Illinois Journal of Mathematics
Volume 52, Number 4, Winter 2008, Pages 1355-1384
S 0019-2082

THE RESIDUALS OF LEX PLUS POWERS IDEALS AND THE
EISENBUD-GREEN-HARRIS CONJECTURE

BENJAMIN P. RICHERT AND SINDI SABOURIN

ABSTRACT. The n-type vectors introduced by Geramita, Harima,
and Shin are in 1-1 correspondence with the Hilbert functions of
Artinian lex ideals. Letting A = {a1,...,an} define the degrees
of a regular sequence, we construct Ipp< (A)-vectors which are in
1-1 correspondence with the Hilbert functions of certain lex plus
powers ideals (depending on A). This construction enables us to
show that the residual of a lex plus powers ideal in an appropriate
regular sequence is again a lex plus powers ideal. We then use
this result to show that the Eisenbud—Green—Harris conjecture is
equivalent to showing that lex plus powers ideals have the largest
last graded Betti numbers (it is well known that the Eisenbud—
Green—Harris conjecture is equivalent to showing that lex plus
powers ideals have the largest first graded Betti numbers).

1. Introduction

Hilbert functions, in general, have been extensively studied. Let R =
klxy1,...,x,), where each x; has degree 1. Then Macaulay [11] character-
ized those sequences (called O-sequences) which occur as the Hilbert func-
tion of any k-algebra of the form R/I, where I is a homogeneous ideal. He
showed that a sequence S = {¢;};>0 is such a Hilbert function if and only if
Civ1 < C§Z>, where —({ known as Macaulay’s function, is expressed in terms
of the i-binomial expansion of an integer. In proving his result, Macaulay
shows that lex ideals have the largest first graded Betti numbers among all
ideals having a fixed Hilbert function. Bigatti [1] and Hulett [10] have inde-
pendently generalized this by showing that, over fields of characteristic 0, lex
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ideals have the largest graded Betti numbers (not just the largest first graded
Betti numbers) among all ideals having a fixed Hilbert function. Pardue [13]
generalized this to fields of arbitrary characteristic.

At about the same time that Bigatti and Hulett proved their result, Eisen-
bud, Green, and Harris together conjectured that a generalization in a dif-
ferent direction of Macaulay’s result should be true. Instead of restricting
their attention to lex ideals, they look at ideals which, modulo appropriate
powers of the variables, are lex ideals. These ideals have become known as lex
plus powers ideals; letting A ={ay,...,a,} be a list of positive integers with
a; <---<ap, an ideal L containing z{',...,z%" as minimal generators is an
A-lex plus powers ideal if L is a lex ideal in R/(z{*,...,2%"). The conjecture
states that as long as there is an A-lex plus powers ideal attaining the Hilbert
function H, then among all ideals with Hilbert function H that also contain
a regular sequence of elements of degrees a1, as,...,a,, the A-lex plus powers
ideal has the largest first graded Betti numbers.

In light of both Bigatti and Hulett’s result, and Eisenbud, Green, and
Harris’s conjecture, the following very natural conjecture was made by Char-
alambous and Evans: as long as there is an A-lex plus powers ideal attaining
the Hilbert function H, then among all ideals with Hilbert function H that
also contain a regular sequence of elements of degrees ay,as,...,a,, the A-lex
plus powers ideal has the largest graded Betti numbers (not just the largest
first graded Betti numbers).

As a result of Bigatti and Hulett’s results, there has been much interest
in studying lex ideals. One direction of study has led to the introduction of
n-type vectors by Geramita, Harima, and Shin. These n-type vectors are in
1-1 correspondence with Artinian lex ideals. Since all lex plus powers ideals
are by definition Artinian, it makes sense to look for an analogue to n-type
vectors for lex plus powers ideals. We do this in Section 4. This enables us to
prove our main result quite easily: that the residual of an A-lex plus powers
ideal in (z{*,...,2%) is again a lex plus powers ideal. As a consequence of
this, we show in Section 6 that the statement that lex plus powers ideals have
largest first graded Betti numbers is equivalent to the statement that lex plus
powers ideals have largest last graded Betti numbers (previously, it was shown
in [14] that lex plus powers ideals having largest first graded Betti numbers
implies having the largest last graded Betti numbers; we show the converse).

2. Background

Let R = k[z1,...,2,] be the polynomial ring in n variables over a field
k with maximal ideal m = (z1,...,2,), and fix an order on the monomials,
x1 > -+ > x,. The following definition gives a notation for referring to the
degrees of the elements of a regular sequence.
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DEFINITION 2.1. Let {a1,...,a,} be a set of integers such that 1 <a; <
-+ < ay. Then we call {f1,..., fn} an {a,...,a,}-regular sequence if { f1,...,
fn} is a regular sequence such that deg(f;) =a; fori=1,...,n.

Recall that the Hilbert function H(R/I) of an ideal I is the sequence
{dimg(R/I)a}a>0. We denote dimy(R/I)y by H(R/I,d). Then given a
Hilbert function H, and a list of degrees {a1,...,a,}, we can compare homo-
geneous ideals attaining H and containing an {ay,...,a,}-regular sequence.
In this comparison, we will use as a fixed point a special ideal called an
{ai,...,an}-lex plus powers ideal.

DEFINITION 2.2 ( Charalambous and Evans). Suppose that A = {aq,...,a,}
is a non-decreasing list of integers, a; > 1. Then a monomial ideal L is a lex
plus powers ideal with respect to A, also called an A-lex plus powers ideal, if
L is minimally generated by monomials z7*,...,2%", mq,...,m; such that for
each j=1,...,1, all monomials of degree deg(m;) which are larger than m;
in lex order are contained in L. We will abbreviate the terminology “lex plus

powers with respect to A” by saying that L is LPP(A).

It is not difficult to construct (degenerative) examples of a Hilbert function
H, and a list of degrees A ={ay,...,a,} for which no A-lex plus powers ideal
L exists with H(R/L) ="H (see [14]). Thus, we require the following technical
definition.

DEFINITION 2.3. Suppose that H is a Hilbert function and A = {a1,...,a,}
is a nondecreasing list of integers, a; > 1. We call H an A-lpp valid Hilbert
function if there exists an LPP(A) ideal L such that H(R/L) =H. Note that
if an LPP(A) ideal L attaining a given Hilbert function H exists, then it is
clearly unique. We will sometimes refer to this ideal as Ly 4.

Lex plus powers ideals are important because they are conjectured by Char-
alambous and Evans [2] to have extremal properties. In order to understand
in what sense lex plus powers ideals should be extremal, we need to intro-
duce some terminology. Recall that the 4, jth graded Betti number of R/I is
defined to be ﬁl{j := (Tor;(R/I,k));; by the usual abuse of notation, we also
call this the 7, jth graded Betti number of I. We will refer to the set of all
graded Betti numbers of an ideal I as #7. It is also convenient to make use
of the notation of the computer algebra system Macaulay 2 [8], so we often
refer to 3! as the Betti diagram of I (the Betti diagram of I is a table listing
the graded Betti numbers of I—counting from zero, the entry in the i, jth
position in this table is ﬂi{iﬂ-).

DEFINITION 2.4. Write LP} to be the set of all sets of graded Betti num-
bers of all ideals I C R containing an A-regular sequence and attaining H.
Equivalently, this is the set of all Betti diagrams of such ideals.
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There is an obvious partial order on LP%: for 87,37 € LP}, we say that
Bl > 7 if ﬂi{j > ﬁ;{j for all ¢,j. With this we can describe the conjectured
extremality of lex plus powers ideals.

CONJECTURE 2.5 (The lex plus powers conjecture). If H is A-lpp valid,
then writing Ly a to be the A-lex plus powers ideal attaining H, 3L+ is the
unique largest element in CPZ,;.

There is a (on the face of it) weaker version of this conjecture due to
Eisenbud, Green, and Harris, which claims that lex plus powers ideals should
be capable of largest Hilbert function growth.

CONJECTURE 2.6 (The Eisenbud-Green-Harris conjecture). Let I C R con-

tain an A-regular sequence, and suppose there exists an LPP(A) ideal L such
that H(R/I,d)= H(R/L,d). Then

H(R/(La),d+1)>H(R/I,d+1),

where (Lg) is the ideal generated by the pure powers 5", ..., x% and the forms
i L of degree d.

That the lex plus powers conjecture (LPP) implies the Eisenbud—Green—
Harris conjecture (EGH) is made clear by an equivalent formulation of the
latter found in [14].

CONJECTURE 2.7. Given an A-lpp valid Hilbert function H, then 6%:“ >
6{71- for all i whenever I C R attains H and contains an A-regular sequence.

It is an open question whether EGH implies LPP. Some progress was made
on this question in [14] with the following theorem.

THEOREM 2.8. Let L be LPP(A) for some A ={a1,...,a,} and I be an
ideal containing an A-regular sequence such that H(R/L)= H(R/I). If EGH
holds, then dimy (soc(L)q) > dimg(soc(l)q) for all d.

