1.

Proof. In item (1), we suppose that Sz(A) is constant and positive.
Thereby, choosing k =2 in (2.21) we obtain

1
(3.3) / ((S1(A) + ;Ah) Sa(A) — Sg(A)) dv, =0.
M
Since S3(A) is constant we deduce
(3.4) / (S2(A)S1(A) — S3(A)) dV, =0.
M
On the other hand,
(3.5) ST(A) = Sa2(4) >0,
by Newton’s inequality (3.1). Moreover, equality in (3.5) holds if and only if
A(A)=--- =X\, (4), which means that A is umbilical (a multiple of g). In
this case, it is easy to check that
(n—2)

. A=——""Rg.

(36) 2n(n —1) Ry

We know from (3.5) that S?(A) > Sa2(A) > 0, then S;(A) does not vanish, this
means that either S;(A4) <0 or S1(A) > 0. Now we prove that S2(A)S;(A) —
S3(A) is positive or negative, according to the sign of S (A).

Indeed, from (3.1) we get S3(A) — S1(A)S3(A) > 0. Supposing S1(A) >0
we obtain

S3(A)

S1(A)

(3.7) S2(A)S1(A) — S3(A) = 52(A)51(A)

Sa(A)
S1(A)

(S2(A) — Sa(A)) > 0.
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On the other hand, if S;(A) <0 we have

(3.8) 52(A)51(A) = 53(A) < 52(A)51(A) — gj Eﬁ
_ Su(4)
S1(4)

In both cases S2(A)S1(A) — S3(A) has a sign. Using this fact together with
equation (3.4), we get So(A)S1(A) — S3(A) =0, and hence equality in (3.1),
obtaining identity (3.6). Therefore (M™,g) is an Einstein manifold, and by
equation (1.1) we have that X is a conformal vector field on M. If R <
0, since every conformal vector field on a connected compact manifold with
nonpositive scalar curvature is Killing (see, for instance, Theorem 6 in [14]),
we contradict the assumption that (M, g, X, \) is a non-trivial almost Ricci
soliton. Then, R is constant and positive. Therefore, we are in position
to make use of Corollary 1 in [2] to conclude that (M™,g) is isometric to a
standard sphere S™, which concludes the proof of the first point of Theorem 1.

Proceeding, in item (2) we assume that Si(A) is nowhere zero on M and
Sk+1(A) = ¢Si(A4), where c € R\{0}, for some k=1,...,n—1. Thus we can
use Corollary 2 to infer

wn

(S2(4) = $2(4)) <0.

(3.9) /M ((Sl(A) + %Ah) cS(A) — cSkH(A)) dV, =0
and

1
(3.10) / ((Sl (A) + EAh) Sk+1(A) — Sk+2(A)) dVg =0.
M
By hypothesis Si11(A) = ¢Sk(A), whence using (3.10) and (3.9) we deduce

(3.11) A [ (eSk41(A) = Skya(A)) dV, =0.

Using once more that Sii1(A4) = ¢Sk(A) we invoke inequality (3.1) to get
Sk (A)(eSk+1(A) — Sk+2(A)) > 0. We recall that Si(A) is nowhere zero on M
by hypothesis, and by connectedness it does not change sign on M. Hence,
¢Sk1+1(A) — Sp42(A) also does not change sign on M. This fact together
with equation (3.11) gives ¢Sk41(A) — Skt2(A) =0, which implies S7, ;(4) —
Sk(A)Sk42(A) =0 and consequently S12(A) #0 on M. Then equality in the
inequality (3.1) implies that A = 25{5;3)1)
and we conclude the proof reasoning as in the previous case.

We suppose in item (3) that Ric > £¢, with R >0, and [,, Sx(A)Ah >0
for some 2 <k <n-—1, hence A > %Rg7 which implies that A > 0. This
allows us to use all inequalities presented in Remark 1. By identity (2.21), we

Rg and g is an Einstein metric on M
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have

(3.12) /M <(51(A) + %Ah) Si(A) Sk+1(A)) dv, 0.

Taking into account that [, Sk(A)AhdV, >0, we deduce from the last iden-
tity

(3.13) /M(Sl(A)Sk(A) — Sk+1(A4))dV, <0.
Next, we make use of (3.2) to arrive at
(3.14) 51(A)Sk(A) — Skt1(A) = 51(A)Sk(A) — Sk(A)
= 51(4) (S1(4) = Si(A)¥) = 0.
(
(

k+1
k

Hence, using (3.13) and (3.14) we obtain S1(A4)Sk(A) — Sk+1(A4) =0. Since
A >0 and hence Sk(A), Sk+2(A4) >0, using (3.14) again we obtain S;(A) =
Sk(A)%. By equality in (3.2) we get A = 27(17(1 2)1)Rg and ¢ is an Einstein
metric on M. Now, in order to complete the proof it suffices to use once more
Corollary 1 in [2].

Finally, we assume in item (4) that Sk(A) is constant for some k =
2,...,n—1, and A > 0. Hence, applying the same argument used to prove

item (3) we conclude that S;(A) = S,(A)* >0 and Si42(A) >0, which im-
_(n=2)
2n(n—1)
R > 0. The result follows by the same argument used to conclude item (3),

completing the proof of the theorem. O

plies that g is an Einstein metric on M. Since S1(A) = R, we get
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