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THE BEHAVIOUR IN SHORT INTERVALS OF
EXPONENTIAL SUMS OVER SIFTED INTEGERS

H. MAIER AND A. SANKARANARAYANAN

ABSTRACT. We consider the Hardy—Littlewood approach to the
Twin prime problem, which uses a certain exponential sum over
prime numbers. We propose a conjecture on the behaviour of
the exponential sum in short intervals of the argument. We first
show that this conjecture implies the Twin prime conjecture. We
then prove that an analogous conjecture is true for exponential
sums over integers without small prime factors.

1. Introduction

Some of the famous unsolved problems in Analytic Number Theory are
the Goldbach Problem and the Twin prime problem. The ternary Goldbach
problem (see [3]), namely the representation of an odd integer N as a sum of
three primes:

(1.1) N =p1+p2+p3

has been treated successfully by Vinogradov. The method of approach (see [1])
is based on the exponential sum S(a) =, - x e(pa) (where in this case choose
X = N). The number (V) of representations of N in the form (1.1) is given
by

1
(1.2) T(N):/O S3(a)e(—Na)da.

The evaluation of the integral (1.2) is done by evaluating the contribution
from the “major arcs,”

(1.3) m= |J U <Z—50,Z+50>

¢<(log X)€ a;(a,q)=1
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(with 6o = X ~*(log X)#) asymptotically, whereas for the reminder of the unit
interval, one uses upper bounds for the exponential sum.

This approach has not been successful, so far, for the binary Goldbach
problem and the Twin prime problem. The number

mo(X):=#{p <X —2:pand p+2 both are primes}
is given by the integral:

m(X):/O 1S(a)2e(—20) da.

From (1.3), we arrive at

n<X
and
9 X
(1.4) /m|S(a)| e(—2a)da = mp(l—&-o(l)),
where p=2]J(1 - (p—1)7%) ~1.320---,

with the “singular series”

N,
pfz(bg(q) (I( 2)7

q=1
where ¢, being the Ramanujan sum

am
cq(m) = Z e(—).
p q

amod q,

(a,q)=1
If one had more detailed information on the behaviour of S(«) outside the
major arcs, this information together with (1.4) might imply the Twin prime
conjecture.

We expect the following statement to hold.

SHORT-INTERVAL CONJECTURE. There exist positive constants A,B,C,
and D such that:

(15) /mmc 1S(a) 2 dav = C\I\%(l L 0((log X))

for each subinterval I C (0,1) of length |I| > (log X)~B if we choose do =
X~1(log X)P in (1.3).
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REMARK 1. We first claim that (1.4) and (1.5) imply the Twin prime
conjecture. This can be proved as follows. From (1.4), we get

(1.6) 772(X):/m|5(a)|2e(—2a)da+/ 1S(a)?e(—2a) da

mc

= ﬁﬂ(l +o(1)) + /zm 15(a) Pe(~20) do

We partition the interval [0,1] into [3(log X)?] abutting subintervals I; =
[ar, by] of equal length. We then have:

(1.7) /mm 1S(a)2e(—20) da
:e(—2al)/lmmc\5(a)|2 do

+O</ |S(a)|2|e(—2a)—e(—2al)|da>.
I;NMe
For a € I}, we have:

le(—2a) — e(—2a;)| < (log X)~ P

and thus from the conjectural estimate (1.5)
/ 1S(a)le(—2a) — e(—2a;)| do < | I} X (log X )~ B+,
Inome

From (1.7), summing over ! and using the conjectural estimate (1.5), we obtain

(1.8) / 1S(a)[2e(—20) da = Il|(Ze(—2al)>CIO§X

l
+O0(X(log X)~471).
We note that all the |I;] are equal, and hence independent of I. If we let

B
L= [%], then a; = 551 and the sum Y, e(—2a;) is a complete geometric
sum. Therefore, we have

(1.9) > e(=2a)= Y 6(2—T2l>20

l Imod L
provided L > 3.
From (1.6) to (1.9), we observe that

(1.10) o (X) = (IOgLXVp(l +o(1)) + /m |S()]?e(—2a) da
= %p(l +0(1)) + O(X (log X)~471).