That is, if the ﬁlL;’A are uniquely largest, then so are the ﬁi’;"‘&‘. It was
not decided in that paper whether the converse was true. We will show in
this paper that the converse does hold. That is, we prove that the following

conjecture and EGH are equivalent.

CONJECTURE 2.9. Let L be LPP(A) for some A={ay,...,a,} and I be
an ideal containing an A-reqular sequence such that H(R/L) = H(R/I). Then
L > BL . that is, dimy(soc(L)q) > dimg(soc(1)q) for all d.

n,j = Mn,jo
This result will be a natural application of our main result, where we show
that the residual of an LPP(A)-ideal in (z%',...,20") where a; < b; for all i

9 n —
is again a lex plus powers ideal.
We recall here one further theorem, a result of Stanley.



RESIDUALS OF LPP IDEALS AND THE EGH CONJECTURE 1359

THEOREM 2.10 (Stanley). For every R-module M,

= Daco 2izo(—1) Bt
d _ 5
dEZOH(M, Ayt = T .

This theorem simply states that fixing a Hilbert function fixes the alternat-
ing sum of the graded Betti numbers of any ideal attaining it. In particular,
if I and J have H(R/I) = H(R/J), then Y7 ((=1)'8] ;= Y7 ((=1)'8]; for

2V
all j. This implies that for p the regularity of H(R/I), 711,,p+'n = ﬁ;{’pﬂl and
ﬁfl,lwrn,l — B’I’Il,pﬁdﬂfl = ﬁ;{flyﬁnfl — B,{’p+n71. These last two facts will

prove useful in Section 6.

3. The Hilbert function of lex plus powers ideals

In this section, we state a characterization of the Hilbert functions which
can occur for {ay,...,a,}-lex plus powers ideals. This characterization follows
from the work of Clements and Lindstrom and will be useful in the next section
when we find an alternative to the Hilbert functions of lex plus powers ideals
similar to the n-type vectors found by Geramita, Harima, and Shin in [7] for
Hilbert functions of lex ideals. For more details then provided here, on the
relationship between the work of Clements and Lindstrom and Macaulay’s
O-sequences, see [3].

DEFINITION 3.1. Let A={ay,...,a,}. Then a lex plus powers ideal L is
said to be lex plus powers with respect to < A, or lpp(A), if L C R contains
the A-regular sequence {z{',... 2% }. Note that a B = {by,...,b,}-lex plus
powers ideal is lpp.(A) if and only if B <A, that is, if b; < a; for all i =
1,...,n.

Although Clements and Lindstréom used different terminology, the following
special case of the EGH conjecture can be found in their paper [3].

THEOREM 3.2. Let A={ay,...,an}, L be LPP(A), and I be any mono-
mial ideal in R=k[zq,...,zy,] containing x7*,..., 2% such that H(R/I,d) =

H(R/L,d). Then H(R/I,d+1) < H(R/{Lg),d+1).

Since any Ipp<(A)-ideal is a monomial ideal containing z{",...,z5", we
obtain the following corollary.

COROLLARY 3.3. Let A={ay,...,an}, L be LPP(A), and I be an Ipp(A)
ideal such that H(R/L,d)=H(R/I,d). Then

H(R/I,d+1)< H(R/{Lg),d+1).

Keeping in the Macaulayesque mindset, we introduce the following nota-
tion.



1360 B. P. RICHERT AND S. SABOURIN

DEFINITION 3.4. Let A ={as,...,a,}. Let L be an LPP(A)-ideal satisfy-
ing H(R/L,d) = h. Then define h{®s := H(R/(L4),d+ 1). Furthermore, let
S ={c;}i>0 be a sequence satisfying ¢o =1 and ¢;11 < cgm for all ¢. Then S
is said to be an lpp. (A)-sequence.

REMARK 3.5. In the notation of Definition 3.4, Corollary 3.3 says that H
is the Hilbert function of an lpp.(A)-ideal if and only if H is an lpp.(A)-
sequence. Note that, to determine the Hilbert functions of LPP(A)—iaeals,
we cannot simply eliminate the sequences that are Ipp. (B)-sequences for B <
A, but B # A from the set of lpp.(A)-sequences. This is because of the
possibility of overlap. For example, I = (22,12, 2% zy? ryz,v22,y?2?) and
J = (2?43, 23, 2y?, xyz) are, respectively LPP({2,3,4}) and LPP({2,3,3})-
ideals, both having Hilbert function H =135310 —.

Greene and Kleitman [3] found a Macaulayesque way of describing h(",
which we wish to consider in some detail, since we will be using their notation
in later parts of this paper. Before doing so, we recall Macaulay’s methods.

Let d,h € N be given. Then it is well known that there are unique integers
k(d) > k(d —1) > ---> k(1) > 0 such that h= (¥@) 4 (FW=D) ... 4 (kD).
Macaulay’s theorem states that if h is the value of the Hilbert function of

a graded module in degree d, then H(M,d + 1) < (k(dﬁi'l) + (k(dd:llﬁ'l) +

R (k(lll'fl), and this bound is sharp. The process of obtaining the k(%)
and computing the bound can be beautifully visualized by writing Pascal’s

triangle as a rectangle:

15 35 70 126
21 56 126 252

I N Sy
S U W N -

—

(@)

DO

(@)

w

ot

ot

(@)

EXAMPLE 3.6. Suppose that M is a graded module such that H (M, 3) = 32.
Then to obtain an upper bound for H(M,4), one must first find the k(7) which
uniquely describe 32 in degree 3. First, look at the column numbered 3, and
pick the largest number that is at most 32, namely 20. This is 3 rows down
from the top, so we take k(3) =3 +3 =6. Then look at the column numbered
2 and pick the largest number that is at most 32 — 20 = 12, namely 10. This
is again 3 rows down, so we take k(2) =2+ 3 =5. Finally, pick the 2 from
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the column numbered 1, which is 1 row down, so we take k(1)=1+1=2.

o1 2 3 4 5

11 1 1 1 1...
1 3 4 5) 6
13 6 10 15 21
1 4 20 35 56
1 5 15 35 70 126
1 6 21 56 126 252

Recalling that the number in the ith row and jth column of Pascal’s triangle
is ("971), it is evident that we have just found 32 = (5) + (3) + (7) (note that
(g) =20, (g) =10, and @) =2). Then to compute the bound for H(M,4),

we need (gi}) + (SE) + (ﬁ}), and this is obtained by taking the number one
column to the right of each of the boxed integers in the rectangular version

of Pascal’s triangle:

01 2 3 4 )

1 1 1 1 1...
—3 4 5 6
3 6 10 15 21
4 IO0—RO0—35 56
5 15 35 70 126
6 21 56 126 252

e

The result is H(M,4) <35+ 20+ 3 =58.

REMARK 3.7. There is a precise relationship between monomials of degree ¢
and i-binomial expansions. Namely, if h = (") + (") +-- -+ (";.f)7 then h is
the codimension of a lex-segment in the vector space of polynomials of degree
i in n=m; — i+ 2 variables. Letting m be the smallest monomial of degree
i in this lex-segment, we associate h to m. Namely, let a, = #{t|m; —t =
n—1—r}for 1 <r<n-—1. Then the lex segment ending in the monomial
m =z xg? - -xiﬁ’llx;_(al+"'+a"’l) has codimension h in the vector space
of degree i polynomials in k[z1,...,z,]. (See [15] for details.)

Since a + ag + - - - + a1 is the number of terms in the i-binomial expan-
sion of h, we see that ¢ — (a1 + a2 + -+ + ap—1) = j — 1, so we can rewrite m

Ay — y — .
as x0txs? -z 'd =1 In fact, this correspondence could have been used to
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define i-binomial expansions in the first place, and is the reason why they are
so valuable in the study of Hilbert functions.

We now wish to state the growth bound for lpp.(A) ideals in terms of
the notation used by Greene and Kleitman in [9]. Let dy <dy <---<dj and
put e; :=dp —1,ea:=dr_1—1,...,ex :=d; — 1. Then they used the notation
(81";’6’“) to be AH(R/I,i), where A represents the first difference function
and I C k[zg,...,zy] is the ideal of a complete intersection of type (dy,...,dx).
Note that (e;) is not the usual binomial coefficient; (eil) is1if0<i<e; and
is 0 if 4 > e;. This will allow us to state the EGH conjecture using their

Macaulayesque form, but first, we need a result stated in [9].

DEFINITION/PROPOSITION 3.8. Let A ={a1,...,a,} and d be given and
let 0<h<H(R/(z]*,...,2%),d). Let a,=a; —1. Then h can be written
uniquely in the form

h— (%a;17~.~7a§1—<k<d)—d>> n <“;”a%1"""‘%—<k(d—1>—<d—1>>>
d

where k(d) > k(d—1)>--->k(j) >7j>1 and #{t|k(t) —t =14} < an—;—1 and
the last term is non-zero.

