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LOCAL PROPERTIES OF POLYNOMIALS ON A BANACH
SPACE

RICHARD M. ARON, YUN SUNG CHOI, SUNG GUEN KIM, AND MANUEL
MAESTRE

ABSTRACT. We introduce the concept of a smooth point of order n of
the closed unit ball of a Banach space E and characterize such points
for E = co, Lp(p) (1 < p < o), and C(K). We show that every
locally uniformly rotund multilinear form and homogeneous polynomial
on a Banach space F is generated by locally uniformly rotund linear
functionals on E. We also classify such points for E = co, Lp(p) (1 <
p < 00), and C(K).

1. Introduction

This paper deals with smoothness and local uniform rotundity for n-ho-
mogeneous polynomials on a Banach space. The concept of smoothness is
a linear one and we extend this notion to m-smoothness, in the context of
n-homogeneous polynomials. In addition, we will study locally uniformly ro-
tund points of the closed unit ball of the Banach space of n-homogeneous
polynomials which, in a sense, is a dual notion to n-smoothness.

We recall that a point xg in the unit sphere Sg of a Banach space F is said
to be a smooth point of the closed unit ball B if there is a unique norming
functional for xg, that is, if there is a unique linear form ¢y € E* such that
lloo]l = 1 = ¢o(xo). The set of smooth points of Bg is denoted by sm(E). A
dual notion to smoothness is rotundity: a point zg € Sg is called a locally
uniformly rotund point if the condition ||z, + xg|| — 2, for a sequence ()
in the closed unit ball Bg, implies that ||z, — o] — 0. The set of locally
uniformly rotund points of Bg is denoted by lur Bg.
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To describe the problems we will be investigating, we first need to recall
some terminology and notation. Let £(™F) denote the Banach space of scalar-
valued continuous n-linear mappings on E X --- X E, endowed with the norm
IAll = sup|,, <1 [A(z1, ..., 2n)|, and let P("E) denote the Banach space of
scalar-valued continuous n-homogeneous polynomials on £ endowed with the
norm || Pl|=sup, <1 [P(x)[. We refer the reader to [4, 11, 14] for more details
about polynomials on a Banach space. Given an n-homogeneous polynomial

v

P, we denote the unique symmetric n-linear form associated to P by P.

A point zy € Sg is called a smooth point of ordern of B if there is a unique
element P € P("E) such that |P|| = 1 = P(xg). We denote the set of all
smooth points of order n of Br by sm(™ (E), noting that sm(Y) (E) coincides
with sm(E); see [9, Chapters 1 and 2] and [10, Chapter 2]. On the other hand,
P("E) is isometrically isomorphic with the dual space of ®ZSE , which is the
completed n-th symmetric tensor product of F with the projective s-tensor
norm (see [12]). From this viewpoint we can say that the point xy € Sg is a
smooth point of order n of Bg if the n-symmetric tensor g ® --- ® zg is a
smooth point of Bgn.p. Since P("E) = (®2°E)*, the concept of a smooth
point of order n of BE is closely related to that of an LUR point of Bp(np)
(see, e.g., Corollary 3.5 below).

Boyd and Ryan [3, Proposition 17] showed that if E' is a real Banach space
of dimension at least 2, then for n > 2 the spaces ®ZSE and P("E) are
neither smooth nor rotund. Extreme points and smooth points of Bpn g
were studied in [5, 6, 7, 8]. Here, we will study smooth points of B@:,sE and
LUR points of Bp» gy and B gy for classical Banach spaces E. ’

For use in the sequel, we now collect some results concerning smooth and
locally uniformly rotund points. It is well-known (see [9, Examples 1.6], and
[13, 26.5 Examples]) that sm(L1[0,1]) = {f € L1[0,1] : ||f]l1 = 1 and f(x) #
0 a.e.}, while sm(Ly[0,1]) = Sg 0,1 for 1 < p < oo and sm(Lw[0, 1]) = 0.
Also, sm(fp) = S, for 1 < p < oo, sm(¢1) = {(a;) € S, : a; # 0 for all 7},
sm(lo) = {(N;) € loo : there exists 4o such that |A;,| = 1 > sup{|\;| for i #
i0}}, and sm(cp) = {(\;) € ¢ : there exists ip such that |[A\;;| = 1 and |\;| <
1 for ¢ # ip}. Further, if X is a locally compact Hausdorff space and we
denote by Cy(X) the Banach space of continuous functions on X vanishing
at infinity, endowed with the supremum norm, then sm(Co(X)) = {f : there
exists a unique zo € X satisfying | f(zo)| = 1 = || f||oc }. Finally, lur B gy = 0
provided the compact set K has at least two points. Also, lur By, = Sy, and
lur By, [0,1] = Sr,[0,1) for 1 < p < 0o, because £, and L,[0, 1] are uniformly
convex.

