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CONVOLUTIONS OF EQUICONTRACTIVE SELF-SIMILAR
MEASURES ON THE LINE

DE-JUN FENG, NHU T. NGUYEN, AND TONGHUI WANG

ABSTRACT. Let p be a self-similar measure on R generated by an equicon-
tractive iterated function system. We prove that the Hausdorff dimen-
sion of pu*™ tends to 1 as m tends to infinity, where p*™ denotes the
n-fold convolution of p. Similar results hold for the L? dimension and
the entropy dimension of p*™.

1. Introduction

Let p1,..., 4, (n > 2) be a family of Borel probability measures on R.
Recall that the convolution py *...% puy, of py,..., p, is defined by

M1*-~-*Mn(E):/ XE(T1+ .+ xp)dps (1) - dppn (2n)

n

for any Borel set £ C R, where xg denotes the characteristic function of E.

In particular if g = -+ = p, = p, then
W=k ek
——

n

is called the n-fold convolution of p.

It is well known that if u is absolutely continuous with a density function
f, then p*™ is absolutely continuous with density f*" for each n > 2, where
f*™ denotes the n-fold convolution of f. However, if i is a singular measure,
w*™ may be still singular for all n. In this case it is interesting to describe the
asymptotic behavior of the “degree of singularity” of p*™ as n tends to infinity.
There are some widely used indices for describing the degree of singularity of
measures, such as the Hausdorff dimension, the L4 dimension and the entropy
dimension.

Recall that for a Borel probability measure n on R, the upper Hausdorff
dimension and the lower Hausdorff dimension of n are defined, respectively,

Received July 2, 2002; received in final form September 6, 2002.
2000 Mathematics Subject Classification. Primary 28 A80. Secondary 28A78.

(©2002 University of Illinois

1339



1340 DE-JUN FENG, NHU T. NGUYEN, AND TONGHUI WANG

by

dimgn = inf{dimyg E : E is a Borel set with n(E) = 1}
and

dimyn = inf{dimy E : E is a Borel set with n(E) > 0},
where dimy E denotes the Hausdorff dimension of E. (See [1], [2], [8] for the
definition and properties of the Hausdorfl dimension.) For ¢ > 1, the upper
Li-dimension of n is defined by

— 1 — ad 1
dim,n = lim sup og [ (e —rx+r])ide .
r—0 (g—1)logr q—1
The lower L9-dimension dim,n can be defined similarly by taking the lower
limit. The upper entropy dimension of n is defined by

. H,
dim.n = limsup ()

n— oo log 2n ’

Ho(n) == Y n(27"k27"(k+ 1)) logn ([27"k, 27" (k + 1))
k=—o00
The lower entropy dimension dim,n is defined similarly by taking the lower
limit. o o
As we will show, the sequences dimypu*", dimpgp™, dim, p*", dimgu™",

*MN *N

dim_z*" and dim.u*™ are increasing in n and bounded from above by 1 (see
Corollary 2.4). However, it is a rather subtle question to determine the limits
of these sequences in general. In this paper, we provide precise values for
the above limits for the class of equicontractive self-similar measures on R.
Suppose
oi(x) = px +d; (i=1,...,m)

is a family of equicontractive similitudes on R with 0 < p < 1, m > 2, and
dy < dy < -+ < dp,. Usually, {¢;}7"; is called an equicontractive iterated
function system. For a given probability weight {p;}™, (i.e., p; > 0 and
>;pi = 1), it was proved by Hutchinson [5] that there is a unique Borel
probability measure v on R such that

(1.1) V:Zpiyoqb;l.
i=1

The measure v is called an equicontractive self-similar measure.
We can formulate our result as follows:

THEOREM 1.1. Let v be an equicontractive self-similar measure on R.
Then

(1.2) lim dimgr*™ = lim dimgv*” = lim dim,v*" = lim dim./*" =1

n—oo n—oo n—oo
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and

(1.3) lim dim, """ = lim dimg*™ =1 (1<g<2).
n—oo n— oo
We remark that under the condition of Theorem 1.1, »*™ is an equicontrac-
tive self-similar measure for each n > 1 (cf. [3, Proposition 3.1]). It follows
from a result of Peres and Solomyak ([9, Theorem 1.1]) that

. %N _ i o %n . KN i kN
dim, v*" = dim ™", dim ™" = dim,v (g>1).