We refer to this expression as the dy-Macaulay expansion for k. Further-
more,

B a;,agfl,...,a;%(k(d)fd) N a;l,a;kl,...,a%i(k(dfl)i(dil))
d+1 d

I / /
ey (“m“n—l’"W“n—(k(j)—j)),
j+1

One way to look at this proposition, is through the correspondence between
monomials m and the codimension of the lex-segments ending in monomial
m. Given a monomial m = z7"--- 22", write the expansion for which «a; =

#{t|k(t) —t=n—1—1i} for 1 <i<n—1, and then remove any zero terms at
the end.
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EXAMPLE 3.9. Let R = k[z1,22,23] and A = {3,4,6}. The monomials of
degree 7 in k[z1,xq, 23]/ (z3, 25, 2§) with their codimensions are listed below:

2,.3

9 (202 ()0 () ()

[ V)

ey (5’73) " (563) ¥ (?) " @ —7,
ot (59 ()
273 (5’3> + (5(’33) =5,

T3S (5’3> + (2) + (2) + (Z) =4,
ot (200
112273 (5773) + (2) =2,

(1) (6)+ ()

r373 (i) + <2) =0.

CONJECTURE 3.10. (Restatement of the EGH Conjecture): Let I C R con-
tain an A-reqular sequence and suppose there exists an LPP(A)-ideal L, such

that H(R/I,d) = H(R/L,d). Then H(R/I,d+1) < H(R/I,d)'¥*.

EXAMPLE 3.11. Suppose for instance that R = k[z1,x2,23], A ={3,4,6},
and L is Ipp<(A) with H(R/L,4)=9. Then we consider the following rec-
tangle

0123 4 5 6 7 8 9 10 11

(1L1,6):1 1 1 1 1 1 0 —
(1,4,6):1 2 3 4 4 4 3 21 0 —
(3,4,6):1 3 6 9 11 12 11 9 6 3 1 0 —,

where we have written (a1,as,as3) beside the row that consists of AH(R/I)
for I a complete intersection of type (a1, as,a3). The top row is thus (f) for
i >0, the second row is (5;.3) for 4 >0, and the third row is (5::’2) for i > 0.
The largest number in the column numbered 4 which is at most 9 is 4. In
the column numbered 3, we take the largest number that is at most 9 —4 =5,

which is 4. Finally, in the column numbered 2, we take 1. This expresses 9
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as a 45-Macaulay expansion:
0123 4 5 6 7 8 9 10 11

1,1,6):1 1 @1 1 1 0 —

(1,4,6):1 2 3 @ @ 4 3 2 1 0 —

(3,4,6):1 3 6 9 11 12 11 9 6 3 1 0 —.
Note that the number to the right of (“*;**) is just (“;;;%). Thus, to
calculate 944, the bound for H(R/L,5), we again sum the numbers to the

right of our boxed integers.

o1 2 3 4 5 6 7 8 9 10 11

(1,1,6):1 1 @ —1 1 1 0 —
(1,46):1 2 3 @ —@ —4 3 2 1 0 —
(3,46):1 3 6 9 11 12 11 9 6 3 1 0 —.

Thus, we find that H(R/L,5) <4+4+1=9.

EXAMPLE 3.12. Suppose that L is an A = {3,4,6} lex plus powers ideal
and H(R/L,6) =6. The monomials of degree 6 not in L are
w23, xy2t, 12, P23, 4?2, and y2°
and so in degree 7, at most the following monomials are not in L:
zy?zt, xy2®, 432, and y22°
Then the diagram looks like
01 2 3 4 5 6 7 8 9 10 11

(1,1,6):1 1 1 @ —@O —@O —0 —

(1,4,6):1 2 3 4 4 4 B —2 1 0 —

(3,46):1 3 6 9 11 12 11 9 6 3 1 0 —
so that as expected H(R/L,7) <2+0+1+4+1=4.

4. An analogue to n-type vectors for lex plus powers ideals

We wish to define a vector that will correspond in a natural way to lex plus
powers ideals. This will be an analogue to the n-type vectors that correspond
to lex ideals. Let a <b. Then any LPP(a,b)-ideal is of the form

—-1,d -2, d —s,ds b
L:<xa’xa ylaxa y2a"'7xa Sy ﬂy>a

where dy < ds < --- <ds <b. We associate to L the n-type vector 7 =
(di,da,...,ds,b,...,b) where there are a — s b’s and a <b. The condition
that @ <b is crucial, for otherwise the ideal, would not be lex plus powers.
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ExaMPLE 4.1. If we put 7 = (2,4,5,5,5,5), the associated ideal would
be I = (25 2%y% x*y*, y°). Since this violates the condition that the powers
of the variables be in nondecreasing order, the ideal is not LPP(5,6). The
LPP(5,6)-ideal with the same Hilbert function as I is J = (x5, 2%y3, 23y, 4°)
and this corresponds to the vector (3,5,6,6,6). They both have the same
graded Betti numbers, but for uniqueness purposes, we choose J as the
LPP(5,6)-ideal.

REMARK 4.2. In three variables, it is easy to construct ([16, Remark 4.3])
many ideals which satisfy all the requirements of lex plus powers ideals except
the condition that the powers of the variables are in nondecreasing order, and

do not actually have the same graded Betti numbers as the lex plus powers
ideal.

DEFINITION 4.3. Let A= {aq,...,a,}.

If n=1 and 7 = (d) for some 0 < d < a;, we say that 7 is an lpp.(A)-
vector. We say that 7 = 7. ;. (a) if 7 = (a1). Weput [(7) =0(T) = an(T)=d
unless 7 =7, ; (a), in which case we put I[(7) =0(7) =a; and ay(7) = co.

If n>1, then 7 = (71,...,7,) is an Ipp(A)-vector if the following con-
ditions all hold: u < a;, u <I(7,), each 7, is an Ipp< (Az)-vector for Ay =
{ag,...,an} (in particular, {(7,) < az2), and o(7;) < aa,(Zi41) for 1 <i <
u—1.

We define {(7) = u to be the length of 7, and o(7) and as(7) as follows:

o(T) = o(Z.) Ty 7 Lo (ha) where s = #i s.t. T, =Ty,
0'(7;)4—8—1 lf%—TZ(A)
(7) U7T) if [(T) <aq,
o =
A WT)+an,(Ti) =1 ifl(T)=a.

Finally, we say that 7 =7 ; (a) if I(7) = a1 and 7; =7, ; (,) for each i.

REMARK 4.4. ay(7) < oo unless 7 =7, ; ). Furthermore, ap(7) <o (7)
unless 7 =7, ; (a)-

NoOTATION. For convenience, we will denote the vector ((di),...,(dm))
by (di,...,dn). Thus, for example, the vector ((1),(3),(4)) will be writ-
ten as (1,3,4), and the vector (((1),(2)),((1),(3),(4))) will be written as
((1,2),(1,3,4)). This does however create some ambiguity since (d;) could
denote either the vector ((dy)) or the vector (dy). If there is ever the possi-
bility of any confusion, we will be explicit.

EXAMPLE 4.5. Let
T: (71;7—2375)7:177’5) = ((1 )a (17374)3 (27376a6)7 (5767676)7 (6567676))7

where each 7; is an Ipp.(4,6)-vector. Then both the vectors (71,72,73,74)
and (72,73,74,75) are Ipp(A)-vectors where A = {4,4,6} since 0(7;) =2 <
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ap,(T2) =3, 0o(T2) =4 < ap,(T3) =4+2—-1=5,0(T3)=6+2-1=7<
ap, (Ta)=4+5—-1=8and 0(7y) =6+3—1=8 < an,(75) = co. However, T
is not an lpp. (A)-vector for any A ={ay, a9, a3}, for suppose it were. Then
ay > 1(T) =5. Since A = {ay,as,a3} must satisfy a; < as < as, we also have
asy > 5, while the repeating 6’s in 7 force as = 6. Then ay,(75) =4 and
o(7y) =8, contradicting that o(74) < as,(75). Notice also that 73,7, and 7
are all Ipp- (5, 6)-vectors, but are not lpp (4, 7)-vectors.

To an Ipp (A)-vector 7, it is natural to associate an ideal W7z as follows:

DEFINITION 4.6. If n =1 (so that A ={a;}) and 7 is an Ipp(A)-vector,
say 7 = (d) with d < ay, then define Wz := (2¢) in k[z].

If n>1and 7 is an Ipp (A)-vector, say 7 = (71, ...,7,) with u < ay, then
define

AT W~
Wr = (o}, 2y ™ Wy, W, Wz, ),

where Wy, is the image in k[xa,...,x,] under the isomorphism induced by
x; — x;41 of the ideal W, C k[x1,...,x,_1] obtained by induction.

