
Illinois Journal of Mathematics
Volume 45, Number 1, Spring 2001, Pages 25–39
S 0019-2082

LOCAL PROPERTIES OF POLYNOMIALS ON A BANACH
SPACE

RICHARD M. ARON, YUN SUNG CHOI, SUNG GUEN KIM, AND MANUEL
MAESTRE

Abstract. We introduce the concept of a smooth point of order n of
the closed unit ball of a Banach space E and characterize such points

for E = c0, Lp(µ) (1 ≤ p ≤ ∞), and C(K). We show that every
locally uniformly rotund multilinear form and homogeneous polynomial
on a Banach space E is generated by locally uniformly rotund linear

functionals on E. We also classify such points for E = c0, Lp(µ) (1 ≤
p ≤ ∞), and C(K).

1. Introduction

This paper deals with smoothness and local uniform rotundity for n-ho-
mogeneous polynomials on a Banach space. The concept of smoothness is
a linear one and we extend this notion to n-smoothness, in the context of
n-homogeneous polynomials. In addition, we will study locally uniformly ro-
tund points of the closed unit ball of the Banach space of n-homogeneous
polynomials which, in a sense, is a dual notion to n-smoothness.

We recall that a point x0 in the unit sphere SE of a Banach space E is said
to be a smooth point of the closed unit ball BE if there is a unique norming
functional for x0, that is, if there is a unique linear form φ0 ∈ E∗ such that
‖φ0‖ = 1 = φ0(x0). The set of smooth points of BE is denoted by sm(E). A
dual notion to smoothness is rotundity: a point x0 ∈ SE is called a locally
uniformly rotund point if the condition ‖xn + x0‖ → 2, for a sequence (xn)
in the closed unit ball BE , implies that ‖xn − x0‖ → 0. The set of locally
uniformly rotund points of BE is denoted by lurBE .
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To describe the problems we will be investigating, we first need to recall
some terminology and notation. Let L(nE) denote the Banach space of scalar-
valued continuous n-linear mappings on E × · · · ×E, endowed with the norm
‖A‖ = sup‖xi‖≤1 |A(x1, . . . , xn)|, and let P(nE) denote the Banach space of
scalar-valued continuous n-homogeneous polynomials on E endowed with the
norm ‖P‖=sup‖x‖≤1 |P (x)|. We refer the reader to [4, 11, 14] for more details
about polynomials on a Banach space. Given an n-homogeneous polynomial

P , we denote the unique symmetric n-linear form associated to P by
∨
P .

A point x0 ∈ SE is called a smooth point of order n of BE if there is a unique
element P ∈ P(nE) such that ‖P‖ = 1 = P (x0). We denote the set of all
smooth points of order n of BE by sm(n)(E), noting that sm(1)(E) coincides
with sm(E); see [9, Chapters 1 and 2] and [10, Chapter 2]. On the other hand,
P(nE) is isometrically isomorphic with the dual space of ⊗̃n,sπs E, which is the
completed n-th symmetric tensor product of E with the projective s-tensor
norm (see [12]). From this viewpoint we can say that the point x0 ∈ SE is a
smooth point of order n of BE if the n-symmetric tensor x0 ⊗ · · · ⊗ x0 is a
smooth point of B⊗̃n,sπs E . Since P(nE) ≡ (⊗̃n,sπs E)∗, the concept of a smooth
point of order n of BE is closely related to that of an LUR point of BP(nE)

(see, e.g., Corollary 3.5 below).
Boyd and Ryan [3, Proposition 17] showed that if E is a real Banach space

of dimension at least 2, then for n ≥ 2 the spaces ⊗̃n,sπs E and P(nE) are
neither smooth nor rotund. Extreme points and smooth points of BP(nE)

were studied in [5, 6, 7, 8]. Here, we will study smooth points of B⊗̃n,sπs E and
LUR points of BP(nE) and BL(nE) for classical Banach spaces E.

For use in the sequel, we now collect some results concerning smooth and
locally uniformly rotund points. It is well-known (see [9, Examples 1.6], and
[13, 26.5 Examples]) that sm(L1[0, 1]) = {f ∈ L1[0, 1] : ‖f‖1 = 1 and f(x) 6=
0 a.e.}, while sm(Lp[0, 1]) = SLp[0,1] for 1 < p < ∞ and sm(L∞[0, 1]) = ∅.
Also, sm(`p) = S`p for 1 < p < ∞, sm(`1) = {(ai) ∈ S`1 : ai 6= 0 for all i},
sm(`∞) = {(λi) ∈ `∞ : there exists i0 such that |λi0 | = 1 > sup{|λi| for i 6=
i0}}, and sm(c0) = {(λi) ∈ c0 : there exists i0 such that |λi0 | = 1 and |λi| <
1 for i 6= i0}. Further, if X is a locally compact Hausdorff space and we
denote by C0(X) the Banach space of continuous functions on X vanishing
at infinity, endowed with the supremum norm, then sm(C0(X)) = {f : there
exists a unique x0 ∈ X satisfying |f(x0)| = 1 = ‖f‖∞}. Finally, lurBC(K) = ∅
provided the compact set K has at least two points. Also, lurB`p = S`p and
lurBLp[0,1] = SLp[0,1] for 1 < p < ∞, because `p and Lp[0, 1] are uniformly
convex.

