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UNIQUENESS OF THE MAXIMAL FUNCTION IN THE
RATIO ERGODIC THEOREM

ROLAND ZWEIMULLER

ABSTRACT. We show that the maximal operator associated to Hopf’s
ratio ergodic theorem is injective.

1. Introduction

In a recent paper L. Ephremidze has shown that for a measure preserving
transformation (m.p.t.) 7 on a finite measure space (X, A, ) the ergodic
mazximal function M(f) := sup,~; n~ 'S, (f), where S, (f) := ZZ;& foTk,
n > 1, uniquely determines f € Li(u), i.e., M(f) = M(g) a.e. implies f = g
a.e., cf. [E]. (An alternative short proof on this result has been given in [J].)

His article also discusses to what extent this remains true if the measure
space is infinite (but o-finite), proving that the conclusion still holds for non-
negative functions, and showing that it does break down for some others.
While this observation certainly is of some interest, one might argue that in
infinite measure preserving situations (see [A]), M (f) is not the “correct”
object to study (there being no nontrivial limiting behaviour of n=!S,,(f)).
Instead, we are going to consider the maximal function corresponding to the
proper version of the pointwise ergodic theorem for infinite measure spaces,
that is, to Hopf’s ratio ergodic theorem (cf. [S], [H]). We briefly recall the
statement of the latter (see [KK] and [Z] for short proofs):

THEOREM 1 (Hopf’s Ratio Ergodic Theorem). Let T be a conservative
m.p.t. on the o—finite measure space (X, A, u). Let f,p € L1(u) with p > 0.
Then there exists a measurable function Q(f,p) : X — R such that

Su(f) _ YigfoT*
Sn(p) Z;é])OZTk

— Q(f,p) ae onX asn— oo.
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The limit function Q(f,p) is measurable w.r.t. the c—algebra T C A of T-
imwvariant sets and satisfies f[ Q(f,p) - pdu = fI fdu for all I € . In other
words, Q(f,p) =Ey, [f/p||Z], where du, := pdp.

Following Ephremidze’s original approach, we are going to prove:

THEOREM 2 (Uniqueness of Hopf’s Ergodic Maximal Function). Let T be
a conservative m.p.t. on the o—finite measure space (X, A, ). Fix p € L1(p)
with p > 0, and for f € Li(u) define Hopf’s ergodic maximal function as

Sn P foTk
M(f,p) := sup ) _ su Zkr;q;f,
n>1 Sn(p) n>1 Zk:o po Tk

Then M(f,p) uniquely determines f, that is, M(f,p) = M(g,p) a.e. implies
f=gae onX.

Notice that even in the case of finite measure this contains a nontrivial
generalization of the earlier result.

REMARK 1. The question of integrability of M(f,p) has been discussed
in [D].

2. Injectivity of a discrete maximal operator

The core of the argument is a discussion of injectivity properties of the
discrete maximal operator associated to a class of averaging operations on se-
quences of real numbers. Let I := R0 denote the set of real-valued sequences
a = (n)n>0. We consider families of averaging functions A,, ,, : I' — R such
that A, ., (a) only depends on (ap,...,am), m > n > 0, and study their
associated maximal operator

—Np

M:T—-R ", Ma,:=sup A, n(a),n>0.
m>n
Its restriction to I'* := {« € I': for every n € Ny there exists m > n with

Ma, = A, (@)}, which clearly maps into I', will also be denoted by M.
The A,, ,, are assumed to satisfy the following conditions:

(0) for0<n<l<mandael, A, ,,(a)is anontrivial convex
combination of A, ;(c) and Ajyq ., ()

(which automatically extends to partitions of {n,...,m} into more than two
subintervals), and

(V) for0<n<mandaecl, A, (a)and (apt1,...,0n)
uniquely determine .

