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NOTE ON H! SPACES RELATED TO DEGENERATE
SCHRODINGER OPERATORS

JACEK DZIUBANSKI

ABSTRACT. Let Lf(z) = ,ﬁ >0, 9i(ai ()05 f)(z) + V(z)f(z),
where w is a weight from the Muckenhoupt class A2, V' is a nonnegative
potential that belongs to a certain reverse Holder class with respect to
the measure w(z) dz, and C~1w(z)[€¢]? < iy @i ()65 < Cw(z)|€)?.
Let {Tt}+>0 be the semigroup of linear operators generated by —£. We
say that a function f is an element of the space Hé if the maximal op-
erator M f(z) = sup,~ |1 f(x)| belongs to L' (R¥(w(z)dz)). A special
atomic decomposition of H}: is proved.

1. Introduction

On R? we consider a degenerate Schrodinger operator £ having the form

L) L) =~ S 0y ()0, N)(a) + V@) (o),

where a;;(x) is a real symmetric matrix satisfying

(1.2) Crw(@)|E? <) aij(2)é€; < Cu(a) €,
i.j

with w being a nonnegative weight from the Muckenhoupt class As, and V' > 0
belonging to a reverse Holder class with respect to the measure du(x) =
w(z)dz (cf. (2.5)). Denote by £(f,g) the Dirichlet form associated with L,
that is,

e(f.0) = || Y as@0,f@Pg o+ [ Vi) fa)ale) dula).
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The operator —L is the infinitesimal generator of the semigroup {7;}:~o of
self-adjoint linear operators on L?(du) having the integral kernels kq(x,y),
that is,

(13) Tof(@) = [ b)) duto).
A perturbation formula asserts that
(14) 0 < kt(x7y) < ht(l‘,:lj),

where hy(z,y) are the integral kernels of the semigroup {S;};~0 on L?(dpu)
generated by —Lg, where

(15) Lof(z) = —ﬁzaxam(-)ajf)(x).

It is known that the kernels h;(z,y) satisfy the Gaussian estimates (3.3).
Since the measure p satisfies the doubling condition (cf. (2.2)), the maximal
operator
(1.6) Mf(x) = sup [T, f(x)]

t>0
is bounded on the spaces LP(du) for 1 < p < oo, and of weak type (1,1).

In the present paper we study the space of all functions f for which the
maximal function Mf is exactly in L'(du). We shall denote this space by
H}. The corresponding H} norm is defined by

(1.7) 1y = IMSFlLr -

It turns out that, as in the classical theory of real Hardy spaces, every element
of H} can be written as a sum of certain basic elements called atoms (cf.
Section 2). Our aim is to prove the atomic decomposition of the members of
H} (see Theorem 2.1).

The operator Ly was studied in [7] and [8]. We refer the reader to these
articles for a detailed analysis of £y and its fundamental solution.

2. Preliminaries and statement of the results

A nonnegative function w(zx) is an element of the Muckenhoupt class As if
there exists a constant C' > 0 such that

(2.1) <ﬁ/}3w(m) dx) (Fa/Bw(x)_ldm) <C

for every ball B. Here and subsequently | B| denotes the volume of the ball B
with respect to the Lebesgue measure dz. It is well-known that (2.1) implies
that the measure du(x) = w(x)dz satisfies the doubling condition, that is,
there exists a constant Cy > 0 such that

(2.2) w(B(z,2r)) < Copu(B(z,r)) for every z € RY, 7> 0.
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Using the notation from [14], we say that w € D, v > 0, if there is a constant
C > 0 such that
(2.3) w(B(z,tr)) < Ct'u(B(z,r)), for every t> 1.

Let us note that (2.2) guarantees the existence of such a ~.
Similarly w € (RD), if

(2.4) t'1u(B(z,r)) < Cu(B(z,tr)) for every t> 1.