In Section 2 we examine the set of smooth points of order n for all these
spaces. In Section 3 we show that every locally uniformly rotund multilinear
form and homogeneous polynomial on E is generated by locally uniformly
rotund linear functionals, and we characterize such points for these spaces.
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2. Smooth points of high order

An easy observation is that if x ∈ SE is a norming point of a non-finite type
polynomial P ∈ P(nE), i.e. P 6∈ ⊗n,sE∗, then x is not a smooth point of order
n. Moreover, we can see that sm(n)(E) ⊂ sm(k)(E) for 1 ≤ k ≤ n. In fact, if
x0 ∈ SE is not a smooth point of order k, then there is Q ∈ P(kE), Q 6= φk0 ,
such that 1 = Q(x) = ‖Q‖, where φ0 ∈ E∗ is such that 1 = ‖φ0‖ = φ0(x0).
Hence φn0 = φn−k0 φk0 6= φn−k0 Q, and so x0 is not a smooth point of order n.

For a real Banach space E of dimension at least 2, we get sm(2)(E) = ∅.
Indeed, given x0 ∈ SE , let φ0 ∈ E∗ and P0 = φ2

0 ∈ P(2E) be as above. Next
choose η ∈ E∗ so that ‖η‖ = 1 and η(x0) = 0. Define Q ∈ P(2E) by Q(x) =
(φ0(x))2 − (η(x))2. Then P0 6= Q and ‖P0‖ = ‖Q‖ = 1 = P0(x0) = Q(x0).
Hence x0 is not a smooth point of order 2. Consequently, all Banach spaces
in this section will be assumed to be over C.

Let K be a compact Hausdorff space and let Z be a closed subset of K.
We denote by CZ(K) the Banach space of all continuous functions on K that
vanish on Z, endowed with the supremum norm. It is well-known that any
closed ideal of C(K) is of this form.

Theorem 2.1. (i) Let K be a compact Hausdorff space and let Z be a
closed subset of K. Then for all n, sm(n)(CZ(K)) = {f : there exists a unique
x0 ∈ K satisfying |f(x0)| = 1 = ‖f‖∞}.

(ii) If X is a locally compact space, then for all n, sm(n)(C0(X)) = {f :
there exists a unique x0 ∈ X satisfying |f(x0)| = 1 = ‖f‖∞}.

Proof. (i) Given x ∈ K, let δx be the evaluation functional at x. Let f ∈
SCZ(K) and suppose that there exist distinct points x1 and x2 in K satisfying
|f(x1)| = |f(x2)| = 1. For each positive integer n, Pj = 1

f(xj)n
(δxj )

n (j =

1, 2) are distinct continuous n-homogeneous polynomials with norm one on
CZ(K) such that Pj(f) = 1 for j = 1, 2. Hence f is not a smooth point of
order n. Conversely, let f0 ∈ CZ(K) be a function such that there exists a
unique x0 ∈ K with ‖f0‖∞ = 1 = |f0(x0)|. To complete the proof it is enough
to show that if f0(x0) = 1 and if P ∈ P(nCZ(K)) satisfies ‖P‖ = 1 = P (f0),
then P = (δx0)n.

Let E be the family of open neighborhoods U of x0 with U 6= K. For each
U ∈ E there exists sU : K → [0, 1], continuous on K, satisfying

sU (x) =
{

1 if x = x0,
0 if x ∈ K \ U .

Next we can find tU : K → [0, 1], continuous on K, such that

tU (x) =
{

1 if x ∈ s−1
U ([0, 1/4]),

0 if x ∈ s−1
U ([1/2, 1]).
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The functions g1U = tU
sU + tU

and g2U = sU
sU + tU

are continuous on K and
satisfy g1U + g2U ≡ 1. For each U ∈ E , we define GU : CZ(K) → C by
GU (f) = P (fg1U + f0g2U ) for f ∈ CZ(K). Since the map φ : CZ(K) →
CZ(K) defined by φ(f) = fg1U + f0g2U is affine, GU = P ◦ φ is a continuous
polynomial of degree n on CZ(K). Moreover,

GU (f) =
n∑
k=0

(
n

k

)
∨
P
(

(fg1U )(k), (f0g2U )(n−k)
)

= P (fg1U ) +
n−1∑
k=1

(
n

k

)
∨
P
(

(fg1U )(k), (f0g2U )(n−k)
)

+ P (f0g2U ).

If ‖f‖∞ ≤ 1, then

|GU (f)| ≤ ‖P‖‖fg1U + f0g2U‖n∞ ≤ ‖P‖max{‖f‖∞, ‖f0‖∞}n ≤ 1.

Since GU (f0) = P (f0g1U + f0g2U ) = P (f0) = 1, we have max{|GU (f)| :
‖f‖∞ ≤ 1} = 1. Now consider the continuous function hU : K → [0, 1], given
by

hU (x) =
{

0 if x ∈ s−1
U ([7/8, 1]),

1 if x ∈ s−1
U ([0, 3/4]).

