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STABILITY OF HYPERSURFACES WITH CONSTANT
(r+1)-TH ANISOTROPIC MEAN CURVATURE

YIJUN HE" AND HAIZHONG LI

ABSTRACT. Given a positive function F on S™ which satisfies
a convexity condition, we define the r-th anisotropic mean cur-
vature function HY for hypersurfaces in R**! which is a gener-
alization of the usual r-th mean curvature function. Let X : M —
R™"! be an n-dimensional closed hypersurface with H,ﬂl =

constant, for some r with 0 <r <n — 1, which is a critical point
for a variational problem. We show that X (M) is stable if and
only if X (M) is the Wulff shape.

1. Introduction

Let F': S® — R™ be a smooth function which satisfies the following con-
vexity condition:

(1.1) (D?*F + F1), >0 VxS,

where S™ denotes the standard unit sphere in R"*!, D2F denotes the intrinsic
Hessian of F' on S™ and 1 denotes the identity on 7,,5™, > 0 means that the
matrix is positive definite. We consider the map

(1.2) ¢S — RMHL
x— F(z)x + (gradgn F)4,

its image Wr = ¢(S™) is a smooth, convex hypersurface in R"*! called the
Wulff shape of F' (see [4], [7]-[9], [11], [14], [18], [19]). We note when F =1,
W is just the sphere S™.
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Now let X : M — R"*! be a smooth immersion of a closed, orientable
hypersurface. Let v: M — S™ denotes its Gauss map, that is v is the unit
inner normal vector of M.

Let Ap = D?F + F1, Sp = —d(¢pov) = —Ap odv. Sp is called the F-
Weingarten operator, and the eigenvalues of Sg are called anisotropic princi-
pal curvatures. Let o, be the elementary symmetric functions of the aniso-

tropic principal curvatures Ay, Aa,..., A\,:
(1.3) o= > AipA, (1<r<n).
1< <ip

We set 09 = 1. The r-th anisotropic mean curvature HY is defined by HI =
o./Cr, also see Reilly [16].
For each r, 0 <r <n—1, we set

(14) M,F:/ F(Z/)O'rdAx.
M
The algebraic (n + 1)-volume enclosed by M is given by
1
1.5 V=—— X, vydAx.
( ) n+1 M< 7V> X

We consider those hypersurfaces which are critical points of .7 p restricted
to those hypersurfaces enclosing a fixed volume V. By a standard argument
involving Lagrange multipliers, this means we are considering critical points
of the functional

(1.6) Frpn =y g+ AV(X),

where A is a constant. We will show the Euler-Lagrange equation of %, p.z
is:

(1.7) (r+1)o,41 —A=0.

So the critical points are just hypersurfaces with HF, 1 = constant.

If F =1, then the function . r is just the functional @ = [, S.dAx
which was studied by Alencar, do Carmo, and Rosenberg in [1], where H, =
S;-/Cr is the usual r-th mean curvature. For such a variational problem, they
call a critical immersion X of the functional 7. (that is, a hypersurface with
H, 1 = constant) stable if and only if the second variation of 47, is nonnegative
for all variations of X preserving the enclosed (n+ 1)-volume V. They proved
the following theorem.

THEOREM 1.1 ([1]). Suppose 0 <r<n—1. Let X : M — R"*! be a closed
hypersurface with H,11 = constant. Then X is stable if and only if X (M) is
a round sphere.

Analogously, we call a critical immersion X of the functional 7. p sta-
ble if and only if the second variation of <. p (or equivalently of %, p.a) is
nonnegative for all variations of X preserving the enclosed (n + 1)-volume V.
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In [14], Palmer proved the following theorem (also see Winklmann [19]).

THEOREM 1.2 ([14]). Let X : M — R"™! be a closed hypersurface with
HY = constant. Then X is stable if and only if, up to translations and homo-
theties, X (M) is the Wulff shape.

In this paper, we prove the following theorem.