(log X)
For example with A > 2, B > 2, the claim now follows.
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The purpose of this paper is to prove an analogue to (1.5) of the conjecture
which is obtained by replacing the prime numbers in the exponential sum by
integers without small prime factors. The precise result is stated in the next
section.

2. Notation, preliminaries and results

1. We write e(z) for e2mie,

2. €,n and 0 will denote arbitrarily small positive constants.

3. Let ||z|| denote the distance of x from the nearest integer, i.e., ||z| =:
ming,ez | — nl.

4. Vinogradov’s notation f < g means that |f| < C|g| where C is a pos-
itive constant depending not on X and Y but at most on the functions
w1 (X),w2(X) and the constants in our theorem.

5. The positive constants A, B,C,... need not be the same at each occur-
rence.

DEFINITION. For 1<Y < X, let
SX,)Y)={n<X:p|ln=p>Y}

and

S(X,Y,a):= Z e(na).

nes(X,Y)
For wy > 0,Q > 0, we define the “set of Major arcs”:

a a
M=M(wo,Q)= | J (——wo,—+wo>.
4<Q.amodg, N1 q
(a,q)=1

We shall prove the following theorem below.

THEOREM. Let € >0 be arbitrarily small, A and C are arbitrarily large

positive numbers. Let wy,ws : [1,00) — RT be any two functions with wi(X),

wa(X) — 0 for X — oo,
log X
loglog X)3+° <logV < wy (X)—2v.
(loglog X) 37 <log¥" < ws( )1oglogX

Let wo = X "'(log X)A. Let V be determined by
(logY)(loglog X) = (log V') x wa(X)
and assume that
Q <min(XV~* (log X)°).
Then for any interval I C (0,1) with

<
2

1] = max(Q " (log X) £, (log X) %)
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we have

X
S(X,Y,o)|?da=C*|I|——=(14+O((log X))~ 8
| sy i (1+0((los X))

B:min(g—4,é—4>
2 2

and C* =C*(Q,X,Y) is a suitable positive quantity (independent of the in-
terval I).

with

Plan of the proof. In Section 3, using sieving formula, we reduce the prob-
lem to the estimation of certain Basic integrals. In subsequent sections, we
estimate these basic integrals for various cases. In the last section, we estab-
lish a good positive lower bound for the quantity C* and thus complete the
proof of the theorem. O

3. The Sieve formula and the function Ej

We set
P(Y)= HP» Ei=Eq(X,a)= Z e(na).
p<Y n<X,
n=0(mod d)

By the Sieve formula, we have

S(X,Y.a)= Y e(na) 3 u(d)
n<X d|n,
d|P(Y)

= > ud Y ena)

d|P(Y) n<X,
n=0(mod d)

= 3 wldELX.q).

d|P(Y)

We thus obtain:
(3.1) / 1S(X,Y, )| da
Inmee

= Y uutd) [ EBa(X.)Eg(Xa) do.

d1|P(Y),d2| P(Y) fnae

The expressions f(dl ) = Jrnome Ea (X, @) Eq, (X, a)do are called the basic
integrals. Crucial for their discussion are the sizes of dy,ds as well as the size
of D:=gecd(dy,ds).
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In the subsequent sections, we treat the following cases:

I. The small case: both di,dy are <V and D < Q.
II. The intermediate case: both di,ds are <V and Q < D.
III. The very large case: X >dy >V or X >dy > V.

4. The basic integrals—small case
We set dy = Dd},d2 = Ddfy where D := ged(dy, d2) and thus we have ged(d), db) =
1. We partition the interval I into
(4.1) [I|D + O(1)

subintervals of the form Ip; = [ID~!,(I+1)D 1] and possibly a first and last
interval of length < D~! each.
We have for each subinterval Ip ;:

(4.2) / |Epa (X,0)| | Epay (X, 0)] da
ID’lﬁmc
g

= |Epa;, (X, )| Epay (X, )| dex

%ero
X X
We note that

1 1—Dwg
X X
(4.3) ‘Ed<57ﬁ>’ <<min([m_ 7||d5||_1)-

B D Dwo
We set X = % and consider the system of inequalities:

1! 1!
(1.4) 18] < H if AL < H
Pl=1g 7
and
(4.5) A< ||d’1ﬁ|\ <2Aq, Ay < ||d’2@H <2A, if Ay > [d—J .