If g1U (x) > 0, then sU (x) < 1/2 < 3/4, and so hU (x) = 1. As a consequence,
hUg1U = g1U and therefore GU (f0hU ) = P (f0hUg1U + f0g2U ) = P (f0) = 1.
Note that ‖f0hU‖∞ < 1. By the maximum modulus theorem GU is a constant
polynomial on CZ(K). Hence, for 1 ≤ k ≤ n, all k-homogeneous polynomials
in the above representation of the polynomial GU must be 0. In particular,

(1) P (fg1U + f0g2U ) = P (f0g2U ) = GU (0) = 1 and P (fg1U ) = 0

for all f ∈ CZ(K). For each f ∈ CZ(K) and U ∈ E define fU = fg1U +
f(x0)f0g2U . Since fU (x)− f(x) = 0 for all x ∈ K\U and all U ∈ E , it is easy
to check that the net (fU )U∈E is ‖ ·‖∞-convergent to f . If f(x0) = 0, then (1)
and the definition of fU imply that P (f) = 0 = (δx0)m(f). If f(x0) 6= 0, then
it follows from (1) that P (fU ) = f(x0)mP ( 1

f(x0)fg1U + f0g2U ) = f(x0)m =
(δx0)m(f). Hence P (f) = δmx0

(f) for all f ∈ CZ(K).
(ii) Let X be a locally compact set. If we denote its Alexandroff com-

pactification by X̃, then C0(X) = C{∞}(X̃), and the conclusion follows from
(1). �

Corollary 2.2. For every positive integer n,

sm(n)(c0) = {(λi) ∈ c0 : there exists i0 such that

|λi0 | = 1 and |λi| < 1 for i 6= i0},

sm(n)(`∞) = {(λi) ∈ `∞ : there exists i0 such that

|λi0 | = 1 > sup{|λi| for i 6= i0}}
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Proof. Since c0 = C0(IN), where IN is endowed with the discrete topology,
and `∞ = C(βIN), where βIN denotes the Stone-C̆ech compactification of IN,
the result is immediate from Theorem 2.1. Note also that the results are very
well-known for the case n = 1 (see, e.g., [9, Example 1.6.b)]), and Theorem
2.1 implies that the sets of smooth points of any order coincide for these
spaces. �

We now turn our attention to sm(n)(`p) for 1 ≤ p <∞.

Remark. In general, if x0 is a norm one element of `p such that some
coordinate of x0 equals 0, then x0 is not contained in sm(n)(`p) for n ≥ p.
Indeed, suppose that x0 is 0 in the jth coordinate and let φ ∈ (`p)∗ be a
norm one functional such that φ(x0) = 1. Note that φ itself must be 0 in
the jth coordinate. Then for any n ≥ p, the n-homogeneous polynomial
P (x) = [φ(x)]n + (xj)n is such that P (x0) = 1 = ||P || = φn(x0). Therefore,
since P and φn are different, x0 is not a smooth point of order n of B`p .

Theorem 2.3. Let 1 ≤ p <∞ and n ≥ 2 be a positive integer. Then

sm(n)(`p) =
{
{λej : |λ| = 1, j ∈ IN} if 2 ≤ n < p,
∅ if p ≤ n,

and if k ≥ 2 is a positive integer, then

sm(n)(`kp) =
{
{λej : |λ| = 1, 1 ≤ j ≤ k} if 2 ≤ n < p,
∅ if p ≤ n.

In our proof (which will be given only for `p), we will examine the three
cases p = 1, 1 < p ≤ 2 and 2 < p <∞ separately.

Step 1: p = 1. We need to prove that sm(2)(`1) = ∅. Let a, b, c ∈ IR, |a| <
1, |b| < 1 and 2 < |c| ≤ 4 and P (x, y) = ax2 + by2 + cxy ∈ P(2`21). We make
use of a result in [8, Theorem 2.4] that

‖P‖ = 1 if and only if 4|c| − c2 = 4(|a+ b| − ab).

Since sm(`1) = {(ai) ∈ S`1 : ai 6= 0 for all i}, it is enough to show that
sm(2)(`1) does not contain any point a = (ai) ∈ S`1 such that ai 6= 0 for all i.
Choose a positive integer i0 so that 0 < |ai0 | < 1/2. Set c = 2/(1− |ai0 |) and
define

P (x) = (c− c2

4
)

∑
i 6=i0

sgn(ai)xi

2

+ cxi0

∑
i 6=i0

sgn(aiai0)xi


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for x = (xi) ∈ `1, where sgn(d) = |d|/d if d 6= 0 and 1 if d = 0. Since

‖P‖ ≤ sup
‖x‖≤1

(c− c2

4
)

∑
i 6=i0

|xi|

2

+ c|xi0 |

∑
i 6=i0

|xi|


= sup

|α|+|β|≤1

(c− c2

4
)|α|2 + c|α||β| = 1

and P (a) = 1, we have ‖P‖ = 1.
On the other hand, the functional φ0 ∈ (`1)∗ with ‖φ0‖ = 1 = φ0(a) has

the property that all its coordinates have modulus 1. Since every coefficient of
the monomial expansion of Q = φ2

0 has modulus 1 or 2, P and Q are distinct
polynomials. Hence x0 is not a smooth point of order 2. �

Step 2: 1 < p ≤ 2. We need the following lemma.

Lemma 2.4. Let 1 < p ≤ 2. Given (z0, w0) ∈ `2p with ‖(z0, w0)‖p = 1
and 2−1/p ≤ |z0| < 1, there exist b > 0 and c ≥ 0 (with c = 0 if and only if
|z0| = 2−1/p) such that

P (z, w) = b

((
|z0|
z0

)2

cz2 +
|z0|
z0

|w0|
w0

zw

)
satisfies ‖P‖ = 1 = P (z0, w0).