Also, it is known that dim,v*" = dimgv*" (see, e.g., [4, p. 200]).
Lindenstrauss, Meiri and Peres [7] have considered the measure-theoretic
entropy of convolutions of ergodic measures on the circle R/Z. Let {u;} be
a sequence of invariant and ergodic measures on R/Z with respect to the
transformation o, : * — pz( mod 1), where p is an integer greater than
1. Then Lindenstrauss, Meiri and Peres proved that the measure-theoretic
entropy h(uy * - - %, 0p) tends to logp as n tends to infinity, under a sharp

condition
>
= OQ7
— |log hi
where h; = h(u;, 0p)/log p. We remark that one can use the above deep result
to deduce (1.2) if v is a self-similar measure for the special iterated function
System

¢i(x):%(x+i—1), i=1.--.p.

We organize the paper as follows. In Section 2 we establish a sufficient
condition for a probability measure on R to satisfy the conclusion of Theorem
1.1. In Section 3 this condition will be shown to hold for equicontractive
self-similar measures, completing the proof of Theorem 1.1. Our proof is
based on some classical properties of Fourier transforms of Borel probability
measures as well as some basic properties of energy functions. We also use
some properties of Fourier transforms of self-similar measures developed by
Strichartz [10], [11], [12], and Lau and Wang [6].

2. Probability measures satisfying (1.2) and (1.3)

For a Borel probability measure 7, the Fourier transformation 7 is a complex-
valued function on R defined by

i) = [ o).

For any integer n > 0 let

log [n(t)|"dt
(2.1) an = anp(n) = li;njotip ft|1<ngT .
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In this section we establish the following fact, which is the first step in our
proof of Theorem 1.1.

PROPOSITION 2.1.  Suppose that n is a Borel probability measure on R with
compact support. If lim, . a, =0, then n satisfies (1.2) and (1.3), where v
is replaced by n.

Although the condition in the above proposition appears to be rather tech-
nical and hard to check, we can verify it for the class of equicontractive self-
similar measures. This will prove Theorem 1.1.

We prove several lemmas before giving a proof of Proposition 2.1.

LEMMA 2.2.  Let 11 and ny be Borel probability measures on R. Then:
(i) dimpgm *n2 > dimpgn:, dimgmn * 7o > dimgo, .
(ii) For any ¢ > 1, dimgny * mp > dimgny and dim,ny * 2 > dim, 7, .
(iii) If furthermore my andny are compactly supported, then dimeny*ne < 1,
and dimeny x ng > dimeny, dim,ng * 72 > dim, 7y .

Proof. Suppose 11 * n2(E) > 0 for some Borel set E C R. Then

/771(E —x)dna(x) = m *n2(E) >0,

which implies that 1, (F —x) > 0 for a set of « with positive 2 measure. Thus

there is at least one point zp € R such that 71 (E — z¢) > 0. Hence dimy E =

dimpy (E — xg) > dimgn;, from which we obtain dim gy * 0o > dim ;.
Now suppose 1y * n2(F) = 1 for some Borel set F' C R. Then

/ m(F = y)dns(y) = m +m(F) = 1,

which implies that 71 (F—y) = 1 for 1 almost all y € R. Thus there is at least
one point yo € R such that n, (F —yo) = 1. Hence dimy F' = dimy (F —yo) >
dimgn, from which we obtain dimgmn, * 7o > dimgmn;.

To see (ii), we note that by the Holder inequality we have

o= ide = [ ( fte—y=ra—y+rin ) d
< [ [mlie =y ra =y rl)dn(y)ds
://m([:v*y*r,wfy+r])qudn2(y)
:/nl([x—r,x—f—r])qu.