A nonnegative potential V' belongs to the reverse Holder class (RH )Z,
q > 1, with respect to the measure dy if there exists a constant C' > 0 such
that for every Euclidean ball B one has

(2.5) (ﬁ/BV(y)qdu(y))l/q < C(ﬁ/BV(y) du(y))-

From now on we shall assume that w € Ay N D, N (RD),, 2 < v < 7,
dp(z) = w(z)dz, V € (RH)%, ¢ > v/2. We set

d=2—~/2.
Following [18] (see also [14]) the auxiliary function m(z, V') is defined by

(2.6)

T2

r(z) = m(z,V)~! = sup {r >0: 2 B@n) /B(m) V(y)du(y) < 1} :

The function m(z, V') satisfies 0 < m(z, V) < oo (cf. [14]).
We now are in a position to define a notion of H} atom. A function a is
an H} atom associated with a ball B(x,r) if

(2.7) r <r(z), supp a C B(z,r), and |lal]|pe < /,L(B(xm))fl,
(2.8) if r< @, then /a(y) du(y) = 0.
The atomic norm || || 71 _aom i defined by

Hf”H}:—atom = lnfz ‘)‘j|v

where the infimum is taken over all decompositions f = 5 j Ajaj, where a;

are H} atoms and \; are scalars.
One of the main results of the paper is the following theorem.

THEOREM 2.1. Assume that w € (RD), N D, N Az, 2 < v < 7, and
V € (RH)], with ¢ > /2. Then there exists a constant C' > 0 such that

1
(29) 6“f||Héfatom < ”fHHE < CHf”Héfatom'
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The atomic decomposition stated in Theorem 2.1 is analogous to those ob-
tained in [3]-[6] for classical Schrodinger operators. The main idea of proving
it is based, like in [3]-[6], on an analysis of the local and global behavior of the
integral kernels k;(z, y) of the semigroup {7} }¢~¢. The theorem below (proved
in Section 5) provides some control for the behavior of the global part (cf. [6],
[15], where estimates for the kernels of classical Schrodinger operators were
derived).

THEOREM 2.2. There exists a constant ¢ > 0 such that for every N > 0
there exists a constant Cn such that

(2.10)

kt(‘r7y) S

M(B(C;UJ:{\/E)) <1 + r\(/gf)>N (1 + r\(/_yt)> 7Nexp(—c|;p, —y?/).

REMARK 2.3. Since k¢(z,y) = ki(y, ), the factor Oy /u(B(z,vt)) in
(2.10) can be replaced by

Cn
(B, V)V 2u(B(y, V)2

3. Dirichlet forms

Let &(f, g) be the Dirichlet form on L?(du) associated with the operator
Lof(x), that is,

(3.1) ff0) = [ | Yy, 1@)0a0) dr.

with the domain D = {f € L?*(du) : |Vf| € L?(du)}. The Dirichlet form is
regular, that is, there exists a subset C C D N C.(R?) which is dense in D for
the norm (Hf||%2(d#) + & (f, £))Y/? and dense in C,(R?) in the uniform norm
(cf. [10]). Moreover, it is strictly local, which means that & (u,v) = 0 for any
u,v € D such that u,v are supported on compact sets and v is constant in
a neighborhood of the support of u. Let us note that the “energy measure”
d(I'(f.9)) = >_;,;ai;0;f(x)0;g(zx)dx for f,g € D is absolutely continuous
with respect to u, and the pseudo-distance

d(z.y) = sup{f(a:> i) fec. %’;f) < 1}

is comparable to |z — y|. The Dirichlet space (€, D, L?(dp)) satisfies the
Poincaré inequality (cf. [8]), that is, there is a constant C' > 0 such that for
every f € D and every ball B = B(y,r) we have

(3.2) /B i~ fsldp < O /B V1 dp,
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/f ) du(x

The doubling condition (2.2) and (3 2) imply that the kernels h;(x,y) of the
semigroup {S;}+>0 associated with & are continuous and satisfy the following
estimates (cf., e.g., Theorems 2.7, 2.3, 2.4, and Corollary 3.4 of [13]):

a eyl .
,U/(B(LC,\/E)) p( Cgt >Sht( 7y)

< (ar )

where

(3.3)

(34)  |hu(z,y) — hi(a, 2)|

< Cu(B(a, \/Z))—l ( Z/\;;|) exp (—(|z — y| — 2y — 2)% /ct)
with constants o > 0, ¢ > 0, C' > 0,
(35) Ok ha(, )] < W(Bf—;mexp (@)

For detailed relations between Poincaré, Harnack and Sobolev-type inequali-
ties and Gaussian bounds we refer the reader to [13], [1], [17] and the references
therein.