We define the set,
p(A1,A2)={p€(0,1): (4.4) or (4.5) hold}.

In the sequel, we write (Dwg,1 — Dwyp) as a union of sets p(Aq,As) (there
could be some overlaps of these sets, however as far as upper bounds are
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concerned it does not matter). We may also assume that

a6 aa)sm@ (heg)<sds (ke g)

@;)sﬁ%s<j+;>

If (4.6) is satisfied for the pair (k,j) = (0,0), then 3 € J := [0, 1 min((d}) ™",
(d5)~1)]. We have by (4.3),

(4.7) /J o B (K D) E (X,9)d8 < Dt g
W= wo

The same estimate is satisfied in the case of the pair (k,j) = (d},d}) for which
we have 3 € [1 — 2min((d})~!, (d5)~"),1]. In the sequel, we estimate

/ By (X, 0)||Eay (X, B)| dB
£€(0,1),
181> 4 (dfdy)—*

and we may assume that (k,j) # (0,0), (d},d}).
Then the distance between any two distinct of the six points (k—1)(d}) ™!,
k(dy)™h (B +1)(dy) ™ (G — 1)(dy) ™, j(da) ™ (G + 1)(dg) ™" s at least

B o |kdy — jd| 1
(43) ()™ = ()7 = R
Thus, it follows that
1
(4.9) Ag(dy) ™t > i(dlldlz)fy

Thus, {8 € (0,1): ||| > & min((d})~*,(d5)~")} is a union of the sets p(Aq,
A,), where

X7 X7
(4.10) A = [d_’l] , or A;=2m"1 LTJ ,
Ay =2"272(ddy) ™ i, €N
For given s, the equation
k(dy) ™ = j(dy) ™t = s(dydy) ™!

has at most one solution (k, 7). Thus, for given rq, there are < 22 pairs (k, j)
such that for Ay =272(d}d}) ™!, we have:

(4.11) Ao < k()™ = ()| < 2.
For 8 € p(A1,Az) we must have:
(4.12) 8= k(d) T <24
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for a value k belonging to some of these pairs. Thus, we have
(4.13) meas p(Aq,Ag) K 2™ A;.

Since for 8 € p(A1,Ay), we have

(4.14) |Eq (X, 8)] <ATY, |Eqy (X, 8)| <A

we now obtain (with Ag = 272(d}dy)™1)

(4.15) / | Bay (X, 8) Bay (X, )] dB < (ATTAGT) x (27 A1) < dydy.
p(A1,Az)

Since there are < (log X)? sets p(A1, Ay), we get

(4.16) / By (X, B Eay (X, B)] dB < d} dy(log X)°.
Be(0,1)
181> 4 (d}dy)—?

From (4.2), (4.7), and (4.16), we get

/ |Epa; (X, a)Epg, (X, a)|da
Ip NIMe

! g/

d _ _1—
IDQ(logX)Q—I—D 2(dydy) " twg

<

This estimate also holds for the first and last subinterval of I. From (4.1), we
get

(4.17) / < dyda(log X)? + X (log X) =4 (d)db)
(d1,dz2)
+ 11X (log X) D™ (dydy) ™!