Proof. Given c ≥ 0, consider the polynomial Qc(z, w) = cz2 + zw. Letting
fc(x) = cx2 +x(1−xp)1/p, it is immediate that ‖Qc‖ = max{fc(x) : 2−1/p ≤
x ≤ 1}. We denote (|z0|, |w0|) = (x0, y0). For the case where x0 = 2−1/p we
set c = 0 and easily check that ‖Q0‖ = Q0(2−1/p, 2−1/p). Taking b = 1/‖Q0‖,
we have ‖P‖ = 1 = P (z0, w0).

For the case where 2−1/p < x0 < 1 we first claim that for any c > 0 there
exists a unique uc ∈ (2−1/p, 1) such that

f ′c(x)

 > 0 if 2−1/p ≤ x < uc,
= 0 if x = uc,
< 0 if uc < x < 1.

To show this, we observe that on the interval (2−1/p, 1), the functions xp−1, (1−
xp)(1/p)−2, (2xp − 1), and (1− xp)(1/p)−1 are positive and strictly increasing.
Consequently, a computation shows that f ′′c is continuous and strictly de-
creasing to −∞ on [2−1/p, 1). Now, if f ′′c (2−1/p) ≤ 0, then f ′ is strictly
decreasing on the interval. Since f ′c(2

−1/p) > 0 and limx→1 f
′
c(x) = −∞, the

claim follows. On the other hand, if f ′′c (2−1/p) > 0, then there is a unique
vc ∈ (2−1/p, 1) such that f ′′c (x) > 0 for 2−1/p ≤ x < vc, f ′′c (vc) = 0, and
f ′′c (x) < 0 for vc < x < 1. As above, the claim follows.
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Taking c0 = (1− xp0)(1/p)−1(2xp0 − 1)/(2x0), we have that f ′c0(x0) = 0 and
c0 > 0, and so x0 = uc0 by the claim. This implies that ‖Qc0‖ = fc0(x0) =
Qc0(x0, y0) > 0. Letting b = 1/‖Qc0‖ and c = c0, we have ‖P‖ = 1 =
P (z0, w0), as required. �

Lemma 2.4 allows us to prove that if 1 < p ≤ 2 then sm(2)(`p) = ∅. Indeed,
given a = (an)∞n=1 ∈ `p with ‖(an)‖ = 1, we will show that a is not contained
in sm(2)(`p). By the Remark preceding the Theorem, we may assume that
an 6= 0 for all n. Let Q(x) = φ(x)2, where φ ∈ (`p)∗ and ‖φ‖ = 1 = φ(a).
Given x = (x1, x2, · · · ) ∈ `p, we put x = x1e1 + x′ with x′ = (0, x2, x3, · · · ).
Let z0 = a1 and w0 = ‖a′‖p. Clearly |z0|p +wp0 = ‖a‖pp = 1. Assume first that
2−1/p ≤ |z0| < 1. By Lemma 2.4 there exist real numbers b > 0 and c ≥ 0
such that the polynomial R defined by

R(z, w) = b

(( |z0|
z0

)2
cz2 +

|z0|
z0

zw

)
satisfies ‖R‖ = 1 = R(z0, w0). Let θ ∈ (`p)∗ be of norm one such that
θ(a′) = ‖a′‖p = w0. Define P ∈ P(2`p) by P (x) = R(x1, θ(x′)). Clearly
‖P‖ = 1 = P (a), but P 6= Q because P (e2) = 0 6= Q(e2). Therefore a is not
a smooth point of order 2 of B`p . If 2−1/p ≤ |w0| < 1, we can apply a similar
argument to (w0, z0). �

Step 3: 2 < p <∞. Given n ∈ IN, let r1(t) and r2(t) be distinct generalized
Rademacher functions associated with n-th roots of unity, as described in [1].
Given two vectors v1, v2 of a complex Banach space E and P ∈ P(mE), we
have

P (v1) + P (v2) =
∫ 1

0

P (r1(u)v1 + r2(u)v2)du.

Moreover, taking β1, β2 ∈ C such that |β1| = |β2| = 1, βm1 P (v1) = |P (v1)|
and βm2 P (v2) = |P (v2)|, we have

|P (v1)|+ |P (v2)| =
∫ 1

0

P (β1r1(u)v1 + β2r2(u)v2)du.

(For details see [11, Lemma 1.57].) Again we need a lemma.

Lemma 2.5. Let n be a positive integer with n < p.
(a) Let P : `2p → C be an n-homogeneous polynomial of the form P (z, w) =

zn + bwn with b ≥ 0. Then ‖P‖ = 1 if and only if b = 0.
(b) Let P (z, w) be an n-homogeneous polynomial on `2p. If ‖P‖ = 1 =

P (1, 0), then P (z, w) = zn.

Proof. (a) Applying Lagrange multipliers to find the maximum of P (s, t)
on the compact set K = {(s, t) ∈ IR2 : s ≥ 0, t ≥ 0, sp + tp ≤ 1}, we get
‖P‖ = (1 + b

p
p−n )

p−n
p . Hence ‖P‖ = 1 if and only if b = 0.
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(b) We write P (z, w) = a0z
n+a1z

n−1w+ ...+an−1zw
n−1 +anw

n. Clearly
a0 = 1. First we prove that an = 0. To do this we define the polynomial
R by R(z, w) = zn + |an|wn. By the remark preceding this lemma, given
(z, w) ∈ C2, there exist β1 and β2 in C such that |β1| = |β2| = 1 and

|R(z, w)| ≤ |z|n + |an||w|n = |P (z, 0)|+ |P (0, w)|

=
∫ 1

0

P (β1r1(u)(z, 0) + β2r2(u)(0, w))du

=
∫ 1

0

P ((β1r1(u)z, β2r2(u)w))du.