This implies (ii).
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To prove (iii), define f(z) = —xlogz for x € RT. It is easy to see that

xr+y
2

(22)  flety) < f@)+ ) < 2f< ) — faty) + (2t y)log?

for all z,y € RT. Since 7; is compactly supported,

Z f(m(2"k+2,2""(k+1)+2])) <oco foranyn€N, z€R.

k=—o00

Now fix n and z. Denote by zg the unique real number satisfying 0 < zg < 27"
and 2"(z9 — z) € Z. Using (2.2), we have

oo

S Fm2 k42,27 (k+ 1) + 2)))

k=—oc0

> Fm(2"k+20,27"(k+ 1) + 20)))

k=—o0

o0

S [ n(2 k4 20,27 (k + 1))

k=—o00

+ (27 (k+1),27"(k +1) + 20)))
—m([27"k + 20,27 (k+ 1) + 20) log 2}

Y

= 3 |[F @k + 20,27 (k1))

k=—o00

+ £ (27K, 27"k + x0)) | — log?2

> Y f(m(27"k, 27" (k + 1)) —log?2

k=—o00
= H,(m) — log2.

A similar argument yields

Hy(m)z Y f(m(27"k+227"(k+1) +2))) - log2.

k=—o0

Therefore we have
23)  |Ham) = 3 F (27 + 2,27 (k+1) +2)))| < log2.
k=—o0

Similarly, using (2.2) again, we can deduce that

Hn(nl) < Hn+1(771) < Hn(’ﬂl) + log 2.
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By the above inequality and the definition of entropy dimension, we have
dimgn; < 1. Note that 1y % 72 is also compactly supported, and therefore

ﬁenl * 12 S 1.
By the convexity of f, we have

Hy(mxma) = > f (mxm(27"k,27"(k +1))))

k=—oc0

= f 1([277k — 2,27 (k + 1) — 2))dn2(2)
2 ")

> Z /f (m(27"k — 2,27 "(k+ 1) — 2))) dna(2)
k=—oc0

— [ 3 rmEr =220 D) - 2) dna(e)

k=—o0
> /(Hn(m) —log2) dna(z) = Hp(m) — log2,
from which the last two inequalities in (iii) follow. O

In the following lemma we cite some known facts about the relationship
between various dimensions of a measure.

LEMMA 2.3.  Suppose n is a Borel probability measure on R with compact
support. Then:
(i) dim,n < dimyn < dim,n < dimn < 1 for any ¢ > 1.
(ii) dimgn <1 for any ¢ > 1. Furthermore dim,n and dimgn are mono-
tone decreasing in q > 1.

We remark that part (i) of the above lemma was proved by Fan, Lau and
Rao [4, Theorem 1.4], while part (ii) was proved by Strichartz [12, Theorem
2.8 and Lemma 2.9].

As a corollary of Lemma 2.2 and Lemma 2.3 we have:

COROLLARY 2.4. Suppose 1 is a Borel probability measure on R with com-
pact support. Then the sequences dimpn*™, dim;n*", di—mqn*", dim 7™,
dim.n*" and dim,n*™ are increasing in n. Each of these sequences is bounded
from above by 1.

The following lemma is used to prove Proposition 2.1.

LEMMA 2.5.  For a Borel probability measure n on R with compact support,
we have
dimyn >1—«, and dim,n =1 - q,
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where

 log [l g IRt
a = ag = limsup .
T—o0 IOgT

Although the assertion dimyn > 1 — o can be derived from the assertion
dim,n = 1 — « using Lemma 2.3 (i), for the sake of self-containedness we will
give a direct proof of both assertions.

We divide the proof into three parts, Claims 2.6, 2.7, and 2.8 below. In the
proof of Claims 2.7 and 2.8 we adopt some ideas due to Lau and Wang [6].

CrAamM 2.6. dimpyn >1—c.