We observe that (4.17) contributes to (3.1) an error which is in absolute value

(4.18) < (log X) (Zd) + X (log X)~ (Z%)Q

A<V d<v

3
+ [I|X (log X)~4 <(;‘1’>

< Vi(log X)? + X (log X )2~ + |I| X (log X )>~4
< XQ '(log X)%+ X (log X )2~ + |I| X (log X )3~4,

since @ < %
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5. The basic integrals—the intermediate case

As in Section 4, we set dy = Dd,ds = Dd)y, where D := gcd(dy,ds), and
thus we have ged(d),d;) =1. We partition the interval I into

(5.1) 1I|D +0(1)

subintervals of the form Ip; = [ID~!,(I+1)D~!] and possibly a first and last

interval of length < D~! each.
We have
(5.2) Epa, (X,a)Epa (X, a)da

Ip,

e X N\= (X
— 5 | B (500)Bu(550) a0

= H % EO(moddll),nEO(modd’Q)H

D {Dd' d! ]

Let Ij(jl) be the first subinterval (if it exists). With X = % we have:

/ B (X.0)Epyy (X.0)] dor < / By (X, 5)Euy (X, 5)] dB.

Again applying (4.3), we have:
X1 X
| Bk aEyE o)< g
0

and

3(didy)™" X
/ B (X.0)Eg (X D)l ds < (i) [~ 572 o< i

X-1
By (4.16), we have
%
[y V(X 8B (X913 < did(log )"
2 @192

Thus we get

X dydy >
(53) W |EDd’1 (AX.P7 O[)E’Dd/2 (X, Cl{)| do € —— + ogX) .
D

prag o ¢
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The same estimate holds for the last subinterval too. From (5.1), (5.2), and
(5.3), we obtain

(5.4) / = / E4 (X,a)Eq4, (X, a)do
(di,ds)  JInome
= / EDd’ (X )EDd’2 (XV7 a) da
Iname
= (11D +0(1))
ofL
D2d' D
dydh
(D%z' 7)o )

b

=

%)

1
+o(I)+0 ) O(drda(log X)?)

,_.\

)
Dd’ A <D2d
(5

XD X
=115 ++o(m> +o(1))

. o<l) + O(d1da(log X)?)

D X
D2ddl)

We note that (since d’1 < V, d’2 <V,D<YV)

X X X _1x 1
D2djd, — V4 ’ D2didy, = DV3 ™ D
We observe that (5.4) contributes to (3.1), the main term C*|I| 10§X with
Dp(dy)p(dz)
C*=(log X —_
(logX) > i
d1<V,di|P(Y);
da<V,d2| P(Y);

D=ged(dy,d2)>Q
and an error which is in absolute value

< XQ tlog X)*+V*(log X)? < XQ ' (log X)?,
since Q < min(XV =%, (log X)%).

6. The basic integrals—the very large case

In this connection, we need several definitions and results related to smooth
numbers.
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DEFINITION. For an integer n, we denote by P*(n) the largest prime factor
of n.

We call n, Y-smooth if Pt(n) <Y. Let ¥(X,Y) be the number of Y-
smooth integers < X, i.e.,

U(X,Y)=#{n<X:Pr(n)<Y).

We shall need the following results.

Let u= }gi if It is known from the result of Hildebrand (see [2]) that
U(X,Y) < Xexp(—ulogu) for u<Y'™® with u— oo, i.e. Y > (log X)'*e.

A result of Xuan (see [4]), which can be found in [5] as a Corollary A says
that:

Let ¢ > 0 be fixed, exp{(loglog X)3t¢} <Y < X. We write u = ﬁi); . Then
uniformly in X and Y, we have

> r(d) =21 W(X,Y)logY.
d<X
P+(d)<Y

We first prove two lemmas below (which are necessary to deal this case).

LEMMA 6.1. Letn be a 'Y -smooth integer, Y < ns. Thenn has a'Y -smooth
divisor d satisfying
(6.1) niY-l<d<ni.

Proof. Let di be the largest divisor of n with d; < ni. Let p be a prime
divisor of n such that p|(dﬂ1) By definition, dyp > ni. Since p <Y, we have
dy>n1Y !, This proves the lemma. O

LEMMA 6.2. Let n be a positive integer, Z > 100, and set Y :=
exp(Z~tlogn). Assume that

(6.2) 7(n) > exp(Zlog2).
Then either: (i) n has a Y -smooth divisor d with

or (ii) we have the estimate

(6.4) T(n)g22+2( > 1).

tin
t§n1/4

Proof. Let €(n) be the total number of prime divisors of n and let n =
P1P2 - Pawm) With p1 <py <--- <po(p). Then, 7(n) < 29(n) - From (6.2), it
follows that Q(n) > Z. Let Q1 :=Q(n) — [Z] — 1. Then we have

PG, <Poi+1 Pam) <n
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and thus
1
logpa, < 081 _ logY.
Z
Therefore, d™ :=p; - -po, is Y-smooth. If dm > ni, then by Lemma 6.1,
d™ has a Y-smooth divisor d with
(@) sd< (@)}

and hence we have (i) n3z <d <ni.