Since ‖(β1r1(u)z, β2r2(u)w)‖p = ‖(z, w)‖p for all (z, w), we get ‖R‖ ≤ ‖P‖ =
1. Since R(1, 0) = 1, an = 0 by part (a).

Now, to apply induction, take 0 ≤ k ≤ n − 2 and assume that an =
an−1 = · · · = an−k = 0. We define P̃ (z, w) = zn−k−1 + a1z

n−k−2w + · · · +
an−k−1w

n−k−1 and R̃(z, w) = zn−k−1 + |an−k−1|wn−k−1. Given (z, w) ∈ C2

with |z|p + |w|p = 1, there exist γ1, γ2 ∈ C with |γ1| = |γ2| = 1 such that

|z|n−k−1 + |an−k−1||w|n−k−1 = |P̃ (z, 0)|+ |P̃ (0, w)|

=
∫ 1

0

P̃ ((γ1r1(u)z, γ2r2(u)w))du.

Since∣∣zn + |an−k−1|wn−k−1zk+1
∣∣ ≤ ∫ 1

0

|z|k+1P̃ ((γ1r1(u)z, γ2r2(u)w))du

≤
∫ 1

0

∣∣∣(γ1r1(u)z)k+1P̃ ((γ1r1(u)z, γ2r2(u)w))
∣∣∣ du

=
∫ 1

0

|P ((γ1r1(u)z, γ2r2(u)w))| du ≤ ‖P‖ = 1,

the polynomial Q(z, w) = zn+|an−k−1|wn−k−1zk+1 has norm one. If |an−k−1|
≥ 1, then

1 = ‖Q‖ ≥ Q(2−1/p, 2−1/p) ≥ 21−n/p > 1,

which is a contradiction. Hence |an−k−1| < 1. Taking

z0 =
1

(1 + |an−k−1|p/(p−n))1/p
, w0 =

|an−k−1|1/(p−n)

(1 + |an−k−1|p/(p−n))1/p
,

we have

1 = ‖Q‖ ≥ Q(z0, w0) ≥ (1 + |an−k−1|p/(p−n))(p−n)/p.

Hence an−k−1 = 0, which completes the proof of the lemma. �
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We can now complete the proof of Theorem 2.3. We need to check that if
2 < p <∞, then

sm(n)(`p) =
{
{λej : |λ| = 1, j ∈ IN} if 2 ≤ n < p,
∅ if p ≤ n.

First, we discuss the subcase 2 ≤ n < p. Given a = (ai) ∈ S`p , define

P (x) =
∑
i

(sgn(ai))pa
p−n
i xni

for x = (xi) ∈ `p, where the values of (sgn(ai))p and ap−ni are taken for the
principal branch of log z. Then P (a) = ‖a‖pp = 1 and by Hölder’s inequality
we get

‖P‖ ≤ sup
‖x‖p≤1

(∑
i

|ai|p
)(p−n)/p

‖x‖np ≤ 1;

hence ‖P‖ = 1 = P (a).
Let us consider the case where there are i 6= j such that ai 6= 0 6= aj . As

usual, let φ0 ∈ (`p)∗ be the norm one functional which attains its norm at x0.

Since φ0 has nonzero ith and jth coordinates, all coefficients of xki x
n−k
j , k =

1, · · · , n, in the monomial expansion of φn0 must be nonzero. Hence P and φ2
0

are distinct polynomials and a is not a smooth point of order n.
Suppose that there is only one i such that ai 6= 0. Without loss of generality,

we may assume a = e1, so that the corresponding norm-attaining polynomial
is given by P (x) = xn1 . Suppose that Q ∈ P(n`p) satisfies ‖Q‖ = 1 = Q(e1).
Using the same notation as in the proof of Step 2 of Theorem 2.3, we have

Q(x) = Q(x1e1 + x′) = xn1 +
n∑
k=1

(
n

k

)
xn−k1

∨
Q(e(n−k)

1 , x′
(k)),

where
∨
Q is the symmetric multilinear form associated to Q. For each k =

1, · · · , n, let Qk(x) =
∨
Q(e(n−k)

1 , x′
(k)) ∈ P(k`p). We claim that Qk = 0

for each k, k = 1, · · · , n. Otherwise, there is y′, ‖y′‖p = 1, with its first
coordinate zero such that Qj(y′) 6= 0, for some j, 1 ≤ j ≤ n. Define R(z, w) =
Q(ze1 + wy′) for all (z, w) ∈ C2. Since ‖ze1 + wy′‖p = ‖(z, w)‖p, we have
‖R‖ ≤ ‖Q‖ = 1 and R(1, 0) = 1. By Lemma 2.5(b), R(z, w) = zn. Hence
∨
Q(e(n−k)

1 , y′
(k)) = Qk(y′) = 0 for all k, 1 ≤ k ≤ n, which is a contradiction.