THEOREM 1.3. Suppose 0 <7 <n —1. Let X: M — R""! be a closed
hypersurface with HfH = constant. Then X is stable if and only if, up to
translations and homotheties, X (M) is the Wulff shape.

REMARK 1.4. In the case F'=1, Theorem 1.3 becomes Theorem 1.1. The-
orem 1.3 gives an affirmative answer to the problem proposed in [8]. We also
note that in the case F'=1, our result here gives a new and geometric proof
of Theorem 1.1, which is different from [1].

2. Preliminaries

Let X : M — R"*! be a smooth closed, oriented hypersurface with Gauss
map v : M — S™, that is, v is the unit inner normal vector field. Let X; be a
variation of X, and vy : M — S™ be the Gauss map of X;. We define

T
(21) ¢:<%7Vt>, é.:(%) )

where T represents the tangent component and 1, £ are dependent of ¢. The

corresponding first variation of the unit normal vector is given by (see [§],
(11], [14], [19])

(2.2) Vi = — grad b + duy ¢),
the first variation of the volume element is (see [2], [3], or [10])
(2.3) 8idAx, = (dive — nHy)dAx,,
and the first variation of the volume V is
(2.4) V'(t) :/ PdAy,,
M

where grad, div, H represents the gradients, the divergence, the mean curva-
ture with respect to X, respectively.

Let {F1,...,E,} be alocal orthogonal frame on S™, let e; = e;(t) = E; oy,
where i =1,...,n and 1, is the Gauss map of Xy, then {ej,...,e,} is a local
orthogonal frame of X; : M — R"*1,

The structure equations of x : S™ — R are:
dEi = Zj GijEj — 91‘.%‘7
do; = Zj Gi]» A\ 9]‘,
d&ij — Zk Oir. N ij = % Zk,l Rijklek N0 =—0; A 9]',

(2.5)
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where 9¢j + eji =0 and Rijk:l = 6il6jk — 6ik5jl-
The structure equations of X; are (see [12], [13]):

dX, =3, wies,
dl/t = — Zi,j hijwjei,
(2.6) dej =) wijej + 225 hijwivi,

dwi = Zj Wij /\Wj,

dwij — Y wik Awyj = 2 >kt Rijrif A0,
where w;; + wj; =0, Riji + Rijir =0, and R, are the components of the
Riemannian curvature tensor of X;(M) with respect to the induced metric

dX;-dX;. Here, we have omitted the variable ¢ for some geometric quantities.
From de; =d(E; o) = vy dE; = Zj vilije; — 0y, we get

Wii = 50
(27) s =¥,
vt =—3; hijw;,

where wij + Wi = 0, hij = hﬂ

Let F: S™ — Rt be a smooth function, we denote the coefficients of co-
variant differential of F', gradg» F' with respect to {E;}i=1, . n by F;, Fi; re-
spectively.

From (2.7), d(F(»)) = vy dF = v; (32, Fi0:) = — >, ;(F; o vp)hijwy, thus,

(2.8) grad(F(v)) = — Z(F’ ovg)hije; = dg(gradgn F).
4,9
Through a direct calculation, we easily get
(2.9) dp=(D*F+Fl)odz =) Ay0;E,
.3
where A;; is the coefficient of A, that is, A;; = Fi; + Fd;;.
Taking exterior differential of (2.9) and using (2.5), we get

(2.10) Aijr = Ajir, = Aikj

where A;ji, denotes coefficient of the covariant differential of Ap on S™.
We define (A;; o v4)g by