Now, we assume that d(™) < ni. Let Q3 be the largest integer such that
Do, < Pa, (possibly s = 0) and Q3 be the smallest integer such that pa, > pa,
(Q3 does not exist if p; = pg, for all j > Q). Let & be the exact power of po,
such that pg, divides n. Let k1 be chosen such that

1 1 1
p1---pa,pe <ni, but pye-pa,pl Tt >0t

+~ L]

We thus can write,

with

H:pl...p92 (HllfQQO), H:pgl WithﬂZHl;
1

1 2
HZPQ3“'PQ(n)~
3

(We note that [, =1 if Q3 does not exist.) Then we factor each divisor of
tln as t =titats with ¢;|[]; (7 =1,2,3). We have:

(6.5) P = T<H> (k1 +1)

t|n 1
t§n1/4

and
(6.6) 7(n) S'r(H) (/{+1)2[Z]+1*(57m1)'

If kK = k1, then (ii) follows immediately from (6.5) and (6.6). Now, if kK > Kk
(>0), wehave k+1=ry +1+ (kK —k1) <2(k1 +1)(k— k1) < 2(ky +1)205751),
Now, again (ii) follows from (6.5) and (6.6). O

We start with the representation of the characteristic function of I by a
Fourier-series. Let

1 fael
6.7 = ’
(6.7) xi(@) { 0 otherwise.



BEHAVIOUR IN SHORT INTERVALS 123

Then we have for all a € (0,1) (except for the end points of I):

(6.5) vi(@) =3 ape(ma)

with :

(6.9) am:/le(—ma) do < min(|I|,m™1).

We replace x;(a) by the approximation

(6.10) Xgl) (o) = %X‘l /Z xr(a + u) exp(—X3u?) du.
We have

(6.11) %X‘l /: exp(—X8u?) du = 1.

First, we consider « € (0,1), whose distance to any of the end points of I is
> X 3. Then () = xr(a+u) for |u| < X—3 and

(6.12) Ixr(a+u)—xr(a@)| <1 (for all u).
Therefore, we get
1 oo
) =] = | =" [ (-t u) = (o) exp(~X*u?)d
1
< —X4/ exp(—X8u?) du
VI Juzx s ( )

1
<L exp <§X2>.

For the other o, we have because of (6.11) and (6.12)

i (@) = xa(@)| < 1.
Now, we have

1
xXi (@) =" alVe(ma)
with the Fourier coefficients

all) = 5; /Z e(—ma) (; ame(m(a+u))) exp(—X8u?) du
x4

= amﬁ - e(mu) exp(—X%u?) du
= apexp(—m?m?X %) (by substituting v = Xu).
We have

(6.13) a'l) < min(|I|,m ™ exp(—n?m? X~%)).
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We set

(6.14) ng)(a) = Z aMe(ma).
|m|<X5

‘We have

Ixr(@) = xP ()| < x73

except for a from neighbourhoods of length X —3 of the two end points of I.
For these «, |xr(a) — X(z)(a)| < 1. We obtain

(6.15) /d ) / Ed1 X Oé)EdQ(X a)d

I— X1
- Edl(X,a)Edz(X,a)donrO( )