Therefore, for 2 ≤ n < p, sm(n)(`p) = {λej : |λ| = 1, j ∈ IN}.
It remains to show that sm(n)(`p) = ∅ for 2 < p ≤ n. To this end, it is

enough to prove that e1 is not a smooth point of order n, because sm(2)(`p) =
{λej : |λ| = 1, j ∈ IN}. This follows immediately from the remark preceding
the statement of the theorem. �

Theorem 2.6. We have sm(n)(Lp[0, 1]) = ∅ for 1 ≤ p ≤ ∞ and n ≥ 2.
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Proof. It is enough to show that no function f ∈ Lp[0, 1] of norm one is
contained in sm(2)(Lp[0, 1]). Note that there is nothing to prove if p = ∞,
since sm(L∞[0, 1]) = ∅.

We begin by proving the case where p = 1. Choose a measurable subset D
of [0, 1] so that

0 <
∫
D

|f(x)|dx < 1/2.

Let c = 2/(1−
∫
D
|f(x)|dx). Clearly 2 < c < 4. Choose ϕ ∈ L1[0, 1]∗ =

L∞[0, 1] so that ‖ϕ‖ = 1 = ϕ(f). Define P, Q ∈ P(2L1[0, 1]) by

P (h) = (c− c2

4
)
[
ϕ(h · χD)

]2 + cϕ(h · χD)ϕ(h · χ[0,1]\D),

and Q(h) =
[
ϕ(h)

]2. As in Step 1 of the proof of Theorem 2.3 we have
that ‖P‖ = 1 = P (f). Clearly ‖Q‖ = 1 = Q(f) and P 6= Q, because
P (f · χ[0,1]\D) = 0 6= Q(f · χ[0,1]\D). Hence sm(2)(L1[0, 1]) = ∅.

Now we consider the case where 1 < p ≤ 2. Let D ⊂ [0, 1] be a measur-
able set with 2−1/p ≤ (

∫
D
|f(x)|pdx)1/p < 1, and let z0 = (

∫
D
|f(x)|pdx)1/p,

w0 = (
∫

[0,1]\D |f(x)|pdx)1/p. Clearly 2−1/p ≤ z0 < 1, and ‖(z0, w0)‖p=1. By
Lemma 2.4, there exist real numbers b > 0 and c ≥ 0 such that R(z, w) =
b(cz2 +zw) ∈ P(2`2p) satisfies ‖R‖ = R(z0, w0) = 1. Consider ϕ ∈ Lp(D)∗ and
φ ∈ Lp([0, 1] \D)∗ with ‖ϕ‖ = ‖φ‖ = 1 and

ϕ(f · χD) = ‖f · χD‖p and φ(f · χ[0,1]\D) = ‖f · χ[0,1]\D‖p.

Define P ∈ P(2Lp[0, 1]) by P (h) = R(ϕ(hχD), φ(hχ[0,1]\D)), for all h ∈
Lp([0, 1]). Clearly ‖P‖ = 1 = P (f). Let η ∈ Lp[0, 1]∗ with ‖η‖ = 1 =
η(f). Define Q(h) =

[
η(h)

]2 for all h ∈ Lp[0, 1]. Then ‖Q‖ = 1 = Q(f).
In order to show that Q 6= P , we consider the two dimensional subspace
Y = {zfχD + wfχ[0,1]\D : z, w ∈ C}. If P = Q on Y , then b must be zero,
which is a contradiction. Therefore sm(2)(Lp[0, 1]) = ∅.

Finally we prove the result when 2 < p <∞. Let g(x) = sgn(f(x)). Define
P ∈ P(2Lp[0, 1]) by P (h) =

∫
[0,1]

(g(x))p(f(x))p−2(h(x))2dx. Then

‖P‖ ≤ sup
‖h‖p=1

∫
|f(x)|p−2|h(x)|2dx

≤ sup
‖h‖p=1

(∫
|f(x)|pdx

) p−2
p
(∫
|h(x)|pdx

) 2
p

= 1,

and P (f) = 1; hence ‖P‖ = 1. Let ϕ ∈ Lp[0, 1]∗ such that ‖ϕ‖ = 1 =
ϕ(f). Define Q ∈ P(2Lp[0, 1]) by Q(h) =

[
ϕ(f)

]2
. In fact, we have Q(h) =(∫

(g(x))p(f(x))p−1h(x)dx
)2
. We can see that ‖Q‖ = 1 = Q(f) and P 6= Q.
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Indeed, let D be a measurable subset of [0, 1] and ‖f · χD‖p = 1/2. Define

h(x) =
{
f(x) if x ∈ D,
−f(x) if x ∈ [0, 1] \D.

Then P (h) = 1, but Q(h) = 0. Hence sm(2)(Lp[0, 1]) = ∅. �

3. LUR polynomials and multilinear forms.

In this section, the Banach space E may be assumed to be either real or
complex. For n,m ∈ IN, A ∈ L(nE) and B ∈ L(mE) define

A ·B(x1, . . . , xn+m) = A(x1, . . . , xn)B(xn+1, . . . , xn+m),

where x1, . . . , xn+m ∈ E. It is obvious that A · B ∈ L(n+mE) and that
‖A·B‖ = ‖A‖‖B‖. We first show that the multilinear forms and homogeneous
polynomials on E which are locally uniformly rotund are generated by locally
uniformly rotund linear functionals. To do so we need the following lemma,
which is easy to check.