ExAaMPLE 4.7. We compute W7 for the Ipp({4,6,6})-vector
T=(TN,T2,73,71) =((1,2),(1,3,4),(2,3,6,6),(5,6,6,6)).
First, we have

W'Tl = <.”L'?7371W(1), W(2)> = <$%,(E1$2,(E§>,

3 2 _ .4 3.5 .26 6 .6
xy, 23 Wisy, 21 Wiey, 11 W6y, Wie)) = (21, w725, 2725, 2125, T5),

SO

4 3 2
WTZ<$1,$1W71,.1‘1W72,$1W73,W71>
_ .4 3,2 2 2,3 2 3 .4
= (27, $1<$2a$2$3a$3>7 $1<$27332$373323337333>7

4 3.2 .23 6 .6 4 3.5 .26 6 .6
T1(To, T3, ToT3, TaT3, T3), Ty, ToT3, TaTy, TaTy,Ty)

_ /.4 .3.2 3 3.2 2.3 2 2
= (7, 1173, T{ 0223, T1X3, LT, T1 1573

rirord wivy, viased, viasal, x5, x3xd, 1),
REMARK 4.8. If 7 =17, (4, then Wr = (21",...,25"). To see this, note
that if » =1 and 7 = (a1), then Wz = (27') and by induction, if 7 =
(,Tc.i.(A2)7 N a,Tc.i.(Ag)) with l(T) =aq, then

Wr = (a1", Wz,

c.i,(A2)> = <x(1117' . 7xan>7

n

as required.
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Before showing that Wz is an Ipp.(A)-ideal if 7 is an Ipp.(A)-vector,
we first show that a(7) is the smallest degree of any element of Wy not
in (z{*,...,2%) and that o(7) — 1 is the largest degree of any element of

klx1,...,2,) not in Wz, In fact, we give names to these parameters for any
ideal containing (z{*,...,x%").

r'n

DEFINITION 4.9. Let I be any ideal of k[z1,...,2,] containing (x7*,...,
x¢). Then put

ap(l) =min{i|f € T\ (z]*,...,20"),degf =i} and
o(I) = min{i|l; = k[x1,..., 2]}

We use ay instead of a to distinguish it from the usual «, which is just
a(l) =min{i|f € I,degf =i}. o(I) is defined as usual.

LEMMA 4.10. Let T be an Ipp<(A)-vector. Then axy(Wr) = as(T).

Proof. The result is clear for n =1, so assume that n > 1. Furthermore,
the result is clear if 7 =7, ; (x), so we assume this is not the case.

Let T=(T1,..., 74,7, -, 7o), where [(T) = u+wv, so there are v+1 T,,’s.
Then

Wy = (v e W, T W, W),
There are four cases to consider, determined by whether or not 7, = 7 ; (4)
and whether or not u + v = a;. Each proof is similar, so we include only the
case for which 7, =7.; (a) and u+ v =a; as a representative.

We know by the induction hypothesis that the smallest degree of any el-
ement of Wz, not in (x3%,...,29) is as,(7;). Now, Wr, = (252,...,2%"),
so we can ignore it. Now for ¢ < u, we have ap,(7;) < 0(T;) < aa,(Tit1),
so ay(Wr)=u+v—14ax,(T1)=a1 — 1+ an(T1) =U(T) + an, (1) — 1=
CMA(T). O

LEMMA 4.11. Let T be an lpp<(A)-vector. Then o(Wr)=0o(T).

Proof. If n =1, the result is clear, so suppose that n > 1. Let 7 = (71,...,
Ty,---,Ty), where [(T) =u+ v and there are v+ 1 7,’s (if v > 0 then 7, is
necessarily 7¢ ;. (a,)). Then we have

W = 2y, v W, eV W, W),
We know that there is an element of x7k[xs,...,7p]s(7,)—1 that is not in Wr.
We claim that (Wr)e(7,)4v = k21, .., Tn]o(7,)40- SO let f be a monomial of
degree o(T,) +wv. If 2V f, then we have that f € 2V ' k[xs, ... s Tnlo(T,)—i
for some i. But o(7,) —i > o(Ty_s), so f € Wr. If 28 does not divide f,
then the part of f in k[zo,...,z,] has degree at least o(7,,), so f € Wr, as
required. O

THEOREM 4.12. If T is an Ipp<(A)-vector, then Wr is an Ipp<(A)-ideal.



1368 B. P. RICHERT AND S. SABOURIN

Proof. If n =1, the result is clear. So,let T = (T1,...,7, 7y, ..., 7)), where
I(T)=u+ v, so there are v+ 1 7,,’s. Then

— + +v—1717 +1T7 - T
WT—<3;‘11L v,l‘? N WTI,...“'L‘?L) WTu,17WTu>-

By the induction hypothesis, each Wz, is an Ipp.(Ag)-ideal. Further-
more, since [(7) < ay, and {(7) < I(7,) < ag, it is enough to show that

any largest degree element of z¥ T 'k[xs, ..., z,] not in z“TV "Wz has de-
gree smaller than any smallest degree element of x¥+v_(l+1)WTi 4, not in

(27,252, ..., xz%). Thus, we need to show that c(Wg) —1+u+v—i<
ap,(Wr,,,) +u+v—(i+1) or in other words (from Lemmas 4.10 and 4.11)

that 0(7;) < aa,(7it1). Since T is an Ipp (A)-vector, we are done. O

To a given Ipp< (A)-vector, we associate a Hilbert function as follows.

DEFINITION 4.13. If n =1, so that 7 = (d) is an Ipp(A)-vector, then
define H7 to be the sequence Hr:=111 --- 10— with d 1’s.
If T=(7,...,7.), then define Hr to be the sequence

Hr(i):=> Hg (i —u+j).

Jj=1

We want to show that if 7 is an Ipp<(A)-vector, then H(R/Wr)= Hr.
We need the following lemmas.

LeEMMA 4.14. Let T be an lpp (A)-vector. Then an,(7T1) +j < an,(Tj11)
forall0<j<UT)-1.

Proof. The proof is easy, and hence omitted. 0

LEMMA 4.15. Let T be an Ipp<(A)-vector. Let 0 <j <I(T)—1. Then
o(T) = j = o(Tyz)—)-

Proof. The proof is easy, and hence omitted. O

LemMA 4.16. Let T = (Ty,..., T, Tu, ..., Tu) be an lpp<(A)-type vector.
Then Wz, 2Wr,, foralli=1,...,u—1.

Proof. For notational convenience, we leave out the bar notation and as-

sume it to be understood, so we write Wz, as Wz, and Wir), as Wiz, -

We use induction on n, where n is the length of A.

n=2:T =(e1,...,ey,Cu,...,e,). We need to show that (x§*) D (z]"*") for
1 <wu, but this is true since e; 1 > e;.

n>2: We first show that ((7:)i7,)—j, (Tit1)i(7:41)—;5) s an Ipp< (Ag)-type
vector for 0 < j <I(7;) — 1. Let T; = ((Ti)1, ()2, - -+, (Ti)icr)) and Tiyq =
((7;4-1)17 RN (7;+1)l(77i+1))' Now,

o((Ti)y1)-j) <o(Ti) —j by Lemma 4.15

< Qp, (7;+1) -J
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< ap, (Tisn)r) +UTiga) =5 —1
< an, ((Tit1)i(7,1)—j) by Lemma 4.14.
Thus, each ((7:)i(7;)—j> (Zi+1)1(7;4,)—4) is an Ipp< (Ag)-type vector for 0 < j <
UT) 1.
Thus, by the induction hypothesis (and since I(7;) <1(7;+1)),
WiTiz, 2 W

Tit1)i(T;41) )

W(,T'L')l(Ti)—l 2 W(Ti+1)z<fri+1)_1§
W) 2 Wt —imp
Thus,
o (M Tir) U Tign)—1 I(T7)
Wz, = <x2 ) T (W(q;+1)1)7...,$2 W(’Tz‘+1)l(7'z‘+l)*l(7'i)7
UT;)—-1
) W(/Li+1)l(7'i+1)—l(7};)+1’""W(Z+1)I(Ti+1)>
7))  UT)-1

G (22", 2y W(,Ti)l""’W(,Ti)l(Ti)>
= Wr. m

i

THEOREM 4.17. Let T be an lpp(A)-vector. Then H(R/W1) = Hr.

Proof. We use induction on n, the length of A. If n =1, the result is clear.
So suppose that n>1. Let 7 = (Tq,...,7;). Let R=k[z1,...,2,]. Then
Wr = (3,25 " Wrg,,...,Wz.). Tt is enough to show that

codim(Wr)4 = Z codim(Wr. )g—ste-

e=1
Now,
codim(Wr )4 = #{monomials in R4 not in Wr}.
Let M be the set of all monomials of R not in Wy, and let T = k[xa,...,z,].
Then,

M C {monomials in T not in Wr. }

U {1 - (monomials in T not in Wz._,)}

U {5~ - (monomials in T not in W, )}.

We will show equality. Certainly, any monomial of T that is not in Wy, can-
not be in Wz. Consider any monomial m of x5 “T that is not in =5 “Wr,.
By Lemma 4.16, W_TJ C Wz, for all j >i. Write m = 5 'p, where p €
k[z2,...,2z,]. Now, if we had m € Wr, then we would have —; € x‘i_jW—Tj

J—1
1
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for some j > i. In other words, m = xi_ip for some p € Wr;, and some j > i.
This contradicts that Wz, € Wr, for all j > 1. O

So far, we have seen that if 7 is an lpp. (A)-vector, then W is an lpp. (A)-
ideal with H(R/W1) = Hr, ap(H) = as(T) and o(H) = o(T). In particular,
H(R/Wz) is an lpp.(A)-sequence. We now wish to show that given any
Ipp< (A)-sequence H, we can obtain an Ipp.(A)-vector 7, and furthermore
that the function H — 7 and the function 7 — Hy are inverses of each other.