In Section 2 we examine the set of smooth points of order n for all these
spaces. In Section 3 we show that every locally uniformly rotund multilinear
form and homogeneous polynomial on F is generated by locally uniformly
rotund linear functionals, and we characterize such points for these spaces.
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2. Smooth points of high order

An easy observation is that if x € Sg is a norming point of a non-finite type
polynomial P € P("E), i.e. P ¢ @™°FE*, then x is not a smooth point of order
n. Moreover, we can see that sm(™ (E) C sm®*)(E) for 1 < k < n. In fact, if
ro € Sg is not a smooth point of order k, then there is Q € P(*E), Q # ¢k,
such that 1 = Q(z) = ||Q||, where ¢g € E* is such that 1 = ||¢g|| = ¢o(x0).
Hence ¢f = gfkqb’g #* ¢gikQ7 and so zq is not a smooth point of order n.

For a real Banach space F of dimension at least 2, we get sm(?® (E) = 0.
Indeed, given xg € Sg, let ¢g € E* and Py = ¢3 € P(?E) be as above. Next
choose 7 € E* so that ||n|| = 1 and n(x¢) = 0. Define Q € P(2E) by Q(z) =
(¢o(2))* = (n(x))?. Then Py # Q and [|[Rol| = [|Q] = 1 = Po(wo) = Q(0)-
Hence z is not a smooth point of order 2. Consequently, all Banach spaces
in this section will be assumed to be over C.

Let K be a compact Hausdorff space and let Z be a closed subset of K.
We denote by Cz(K) the Banach space of all continuous functions on K that
vanish on Z, endowed with the supremum norm. It is well-known that any
closed ideal of C(K) is of this form.

THEOREM 2.1. (i) Let K be a compact Hausdorff space and let Z be a
closed subset of K. Then for all n, sm(™ (Cz(K)) = {f : there exists a unique
70 € K satisfying |f(z0)| = 1 = | flloc}-

(ii) If X is a locally compact space, then for all n, sm™ (Co(X)) = {f :
there exists a unique xo € X satisfying | f(zo)] =1 = || f]loo}-

Proof. (i) Given z € K, let §, be the evaluation functional at z. Let f €
Sc, (k) and suppose that there exist distinct points x1 and x5 in K satisfying
|f(xz1)| = |f(xz2)] = 1. For each positive integer n, P; = Wl_)n(émj)” (j =
1,2) are distinct continuous n-homogeneous polynomials Witﬁ norm one on
Cz(K) such that P;(f) =1 for j = 1,2. Hence f is not a smooth point of
order n. Conversely, let fo € Cz(K) be a function such that there exists a
unique zg € K with || follcoc = 1 = |fo(z0)|- To complete the proof it is enough
to show that if fo(xg) =1 and if P € P("Cz(K)) satisfies |P|| = 1 = P(fo),
then P = (d,,)".

Let & be the family of open neighborhoods U of g with U # K. For each
U € & there exists sy : K — [0, 1], continuous on K, satisfying

(@) = 1 if x =z,
U= 0 ifze K\U.
Next we can find ty : K — [0, 1], continuous on K, such that

(1 iteess(0.1/4),
tu(z) = { 0 ifze sgl([l/Q,l}).
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The functions g1y = sUtTUtU and gopy = SUSTUtU are continuous on K and

satisfy g1y + gov = 1. For each U € &, we define Gy : Cz(K) — C by
Gu(f) = P(fgiv + fogou) for f € Cz(K). Since the map ¢ : Cz(K) —
Cz(K) defined by ¢(f) = forv + fogau is affine, Gy = P o ¢ is a continuous
polynomial of degree n on Cz(K). Moreover,

Gu(f) = i (Z)JVD ((fglU)(k)7 (fogzU)(n_k))

k=0
n—1 n\ Vv

=P(fgi)+ Y (k:)P ((fgw)(k)a (fogzU)(”fk)) + P(fogav)-
k=1

If || flloo <1, then

[Gu(N < 1Pl fgr10 + fogaullse < ([Pl max{]|flloos [| folloc}™ < 1.