Lemma 3.1. Let m and n be positive integers, A ∈ SL(nE) and B ∈
SL(mE). If A ·B ∈ lurBL(n+mE), then A ∈ lurBL(nE) and B ∈ lurBL(mE).

Proposition 3.2. If A ∈ lurBL(mE) for a positive integer m, then A =∏m
k=1 fk for some fk ∈ lurBE∗ .

Proof. Let {(x1j , . . . , xmj)}∞j=1 in Em be such that ‖x1j‖ = · · · = ‖xmj‖ =
1 for all j and limj A(x1j , . . . , xmj) = 1. Let {fkj} be a sequence in BE∗

such that ‖fkj‖ = fkj(xkj) = 1 for j ∈ IN and k = 1, . . . ,m. Clearly
limj ‖A+

∏m
k=1 fkj‖ = 2. Since A ∈ lurBL(mE), we get A(x1, . . . , xm) =

limj

∏m
k=1 fkj(xk) for any x1, . . . , xm ∈ E. Since the set {fkj : j = 1, 2, · · · }

is relatively weak-star compact for each k, k = 1, · · · ,m, there are f1, . . . , fm
in BE∗ and a subnet {(f1jβ , . . . , fmjβ )}, such that fk(x) = limjβ fkjβ (x) for
each k, k = 1, . . . ,m, and each x ∈ E. Hence A(x1, . . . , xm) =

∏m
k=1 fk(xk)

for any x1, . . . , xm ∈ E. Since A ∈ lurBL(mE), it follows from Lemma 3.1 that
each fk ∈ lurBE∗ . �

Lemma 3.3. Let m and n be positive integers and let P ∈ P(mE). If
Pn+1 ∈ lurBP((n+1)mE), then Pn ∈ lurBP(nmE).

Proof. Let {Qj} be a sequence in BP(nmE) such that limj ‖Qj + Pn‖ = 2.
It is easy to see that see that limj ‖PQj + Pn+1‖ = 2. Therefore ‖P (Qj −
Pn)‖ = ‖PQj − Pn+1‖ → 0. The proof follows by an application of the
fact ([2, Theorem 3 and Proposition 9]) that given r, s ∈ IN there exists an
Mr,s > 0 such that for all P1 ∈ P(rE) and P2 ∈ P(sE), we have ‖P1P2‖ ≥
Mr,s‖P1‖‖P2‖. �
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Proposition 3.4. If P ∈ lurBP(mE) for a positive integer m, then P =
fm for some f ∈ lurBE∗ .

Proof. Let {xj} be a sequence in BE such that ‖xj‖ = 1 and limj P (xj) =
1. Let {fj} be a sequence in BE∗ such that ‖fj‖ = fj(xj) = 1. Clearly
limj ‖P + fmj ‖ = 2 so that P (x) = limj f

m
j (x) for all x ∈ E, since P is locally

uniformly rotund. Since {fj}∞j=1 is relatively weak-star compact, there are
f ∈ E∗ and a subnet {fjβ} such that f(x) = limβ fjβ (x) for all x ∈ E. Clearly
P = fm. Since P ∈ lurBP(mE), Lemma 3.3 implies that f ∈ lurBE∗ . �

Corollary 3.5. Let E be a reflexive Banach space and let m be a positive
integer. If P ∈ lurBP(mE), then P is norm attaining at some x0 ∈ sm(m)(E).

Proof. If P ∈ lurBP(mE), then P = fm for some f ∈ lurBE∗ by Proposi-
tion 3.4. Since E is reflexive, f and P are norm attaining at some x0 ∈ SE .
If x0 were not a smooth point of order m of BE , then there would exist
Q ∈ P(mE) such that P 6= Q and ‖Q‖ = 1 = Q(x0). This would imply that
P is not in lurBP(mE), which is a contradiction. �

We observe that none of the converses of 3.2, 3.4 and 3.5 hold in general.

Corollary 3.6. (1) Let E be any of the following spaces: c0, `1, `∞,
Lp[0, 1], 1 ≤ p ≤ ∞; `k∞, `k1 for k ≥ 2; C(K) for any compact set K with at
least two points. Then lurBL(mE) = ∅ and lurBP(mE) = ∅ for each positive
integer m ≥ 2.

(2) If E is a real reflexive Banach space of dimension greater than or equal
to 2, then lurBP(mE) = ∅ for each positive integer m ≥ 2.

Proof. Almost everything follows from 3.2, 3.4, 3.5, and the remarks in
the Introduction. The case Lp[0, 1], 1 < p < ∞, follows from 3.5 and 2.6.
For the sake of completeness we prove that lurBC(K)∗ = ∅. First we note
that λδt is not a locally uniformly rotund point of BC(K)∗ for t ∈ K and
λ ∈ C, |λ| = 1. Indeed, choose t′ ∈ K distinct from t and apply the Tietze
extension theorem to conclude ‖λδt + δt′‖ = 2, but λδt 6= δt′ . Suppose that
ϕ ∈ SC(K)∗ is not of the form λδt for any t ∈ K and λ ∈ C, |λ| = 1. Choose
a sequence (fj), fj ∈ SC(K), such that ϕ(fj)→ 1. For each j choose tj ∈ K
and λj ∈ C, |λj | = 1, so that λjfj(tj) = 1. Clearly ‖ϕ+λjδtj‖ → 2 as j →∞,
but (λjδtj ) does not converge to ϕ. Otherwise, letting λ ∈ C and t ∈ K be
limit points of (λj) and (tj) respectively, it would follow that ϕ = λδt, which
is a contradiction. �

Theorem 3.7. Let 1 < p <∞ and m ≥ 2 and k ≥ 2 be positive integers.
For the complex Banach spaces `p and `kp,

lurBP(m`p) =
{
{λxmj : |λ| = 1, j ∈ IN} if 2 ≤ m < p,
∅ if p ≤ m,
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and

lurBP(m`kp) =
{
{λxmj : |λ| = 1, 1 ≤ j ≤ k} if 2 ≤ m < p,
∅ if p ≤ m.