(2.11) d(Aijom) + Y (Arjovi)wri + > (A ove)wrj = Y _(Aij 0 1)k
k k

By a direct calculation by using (2.7) and (2.11), we have

(212) ( ij © Vt Z hk:lAz]l O Vg.
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We define L;; by

dei T
J

where T denote the tangent component, then L;; = —L;; and we have (see
(2], [3], or [10])
(2.14) hij =ij + Z{hijk&c + Yhirhji + hik L + g L }-

k

Let sij = > (Air o v)hyy, then from (2.7) and (2.9), we have

(2.15) d(¢OVt> :l/;K d(bz —Zsijwjei.
,J
We define Sp by Sp = —d(¢ov) =—Apodv, then we have Sp(e;) =", s;je;.
We call Sp the F-Weingarten operator. From the positive definiteness of
(A;;) and the symmetry of (h;;), we know the eigenvalues of (s;;) are all
real. We call them anisotropic principal curvatures, and denote them by
Alyeens A
Taking exterior differential of (2.15) and using (2.6), we get

(2.16) Sijk = Sikj,

where s;;;, denotes coefficient of the covariant differential of Sp.
We have n invariants, the elementary symmetric function o, of the aniso-
tropic principal curvatures:

(2.17) or= Y Xiidi, (1<r<n)
11 <<y

For convenience, we set 09 =1 and 0,41 = 0. The r-th anisotropic mean
curvature HY is defined by

|
2.1 HF =g, )C7, CT=—"" _
( 8) T UT/Cn7 Cn 7"(77,77')'

We have, by use of (2.2) and (2.6),
d Ai ’Ei &® E:)ov,
(219) Y ((Ai o iov) _ N ((D(AGE ® Ey)), v)

,J (2]

= — Z AUk <¢k + Z hklfl) e; ® €,
l

4,5,k

where D is the Levi—Civita connection on S™.
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On the other hand, we have

d((Ai; E; ® Ej) o)
2 it

(2.20)

]
de;\ ' de; \
Z{A;jez®6J+AU<d€t> ®6]+AU61®<d€tJ) }
,J

By use of (2.13), we get from (2.19) and (2.20)
d(A” o Vt)

(2.21) T

= Aj;(t)

Z{_Aijkwk - ZAijkhklfz + A L + AjkLki}-
]

k

By (2.12), (2.14), (2.21) and the fact L;j = —Lj;, through a direct calcula-
tion, we get the following lemma.

LEMMA 2.1.

dSi'
dtj =80;(t) = > _{(Airthr)j + sijnbn + Usikhrj + sk Lni + sinLij}-
k

As M is a closed oriented hypersurface, one can find a point where all the
principal curvatures with respect to v are positive. By the positiveness of Ap,
all the anisotropic principal curvatures are positive at this point. Using the
results of Garding [5], we have the following lemma.

LEMMA 2.2. Let X : M — R+ be a closed, oriented hypersurface. Assume
Hf_,_l >0 holds at every point of M, then HE >0 holds on every point of M
for every k=1,...,r.

Using the characteristic polynomial of Sg, o, is defined by

n

(2.22) det(t] — Sp) =Y (=1)"o,t" "
r=0
So, we have
1 i
(2'23) Op = F Z (sillfr Siljl e Sirj,r,
’ LA UTIRP P E R I
where (55112]: is the usual generalized Kronecker symbol, i.e., 5?115: equals

+1 (resp. —1) if iy---4, are distinct and (jy---j.) is an even (resp. odd)
permutation of (i1 ---4,) and in other cases it equals zero.
We introduce two important operators P, and 7, by

(2.24) P.=c,l—0.1Sp+--+(-1)"'Sp, r=0,1,...,n,
(2.25) T, = PoAp, 7=0,1,...,n—1.
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Obviously, P, =0 and we have
(2.26) P.=0c,l-P_1Sp=0,1+T,_1dv, r=1,...,n.

From the symmetry of Arp and dv, SpApr and dv o Sp are symmetric, so
T, = P.Ar and dv o P, are also symmetric for each r.