We begin by decomposing a given lpp(A)-sequence S into two “smaller”
such sequences S7 and S| by using a decomposition similar to that used by
Geramita, Maroscia, and Roberts in [5]. Suppose S =1 by by bs---, where
by > 2.

Put e; = (a"_l’a”*l_1’;”"1’““1*2)_1) and ¢; = b; 11 — €;41. Define S as
follows:

(1) if ¢; >0 for all 4, set S1(i) = ¢; for all 4;
(2) if ¢; >0 forall i <h—1 and ¢, <0, then set S;1 =cp ¢1---¢cp-10 —.

In any case, we let h (possibly infinite) be the smallest integer for which
cn, < 0. Then define S] as follows:

CORE S
b; ifi>h+1.
From the definition of Sy and S, it is clear that S(i) =57(:) +51(: — 1).

THEOREM 4.18. Let S = {b;}i>0 be an lpp(A)-sequence. Let Sy and S
be constructed as above. Then Sy and S| are Ipp (A)-sequences.

Proof. Using the Macaulayesque notation for the generalized binomial co-
efficients, the proof of this statement follows word for word the proof of [5,
Theorem 3.2], so we omit it. O

Before showing the correspondence between Ipp (A)-vectors and Hilbert
functions of Ipp. (A)-ideals, we need the following lemma.

LEMMA 4.19. Let A={ai,...,a,} and let S be an Ipp(A)-sequence, and
Sy obtained from S as above. Suppose that S(1)=mn. Then on(S1) < aa(S).

Proof. If S1(1) < S(1), then aa(S1) =1 < aa(S), so suppose that S1(1) =
S(1). We consider three cases.
Case 1: ap(S) < h. We again use the notation that a; =a; — 1. Then

S1(aa(S) = 1) = ba,(s) — €an(s)
< (a;l’a’;h ce- ?a/1> _ (a{n?a’/nl’ to ’aé)
aa(S) an(S)

a a4, ... a5 ral_4,...,ak
_ ny“Yn—1 2 + Apy Ap—q Qg 4.
OéA(S)—l QA(S)—Q
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n an al ..., ak
ap(S) —af
< an,an_q,...,a4 by a;,ag_l,...;aé
aa(9)—1 ap(S) —a)
n an,al_q,...,ak
ap(S)—1-a
_ an,al_4,....a}
OéA(S) -1 '
So, aa(S1) < ap(S)—1.
Case 2: h+1< ay(S) <oco. Then Sy(as(S)—1)=0< (* 174 so

ap(S)—1
OzA(Sl) < OzA(S). ) )
Case 3: ap(S)=o0. Then S(i)=b; = (“»;"") and in particular, by =

S1(i) =biy1 — €1

_ a,,...,a} B a, ... ah
i+1 i+1

and hence ay (S1) < 0o = aa(9). O

THEOREM 4.20. There is a 1-1 correspondence between lpp (A)-vectors
and Hilbert functions of Ipp<(A)-ideals, where if T corresponds to H (we
write T « H), then ap(T)=ap(H) and o(T) =o(H).

Proof. We first show that the map 7 — Hz is 1-1. We already know
that it preserves o and «a and that it does map lpp. (A)-vectors to lpp (A)-
sequences. We use induction on n, the base case n =1 being trivial.

So suppose that 7 — H and 7' — H. We first reduce to the case where
Tty # Tei(az,.an) A0 Ty # Tei(as,..a0) -

Suppose that 7 = (T1,..., 7y, T,..., Ty) and T/ =(7/,..., T, T),..., 7))
where T, = 7. ; (a,)- Then o(7)=o(c.i.(az,...,an)) +#7T,'s — 1.

7] #71.i.a,y), theno(T') = 0(7,)) < o(c.i.(az,...,ay)), contradicting that
o(T')=0(T). So, T,) =T (an,) and o(T') = o(c.i.(az,...,a,)) +#T,’s —1.
Then #7,’s = #7.’s. So, we also have (7y,...,7,-1) and (7{,...,7)_;) get
mapped to the same Hilbert function. Thus, we may assume that 7;7) #
Te.i(az) and Ty # Lo (as)-
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So let T =(Th,...,7,) and 7' = (7/,...,7)). Since an(7) = ap(H) =
ap(7T'), we have u =wv. From here, the argument that 7 =7 follows word
for word the argument in [7, Theorem 2.6], so we omit it.

Now, we define the map H — 7 inductively as follows:

If n=1,then H=11---1 0— where there are d 1’s, for some d <a;. So
put H —7 = (d).

If n > 1, we may as well assume that a; > 2 for all 4, and that H(1) =n, for
if H(1) <n, then we claim that H is also an lpp.(As)-sequence. To see this,
consider the Macaulayesque rectangle used to construct Ipp< (A)-sequences,

where the ith row consists of (a”fl """ ;"‘”171) for j>0. Soif H(1)<n-—1,

then H cannot in any degree occur below the row consisting of (a”'_l"j‘."arl)
for j > 0. So H is also an lpp.(As)-sequence. Thus, in this case we may use
induction on n. -

Now, decompose H into Hy and Hj. By induction on n, send H; — 7{. By
Lemma 4.19, aa(H1) < aa(H), so by induction on as (the base case ay =1
being the induction hypothesis on n), we send Hy — 7y = ((T1)1,- -+, (71)i(1y))-
Then send H — ((71)1,---,(71)y(71), /). This is an Ipp. (A)-vector, since

o((T1)y1)) < o(T1) = o(Hy) by induction
< h by construction of Hy
< ap,(HY) by construction of Hj.

Next, we claim that H — 7 — H is the identity map. This is clearly true
when n =1, so we use induction on n and assume that n > 1. Note that if
H—T=(T,...,7,), we must have H; — (71,...,7,-1) and H; — T, by
definition. Then

H—T= ('Tl, . ,7;) — H’Tu (Z) + H(Tl,u.,Tufl)(i — 1) by definition
= H{(i)+ Hi(i—1) by induction since
H{ —>7; and H1 — (7'1,...,7;,1)

= H(3).
This, together with 7 — Hs being 1-1 shows that 7 — Hy and H — 7T
are inverses of each other. O

COROLLARY 4.21. Given an LPP(A) ideal L, there is an lpp(A)-vector
T such that Wr = L.

Proof. We show by induction on n that if 7 is the Ipp.(A)-vector (from
Theorem 4.20) with Hy = H(R/L) = H for an LPP(A) ideal L, then W
minimally contains each of z7*,...,xz%". That is, we show that Wz is LPP(A)
(we already know by Theorem 4.12 that Wr is lpp.(A)). This is sufficient
because H(R/Wz) = Hr = H (by Theorem 4.17), but the LPP(A) ideal
attaining H is unique.
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If n =1, it is easy to see that Wz = (x{'), so clearly W minimally contains
x7t.

Now, suppose that n > 1. By Theorem 4.20, we have that as(7) = an(H)
and aa(H) > ay since L is LPP(A), so I(T) =a; and z{* is a minimal gener-
ator of Wr. By the definition of Wz, 232,...,2% are minimal generators of

r'n

Wr if and only if they are minimal monomial generators of Wy, .. Following
the proof of Theorem 4.20, we have that 7;7) = 7{ where 7; corresponds
to Hj. Thus, we are done by induction if Hj is the Hilbert function of a
LPP(as,...,a,) ideal in k[zg,...,z,]. Writing h to be the smallest (possibly
infinite) degree of a nonpure power monomial generator of L which is not
divisible by x1, then because L is LPP(A), we have

<x17$gza- .- ,J’Jf’;‘>d = <Lax1>d

for all d < h and (L,z1)q = Lq for all d > h. Hence, it follows directly from
the definition of H} that H| = H(R/L) where L is the image of L in R =
k[za,...x,] (here we assume that a3 > 1, else we are done by induction, and
hence that e; = H(R/{(x1,252,...,2%"),1)). This completes the proof. O

ExampLE 4.22. Consider the Ipp<({4,4,6})-vector
T: (73775575a71) = ((1a2)a (17374)7 (2a3a656)7 (57676a6))
Then letting 7 — H and 7; — H;, we have

Hy:1234 443 20—
Hy: 123 44210 —
Hy: 123 20—
Hli 1 20—

H:1361013105 3 0—.

Now, beginning with H =13 6 10 13 10 5 3 0 —, an Ipp.(A)-sequence,
we have:

b;:13610131053 0 —
e:1234 4 4321 0 —

c: 1369 621-10 —.

S0,51=13696210—and S]=123444320 —.
Continuing, we decompose S as

123444 3 20—
12344 2 10—
1232 0 —

120—.
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We decompose each of these further to obtain:

123444320 —+«— (5,6,6,6)

12344210 — «—(2,3,6,6)
12320 — —(1,3,4)
120 — — (1,2).

So we indeed obtain 7 back from H.