Inom dids
‘We have
YOy [ <lsivisivo(xh)
X>di>V, dy<x ” (d1,d2)
Pt(d1)<Y
where

Si= Y Z/ ) (@) By, (X, a)Eq, (X, @) da,

X>di1>V, da<X
Pt+(d)<Y

So= > Z/ E4, (X,0)Eq, (X, a)deo.
X>di>V, do<x VINM
P+(dy)<Y

By (6.14) and (6.15), we have

(6.16) |S1] = Z all) Z /Oe((m+d1n1—d2n2)a)da

[m|<X5 (d1,d2,m1,n2)
X>dy>V,P+(d1)<Y
d2<X,din1<X,d2n2<X

_ (1)
= g ay, 1
|m|<X?5 X>di1>V d2<X ni,na,

P+(d1)<Y dana—dini=m
dini1<X,dano<X

< Z ’a%)‘ Z Z 75 (m + dinq).

|m|< X5 X>di >V nq<[X/di]
P+(dy)<Y
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Here 7* denotes the function

“(w) = 7(w) i.e. the number of divisors of w if w >0,
R if w < 0.

We now estimate the sum in (6.16). We break it up into < (log X)? subsums
of the form

M<|m|<M’ D<di<D’ n1<[X/d1]
PF(d1)<Y

S(Mgnagszm')( Z Z Z T*(m+d1nl)>

M<|m|<2M D<d1<D’ ny<[X/d1]
P+(d)<Y

s (MglnaSXszm') (Z(M’D)) (say).

Case (i). M < X.
We have m + dinq < 2X. We partition the sum (M, D) into subsums
according to the value of 7*(m + din1). For u € {0} UN, we set:

logV
1 Z,=22=—: Y, = log(2X
(6.13) b= 280 Y, = exp((£,) (0g(2X))
and define
(0)
(nldl,m)

where we sum over all triplets (nq,d;,m) with
(6.20) T (m+diny) <exp(Zy), M < |m| <2M,
D <d; <2D, PT(d) <Y
and for p>1,
(1)

(621) Z Z m+d1n1)

13 (nl,dl, )
where we sum over all triplets (nq,d;,m) with
(6.22) exp(Z,) < T (m+dini) <exp(2Z,).

For pn> 1, we apply Lemma 6.2 with Z = Z,,. At least one of the following
two situations must occur:

(i) m+diny has a Y),-smooth divisor d with X3 <d<2X1.

X * Z,+2

(i) 77 (m +din1) <2 (Zt|(m+d1n1),t§2X% 1).
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We have

(6.23) D (M.D)<H + ZZ+Z
0 p=1 p,1

where

(6.24) Yo=Y

w1 (ny,dy,m)
and here we sum over all triplets with

M<m<2M, D<d <2D, P*(d)<Y,
exp(Z,) <" (m+dini) <exp(Zu+1),

m +diny has a Y),-smooth divisor s satisfying
X3 <5<2X1.

In }7 ), we sum over all triplets where the condition (ii) is satisfied with
w=0.

Estimation of 3,

To estimate ), we use the result of [2] and partial summation. Thus we
get:

; < exp(Zy) Z Z Z 1

M<|m|<2M D<d1<2D ny<[X/d1]

Pt(d1)<Y
logV 1
XM —
< eXp(logY> > &
D<d,<2D
Pt(d1)<Y
logV logV logV
XM — 1 .
< P < logY logY ©8 <log Y

Estimation of 3,
We have:

(6.25) > < exp(Zui1)

M1
Y Y Y %Y o
M<|m|<2M D<d1<2D, X1/32<s<2X1/4, nidi <X,
PF(d1)<Y P+(s)<Y, nidi=—m(mods)
Let g =gcd(dq,s). Then the congruence din; = —m(mod s) is equivalent to

%lnl = —%(mod g) For given dy, g, m, the integer ny is uniquely determined
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mod £. Thus if we write s = gs',dy = gdy, then the sum in (6.25) is bounded
by

620 Y I % ) > o

!
gexin I ncimi<aM x1/82g-1<5<ax1/4g-1 Dg-1<d<aDg=1 01
P+(9)<Y, m=0(modg) P+(s")<Y, P+(dy)<Y,

= (1, M,D) (say).
We break up Y (u, M, D) into two subsums:
(6.27) > (M, D)= (1, M, D)+ (1, M, D),
1 2

where in )", (1, M, D), the summation is over all g with 1 < g < Xo and

in > ,(u,M,D) over those g with Xei < g<2Xi. For the estimate of
>, (M, D), we write again d; = gd} and obtain