LEMMA 2.3. The matriz of P, is given by:

1
(2.27) (Pr)ij = Yo s si
’ AT P S

Proof. We prove Lemma 2.3 inductively. For r =0, it is easy to check that
(2.27) is true.
Assume (2.27) is true for r = k, then from (2.26),

(Pry1)ij = Uk+15;' - Z(Pk)ilslj
]

_ 1 § : Jl ch+151_§ :5]1 Ji—1%J141°" ch+15]z
(k+1)! Gty O J =141 k1

l

X Sirgy " Sikg1des1
— ; g1t Jk+1ZS g .
(k + 1); B Tt1] 411 Tk+1Jk+1" |:|

LEMMA 2.4. For each r, we have
(i) 22;(Fr)ji =0,

(ii) tr(P.Sr) = (r+ 1)o,y1,

(it 13 r(Pr) = (n—r)oy,

(iv) tr(P.S%) =010041 — (r +2)0,42.

Proof. We only prove (i), the others are easily obtained from (2.23), (2.26),
and (2.27).

Noting Sivg1 " Sipgej = Sivgy " Sinjhe by (216) and (5]1 571] 5j1 ZTJ,Z7 we
have

1
Z(Pr)m‘:m Z ST 55, si g, = 0.

j i1 eeyin i1 O

REMARK 2.5. When F' =1, Lemma 2.4 was a well-known result (for ex-
ample, see Barbosa—Colares [2], Reilly [15], or Rosenberg [17]).

Since P._1SF is symmetric and L;; is anti-symmetric, we have

(2.28) > (Pro1)ji(skjLui + sieLis) =0.
7,k
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From (2.16), (2.26), and (i) of Lemma 2.4, we get

(2.:29) (o) = Z(Uréjk)j = Z(Pr)jkj + Z[(Pr—l)jlslk-]j
il

J J

= (Pro1)jisijn-

,J
3. First and second variation formulas of .%, p.z

Define the operator L, : C°(M) — C'*°(M) as follows:

(3.1) L.f= Z V)i fili-
LEMMA 3.1.
d;T :O';,( ) 'r‘ 17/}+7/}< -1 Odl/t,th> <grad0—r,£>'

Proof. Using (2.23), (2.28), (2.29), Lemma 2.1, Lemma 2.3, and (i) of
Lemma 2.4, we have

1
[ § J1dr e, . ’
Or = (’I” _ 1)! 511 B Si1j1 S'erl,]rflslrjr

Ul geeeybrif1yeensdr

=D (Pr1)jisty

,J
= Z(Prq)ji[(Aik(ﬁk)j +Ysinhiy + Sijeér + SkjLii + SikLij]
W5,k
= Z[(Pr 1)]1 ’Lk?z/}k? +1/] Z r—1 jZAZlhlk}hkj +Z U’I“ ké-k
1,5,k i,7,k,l
= [( r— I)kak: "HPZ r— 1 ji zkhk:j +Z Oy kgk
g,k i,9,k
= Ly_1p + (T 1 odyy,dy) + (grad o, §). g
LEMMA 3.2. For each 0 <r <n, we have
(3.2) div(P,(gradg. F) o vy) + F(ve) tr(Pr o dvy) = —(r + 1)op41
and
(3.3) div(P.X ") 4+ (X, ) tr(P o diy) = (n — 7)o,

Proof. From (2.6), (2.15), and Lemma 2.4,
div (P, (gradg. F) ovy) = div(P(¢povy) ")

—Z ]z ¢0Ut,61>)j
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:—Z ) jisij + F Vt)Z(Pr)jihij

.3
=— tr(PrSF) — F()tr(P. odyy)
—(r+1)or41 — F(v) tr(P, o duy),

div(P,XT) = Z((P )i X, ei));
Z 32(5” +Z gz Zj X l/t>

= tr(PT) —tr(Pro th)<X, Ut)
=(n—r)o, —tr(Pr od) (X, 1y).