5. Ideal colon

In this section, our goal is to show that the residual of an lpp.(A)-ideal in
the complete intersection of type (ay,...,a,) is again an Ipp. (A)-ideal.

In two variables, where A = {a,b}, the residual of an LPP(A)-ideal inside
the c.i.(a,b) is always a lex ideal, namely

a b\ . a a—1, d a—2_ d a—s
<a: 7y>'<'1: 7z yl,z y27"'
s .s—1_b—ds b—d.
= (2% 2"y Ly Py

As before, we associate to the LPP(A)-ideal

b—d1>.

<xa7xa—1yd17xa—2yd2, o ’xa—syds’yb>

the Ipp< (A)-vector 7 = (dy, . ..,ds,b,,...,b), where there are a — s b’s, so that
the length of 7 is a. Then we associate to the residual lex ideal the 2-type
vector (b—ds,...,b—dy). We can use monomial lifting (see [4, Theorem 2.2])
to associate a finite set of points to each of these ideals. The set of points ob-
tained from the lex ideal in this way is an example of a k-configuration. From
the Ipp ideal, we obtain the complement of the k-configuration in the c.i.(a, b);
this complementary set of points is an example of a weak k-configuration, as
defined in [6, Definition 2.8]. In fact, lpp<({a,b})-vectors are exactly the
“types” of weak k-configurations that occur in Theorem 2.10 of their paper.
It was this fact that motivated the definition of lpp. ({a,b})-vectors and the
generalization to larger numbers of variables. -

EXAMPLE 5.1. The following ideal is LPP(5,7): I = (2°, x%y, 23y3, 22y*,y7).
We associate to I the Ipp ({5, 7})-vector (1,3,4,7,7). Then inside a c.i.(5,7),
we draw a weak k-configuration of type (1,3,4,7,7):

®0OO0OO0O00O0
00 000O0
©00000O0
00000
o000 0O0OGS

In this case, the complement of the weak k-configuration is a k-configuration
of type (3,4,6).
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The fact that the residual of an LP P{a,b}-ideal in the c.i.(a,b) is a lex ideal
provides a proof of the LPP conjecture in two variables (for another proof,
see [14, Theorems 5.1 and 5.2]). Since z,y® are never minimal generators
of the residual lex ideal, the resolution of the lex plus powers ideal obtained
from dualizing the minimal free resolution of the lex ideal is in fact minimal
(see page 154 of [12]). Hence, since lex ideals have extremal resolutions, it
follows that the lex plus powers ideals have extremal resolutions among all
ideals containing an {a,b}-regular sequence.

In more than two variables, this argument does not work for several reasons.
First, the generators of the complete intersection might be generators of the
residual ideal; second, even if they were not, we would not be guaranteed that
the resolution obtained by dualizing was minimal, and third, the residual of
an LPP(A)-ideal is no longer necessarily a lex ideal.

In this section, however, we show that the residual of an lpp.(A)-ideal is
necessarily another Ipp. (A)-ideal. Given an Ipp.(A)-vector 7, we want to
define a residual Ipp (A)-vector 7*. As the original definition was motivated
by considering points, we observe the following in passing: we can associate to
W, and hence to 7, a natural set of points X in P™ contained in a complete
intersection of type (a1,...,a,) obtained by lifting the monomial ideal Wr.
It will turn out that 7 is defined such that lifting W7+ yields X¢ where the
complement is taken in c.i.(a,...,a,).

DEFINITION 5.2. If n =1, so that 7 is an Ipp. (A)-vector (d), d < ay, then
T*:= (a1 —d) if d < ay; otherwise, we define 7* = ().
If 7 is an Ipp< (A)-vector (7y,...,7,) and if u < ay, then

T = ((,Tu)*a LERR} (Z)*alfc.i.(Ag)a cee ’7::.1'.(1&2))7
where there are a; —u 7 ;. (a,)’s; otherwise, 7" = ((7,)*,...,(71)*). In par-
ticular, (7y,)* = (7*)1 unless (7,,)* = 0.

REMARK 5.3. Note that we can define [(7*), aa(7*), and o(7™*), just
as we defined these parameters for 7, even before knowing that 7 is an
Ipp (A)-vector; we also put a(f) = o(#) =0. Furthermore, if T # 7. ; (a),
then we can perform the same operation on 7* as we did on 7 to obtain 7*,
and we get 7 back. We write this as (7*)*=7. As well, it is clear that
UT) <ar = (T)iz+) = Tei(hs)-

We want to show that if 7" is an Ipp- (A)-vector, then so is 7.

NOTATION. In what follows, we remove the subscript A from the « notation
and assume it to be understood. So we write «(7) for ax(7), «a(7;) for
an,(T5), a((7;);) for an,((7:);), etc., assuming the subscript is understood.

LEMMA 5.4. Let T be an lpp< (A)-vector, T # T.;.(n)- Then
a(T)+o(T*)=o(ci.(ar,...,an)) =c(T) +a(T").
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Proof. When n =1, the result is trivial. To show that «(7) + o(7*) =
o(c.i.(A)), we consider the two cases [(7) < aj and I(7T) =a;.
If I(T) < ay, then (T%)y7+) = Tc.i(as,....an)- Lhen,

a(T)+o(T*)=UT)+o(ci(ag,...,an)) +s—1,

where s = #{i|(T"); = Tc.i.(a,) }- But I(T) +s=a1, so

a(T)+0o(T*)=a1 +o(ci(ag,...,a,)) — 1=0(ci(ar,...,an)).

If ((T) = a1, then (T%)y7+) # Te.i.(as)- SO
AT)+0(T")=a1+a(T) =1+ ((T*)i1+))-
But (7%)y¢z+) = (T1)*, so
a(Th) —|—a((T*)l(7*)) =o(ci.(agy...,an))

by induction, so

a(T)+0(T*)=a1 — 1+ o(ci(as,...,a,)) =0(ci(ay,...,a,)).

To show that o(7) 4+ a(7*) =o(c.i.(a1,...,a,)), we consider the two cases
Tiry = Teiifas,....an) a0 Ty # T (as,....an)-

If Tyry =Te.iv(as,....an)s then I(T*) < a1, so a(T*) =1(T*). Furthermore,
o(T) =o(ci.(A2)) + s — 1, where s is the number of integers ¢ such that
Ti="T.;(r,) But I(T*)+s=ay, so

a(T*)+0o(T)=a1 +o(ci.(A2)) —1=0(c.i.(A)).
If IE(T) #+ ,Z:‘i,(az,..‘,an)a then l(T*) =aj. So
Oé(T*) =a + aAQ((T*)l) —1= a + Qp, ((7}(7))*) — 1,
since (7;(7))* # 0. Furthermore, 0(7T) = o(7;(1)). By the induction hypothe-
sis, aA2((Tl(T))*) + (T(’Tl(f]')) =o(c.i.(A2)), so
o(T)+a(T*)=a1+0(ci.(A2) —1=0(ci.(A)). O

THEOREM 5.5. Let S and T be Ipp< (A)-vectors, S # Tc.;.(n). Then o(S) <
a(T)=o(T*) < a(S).

Proof. We consider several cases below.

Case 1: Suppose Sys)y = T i.(as,....an) a0d [(T) < a;. Then I(§*) < a; and
(T*)ier+y = Tc.i(as,....an)- Then since o(S) < a(7), we have o(Sys)) +5—1<
I(T) where s = #{i|S; = Sy(s)}. Now,

o(T")<a(S*) & o((T")r~) +t—1<U(SY),
where t = #{i[(T*); = (T");(7+) }. But,
U(SZ(S)> = 0'(7;?7—*)) = U(C.i.(ag, . 7(1,7.L)>7

so it is enough to show that {(7) —s =1(S*) —t. But, [(T)+t=a; =1(S*)+s,
so we are done in this case.
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Case 2: Suppose Sys) = Te.i.(as,...,an) a0d [(7) =a;. Then I(S*) < a; and
(T)ir+) # Teciv(an,...an)- 50, o(T*) =0 ((T7)yr-)) and «(S*) =1(S*). We
need to show that o((77);7+)) <U(S*). If T =71, ) this is obvious, so we
may assume that 7" # 7. ; (). Note that [(S*) =a; — s where s = #{i|S; =
Si(s)}- Since o(S) < (T ), we have o(Sy(s)) +s—1<I(T)+a(T;) — 1. Note
that «(7;) < oo since T # 7. ;.(a) implies 71 # 7. ;.(a,) when [(7) = a;. Thus,
we may rewrite the inequality to obtain o(Sys)) —a(T1) <U(T) —s=a1 — s.
But (71)* = (77)i7+) since [(T) = a; hence by Lemma 5.4, o((77);7+)) =
o(c.i.(Ag)) —a(Ty) < ay —s=1(S*), as required.

Case 3: Suppose Sys) # Te.i(as,...,an) a0d [(7) < ay. Then I(S*) = a;
and (7%)i7+) = Teii(as,.nan)-  Let s = #{i|(T*); = (T*)yr+)}. We need
to show that o((7*);7+)) +s—1< a1 + a((S*)1) — 1 or in other words,
o(ci.(ag,...,an)) — a((8%)1) <a1 —s=1U(T). But I(§*) =aq, so ((§*)1)* =
Si(s) and hence (§*)1 = (Sy(s))*. So by Lemma 5.4 applied to Sj(s), the left-
hand side of this last inequality is o(Sys)). But o(Sys)) = 0(S) <a(T) =
I(T), so we are done in this case.