6.28) Y (wMD)<Xx Y > 1, 3 T(dy)

s d
1 M<|m|<2M X1/64<g<x1/t = D<d;<2D !
P+(s")<Y, P¥(d1)<Y

For the estimate of the inner sum in (6.28), we use the result of Xuan men-
tioned before and obtain:

(6.29) > 7(d) = 24O W(X,Y) log Y

d<X
PH(d)<Y

log X log X
X(log X ———1 .
< X{(log )exp( logY Og(logY>>

From (6.28) and (6.29) we get

2t log X log X
6.30 M,D) < XM (log X)?exp| — = 1
(6.30) zlz(u, , D) < X M(log X) eXp( 64 log Zo Og<10gZo>)

‘e _llongo logV
P\ logY & logY ) )’
The sum ) ,(p, M, D) appears only for g > X1, We obtain:
(6:31) > (1, M,D)
2
1 T(dl)
<X ) > >y X

s d
X1/64§g§2X1/4M<‘W|S2MX1/64SS’SX1/4 D<d,<2D 1
m=0(mod g) Pt (d1)<Y

<<XM(logX)3exp< L log X, g(logX».

“64logy \logy



128

Thus, in total we obtain:

(6.32)

Hy1

(6.33)
@)

< X M2%0+2

> < X2%0t2

Z < XM (log X)3 exp (2“+2(log 2)
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logV
logY

X € —% log X lo
P 64 log Zy &

1logV

log X
log Zy

xexp| —— lo log V
P\ 4100y B\logy ) )

We now estimate ). We have

DD

>

M<\m\§2M D<d1<2D n1d1<X t|(m+n1d1)

Pt+(dy)<Y

)INNDY

D<di1<2D t<2X1/4
Pt(d)<Y

t<2X1/4

E 1.
nid <X
nidi=—m(modt)

Writing ¢ = gt’,dy = gd; and reasoning as above, we get:

1
PR ¢CEASE > > i

(2) D<d1<2D 1<g<2X1/4 1<t<2X1/4
P+(d)<Y

1logV logV
Zo+2 3 L
K XM2 (log X) exp< 4logY10g(logY>>
logV'
XM —= 1 .
< exp( 8logY Og(logY))
From (6.23), (6.32), and (6.34), we obtain
1logV logV
M,D)< XM —= 1 .
2 (M. D)< eXp( SlogY Og(ng))

Case (ii). M > X.
For the sum Y (M, D) in (6.17), by Lemma 6.1, we have the bound

SUAIED SRS DU DR DR

t<4M D1/4Y—-1<d,<2D1/4n1<X/dy M<|m|<2M

(6.34)

1logV

Pt(d1)<Y m=—dyni(modt)
1
X M (log X)? il
< XM (log X) > i
D/4Y-1<d, <2D1/4

Pt (d)<Y

1llogV log V'
2 —_—
< XM(log X) exp( 4logY10g(logY>)'
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We return to the sum in (6.16). We observe that |a\| < |I] for |m| < 1]
and \a%)\ < |m|~! for |m| > |I|~1. From (6.17), we obtain,

1 logV logV/
S« X -—— 1 .
1< exp( 16 logY g(logY))

‘We now treat Ss. We note that
meas(M) < Q*X ! (log X)*
and thus we have

Sp< Y Z/ |Eq, (X,0)Eq, (X, )| do

X>d1>V do<X
Pt(d1)<Y

< XQ*(log X)4 Z Z

X>d; >V da<X
P+(dy)<Y

1logV logV’
X —= 1
< exp( 2logY Og(logY))’

by the result of [2] mentioned earlier. Thus we finally get

1 logV logV'
6.35 E E X - lo .
( ) /(dhd,“) < exp( 16 logY g(logY))

X>d; >V dp<X
P+(dy)<Y

d1d2

The theorem now follows from (3.1), (4.18), (5.4) and (6.35) provided we
establish a good positive lower bound for the quantity C* (this is done in the
next section).