Since Gy(fo) = P(foqriv + fogau) = P(fo) = 1, we have max{|Gy(f)| :
Iflloc <1} =1. Now consider the continuous function hy : K — [0, 1], given

by
[0 ifxesyi([7/8,1)),
If g1u(z) > 0, then sy(x) < 1/2 < 3/4, and so hy(z) = 1. As a consequence,

hugiv = giv and therefore Gy (fohv) = P(fohugiv + fogev) = P(fo) = 1.
Note that || fohv|lco < 1. By the maximum modulus theorem Gy is a constant
polynomial on Cz(K). Hence, for 1 < k < n, all k-homogeneous polynomials
in the above representation of the polynomial Gy must be 0. In particular,

(1) P(fgiv + fogav) = P(fogev) = Gu(0) =1 and P(fgir) =0

for all f € Cz(K). For each f € Cz(K) and U € & define fu = fqiv +
f(zo) fogzu. Since fy(xz)— f(x) =0 for all z € K\U and all U € &, it is easy
to check that the net (fu)vee is || - ||o-convergent to f. If f(zo) = 0, then (1)
and the definition of fyy imply that P(f) =0 = (04,)™(f). If f(xo) # 0, then
it follows from (1) that P(fy) = f(xo)mp(ﬁfgw + fogau) = f(zo)™ =
(020)™(f). Hence P(f) =67 (f) for all f € Cz(K).

(i) Let X be a locally compact set. If we denote its Alexandroff com-
pactification by X, then Co(X) = Ct1(X), and the conclusion follows from
(1). O

COROLLARY 2.2. For every positive integer n,

sm™ (co) = {(\) € ¢ : there eists ig such that
[Xi] =1 and |X;| <1 for i # i},

sm(")(ﬁoo) = {(\;) € lw : there exists iy such that
[Xig| = 1 > sup{|Ai| for i #io}}
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Proof. Since ¢y = Cp(IN), where IN is endowed with the discrete topology,
and £o = C(BIN), where SIN denotes the Stone-Cech compactification of IN,
the result is immediate from Theorem 2.1. Note also that the results are very
well-known for the case n = 1 (see, e.g., [9, Example 1.6.b)]), and Theorem
2.1 implies that the sets of smooth points of any order coincide for these
spaces. O

We now turn our attention to sm(™ (¢,) for 1 < p < ooc.

REMARK. In general, if z( is a norm one element of ¢, such that some
coordinate of xo equals 0, then g is not contained in sm™(¢,) for n > p.
Indeed, suppose that x is 0 in the j'* coordinate and let ¢ € (£p)* be a
norm one functional such that ¢(rg) = 1. Note that ¢ itself must be 0 in
the j** coordinate. Then for any n > p, the n-homogeneous polynomial
P(z) = [¢(z)]™ + (z;)" is such that P(xz¢) = 1 = ||P|| = ¢™(x0). Therefore,
since P and ¢" are different, zg is not a smooth point of order n of By, .

THEOREM 2.3. Let1 <p < oo andn > 2 be a positive integer. Then

. Aej i\ =1,j€N} if2<n<p,
sm()(fp):{éei Al J } Zip<;l p

and if k > 2 is a positive integer, then

{Ae; A =1,1<j<k} if2<n<p,
0

Smwwﬁz{ if p <n.

In our proof (which will be given only for £,), we will examine the three
cases p=1, 1 <p<2and 2 < p < oo separately.

Step 1: p = 1. We need to prove that sm®) (¢;) = §. Let a, b, c € R, |a| <
1, b < 1and 2 < || < 4 and P(x,y) = ax® + by? + cxy € P(*(?). We make
use of a result in [8, Theorem 2.4] that

| P|| = 1if and only if 4|¢| — ¢* = 4(|a + b| — ab).

Since sm(¢1) = {(a;) € Sp, : a; # 0 for all ¢}, it is enough to show that
sm(®)(¢;) does not contain any point a = (a;) € Sy, such that a; # 0 for all i.
Choose a positive integer ig so that 0 < |a;,| < 1/2. Set ¢ =2/(1 — |a;,|) and
define

2

P(z) = (c— CZ) Z sgn(a;)z; |+ cxy, Z sgn(a;a;, )x;

i#io i£ig
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for x = (x;) € {1, where sgn(d) = |d|/d if d # 0 and 1 if d = 0. Since
2

2
C
sup (¢ — ) S il |+ el | Y Ja]

||»LH§1 i#ig iig

IA

1Pl

2
= swp(e—Tlaf +clallf =1
loe|+]8]<1
and P(a) = 1, we have ||P|| = 1.

On the other hand, the functional ¢y € (¢1)* with [|¢o|| = 1 = ¢o(a) has
the property that all its coordinates have modulus 1. Since every coefficient of
the monomial expansion of @ = ¢3 has modulus 1 or 2, P and @ are distinct
polynomials. Hence xg is not a smooth point of order 2. O

Step 2: 1 < p < 2. We need the following lemma.