Case 4: Suppose Sys) # Tec.i(as,...,an) a0d ((T) =a;. Then, I(§*) = a;
and (T%)y7+) # Teiias,....an)- Since o(S) < a(T), we have o(Sys)) < a1 +
a(7;) —1. We need to show that o(7 ) < a(S*), in other words, o((7*);(7+)) <
ay + a((S*)l) — 1. Note that if ’Tl = 7;.1"(‘&2), then U((T*)l(T*)) = 0 while
a((8*)1) >0, so we may assume 71 # 7 ; (a,)- It is enough to show that

7(Sus)) —a(T) = (T")yz+)) — A(8)1),
in other words, that
U(Sl(3)> + Oé((s*)l) = U((T*)l(q—*)) + 06(71)
But [(8*) = a1, so (5*)1 = (Sy(s))* and (7)) = a1, so (T1)* = (T *)i(r+). Thus
by Lemma 5.4 applied to Sys) and 7y,
7 (Sus)) +a((S)) =o(ci(az,...,an)) = o (T )icr)) + a(Th),

as required. O
COROLLARY 5.6. If T is an Ipp< (A)-vector, T # T ; (a), then so is T*.

Proof. Let A={ay,...,a,}. If n=1, the result is obvious, so assume n > 1
and let 7 = (71,...,7,) be an Ipp (A)-vector so that u < ay, u <I(7,), each
7; is an Ipp< (Ag)-vector and o(7;) < ap,(Ziy1) for 1 <i<wu—1. Then

T° = ((%)*7 ) (73)*772.i.(A2)7 s 72.1'.(1%2))7

where there are a1 — u (possibly 0) 7..i.(As)’s- By the induction hypothesis,
each 7;* is an Ipp.(Az)-vector and I(7*) < a; by construction. To see that
UT*) <U(T*)ir+)), we consider two cases.

Case 1: u <ai. Then (T*);r+) = Toi(ay) and I((T7)y7+)) = a2 > ay >

I(T7).
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Case 2: u=ay. Let T = (Tq,...,T,) = (Ta,.. ., T, Tei(ng)s - Levin(s
where 7, # 7.;.(a,) and s <u=a;. Then [(T*) =5 and (7~ )l(T*) =(T1)
so we need to show that [((71)*) > s. First note that since 0(77) < aa,(72) <
o(Tz) < -+ <ap,(T) < J(T), we have o(71) < o(7;) — s+ 1 <o(c.i.(Ag)) —
l—s—i-l—g(cz (Ag)) —

If n=2, then 75 = 0(7'1) <o(ci(Ag))—s=as—s,808<ay—T = (T1)* =
I((7T1)*) as required. If n > 2, then let ¢ be the number of 7¢ ; (a,)’s in 77. If t =
0, then I((77)*) = a2, and ag > a1 > s, so I((71)*) > s as required. Otherwise,
o(Th) =o(ci.(Az)) +t — 1 < o(ci.(A2)) — s=o(ci.(As)) + a2 — 1 —s. So,
t <ag—s; that is, s <ag —t=1((71)*), as required.

Thus, it only remains to prove that o((7%);) < a((7*)i41) for all i =

(’T*) — 1, that is, that o((7;)*) < a((’T 1)*) for i =2,...,m, where
m is the largest index such that T, # 7. ; (a), but this is the content of The-
orem 5.9. U

THEOREM 5.7. Suppose that L C (z{*,..., 2% ) is an LPP(A)-ideal. Then
(z{', ..., zpn) + Lois Ipp< (A).

REMARK 5.8. Chris Francisco has also discovered a (quite different) proof
of this result.

Proof. By Corollary 4.21, there is an lpp.(A)-vector 7 such that Wr =
L. By Corollary 5.6 and Theorem 4.12, it is enough to show that Wz . =
(x{*, ... 2% ) : Wr. Proceed by induction on n. If n=1, then 7 = (d) for
d<a,T*=(a;—d), Wy = (%), and Wr. = (2927%), so clearly Wr- = (z) :
Wr.

Now let n > 1. There are four cases to consider: L(7)=a; and Ty7) =
Te.i(ho), L(T) =ay and Ty # Teii(ny), L(T) <ar and Tyry) = Te.i.(a,), and
L(T) < ay and Ty7) # T..i.(n,)- The proof is similar in each case, so we provide
only the first instance as a representative.

Suppose

T:(,]-la"'alz;v"'a%)v
where there are v +1 7, =7 ;.(a,)’s and [(T) =u+v = a;. Then
T =((Tu-1)"-. -, (T1)"),
WT—( utv $1+v 1W71,.. v+1WT 1,VVT)

_ utv _utv—1yy7 +1
—(331 ,56'1 W'fl,.. WT 1,W77(A2))

and

Wrs = (.’17”71 .Tu72W(Tu DL J]1W(T2)* W(Tl)*)
We first show that Wz« C (z]* ,...,mn ) : Wr. Let let m be a minimal mono-

mial generator of Wr«. If m =2z} ", then the result is clear, so suppose

that m = 2} /m’ where m’ € W7, We need to show that ma}™7 ™" x

Tu—j+1)*"
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Wr,__, S (ai,...,x4r) for i =1,...,j — 1. By the induction hypothe-

sis, W(r,_,,,)- = (25 . any WT, _i41s SO applying Lemma 4.16, we have
(50 ) S Ty S ey 3 Dt T as
required.

Now suppose that m is a minimal monomial generator in (x7*,. ,xfﬁ) :
Wr. If m= a7, then mx1+1WTT forces j =u — 1. So write m =23~ ~m/
where 1 <j<wu—1and m Gk[xg, xy]. Since

v+ n
mat W, ; g(ffl,...,x% ),
it must be that m' € (z3°,...,25) : W, _, = W(z,_,)- and hence m € Wz~ as
required. O

6. Applications of the theorem for colon ideals

The fact that the residual of a lex plus powers ideal is again lex plus powers
allows us to prove the (moral) converse to the following theorem in [14].

THEOREM 6.1. Let L be LPP(A) for some A ={as,...,a,}, and I be an
ideal containing an A-regular sequence such that H(R/L)= H(R/I). If EGH
holds, then dimyg(soc(L)q) > dimyg(soc(1)q) for all d, where soc(L)q refers to
the dth graded piece of the socle of R/L (and similarly for I).

We will here demonstrate that if lex plus powers ideals can be shown to
have always largest socles, the EGH must be true. More precisely, we will
prove that EGH is equivalent to the following conjecture.

CONJECTURE 6.2. Suppose that L is LPP(A) for some A ={ay,...,an},
and I is an ideal contaz’m’ng an A-regular sequence such that H(R/L) =
H(R/I). Then BE L for all j.

TLJ—

The proof of the equivalence will require a few lemmas and a proposi-
tion. We give the following comments to motivate these preliminary results.
Suppose that L is LPP(A) with x = {«7*,...,2%"}, I contains an A-regular
sequence y = {yy*,...,y%}, and H(R/L)= H(R/I). Our goal is to com-
pare the socles of (x: L) and (y: I) (via Conjecture 6.2) and transfer this
comparison to a comparison of the first graded Betti numbers of L and I.
By Theorem 5.7, we know that (x: L) is again a lex plus powers ideal, so
Conjecture 6.2 will apply if we can demonstrate that (y : I) contains a reg-
ular sequence in the same degrees as those of the minimal monomial regular
sequence in (x: L) (note that the Hilbert functions of the two colon ideals
are obviously equal). This follows from the lemmas below. We first prove
(Lemma 6.3) that if L is LPP(A), then the degrees of the minimal monomial
regular sequence in the residual can only drop in degrees for which the colon
consists of a lex segment. We then use this fact to show (Lemma 6.4) that
(y : I) contains a regular sequence in the degrees of the minimal monomial
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regular sequence in (x: L). Proposition 6.5 then allows us to compute the
first graded Betti numbers of L and I from the socle degrees of (x: L) and
(y : I), respectively. After these preparations, we will be able to prove the
theorem.

LEMMA 6.3. Let L be an {ai,...,a,}-lex plus powers ideal and x be the
ideal generated by {z1*,..., 2% }. If (x: L) is an {a},...,a},}-lex plus powers
ideal with a; < as for some 1 <s<mn, then (x: L)q is a lex segment.

Proof. Note that if a = a/, for some i > s, then a} = a), < as; < a;, S0 we can
assume without harm that a, <al,, or s =n. It follows that if m € (x: L)

and m < x?é, then m is not a pure power. Because x?g is a minimal generator,
m must be a minimal generator as well, and thus it is part of the lex segment
of (x: L)ar.