The special case relevant for our ergodic theoretical result is that of inhomo-
geneous arithmetic averages:
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ExaMPLE 1. For a fixed sequence m = (7 )k>0 in (0, 00) define

2 e Ok
Apm(a)==3"2—, m>n>0.
Zk:n Tk

This clearly satisfies our assumptions. The case 7, = 1 was considered in [E].

We are going to prove the following generalization of Proposition 2 of [E],
closely following the line of argument given there:

PRrOPOSITION 1 (Injectivity of the restricted discrete maximal operator).
The maximal operator M 1is injective on I'*.

A component of a set J C Ny will be understood to be a maximal finite
interval I, = {p,...,q} C Ny contained in J. We abbreviate A, ,, =
A, m(a) and {Ma > A} := {n € Ny : Ma,, > A\}. Whenever an expression
like I, 4, Ap 4 etc. appears, we tacitly assume that p < gq.

LEMMA 1. Let m,n,p,q € Ng, A€ R, and a € T"*.
(a) If Ma,, = A, q, then Ay o > May, for allp € I, 4.
(b) If n <m and May, > Moy, then Ma,, = A, 4 for some q € I, pp—1.
(c) If 1,4 is a component of {Ma > A}, then for any n € I, 4, Moy, =
Ay for some m =m(n) € I, 4.
(d) If I, 4 is a component of {Ma > A}, then A, 4 > X for alln € I,
e) If Mayp4+1 < May,, then A, , = May,.
£) If Iny1,m is a component of {Ma > May,}, then Ay = May,.

—_~

Proof. (a) The case p = n being trivial, we suppose that A, , < Ma, for
some p € I41,4. Then using A, ,—1 < May, ({) implies 4,, ; < Ma,, which
contradicts our assumption.

(b) We have Ma,, = A, 4 for some ¢ > n, and part (a) shows that ¢ < m.

(c) Fix any n € Ipq. As Ma,, > X > Mag1, statement (b) yields our
assertion.

(d) Fix n € I, ;. Repeatedly applying (c), we obtain n =ngp <ng < --- <
n; =q with Ay, | n,—1 > A (take n;4q := m(n;) + 1), and () implies (d).

(e) Let XA := Ma,,, and let ¢ > n be an integer satisfying A, , = A. If
¢ = n we are done. Suppose now that ¢ > n. The trivial estimate A,41,4 <
May, 11 < A together with () shows that A, , < A would imply A4, , < A,
contradicting our choice of q.

(f) Let A and g be as in (e). Observe first that necessarily ¢ > m: By
statement (d), assuming the contrary implies A;11 ,,, > A, and hence (due to
An g = X and property ({)) Anm > A, which is impossible.

If ¢ = m, we are done. Suppose now that ¢ > m. The trivial inequality
Am+1,g < Mayn+1 < A together with () shows that A, ,, < A would imply
Ap,q < A, contradicting our choice of ¢q. Thus, A, ,, > A, and therefore
Apm = A O
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LEMMA 2. Let A€ R, o, €T*.
(a) If 1,4 is a component of {Ma > A}, then (May,...,May,) deter-

mines (Qp, ..., 0q).
(b) If Ma,, > May, for somem >n >0, then , is uniquely determined
by Ma.

Proof. (a) Arrange the values {Ma,, : n € I, 4} in descending order, i.e.,
A > o> N >\ where [; ;= {n € I,,: Moy, = \;} # @ and J_, [, =
I, ;. We are going to identify the «,, for n € I; by induction on 3.

For ¢ = 1 and n € I;, we have A, ,, = A; by Lemma 1 (e), which due to
(V) uniquely determines ay,.

Assume now that the a,, have been found for n € I U---UI;. We identify
ay, for any fixed n € Ip1: If May,41 < Aj41, then A4,, ,, = A1 by Lemma 1 (e),
and we are done. If Ma,,+1 > A1, then there exists m < ¢ such that 1,41,
is a component of {Ma > A;11}, and Lemma 1 (f) ensures that A,, ,, = Xij1.
Since « has already been identified on {Ma > A;iy1} D {n+1,...,m}, we see
that v, is uniquely determined, cf. (©).