4. Green’s functions related to £y and £

At the beginning of this section we state some basic properties of the aux-
iliary function m(z, V). For more details we refer the reader to [14]. The
second part of the section is devoted to the fundamental solutions to the op-
erators iT + £ and iT + Ly. The methods of the proofs of the estimates stated
in Proposition 4.9 are borrowed from [18].

LEMMA 4.1 (cf. Lemma 2 of [14]). Assume that w € D, V € (RH)9(p)
with ¢ > /2. Then there exists a constant C > 0 such that for every 0 < r <
R < 00, y € R? we have
(4.1)

?,.2 R2

6
n(B(y,r)) /B(W) V(z)du(z) < C (R) W BB /B o V@),

LEMMA 4.2 (cf. Lemma 3 of [14]). Under the assumptions of Lemma 4.1,
for every constant Cy > 1 there exists a constant Cy > 1 such that if
1 r?

o < m /B(w , V(y) du(y) < Ct,
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then Cy 1 < rm(z, V) < Cs.

LEMMA 4.3 (cf. Lemma 4 of [14]). Under the assumptions of Lemma 4.1,
for every constant C7 > 1 there is a constant Cy > 1 such that

1 mx,V)
— < < C! or |v—y| < Crir(x).
G S mIA <y for fo=] < Cur(a)
Moreover, there exists constants kg, C,c > 0 such that
(4.2) m(y, V) < C(1+ |z = ylm(z,V)) “m(z, V),
(4.3) m(y,V) = em(e, V) (1+ |z — ylm(z, V) T/

LEMMA 4.4. There exists constants I,C > 0 such that
RQ
u(B(z, k)

Proof. (See [18], Lemma 1.8.) Denote 19 = m(x,V)~!. Let j be such

that 27ry < R < 29t1rq. Since the measure V(x)du(z) satisfies the doubling
condition,

/ V(y) du(y) < C(Rm(z, V))l provided R > m(x, V)"
B(z,R)

/ Vi) duly) < 05+1/ V(y) duly) < CS“M.
(3? R) B(Qfﬂ‘o) 7,0
Thus
_B j+1 B2 p(B(,m0))
T Sy 0 = O S L

<9 <g+1>log2coR w(B(z,r0))
o 1w(B(z, R))

2+log, C
<o) O
To

From Lemmas 4.1 and 4.4 we deduce:

COROLLARY 4.5. For any constants ¢, C’ > 0 there exists a constant C >
0 such that

/%i/\t};()w du(y) < Ct—l(ﬂm(x,V))é for Vt<C'm(z, V).

The following lemma proved in [14] (see also [18]) is a weighted version of
the Fefferman-Phong inequality.

LEMMA 4.6. Ifw € Ay ND,, V € (RH)!, q > v/2, then there ezists a
constant C' > 0 such that

a0 [P v < (e + [ W@V ).
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LEMMA 4.7. For every k > 0 there is a constant Cy, such that for every
Ry, 7 €R, if (L+iT)u=0 on B(xg,4Ry), then
sup{|u(z)| : € B(zo, Ro)}
Cy [ 1 / 9
u(z)|“dp(x
T+ Rl PP+ Rom(ao. VIIF | (B ) Sy any " H)

Proof. The proof is modelled after [18]. For completeness we present the
details. Let us note that

= Lolu (@) = 2V @) u(w) + 5 3 ay (@)u()d5u() > .