LEMMA 2.4. Let 1 < p < 2. Given (z9,wo) € €3 with ||(z0,wo), = 1
and 277 < |z| < 1, there exist b > 0 and ¢ > 0 (with ¢ = 0 if and only if
20| = 27Y7) such that

2
P(z,w)=b ((@) ez + @Mzw>
20 20 Wo

satisfies ||P|| =1 = P(zq,wo).

Proof. Given ¢ > 0, consider the polynomial Q.(z,w) = cz? + zw. Letting
fo(x) = ca® +2(1—2P)M/P_ it is immediate that || Q.| = max{f.(z) : 277 <
x < 1}. We denote (|2, |wo|) = (20, 30). For the case where 2o = 27 /7 we
set ¢ = 0 and easily check that ||Qo|| = Qo(27/7,271/P). Taking b = 1/||Qo|,
we have ||P|| =1 = P(z0,wp).

For the case where 2717 < x5 < 1 we first claim that for any ¢ > 0 there
exists a unique u. € (271/7,1) such that

>0 if 27V <2 < u,,
fi(z)s =0 if z=u,,
<0 fu.<z<l.

To show this, we observe that on the interval (271/7, 1), the functions 2P~ 1, (1—
xP)(1/P)=2 (2P — 1), and (1 — 2P)1/P)~1 are positive and strictly increasing.
Consequently, a computation shows that f” is continuous and strictly de-
creasing to —oo on [27Y/P 1). Now, if f(27%/?) < 0, then f’ is strictly
decreasing on the interval. Since f/(27'/?) > 0 and lim,_; f/(z) = —oo, the
claim follows. On the other hand, if f”(27'/P) > 0, then there is a unique
v, € (2717, 1) such that f”(z) > 0 for 277 < x < w,, f"(ve) = 0, and
"(x) <0 for v, < x < 1. As above, the claim follows.
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Taking co = (1 — z§)(1/P =1 (225 — 1)/(220), we have that f. (zo) = 0 and
cop > 0, and so zg = u,, by the claim. This implies that [|Qe,|| = fe, (z0) =
Qo (z0,y0) > 0. Letting b = 1/||Qc, |l and ¢ = ¢, we have ||P|| = 1 =
P(z0,wp), as required. O

Lemma 2.4 allows us to prove that if 1 < p < 2 then sm®)(£,) = . Indeed,
given a = (an)5%; € ¢, with ||(ay)|| = 1, we will show that a is not contained
in sm(z)(ép). By the Remark preceding the Theorem, we may assume that
an # 0 for all n. Let Q(z) = ¢(x)?, where ¢ € (£,)* and ||¢]| = 1 = ¢(a).
Given © = (x1,22,--) € £,, we put & = z1e1 + 2’ with 2’ = (0,22, 23, -+ ).
Let 2o = a; and wo = [|@’||,. Clearly |zo|” +w§ = ||a||b = 1. Assume first that
271/P < |z| < 1. By Lemma 2.4 there exist real numbers b > 0 and ¢ > 0
such that the polynomial R defined by

R(z,w) =b ((@)2022 + @zw>
20 20

satisfies ||R|| = 1 = R(zo,wo). Let 6 € (£,)* be of norm one such that
0(a’) = ||d’|l, = wo. Define P € P(%4,) by P(z) = R(x1,0(z")). Clearly
IP|| =1 = P(a), but P # @ because P(ez) = 0 # Q(ez). Therefore a is not
a smooth point of order 2 of By, . If 2-1/P < Jwy| < 1, we can apply a similar
argument to (wp, 2p). O

Step 3: 2 < p < co. Given n € IN, let 71 (¢) and ro(t) be distinct generalized
Rademacher functions associated with n-th roots of unity, as described in [1].
Given two vectors vy, ve of a complex Banach space E and P € P(™E), we
have

P(vy) + P(vs) = /O P(r (w)vr -+ (u)v2)du.

Moreover, taking 51,82 € C such that |51] = |52 = 1, 87" P(v1) = |P(v1)]
and 5" P(ve) = |P(v2)|, we have

1
[P (v)] + [P(v2)] = / P(Brri(u)vr + Para(u)vg)du.
0
(For details see [11, Lemma 1.57].) Again we need a lemma.

LEMMA 2.5. Let n be a positive integer with n < p.

(a) Let P : {2 — C be an n-homogeneous polynomial of the form P(z,w) =
2" 4+ bw™ with b > 0. Then |P|| =1 if and only if b= 0.

(b) Let P(z,w) be an n-homogeneous polynomial on £3. If |P|| = 1 =
P(1,0), then P(z,w) = 2".