Proof. Recall that for ¢ > 0 the t-energy I;(n) of n is defined by

1) = [ [ 1o = ol dntoyinto).

It is well known (cf. [8, Theorem 8.7]) that if E is a Borel set with n(E) > 0,
then I;(n) = oo for any s > dimy E. This implies that

dimgn > sup{s > 0: I;(n) < oo}.

Recall (cf. [8, Lemma 12.12]) that for each 0 < t < 1, there is a positive
constant ¢(t) (independent of 1) such that

1i(n) = c(t) [ Jal'” i) P
Therefore
dimgn > sup {s €(0,1): /\x|3_1\ﬁ(x)|2dx < oo} .

Consequently, to prove dimyn > 1 — « it suffices to establish the following
inequality:

(2.4) /\x|5_1|ﬁ(1‘)|2dx < oo for any G € (0,1 — a).

To see (2.4), take € > 0 so that < 1 — a — 2¢. By the definition of «, there
exists an integer N > 0 such that

/ [7]2dz < Tt for any T > N.
|z|<T
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It follows that

o0
I CRTE v | 222 () P
lz|>N im1 Y N+i—1<|z|<N+i

oo

<y wione ] i) da
P N+i—1<|z|<N+i
<D (N +i=1)7*2(N +i)*T < o0,
i=1
Since 8 > 0, we have
/ lz|P |72 de < / |z~ tdx < oo.
|z|<N lz|<N
The above two inequalities prove (2.4). O

Cramm 2.7. dimyn >1—a.

Proof. Let

1 2
V,y(rm) = T /n([x—r,x—i—r]) dx for any ~,r > 0.
The claim is a simple consequence of the following fact, proved by Lau and
Wang (see the proof of Proposition 3.2 in [6]):
(2.5) Vy(rsm) < C(v)Iy(n) for every r > 0,

where C(7) is a positive constant depending on ~y only.
For the reader’s convenience, we include a brief proof of (2.5):

Va(rim) = Tl%/n([x—?‘,x—kr]fd:c

1
= T1—+,y///X[acfr,err](y>X[mfr,m+r](z)dn(y)dn('z>d‘r

,ﬂllﬂ // L[y —ry +r]0 [z =1z +r])dn(y)dn(2)

< Tl%//lyz@ 2rdn(y)dn(z)
< o1+ / / L an(y)dn(z) = 2L, (),

ly — 2|7

which proves (2.5).

Now take 8 < 1 — a. Since Ig(n) < oo, Vg(r;n) has a uniform upper
bound, and by the definition of dim,n we have dim,n > 3. Since f < 1 — «
is arbitrary, dimy,n > 1 — a. O

CrLAmM 2.8. dim,n <1-—a.
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Proof. First we prove

sin?(rt)

@0 [ulle-ratrpae=2 [EoP™

To see (2.6), fix r > 0 and define f(z) = n([xr —r,x+7]). Then f(x) is a Borel
measurable function with compact support. By the Fubini Theorem,

fy = [ fayin = [ e /pc_md”(y)d””

—[[ et
[z—y|<r

2" sin(tr 2sin(tr
= [ R gy < 2ouler)

dt for every r > 0.

().

Therefore (2.6) follows from the following equality, known as the Plancherel
formula (cf. [8]):

/\f(t)|2dx:2w/|f(x)|2dx.

Now since sin®(tr) > 2 (tr)? for |tr| < 1, by (2.6) we have

8m? 2 012
= ([ —r,z+r))*de > [7(¢)|*dt.
[tI<1/r
Therefore, by the definition of dim,7, we have dim,n <1 — a. O

Proof of Proposition 2.1. Since |*™(z)| = |7(x)|™, by Lemma 2.5 we have
dimyn™ >1— a9, and dim,n™ =1-— ag,.
Since lim,, _, o, o, = 0,
nh_)rrgo dimy,n™ =1 and dim,n*™" = 1.