1/2

=1

Therefore, by Lemma 8 of [14], for every 1 < k < 2 and every Ry < R < 2R,
there is a constant C,. such that

C
(4.5) sup  ful@)? € —— T / () ? dp().
z€B(zo,R) /,L(B(J)o,HR)) B(zo,xR)

The Caccioppoli inequality asserts that for every 1 < k < 2 there is a constant
C,; such that for every Ry < R < 2Ry we have

(4.6)

[ (vu@P + (el + VE)u@P) du@) < 35 [ jule)? duta),
B(zo,R) B(zo,xR)
Hence
2 C’f 2
an | ) < e / o ) ),

An iteration of (4.7) leads to

u\x 2 x & u\xr 2 X
a8y [ el < g [ ) dute)

For Ry < R <2Rp and 1 < k < 2let n € C*(B(xg,kR)) be such that n =1
on B(z, R), |Vn| < C,R~!. Then applying Lemma 4.6 to the function un, we
get

/ (e, V2 |u(z)? du(z)
B(zo,R)

Ju(z)|?

<C <|Vu(x)2 + 2

PV (@) ) duo)
B(zo,xR)
By (4.6) we have

mix 2’LLI 2 X % u\x 2 X
a [ me VPP < T [ el i)
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Now, using (4.3) and (4.9), we obtain

[ @b du = [ e VPlate)PmGe, V) dua)
B(zo,R) B(zo,R)

(1 + Rm(zq, V))?ko/(1+ko) / 9
<C. u(x)|” du(x).
< (20 V)22 B(m,m)' (@) dp(x)

Iterating this procedure, we get

Cr
4.10 / w(x)|? du(z) < / w(z)|? du(z).
(4.10) B(xo,ml (@)|" dp(x) 05 Rm(zo V) B(%72R)| ()" du(z)
Finally, Lemma 4.7 follows from (4.5), (4.8), and (4.10). O

For 7 € R let us denote by Go(z,y;7) and G(z,y;7) the fundamental
solutions of the operators Ly 4+ i7 and £ + i7 = Ly + V +i7. Obviously,

(4.11) Go(l',y;’l'):/ e hy(x,y) dt,
0

(4.12) G(:E,y;T):/ e "k (x,y) dt.
0

LEMMA 4.8.  Assume that w € AyoNDyN(RD),, y>v>2,Ve(RH)I,
q>~v/2. Then

0 < Go(w,y;0) < Clz — y|*w(B(z, |z —y|)) ",
0 < G(z,y;0) < Clz — y|Pu(B(z, |z — y[)) ',
Go(z,y;7)| + |Gz, y;7)| < Clo — yPu(B(z, |z — y[) "

Proof. The lemma is a consequence of (1.4), (4.11), (4.12), (2.3), (2.4), and
(3.3). O

PROPOSITION 4.9. Assume that w € Ay N D, N (RD),, 2 < v < 7,
V e (RH)Y, q > /2. Then for every k > 0 there is a constant Cy such that
Ch |1‘ - y|2

G(x,y; T .
(6l ;7)) < (1+ [a — y|[7[1/2)" (1 + |z — ylm(z, V)" #(Ba, |z —yl))

Proof. For fixed y € R? let u(z) = G(z,y;7). Then (£ + it)u(x) = 0 for
x # y. Therefore, applying Lemma 4.7 (with Ry = |xg — y|/8), we obtain

|G(z0,y;7)| < Cr(1+ |zo — Z/\|T|1/2/8)7k(1 + |zo — ylm(zo, V) /8)

1 ) 1/2
; <M(B(m0’ |70 = y|)) /B(zovmo—y|/4) (@)l du(l‘)) .

Using Lemma 4.8 we get the required estimate. O

k
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REMARK 4.10. The above arguments can be applied to obtain the follow-
ing well-known estimate:

Cilz —y|?
(1+ |z — yllr|/2) " (B, |« — y]))

5. Estimates for k;(z,y)

(4.13) Go(z, y;7)| <

Proof of Theorem 2.2. The semigroup {7} }+~o has an extension to the holo-
morphic semigroup of contractions on L?(du). Therefore

(5.1) 10F T4 L2 (apy— 12 (ay < Cit ™.
Let
ki (x,y) = ik (x,y)
1\ T, Y) = dt t\T,Y)-
Since
d
két(xay) = <aTt) (kt( 'ay))(x)v
we have

+|Q

—1/2
(5:2) k(@ y) L2 dpee)) < 1(B(y, V1)) 2

and, by the Schwarz inequality,
_ —1/2 —1/2
(5.3) ki, w)| < O (Bl VD) TP n(Bly, vB)

The functional calculus asserts that ki(z,y) = ¢ [~ e""G(z,y;7)dr. Thus,
using Proposition 4.9, we obtain

(5.4) ki(2,y) < Cr(1 + |2 — ylm(z, V) (B, Jz —y)))

Hence

(5.5)  ky(z,y) < Cp(1+ Vim(z, V))iku(B(z, \/1?))71 for vVt < |z —y|.