7. The size of C*

We have
Du(d d
(7.1) C* = (log X) 3 Du(d1)n(dz)
dyds
d1<V,d1|P(Y)
d2<V,da| P(Y)

D=gcd(d1,d2)>Q

We write d; = Dd,ds = Dd}, and obtain

(7.2) C* =(logX) Z% > % S u).

DIP(Y) 7 g<¥ 4|2 12 t]ged(d).dy)

D<V
QEPEV ¥ ay 20
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We set dy = dYt,d =djt and obtain
2
p(d")
@3 c—tex) Y o5 > EI( X M)

D\P(Y) 4200 @ 760
Q<DsV <y p 4" <V (Dt)-1

We split the D-sum into

1 1 1
(7.4) NSl Y St Y =)
D D D
DIP(Y) DIP(Y) D|P(Y)
QR<DLV Q<D<V1/2 V1/2<D<V

Y )

Again, we split ), into

1 d")\?
5 Y- ¥ o5 ¥ (> HP)

DIP(Y P(Y) " P(Y)
POY) o0, a| £
Q<DLVY/2 4oy p-t d”gV(Dt) 1
2
- 3 1 3 u(t)< > u(d”)>
= 2
DIP(Y) Dt|#,t ' ey "
Q<DIVI2 oy 4 <V (Dt)~-1
1 1(t) pd")\?
+ 2 5 X wlX Tz
DIP(Y) paten 4| oy
Q<DIV2 /i<y p-1 d"<V(Dt)~1
S S
Il
We have
1 fu(t) p(d”)\?
(7.6) = > 52X =l X )
1,1 D|P(Y) Nptan | 25
QIDSVYZ  ycyi/a d"<V(Dt)~1

From the result of Hildebrand [2] mentioned earlier, we have

w(d") 1 llogV logV/
. < + L .
(77) ‘ XP: | 2 g<ew| g logY 8\ logy
21| P a|P(Y),

(D?) " 1/4
4>V (D)1 ">V
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Therefore, for the t-sum in (7.6), we have

t d')\?
(7.8) &:Z%( > u&//))

t‘P<Y) d//lP(Y)
D €213)

t<vi/4 d"<V(Dt)—1t

// 1" 2
= > Py M y
P(Y) P(Y) d” PY) d”

t‘ D d// ) d//l (Dt)

t§V1/4 47>V (Dt)~1
S @( 11 (1_ l)

2 p
| 2 p<Y,
t<V1/4 pf(Dt)

1logV logV 2
—= 1 .
- =I)))
We thus have

IDEEDIE DI
D 2
DIP(Y) Ty e,
Q<D<V1/2 t<vi/a

logV logV'
co(eo( 5o e(iy)))
- v 1 (t) LY
N D 2 D
D|P(Y) | 2 p<Y,
Q<D<V1/2 pt(Dt)

1logV logV'
w00y (iv)))

+0(V~Y4(log X))

- 5 (I ()

Q<D<V1/2 ptD pt(Dt)

~llogV logV —1/4
+O<exp< 81ogY10g<logY)>)+O(v (log X)).

Therefore, we have the lower bound

(7.10) > o> TV
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For 21’2, we get the upper bound:

1 p(t) p(d’)\?
(7.11) Z = Z 5 Z t—2 < Z d"
1,2 D|P(Y) t|P(Y) d”lM

(D)
1/2 1/4
Q<D<V1/ t>V1i/ 4 <V (Dt)~1

<V~ 4(log X )3,

For »,;, we get the upper bound:

1 t d")\?
Y- Y5y %( 3 %)

D|P(Y) t| % d’| i’git’))
VI/2<DSV 4<yp-t 4" <V(Dt)—1
9 1
<(ogx) Y =
D
DIP(Y)
V1/2<D<V

<o 1logV o logV
<p| —=
P 4logY & logY

by the result of Hildebrand [2]. From (7.10), (7.11), and (7.12), we obtain

log X

Cr > ———.
~ QlogV)?

This completes the proof of the theorem.
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