Combining this with Lemma 2.3 yields the desired result. O

3. Proof of Theorem 1.1

Let v be an equicontractive self-similar measure defined as in (1.1), and
let o, = v, (v) be defined as in (2.1). By Proposition 2.1, it suffices to prove
lim,, o o, = 0.

It is well known that the Fourier transform of v is given by

o) = [ P,
n=0
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where p is the common contractive ratio of ¢; and P(z) = Z;”:l pje T (see
[11, p. 342]). Note that d; # dj, for j # k and

|P(x)]* = Zp? + Z 2pgp; cos((d; — dy)x)

1<k<j<m

=1- Z 2pkp; (1 — cos((d; — dk)az))

1<k<j<m

We define ®(z) = 1 — 2p1ps (1 - cos(27r:v)). Then @ is a periodic function
with period 1. By the above equality,

|P(z)]* < ® (%x) .

™

Hence

(3.1) PP < [ @ (L),

n=0

For a given positive integer ¢ and 0 < 0 < 1, let » = (¢, ) be a positive
integer such that

1 1
(3.2) D,.(x) <o for any z € {k—kgpz, k—|—1—§p£} and k € Z,

where ®,.(z) := (®(z))". Let ¢(£) be the smallest integer s > p~*, and write
A={0,1,...,q(¢) — 1}. For j € A, define

1_[05 . 1_p€
I = s
q(0) =17 q(6) -1
It is clear that (J;c, £; = [0,1], and for any k € Z, y € R we have
. _ 1, Ly

where #A denotes the cardinality of A. This combined with (3.2) yields

j+ﬁ}

3.3 jEAN: D,.(x) >0 <2
(53) #liens mox o) 20} <
for any y € R.
Now define a family of maps {¢;};ea on R by
1—pt

¢ . .
() =pz+ ———7, €A

Then ¢;([0,1]) = I; and [0, 1] = [, ¥;([0,1]). Iterating the last equality n

times we get

0,1 = J 00, ([0,1)).

J1seesJn €A
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For simplicity we write I}, ;. = ¥j, o---01; ([0,1]). By (3.3), for any k € N
and ji,...,jk € A we have

(3.4) # {jk+1 eA: max  O.(p M) > (5} <2

xe]jl"'jkjk+1

By (3.1), we have for any integer n € N,

v p sl O d1)o?
/2 1 |ﬁ(x)|2rdx§/ o H <1)” x>dm
0 0 =0

ot n

d2_d1/0 HCI)

o 1 n 1
— —nZ —j[ d
dy—di"” / @)

IN

2

d2 — dl p—n€ | Z / H (I) —Jf

IN

o n—1 )
< max d,.(p~ 7).
T dy—dy Z €l .y H G )
Jiseenin €A j=0
Note that for any fixed indices ji,...,j,_1 we have
n—2

max D,.( _Jg max ®,.(p~z) max @, (p ("D,
xz€lj, H mEIjl___j,,L,l };IO T(p )ytel...jn T(p y)

Hence by (3.4)

p it ®,.( )(2
> Tlars s Tl o+ o)
Jn€A n=1 j=0
Thus by induction

>

jlv---v]neA

H ®,.( ) < (24 dq(e)"

we J1--dn

Therefore

—nt

d22jd1 P 2 n
/’ (@) [2rde < ——— (24 5q(0))".
0 do — dy




1350 DE-JUN FENG, NHU T. NGUYEN, AND TONGHUI WANG

Similarly
0 2
/ Pla)Prde < o2 (24 4(6)"
_ d22_7rd1 p—nt d2 — d1
Thus
4
/ P(@)de < T (24 Sq(0))",
ol < g2y o dz = dy

which implies (see (2.1))

10g Ji, < [P(@) Tz 1og(2 4 5q(¢
oy = limsup f‘ <7 < g +7qe( )).
T—oo log T log p

Now letting first 6 — 0 and then ¢ — oo, we finally obtain lim, .., as, =0
and so lim,_, o, = 0. Therefore by Proposition 2.1 we get the desired results.
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