Since ki(z,y) < hi(x,y), applying (5.5) and (3.3), we conclude
Crexp(—c'|z — y|?/t)

(14 Vim(z, V))k/Qu(B(ac7 V)

In order to complete the proof, it suffices to consider v/tm(z,V) > 1 and
Vi >z —y|.

Assume that there exists 8 > 0 and constants Cjg,cs > 0 such that for
every z,y € R? and ¢ > 0 we have

(B.7)  ke(z,y) < Co(1+Vim(y, V) u(Bly, V1) ™" exp(—cslz — yl*/t),

(5.8) |ki(z,y)| < %(1 +Vim(y, V) (B, V) u(By. V) 2.

(2, Y) || 2 (du(z)) <

=+ Q

(5.6) ki(z,y) < for vVt <|z—yl.
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By symmetry,
(5.9)  ki(z,y) <Cp(1+ Vim(z, V))iﬁlj,(B(x, \/Z))’l exp(—cslz — y|2/t),

for every z,y € R%, t > 0. Applying Proposition 4.9 and (5.8), we get

ki(z,y) = | G(z,20)ki(z,y) du(z)

Rd
2
<C Cilz — x|

’ R? (1+ |z — zlm(z, V))lu(B(a:, |z — 21))
x t 2 u(By, vB) P (B2, VD) TP (1 + Vim(y, V) du(z)

<cy | ey |
Z 2nr(z)<|z—z|<27+1r(x) Z 2nr(z)<|z—z|<27+1lr(x)

n>0 n<0
=S + 5.
Now,
S <C / G2 (x)°
B n>0 2nr(z)<|z—z|<27+1lr(z) (1 + 2n)lu(B(x’2nr(x)))
_ —1/2 —1/2 —
<t u(Bly, v8) TP u(Bz, VD) T (14 Vim(y, V) P duz).

Since

n(B VD) < ou(evh) (14200

for |z — x| ~ 2"r(x), Sy is bounded by
2n 2
> CEQ 2())1 u(By. VD) u(Bla VD)
n>0
2"r(z) /2 Vit -
() (e ﬁ)
<C (@> n(B(z, \/E))_l/Qu(B(y, \/E)) (1 +Vim(y )

Vit

for tm(x, V) > 1.
To deal with Sy we use the fact that if |z — x| < 2"Fr(z) < 2r(z) < 2V/4,
then p(B(z,vt)) ~ u(B(z,v/t)). Therefore,

520 (") s, V) (Bl D)1+ Vi)

n<0
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Thus

C(r(z)/VE)’ |
u(Bly, VD) P u(Bx, VD) 2 (1 + Vim(y, v))”

Taking the geometric mean of (5.7) and (5.11) we have

(5.11) ki(x,y) <

ke(,y) < C(Vim(z, V) " u(Bly, VD) u(B(x, vi))
x (1+Vim(y, V)™’ exp(—csle — y[?/2t).

It follows from Lemma 4.3 that for vt > |z — y| and vtm(z,V) > 1 one
has

(\/Em(x, V))_l <C(1+ Vim(y, V))_l/(HkO).
This leads to

(5.12)
1 ex *C/ T — 2
ko(z,y) < C(1+ Vim(y, V)" T p( )§/|4( yl*/t) o
C(1+ Vim(y, V)7 u(By, V) ' exp(=clz — yI/b).

Similarly, using (5.12) and (5.8), we get
(5.13)
|k} (x / (@, 2)ke(2,y) du(z )‘
% (B(y, \/1_5)) 1/2u(B(:z:,\/E))71/2(1+\/1_5m(y, V))fﬁfﬁ.