Proof. (a) Applying Lagrange multipliers to find the maximum of P(s,t)
on the compact set K = {(s,t) € R* : s > 0,t > 0,s” +t? < 1}, we get
|P|| = (1+b77) % . Hence |P|| = 1 if and only if b = 0.
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(b) We write P(z,w) = agz" +a12" ‘w+...+ ap_120" " +a,w". Clearly
ag = 1. First we prove that a,, = 0. To do this we define the polynomial
R by R(z,w) = 2" + |a,|w™. By the remark preceding this lemma, given
(z,w) € €%, there exist §; and B, in € such that ;] = |B2| = 1 and

| R(z,w)]

IN

21" + lan|[w]™ = |P(z,0)| + [ P(0, w)]

1
= /O P(B1r1(u)(z,0) + Bara(u)(0,w))du

_ / P((Brr1 ()2, Bara(uw))du

Since [ (8171 (u)z, Barz(w)w)llp = |[(z, )], for all (z,w), we get ||R]| < ||P]]
1. Since R(1,0) =1, a,, = 0 by part (a).

Now, to apply induction, take 0 < k < n — 2 and assume that a,, =
Up1 = -+ = Gp_, = 0. We define P(z,w) =kl g R 2 4 4
an_ k1w * 1 and R(z,w) = 2" * 1 4 |a,_p_1|w™*1. Given (z,w) € C?
with |z|P 4 |w|P = 1, there exist 1,72 € C with |y1| = |y2| = 1 such that

|Z|n7k71 + |an_k_1||w|"7k71 = |]5(Z,O)| + |P(O7w)‘

:/0 P((erl(u)%72T2(U)w))du~

Since

1
2" + [an k-1 |w"F TR < / |2F PP (a1 (w) 2, y2r2 (w)w)) du
0

1
S/ ’(717"1(U)Z)Hlp((%ﬁ(u)z»727"2(u)w)) du
0

1
=/ [P((rir1(w)z, v2r2(w)w))| du < [P = 1,
0
the polynomial Q(z,w) = 2"+ |a,_g_1|w™ *~12*¥*! has norm one. If |a,_x_1|
> 1, then
1= QI = Q@ VP 271/r) > 2!/ > 1,
which is a contradiction. Hence |a,_r_1| < 1. Taking

1 |an_k_1|1/(l7*n)
wo =
(1 [an_p_1|P/@=m)1/p" 707 (14 |ap_p_q |P/@=m)1/p’

zZ0 =

we have
1= [Qll > Q(z0,w0) = (1 + |an__ [/ P~™)r=m)/P,

Hence a,,_;_1 = 0, which completes the proof of the lemma. O
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We can now complete the proof of Theorem 2.3. We need to check that if
2 < p < 00, then

oy J e =1 eIN} if2<n<p,
o (fp)_{w if p<n.

First, we discuss the subcase 2 < n < p. Given a = (a;) € Sy,, define

P(z) = (sgn(ai)’a} "a}
for & = (x;) € ¢,, where the values of (sgn(a;))P and af~" are taken for the
principal branch of log 2. Then P(a) = [[a||} = 1 and by Hélder’s inequality

we get

(p—n)/p
1P| < sup (Z |az-|p> el <13

lzll,<1 i
hence ||P|| =1 = P(a).

Let us consider the case where there are i # j such that a; # 0 # a;. As
usual, let ¢g € (¢,)* be the norm one functional which attains its norm at zg.
Since ¢ has nonzero i*" and j** coordinates, all coefficients of xfx?_k , k=
1,-++,n, in the monomial expansion of ¢3 must be nonzero. Hence P and ¢3
are distinct polynomials and a is not a smooth point of order n.

Suppose that there is only one ¢ such that a; # 0. Without loss of generality,
we may assume a = e, so that the corresponding norm-attaining polynomial
is given by P(x) = «]. Suppose that @ € P("{,) satisfies || Q|| = 1 = Q(e1).
Using the same notation as in the proof of Step 2 of Theorem 2.3, we have

Q(z) = Q(z1e1 + -T/) =z + Z (Z) x?iké(egnik%x/(k)),
k=1

where CVQ is the symmetric multilinear form associated to ). For each k =
1,--,n, let Qp(z) = Z)(egnfk),x’(k)) € P(¥¢,). We claim that Q; = 0
for each k, k = 1,--- ,n. Otherwise, there is ¢/, ||y'||, = 1, with its first
coordinate zero such that Q;(y’) # 0, for some j, 1 < j < n. Define R(z,w) =
Q(ze; +wy') for all (z,w) € €2 Since |zey + wy'|l, = (2, w)]|,, We have
IR < |Q|l = 1 and R(1,0) = 1. By Lemma 2.5(b), R(z,w) = 2. Hence
é(egn_k),y’(k)) = Qi(y') =0 for all k, 1 < k <n, which is a contradiction.
Therefore, for 2 < n < p, sm™(£,) = {Xe; : |\| = 1,j € N}.