So it is enough to show that if m € R,, and m > :1:?;, thenm € (x: L). Note
that s > 1 (otherwise we are finished). If m ¢ (x: L), then there is a minimal
monomial generator A € L such that mA ¢ x. It follows that m(i) + \(7) < a;
for all 1 =1,...,n. Now, since xZ; € (x: L), we have /\xgls € (x), and so
A(s) + a, > as. In particular, this implies that A(s) > 0. If deg A =d, then
since A(7) < a; for all 4, X is part of the lex segment of Ly, and thus if X € Ry
and X > A, then )\ € Ly as well.

Now let ¢ < s be such that m(t) >0 (such an element exists because m >

mgs) and consider the element

A — xf‘l)”(” e x?gsl—l)ﬂ(s—l)wiis1+1)+w(s+1) .

LA ),

where the (i) for i # s are any choice of elements of N such that >, (i) =
A(s), v(t) > 1, and ~v(4) < m(i) for all 4 # s. Such a choice of (i) is possible
unless A(s) =32, v(1) > 32, ;m(i) = deg(m) — m(s) = a;, — m(s) in which
case A(s) +m(s) > a’, a contradiction. The existence of such a v, however,

also gives a contradiction. Because X > A\, we have that x?;)\/ €x. But
N(s)=0 and a} < as, so for some i # s, a; < A(7) +v(3) < A(@) +m(3). O

LEMMA 6.4. Suppose that I minimally contains an A = {ay,...,a,}-regular
sequence 'y, H(R/I) is A-lpp valid, and let L be the A-lex plus powers ideal
such that H(R/I)=H(R/L). If (x: L) is {a},...,al,}-lex plus powers, then
(y : 1) contains an {a,...,a; }-reqular sequence.

Proof. Let t be the smallest integer such that (y : I) fails to contain an

{d},...,a,}-regular sequence. Thus, there is a {by,...,by}-regular sequence
in (x: I), such that b; <aj for 1 <i<t¢, and a} < b <a;. We can choose
{b1,...,bn} such that b; satisfies the second inequality because (y : I) contains
an {ai,...,a,}-regular sequence by construction and thus certainly contains

an {a},...,a}_1,a¢,a¢41,...,a, }-regular sequence. By Lemma 6.3, a; < a;
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implies that (x: L), is a lex segment. Consider then the ideals (x: L)q; +
(1, o, 2) @ and (y i I)gy + (21,...,2,)% 1. Both of these ideals attain
the same Hilbert function, and the former is a lex ideal containing a regular
sequence of length at least ¢ in degree a}. It is not difficult to show (see, i.e.,
Corollary 2.13 in [14]) that all ideals attaining a given Hilbert function contain
a regular sequence in the degrees of the minimal monomial regular sequence
in the lex ideal with that Hilbert function. Thus, (y : I)a + (z1,..., 25 yartl
must also contain a regular sequence of length at least ¢ by degree aj, that is,

(y : 1) must contain a regular sequence in degrees a,...,as, a contradiction.
O
COROLLARY 6.5. Let A={ay,...,a,} be a list of degrees, write |j| to de-

note the number of elements of A equal to j, and suppose that y is an A-regular
sequence in an ideal I C R. Then for all j there exist 0 <t; <|j| such that

B ) =61 - J . Furthermore, if y is minimally contained in I, then t; = |j|
for all 7.

Proof. We suppose first that y is minimally contained in I. Let F, be a
minimal free resolution of R/T

For=0— Y RPl—j] 25 2 S RO ] 25 R — ),

and Iy be the Koszul complex
Ke=0— R[— HZRﬁnu o ZRBU 12 R0

resolving R/y, where the f3; j are the Betti numbers of the Koszul complex
resolving R/y and w = a;. Note that |j| = 5*;,. The map ¢: R/y — R/I
induces a chain map

0w DRI B ST RPn[—g) e
J

J
T@% T¢n1
On

67{(71‘7' —q n—1
R[] ;R i[=g] B

0
I .
e YR g
J

1 T )

K .
Lo Y R
J
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We know that ¢g = 1g by construction and that ¢; is a rank n matrix
(over k) all of whose entries are in k because y is minimally contained in I.
Let & denote the mapping cone on the diagram induced by ¢,

Eo = OHR%R%@R"ﬂW RQI@R_>R_)O

where we have used oz§ to denote the jth Betti number of R/I and have
suppressed the graded notation at this step so that the resolution is more

legible. The dual of &, is

gr= 0 RYLRI o R Rl g pr Y5 YL Rel g R L R,
and it is not difficult to show that &} is a free resolution of R/(y : I). This
resolution is never minimal, but we are able to identify the cause of the non-
minimality in the (n — 1)st, the nth, and the (n + 1)st terms of £. In fact,
the map 7 is just multiplication by 1 (actually, 1z«) in the right coordi-
nate, ¥y (m) = (0,m). This implies that the copy of R constituting &,1 maps
isomorphically onto the copy of R belonging to F,, in £}, and we may remove
both from the resolution. So

€ :=0— Rl YL ped g pr Y5, M pol g p U R g
is a free resolution of R/(y : I) where we abuse notation and reuse 3 to

denote the restriction of 93 to R

Now, for m € R, i (m) = (65(m), —¢i(m)), and as we noted above ¢,
(and hence also ¢7) is a rank n matrix consisting of degree zero elements. Thus
for each i, a copy of R[—w + a;] in &, maps isomorphically onto the copy of
R[—w+a;] in &, _; (we remember the grading at this step). These pairs may
be removed from &, so write E; to be the map given by restriction of ¢5 to
> RALii] [—w + j], and ¥ to be the restriction of ¥ to > RP2.5 [—w+J].
Thus

5:/ —0— ZRﬂf’j_‘j‘[_w+j] ﬁ ZRﬁé,]‘[_w.’_]’] ﬁ, &, R—0,
J J
is a free resolution of R/I, and although it may fail to be minimal, no further
cancellation can occur between R’Gljvfljl[—w +j] and >, RP2.; [—w +j].

We conclude that ﬁ,(Lwa ;=081 ; —1j| as required.

In the case that I fails to minimally contain an A-regular sequence, this
argument needs only a small modification. The cyclic module R/(y : I) can
again be resolved using the dual of the mapping cone on R/y — R/I, yielding

£ = 0o RYL Rl @ RYE pod g pr Y5, Y5 pol g g UL R,

and we can again remove the extra copy of R which constitutes &7, ,. The
result then follows after noting that there are at most |j| copies of R[—w + j]
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& =5 RP25 [~w+il®>; RA% [~w + j] which can cancel with copies

of Rl~w+j]in &, =3, R [—w + j]. We conclude that 57%;1_)]' = ﬁ{’j —t;

for 0 <t; <|j| as required. O

Proving the main theorem of this section is now easily accomplished.

THEOREM 6.6. Suppose that L is lex plus powers with respect to the degree
sequence A ={ay,...,an}, I C R, both share the same Hilbert function, and
I contains an A-regular sequence. If the lex plus powers conjecture for socles
(Conjecture 6.2) holds, then 6fj > B{J for all j.

Proof. Let x ={x{",..., 24"} C L and let y be an {ay,...,ay}-regular se-

quence in I. We know that (x: L) and (y: I) share the same Hilbert func-
tion, the former is {a},...,a] }-lex plus powers, and the latter contains an

{a},...,a, }-regular sequence (by Lemma 6.4). By Proposition 6.5, gL

nw—j
ﬁfj — 7], and ﬁ%ﬁj = ﬁ{,j —tj. But by hypothesis, ﬁfff) > @%I), and as

|7] > t;, we conclude that /6’1[’)]. > ﬂ{)j for all j as required. O

We conclude by noting that in order to prove Conjecture 6.2, it is enough to
demonstrate that lex plus powers ideals have largest socles in a single degree.
In particular, Conjecture 6.2, and hence EGH, is equivalent to the following.

CONJECTURE 6.7. Let L be LPP(A) for some A={ay,...,an} and let py
be the regularity of H=H(R/L). Then 3%, .. 1>} . +n 1 for any ideal
I C R containing an A-reqular sequence and attaining H.

THEOREM 6.8. Conjecture 6.7 and Conjecture 6.2 are equivalent.

Proof. 1t is obvious that Conjecture 6.2 implies Conjecture 6.7. So suppose
that Conjecture 6.7 holds, L is LPP(A) for some A ={a1,...,a,}, I C R con-
tains an A-regular sequence, and H(R/L) = H(R/I) =H has regularity p.
Now ﬁ,€7pH+n_1 > thpﬁ_m_l by hypothesis, and 67%7PH+W = ﬁ,IWHJrn because
L and I attain the same Hilbert function. Thus, it remains to show that
ﬂ£7j > ﬂfl,j for all j < py +mn — 2. This is easily accomplished. Let L and
I be the ideals L + (x1,...,2,)?" and I + (x1,...,2,)?", respectively. Then
H(R/L)=H(R/I) and Pr(r/T) = P — 1; by induction on p we have that
ﬂ£7j = ﬂﬁ’j > @Im‘ =, for j < pn +n—2 as required (where we make use
of the fact that adding (z1,...,2,)?* to L and I only perturbs the last two
rows of their Betti diagrams). O
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