Thus, the conclusion follows. O

THEOREM 3.3 (First variational formula of <7, ).
(3.4) A () ==(r+1) [ woiday,
M

Proof. We have (F(v))" = (gradgn F,v;), so by use of Lemma 3.1, Lem-
ma 3.2, (2.2), (2.3), (2.8), (2.26), and Stokes formula, we have

A p(t) = /M (F(v)oy + (F(n))'o,) dAx, + F ()0, 0ydAx,

{F(ut) div(T,—1 grad ) + F(ve)p(Tr—1 o dvy, duy)

+ F( ) (grad o, &) + (o (gradgn F') o vy, — grad ¢ + duy (€))
+ F(v)or(—nHy +diveE) }dAx,

= /M{—<grad(F(Vt))7 Tr—1grad ) + F ()Y (T -1 o dvy, dvy)

+ (F(n) grad o, &) + ¢ div(o, (gradgn F) o 1)
+ (o grad(F (n)), &) — nHYF(n)o, + F(1)o, divE} dAx,

= [ 4T grad(Flvn). grad ) + F) (T, 0 v
+ ¢ div (o, (gradgn F) o vy) — nHYF ()0, } dAx,

_ /M p{div (o, (gradga F) o 1) + div(Tp_y grad(F(1h)))
+ F()(Tyy o dvy, duy) — nHF ()0, } dAy,

_ /M W{div[(on + To_r o dvy)(gradg, F) o 1]
+ F(u) te[(Tr—r o dvg + 0, 1) 0 diy]} d A,
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= / d){div(PT(gradSn F)o Z/t) + F(ve) tr(Pr o dyt)} dAx,
M

:—(T+1) ¢0r+1dAXt~ 0
M
REMARK 3.4. When F' =1, Lemma 4.1 and Theorem 3.3 were proved by
R. Reilly [15] (also see [2], [3]).
From (1.6), (2.4), and (3.4), we get

PROPOSITION 3.5 (The first variational formula). For all variations of X,
we have

(3.5) Ziralt) == [ 0{r+ Dovar - A}dAx,.
M
Hence, we obtain the Euler-Lagrange equation of . %, p.a:
(3.6) (r+1)o,41—A=0.

THEOREM 3.6 (The second variational formula). Let X : M — R"*! be an
n-dimensional closed hypersurface, which satisfies (3.6), then for all variations
of X preserving V', the second variational formula of <7, p at t =0 is given by

BT) 0= FLea0) =~(+1) [ G{Lb+ (T 0dv dv) by,
M
where 1 satisfies
(3.9) / YdAx 0.
M
Proof. Differentiating (3.5), we get (3.7) by use of (3.6) and Lemma 3.1. O

We call X : M — R™*! to be a stable critical point of o, for all variations
of X preserving V, if it satisfies (3.6) and <7 (0) > 0 for all ¢ with condition
(3.8).

4. Proof of Theorem 1.3

Firstly, we prove that if X (M) is, up to translations and homotheties, the
Waulff shape, then X is stable.

From d¢ = (D?F + F1) odx, d¢ is perpendicular to . So v = —x is the
unit inner normal vector. We have

(41) d¢ = 7AF odv = ZAjkhkiwiej.
ijk
On the other hand,

(4.2) d¢zzwiei7
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so we have
(43) Sij = ZAikhkj = (52]
k

From this, we easily get o, = C” and 0,41 = C. ™!, thus, the Wulff shape
satisfies (3.6) with A = (r +1)C7 1. Through a direct calculation, we easily
know for Wulff shape,

(44)  "(0)=—(r+1)CT_, / [div(Ap grad ) + ¥ (Ap o dv,dv)] dAx,
M
and 1 satisfies

(4.5) /M YdAyx =0.

From Palmer [14] (also see Winklmann [19]), we know 27 (0) > 0, that is the
Waulff shape is stable.

Next, we prove that if X is stable, then up to translations and homotheties,
X (M) is the Wulff shape. We recall the following lemmas.

LeMMA 4.1 ([7], [8]). For each r=0,1,...,n — 1, the following integral
formulas of Minkowski type hold:

(4.6) / (HfF(V) +Hf+1<X,1/>) dAx =0, r=0,1,....,n—1.
M
LEMMA 4.2 ([7], [8], [14]). If M1 =Xy =--- =X, = const # 0, then up to
translations and homotheties, X (M) is the Wulff shape.