It remains to show that sm(™(¢,) = @ for 2 < p < n. To this end, it is
enough to prove that e is not a smooth point of order n, because sm(? (L) =

{Xe; : |A| = 1,j € IN}. This follows immediately from the remark preceding
the statement of the theorem. O

THEOREM 2.6.  We have sm(™(L,[0,1]) = for 1 <p < 0o and n > 2.
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Proof. It is enough to show that no function f € L,[0,1] of norm one is
contained in sm(®(L,[0,1]). Note that there is nothing to prove if p = oo,
since sm(L[0,1]) = 0.

We begin by proving the case where p = 1. Choose a measurable subset D
of [0, 1] so that

0< /D f(2)|de < 1/2.

Let ¢ = 2/(1— [, |f(z)|dz). Clearly 2 < ¢ < 4. Choose ¢ € L1[0,1]* =
L[0,1] so that [J|| =1 = ¢(f). Define P, Q € P(2L[0,1]) by

P(h) = (c— —)[w(h- XDﬂ2 +cp(h - xp)e(h - X0,1\D)>

and Q(h) = [go(h)]2 As in Step 1 of the proof of Theorem 2.3 we have
that || P|| 1 = P(f). Clearly |Q]] = 1 = Q(f) and P # @, because
P(f . X[O,l]\D) =0 7& Q(f . X[O,l]\D)- Hence Sm(Q)(Ll[O, 1]) = @

Now we consider the case where 1 < p < 2. Let D C [0,1] be a measur-
able set with 271/ < ([ |f(z)[Pdz)Y/? < 1, and let zg = ([, |f(z)[Pdz)'/?,
wo = (Jio.11\p |f(x)[Pdz)t/P. Clearly 271/P < 25 < 1, and ||(20,wo)]||,=1. By
Lemma 2.4, there exist real numbers b > 0 and ¢ > 0 such that R(z,w) =
b(cz® 4 zw) € P(*(3) satisfies ||R|| = R(z0, wo) = 1. Consider ¢ € L,(D)* and
¢ € Lp([0,1]\ D)* with [[¢] = [|¢]] =1 and

o(f-xp) = If - xpllp and ¢(f - x0,1\0) = |Lf - Xj0,1\D -
Define P € P(*L,[0,1]) by P(h) = R(e(hxp),d(hxp,1\p)), for all h €
L,([0,1]). Clearly ||P|| = 1 = P(f). Let n € L,[0,1]* with [|n|] = 1 =
2

n(f). Define Q(h) = [n(h)]” for all h € L,[0,1]. Then [|Q| = 1 = Q(f).
In order to show that Q # P, we consider the two dimensional subspace
Y ={zfxp+wfxpipp : zweC}hLIf P=QonY, then b must be zero,
which is a contradiction. Therefore sm(? (L,[0,1]) = 0.

Finally we prove the result when 2 < p < co. Let g(z) = sgn(f(z)). Define
P € P(2Ly[0,1]) by P(h) = [iy 11(9(2))?(f(2))?~*(h(x))*dx. Then

1Pl < s [ 1P i) P
1

Al =

s, (i) ™ (fuera)’

and P(f) = 1; hence ||[P|| = 1. Let ¢ € L,[0,1]* such that [|¢| =1 =
©(f). Define Q € P(*L,[0,1]) by Q(h) = [gp(f)]z In fact, we have Q(h) =
([ (g())P(f(x))P~h(z)dz)® . We can see that Q[ = 1 = Q(f) and P # Q.

IN
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Indeed, let D be a measurable subset of [0,1] and ||f - xpll, = 1/2. Define

| flz) izeD,
hix) = { —f(z) ifze0,1]\D.

Then P(h) = 1, but Q(h) = 0. Hence sm®(L,[0,1]) = 0. O

3. LUR polynomials and multilinear forms.

In this section, the Banach space ¥ may be assumed to be either real or
complex. For n,m € N, A € L("E) and B € L(™FE) define

A-B(x1,.. Tpm) = A(x1, .., 20)B(Tnt1, -« o Tnbm)s

where x1,...,Tpim € E. It is obvious that A - B € L(™"™E) and that
|A-B|| = ||A]l||B]|. We first show that the multilinear forms and homogeneous
polynomials on F which are locally uniformly rotund are generated by locally
uniformly rotund linear functionals. To do so we need the following lemma,
which is easy to check.

LEMMA 3.1.  Let m and n be positive integers, A € Sgmp) and B €
S£(7nE). IfA - B € lur B£(1L+rnLE), then A € lur Bﬁ(nE) and B € lur Bl:(mE).