(b) If A := May, > May,4+1, then Lemma 1 (e) shows that A, ,, = A, which
uniquely determines o, by (V).

Otherwise, if A < May,41, then there is some ¢ < m for which I,,41 4 is

a component of {Ma > A}. According to statement (a), (apt1,...,0q) is
uniquely determined, and by Lemma 1 (f), A, » = A. Consequently, cf. (©),
«y, is uniquely determined as well. O

The injectivity result now follows easily:

Proof of Proposition 1. Due to Lemma 2 (b), it is enough to show that
each a € I'* has the following property:

for each n > 0 there is some m > n s.t. Ma,, > Ma,,.

Fix a and n. We have A := Ma,, = A, for some p > n. Due to (),
the existence of some ¢ > p with Ay, > A would imply A4, , > A, which
is impossible. Hence, Apy14 < A for all ¢ > p, so that Ma,, < A, where
m:=p+ 1. O

3. Proof of the theorem

In proving our result for Hopf’s ergodic maximal function, we will stick
to arguments specific to the ergodic theory of point transformations (rather
than operators). If T is a conservative m.p.t. on the o-finite measure space
(X, A, ), and Y € A with 0 < u(Y) < oo, we let py(z) := min{n > 1 :
Trx € Y}, z € Y, denote the first return time of Y, which is finite a.e. on
Y, and consider the first return (or induced) map Ty : Y — Y given by
Tyxz = T%" @)z, According to basic classical results, Ty is an m.p.t. of the
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finite measure space (Y, ANY,u |4ny), and the invariant measures p and
i | any are related via

(1) Fdp = / Fydy for F € Li(p),
I(Y) Y
where Py := Y2 FoT9, and I(Y) := U5, T7"Y € T.

The one auxiliary result from ergodic theory we need for the proof of our
theorem has long been known in the ergodic finite measure preserving case
(see, e.g., [P, p. 84]). Tt is not hard to extend it to conservative infinite
measure preserving situations, thus obtaining the following generalization of
Proposition 1 in [E].

PROPOSITION 2 (Zero chance of strictly constant signs). Let T' be a con-
servative m.p.t. on the o-finite measure space (X, A, ). Let F € Li(u) with
J; Fdp=0 for I €Z. Then

1w ({Sn(F) <0 foralln >1}) =0.

Proof. (a) Assume first that p is finite. For the reader’s convenience we
briefly recall the beautiful argument given in [P]. Let Y := {S,(F) < 0 for
all n > 1} and suppose that u(Y) > 0 (otherwise there is nothing to prove).
Then it is easy to see that

sup,>1 Sn(F) =Fy ae onY.

Recalling (1) we obtain [y sup,>; Sp(F)dp = [, Fydu = [, Fdp =
0, and as sup,~; Sn(F) < 0 on Y, we conclude that sup,~; S,(F) = 0
a.e. on Y. Since for a.e. x € Y this supremum is attained, we have
w({Sn(F) <0 foraln>1})=0.

(b) If p is infinite, we show that for any ¥ € A with 0 < p(Y) < oo,

(Y N{S,(F)<0foralln>1})=0.

Fix such a set Y, and let SY (Fy) := ;":701 Fy o T{i, m > 1. Since 1;Fy =
(17(nF)y for Ty-invariant sets J, we can apply the finite-measure version of
the proposition to the induced system and Fy to obtain

1 (Y N {S};(Fy) < 0 for all m > 1}) =0.

Since (SY,(Fy)(x))m>1 is a subsequence of (S, (F)(z))n>1, the result follows.
O

All the tools required for proving our main result are now available.