From Lemmas 4.1 and (3.8), we can choose ¢ = aF (v) + HY (X, v) as the
test function, where a = [,, F(v)H} dAx/ [,; F(v)dAx. For every smooth
function f: M — R, and each r, we define:

(4.7) L.[f]=L.f + f(T, odv,dv).

Then we have from (3.7)

(4.8) /(0)=~(+1) [ wLlldAx.
M

LEMMA 4.3. For each 0 <r <n—1, we have
(4.9) I.[Fov]=—(grado,1,(gradgn F)ov) + 010,41 — (r +2)0p12
and
(4.10) LUX, V)] = —(grado,y1, X ") — (r + 1)o,41.
Proof. From (2.8) and (2.26),
I.[Fov]=div{T,grad(F(v))} + F(v){T} o dv,dv)
= div(T; o dv(gradg. F) ov) + F(v)(T, o dv,dv)
= div(P,41(gradgn F) ov) + F(v) tr(Pryq dv)
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— (grad 0,41, (gradg. F) ov)
— opp1{div(Py(gradgn F) ov) + F(v)tr(Pydv)},
I.[(X,v)] = div(T, grad (X, v)) + (X, v)(T} o dv, dv)
=div(T, odv X 1) 4+ (X, v)(T} o dv,dv)
=div(Py1 X 1) + (X, ) tr(Pry dv) — (grad o, 1, X )
— o1 {div(Po X ) + (X, v) tr(Ppdv) ).

So the conclusions follow from Lemma 3.2. O
As HF | is a constant, from (4.9) and (4.10), we have

(4.11) L[] = ol [Fov]+ HE  I[(X,v)]
= 04(0107,_,_1 —(r+ 2)07,_,_2) (r+ 1)Hr+10'r+1

= C’TJrl{a[anHyﬂ-l —(n—r— 1)Hf+2} —(r+ 1)(Hf+1)2}'

Therefore, we obtain from Lemma 4.1 (recall HF, F | is constant and || yVdAx =
0)

! (0)
_ / W[ dAy

/ GO alnHE HE,, — (n— 7 — 1)HE ) — (r +1)(HF,)?} dAx
=—aCyt! [ [aP@)+ HEAX BT Yy — (0= = DHE ] dAx
:—a2C,’;+1/ F(w)nH{HE  — (n—r—1)HE, ,]dAx

oCrH L [ (X HE — (== DAl A
= —a2C [ P, — (n=r = 1)) dAx
+aCrt g r+1/ F()[nHf, | — (n—r—1)HF |dAx

——a¥(n—r=0C; [ P)HIHE, - HE ) ddx
M

a(r—l—l)C""‘l( HE ,)?
fM dAX

{/F v)HT dAX/F THdAX—(/F dAX>2},
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where we used a = [,, F(v)H}' dAx/ [,, F(v)dAx in the last equality of the
above formula.

As HY "1 is a constant, it must be positive by the compactness of M. Thus,
by Lemma 2.2, HY ...  HE are all positive. So, from [6] or [20], we have:

(i) for each 0 <7 <n—1,
(412 HEHE 120,
with the equality holds if and only if Ay =---= \,, and

(ii) for each 1 <r<n-—1,

(4.13) /MF(V)Hf dAx /M F(v) }gl dAx — (/M F(v) dAX)2

> /M F(v)HF dAx /M F(v)/HF dAx — ( /M F(v) dAX>2

>0,
with the equality holds if and only if Ay =---= \,.
From (4.12) and (4.13), we easily obtain that, for each 0 <r <n —1,
"(0) <0,
with the equality holds if and only if Ay =---=\,,. Thus, from Lemma 4.2,

up to translations and homotheties, X (M) is the Wulff shape. We complete
the proof of Theorem 1.3.
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