PROPOSITION 3.2. If A € lur Bempy for a positive integer m, then A =
[1i2, fx for some fi € lur Bgs.

Proof. Let {(x1j,...,Zm;)}32; in E™ be such that [|xy;]| = -+ = [[zm;]| =
1 for all j and lim; A(z1;,...,Zm;) = 1. Let {fx;} be a sequence in Bg-
such that ||fi;ll = frj(zk;) = 1 for j € N and k& = 1,...,m. Clearly
limj ||A—|—Hkm:1 fij = 2. Since A € hlI'BE(mE), we get A(Ih...,ﬂjm) =
lim; [Ty, frj(xx) for any z1,...,2, € E. Since the set {f; : j = 1,2,--}
is relatively weak-star compact for each k, k =1,--- ,m, there are f1,..., f
in B~ and a subnet {(fij,,- - fmjs)}, such that fx(x) = lim;, fr;,(x) for
each k, k =1,...,m, and each z € E. Hence A(z1,...,xm) = [[1—, fe(zk)
for any x1,..., 2, € E. Since A € lur Bz(m gy, it follows from Lemma 3.1 that
each f € lur Bg-. O

LEMMA 3.3. Let m and n be positive integers and let P € P(™E). If
Pl e lur Bp(n+ym gy, then P™ € lur Bpnm ).

Proof. Let {Q;} be a sequence in Bpnm gy such that lim; ||Q; + P"|| = 2.
It is easy to see that see that lim; ||PQ; + P" || = 2. Therefore |P(Q; —
P")|| = ||IPQ; — P""|| — 0. The proof follows by an application of the
fact ([2, Theorem 3 and Proposition 9]) that given r, s € IN there exists an
M, s > 0 such that for all P, € P("E) and P, € P(°E), we have ||PP,| >
Mr,s P1H||P2||~ U
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PROPOSITION 3.4. If P € lur Bp(mg) for a positive integer m, then P =
fm for some f € lur Bg-.

Proof. Let {z;} be a sequence in By such that ||z;|| = 1 and lim; P(z;) =
1. Let {f;} be a sequence in Bg+ such that ||f;|| = f;(z;) = 1. Clearly
lim; ||[P 4 f7*|| = 2 so that P(x) = lim; f7"(x) for all z € E, since P is locally
uniformly rotund. Since {f; 521 is relatively weak-star compact, there are
[ € E* and a subnet {f;,} such that f(z) = limg f;,(x) for all z € E. Clearly
P = f™. Since P € lur Bp(mp), Lemma 3.3 implies that f € lur Bg-. O

COROLLARY 3.5. Let F be a reflexive Banach space and let m be a positive
integer. If P € lur Bp(m ), then P is norm attaining at some xqo € sm(™)(E).

Proof. 1If P € lur Bp(mp), then P = f™ for some f € lur Bg- by Proposi-
tion 3.4. Since E is reflexive, f and P are norm attaining at some xg € Sg.
If ¢y were not a smooth point of order m of Bg, then there would exist
Q@ € P(™E) such that P # @Q and ||Q| = 1 = Q(zo). This would imply that
P is not in lur Bp(m gy, which is a contradiction. O

We observe that none of the converses of 3.2, 3.4 and 3.5 hold in general.

COROLLARY 3.6. (1) Let E be any of the following spaces: cg, €1, Loo,
L,y[0,1], 1 < p < oo; k., £% for k > 2; C(K) for any compact set K with at
least two points. Then lur Bymp) = 0 and lur Bpmp) = 0 for each positive
integer m > 2.

(2) If E is a real reflexive Banach space of dimension greater than or equal
to 2, then lur Bpmpy = 0 for each positive integer m > 2.

Proof. Almost everything follows from 3.2, 3.4, 3.5, and the remarks in
the Introduction. The case L,[0,1], 1 < p < oo, follows from 3.5 and 2.6.
For the sake of completeness we prove that lur Bo(g)- = (. First we note
that Ad; is not a locally uniformly rotund point of Be gy« for t € K and
A € C, |\ = 1. Indeed, choose t' € K distinct from ¢ and apply the Tietze
extension theorem to conclude ||Ad¢ + 0| = 2, but Ad; # dp. Suppose that
¢ € Sc(x)~ is not of the form Ao, for any t € K and A € C, |A| = 1. Choose
a sequence (f;), f; € Sc(k), such that o(f;) — 1. For each j choose t; € K
and \; € C, |A\j| =1, so that \; f;(t;) = 1. Clearly ||+ \;d, || — 2 as j — oo,
but (A;d;;) does not converge to . Otherwise, letting A € € and ¢t € K be
limit points of (A;) and (¢;) respectively, it would follow that ¢ = AJ;, which
is a contradiction. O

THEOREM 3.7. Letl <p < oo andm > 2 and k > 2 be positive integers.
For the complex Banach spaces £, and Z’;,

{ A2 A =1, e N} if2<m<p,
0

luer(mzp) = ifp < m,
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and

m. . = <7< ) <
IUI"BP(MI;)Z{%A% AN =1,1<j<k} if2<m<p,

if p<m.