Proof of Theorem 2. (a) For z € X, we let m, € T be given by (7;) :=
poTk(x), k >0, and define A, ., : I — R by

Axm,m(a) = Zk:n L

B Z;n:n (ﬂw)k
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for m > n > 0, as in Example 1. Then, for any n > 0,
(anw)n = sup Aw,mm(aw) = M(f o Tn7p © Tn)(x)7
m>n

where o, € T' is given by (o )y := f o T™(z).
(b) Observe first that since M (f oT* poT*) = M(f,p)oT* for k > 0, the
assumption M(f,p) = M(g,p) a.e. of the theorem immediately implies

M(foT* poT*) = M(goT* poT*) forall k>0 ae. onX,

meaning that M a, = M, 8, for a.e. z € X, where (5;), := goT"(x).

(¢) Proposition 1 ensures that the sequence «a, (and hence, in particular,
(az)o = f(z)) is uniquely determined by M,«, provided that a, € I'i =
{a € T: for every n € Ny there exists m > n with (Mga), = Agznm(a)}.
We claim that this holds for a.e. € X: By Hopf’s ergodic theorem, S, (f o
T*)/Sn(poT*) — Q(f o T*,po T*) = Q(f,p) a.e. as n — oo, and hence

M(foT* poT*)>Q(f,p)forall k>0 ae. onX.
Applying Proposition 2 to F := (f o T*) — Q(f,p)(po T*), we see that for all

k>0, k
8 q% < Q(f,p) for all n > 1}) = 0.

Consequently, for a.e. € X, and any k > 0, there is some j = j(z,k)
such that S;(f o T%)(z)/S;(p o T*)(x) > Q(f,p)(z), and hence some index
m = m(z, k) for which sup,, S,,(foT*)(x)/S,(poT")(x) is attained. Therfore,
o, €I} as required. (]

Acknowledgements. This research was supported by an APART [Aus-
trian programme for advanced research and technology] fellowship of the Aus-
trian Academy of Sciences.

REFERENCES

[A] J. Aaronson, An introduction to infinite ergodic theory, Mathematical Surveys
and Monographs, vol. 50, American Mathematical Society, Providence, RI, 1997.
MR 1450400 (99d:28025)

[D] Y. Derriennic, On the integrability of the supremum of ergodic ratios, Ann. Proba-
bility 1 (1973), 338-340. MR 0352404 (50 #4891)

[E] L. Ephremidze, On the uniqueness of the ergodic mazimal function, Fund. Math. 174
(2002), 217-228. MR 1924999 (2003e:37003)

[H] E. Hopf, Ergodentheorie, Springer-Verlag, Berlin, 1937.

[J] R. L. Jones, On the uniqueness of the ergodic mazimal function, Proc. Amer. Math.
Soc. 132 (2004), 1087-1090 (electronic). MR 2045424 (2004m:37004)

[KK] T. Kamae and M. Keane, A simple proof of the ratio ergodic theorem, Osaka J. Math.
34 (1997), 653-657. MR 1613108 (99¢:28048)

[K] U. Krengel, Ergodic theorems, de Gruyter Studies in Mathematics, vol. 6, Walter de
Gruyter & Co., Berlin, 1985. MR 797411 (87i:28001)

[P] K. Petersen, Ergodic theory, Cambridge Studies in Advanced Mathematics, vol. 2,
Cambridge University Press, Cambridge, 1983. MR 833286 (87i:28002)



THE MAXIMAL FUNCTION IN THE RATIO ERGODIC THEOREM 1265

[S] W. Stepanoff, Sur une extension du theoreme ergodique, Compos. Math. 3 (1936),
239-253.

[Z] R. Zweimiller, Hopf’s ratio ergodic theorem by inducing, Collog. Math. 101 (2004),
289-292.

MATHEMATICS DEPARTMENT, IMPERIAL COLLEGE LONDON, 180 QUEEN’S GATE, LONDON
SWT7 2AZ, UNITED KINGDOM

E-mail address: r.zweimueller@imperial.ac.uk