Proof. We give the proof only for `p. From Theorem 2.3 and Corollary 3.5
the only part to prove is that for 2 ≤ m < p, lurBP(m`p) = {λxmj : |λ| =
1, j ∈ IN}. Applying Theorem 2.3 and Corollary 3.5 again, it is enough to
show that xm1 ∈ lurBP(m`p). Assume that there exists a sequence (Ph)∞h=1 ∈
P(m`p), ‖Ph‖ = 1, such that limh→∞ ‖xm1 + Ph‖ = 2.

We claim that the sequence (Ph) converges to xm1 in P(m`p). To show this
we will use the same notation as in the proof of Theorem 2.3, obtaining for a
polynomial P ∈ P(m`p) the representation

P (x) = P (x1e1 + x′) =
m∑
k=0

(
m

k

)
xm−k1

∨
P (e(m−k)

1 , x′
(k)).

Passing to a subsequence, we can choose a sequence (che1 + dh) ∈ S`p so that
ch ∈ C, the first coordinate of dh ∈ `p is zero and |cmh +Ph(che1+dh)| > 2−1/h.
Now we consider the sequence (Rh) ⊂ P(2`2p) defined by

Rh(s, t) =


Ph(se1 + t dh

‖dh‖p ) =
m∑
k=0

(
m
k

)
sm−ktk

∨
P
(
e

(m−k)
1 , dh

‖dh‖p
(k)
)

if dh 6= 0,
Ph(se1) = smPh(e1) if dh = 0.

Since ‖se1 + t dh
‖dh‖p ‖p = ‖(s, t)‖p for all (s, t) ∈ C2 and dh 6= 0, we can see

that ‖Rh‖ ≤ ‖Ph‖ = 1. Thus a subsequence of (Rh), again denoted by (Rh),
converges to R in the finite dimensional Banach space P(m`2p). Since

2− 1
h
< |cmh + Ph(che1 + dh)| = |cmh +Rh(ch, ‖dh‖p)|

≤ ‖sm +Rh‖ ≤ ‖sm‖+ ‖Rh‖ ≤ 2

for all h, we have ‖R‖ ≤ 1 and ‖sm + R‖ = 2. Hence ‖R‖ = 1 = R(1, 0). By
Lemma 2.5 (b), R(s, t) = sm. Since (Rh) converges to R in P(m`2p), we get
limh→∞ Ph(e1) = 1. Fix k, 1 ≤ k ≤ m, and define Qh ∈ P(k`p) by

Qh(x) =
∨
Ph(e(m−k)

1 , x′
(k)).

Then the sequence (Qh) of k-homogeneous polynomials on `p converges to 0
in P(k`p), which implies that the sequence (Ph) converges to xm1 in P(m`p).
Indeed, if it did not converge to 0, then there would be a number δ > 0 and,
passing to a subsequence, a sequence (y′h), ‖y′h‖ = 1, with its first coordinate
zero, such that Qh(y′h) > ‖Qh‖/2 > δ/2. Define R̃h(s, t) = Ph(se1 + ty′h)
for all (s, t) ∈ C2. Clearly ‖R̃h‖ ≤ ‖Ph‖ = 1. Thus a subsequence (R̃h)
converges to R̃ in P(k`2p), which implies that R̃(1, 0) = limh→∞ Ph(e1) = 1.
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By Lemma 2.5 (b), R̃(s, t) = sm. Since the coefficient of sm−ktk in the
monomial expansion of R̃h(s, t) is Qh(y′h), the sequence (Qh(y′h)) converges
to 0, which is a contradiction. �

Let P(E) denote the normed space of scalar-valued continuous polynomials
on E endowed with norm ‖P‖ = sup‖x‖≤1 |P (x)|. The space P(E) is not a
Banach space, but it is worth observing that the balls of both it and its
completionA(BE) (the algebra of uniformly continuous holomorphic functions
on the interior of BE) contain no locally uniformly rotund points. In fact, let
P be a continuous polynomial of degree k and ‖P‖ = 1. Then there is a
sequence (xn) in SE such that |P (xn)| → 1 as n→∞. By the Hahn-Banach
theorem there is a sequence (ϕn) in SE∗ such that ϕn(xn) = 1 for all n. Let
m be a positive integer greater than k. It is clear that ‖P + P (xn)

|P (xn)| (ϕn)m‖ →
2. However, ‖P − P (xn)

|P (xn)|ϕ
m
n ‖ does not converge to 0. Otherwise, P (x) =

limn
P (xn)
|P (xn)| (ϕn)m(x) for each x ∈ E. By the Banach-Steinhaus theorem for

polynomials (see [4]) P must be an m-homogeneous polynomial, which is a
contradiction. The proof for A(BE) follows easily.
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