Proof. We give the proof only for ¢,. From Theorem 2.3 and Corollary 3.5
the only part to prove is that for 2 < m < p, lur Bp(mg,) = {Az]" : [A] =
1,7 € IN}. Applying Theorem 2.3 and Corollary 3.5 again, it is enough to
show that 7" € lur Bp(my,). Assume that there exists a sequence (P)52; €
P(™ly), || Pnll =1, such that limj, o |27 + Pr|| = 2.

We claim that the sequence (P},) converges to z7* in P(™{,). To show this
we will use the same notation as in the proof of Theorem 2.3, obtaining for a
polynomial P € P(™/,) the representation

m
M\ kYo (m—k) (k)
P(x) = P(z1e1 + ') zkz;)(k)xl kP(eg U~ ).
Passing to a subsequence, we can choose a sequence (cpe; +dp) € Sy, so that
¢, € C, the first coordinate of dj, € £, is zero and |c}]'+ Py (cre1+dy)| > 2—1/h.
Now we consider the sequence (Rj,) C P(*(3) defined by

m \
dn N m—ksk (m—k) 4, (k)
Ph(ser + i) = 2 (%) smht P(el » TanT, )

Ry (s,t) = if dy #0
Py, (se1) = s™Pp(er) if dp, = 0.
Since ||seq —i—tHjTh”pHp = ||(s,t)]|, for all (s,t) € € and dj, # 0, we can see

that ||Rp|| < ||Pn]| = 1. Thus a subsequence of (Ry), again denoted by (Ry),
converges to R in the finite dimensional Banach space P("™(2). Since

1
2= 3 <|ei’ + Pulener +dn)| = [ci’ + Balen, [[dnllp)]
< [Is™ + Ball < [ls™[ + [ Rall < 2
for all h, we have ||R|| <1 and ||s™ + R|| = 2. Hence ||R| =1 = R(1,0). By
Lemma 2.5 (b), R(s,t) = s™. Since (Rp) converges to R in P(™£2), we get
limp o0 Pr(er) = 1. Fix k, 1 <k < m, and define Q, € P(kﬁp) by

Qu(x) = Py(e™ ™ 2/ ®),
Then the sequence (@) of k-homogeneous polynomials on ¢, converges to 0
in P(¥¢,), which implies that the sequence (P,) converges to z* in P(™(,).
Indeed, if it did not converge to 0, then there would be a number § > 0 and,
passing to a subsequence, a sequence (y,), ||y}, || = 1, with its first coordinate
zero, such that Qn(y;) > [|Qull/2 > §/2. Define Ry(s,t) = Pu(ser + ty})
for all (s,t) € €2 Clearly |[Rp| < ||[Pu]| = 1. Thus a subsequence (R})
converges to R in P(*€2), which implies that R(1,0) = limy 00 Py(e1) = 1.
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By Lemma 2.5 (b), R(s,t) = s™. Since the coefficient of s™¥t* in the
monomial expansion of Ry(s,t) is Qn(y;,), the sequence (Qp(y},)) converges
to 0, which is a contradiction. O

Let P(FE) denote the normed space of scalar-valued continuous polynomials
on E endowed with norm |[P|| = sup) <1 [P(z)|. The space P(E) is not a
Banach space, but it is worth observing that the balls of both it and its
completion A(Bg) (the algebra of uniformly continuous holomorphic functions
on the interior of Bg) contain no locally uniformly rotund points. In fact, let
P be a continuous polynomial of degree k and ||P|| = 1. Then there is a
sequence (z,,) in Sg such that |P(z,)| — 1 as n — co. By the Hahn-Banach
theorem there is a sequence (¢,,) in Sg« such that ¢, (z,) =1 for all n. Let

m be a positive integer greater than k. It is clear that || P + u’;gz”;l ()™ —
2. However, ||P — ;Ei:;lwg’lﬂ does not converge to 0. Otherwise, P(z) =

lim,, %((pn)m(x) for each x € E. By the Banach-Steinhaus theorem for

polynomials (see [4]) P must be an m-homogeneous polynomial, which is a
contradiction. The proof for A(Bg) follows easily.
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