Now (2.10) follows from (5.12) and (5.13) by the iteration process presented
above. 0

We set qi(z,y) = he(x,y) — ki(x,y). The perturbation formula asserts
(5.14)
q(z,y) = h(x,y) — ke(z,y) = //d (x,2)V(2)ki—s(z,y) du(z) ds.
R
PROPOSITION 5.1.  There are constants C,c > 0 such that

(5.15)  0< qilz,y) < C(Vim(z, V) u(B(w, Vi) " exp(—clz — y|?/t).
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Proof. Cf. [6]. We divide the integral in (5.14) into the sum of the following
four integrals:

/2 t/2
61 aew=[ [ [
0 |z—z|>|y—x|/2 0 |z—z|<|y—x|/2
t t
R
t/2 Jlz—al>ly—al/z - Je72 J12—al<ly—al/2

=L+ L+ I+1,

Applying (3.4), (1.4), (2.2), and Corollary 4.5, we have

t/2 e—la=3l/t = lo=2I* /sy ()
(517 Ilgc/ /| el>ly—zl/2 1(B(x,/5))u(B(y, V1)) dulz)d

t é
sCu(B(x,ﬁ))1ec'|zy|2/t//2(\/§m(xvv))ds

0 S

S C(\/Em(ma V))éu(B(% \/Z))_le—C’\x—yIQ/t.

Now we turn to estimate I5. Since |z —y| > |z — y|/2, using (3.4), (1.4), and
Corollary 4.5, we get

(5.18) I < Cu(B(y, V1)) e Izl /t/ /ps z,2)V(2) dp(z) ds
< C(Vim(@, V)’ u(B(y, Vi) "te~lemvl/2,

‘We continue in this fashion to obtain
(5.19) I<C/ / el wHtV()k( )du(z) d
. 3 ————V(2)ki(z,y) du(z) ds
t/2 ) z—al>ly-alz W(B(z, V1))

< Cp(B(a, Vi) ~te =l (Vim(y, V).
The estimate of I, is similar to that of Is. Indeed,

(5.20)

t —/|2=y|?/(t=5) g—c'|z—=y[? /(t=3)
I, < C/ / ¢ ¢ V() du(z)ds
t/2 Jja—al<ly—al/z p(Bl, V) u(B(y, Vi —s))

<

=< la=ul* te=cla=3l*/(t=5) 7 )
C du(z) ds
= //2/|z sl<ly—al/z (B, V1)) u(Bly, vt —3)) He)
Cu(B(x, V1)) e 1=/ (VVim(y, V).
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Now (5.15) is a consequence of (5.17)—(5.20) and the following inequalities:

w(B(y, V)t~ v/t < Cp(B(a, Vi) eIyl
Me—c\x—y|2/t < CMe—c/\x—ylz/t.
w(B(r, V1) = (B, V)

6. Hardy spaces and local Hardy spaces on the space of
homogeneous type

At the beginning of this section we present basic results from the theory of
Hardy spaces on spaces of homogeneous type (cf. [2], [16], [19]). Then these
will be used to introduce the notion and properties of local Hardy spaces. The
local Hardy spaces on the spaces of homogeneous type that we consider here
are analogues of the classical local Hardy spaces studied originally on R? by
D. Goldberg in [12].

Let X be a topological space endowed with a Borel measure y and a quasi-
distance p satisfying

(6.1) p(x,y) = ply,z) >0, for z,ye X,

(6.2) plxz,y) =0 if and only if =1y,

(6.3) p(2,2) < A(p(z,9) + pl(y,2) for z,9,2 € X,
(6.4) A7 < p(By(x,7)) <r for z€ X, r>0,

with a constant A > 0, B,(z,7) = {y € X : p(z,y) < r}. We also assume

that there exists a nonnegative continuous function K (r,z,y) on Rt x X x X
that for some £ > 0 satisfies

(6.5) K(r,z,y)=0 if p(z,y) >r,

(6.6) K(r,z,z) > A"t >0,

(6.7) K(r,z,y) <A,

(6.8) K (r,2,y) = K(r,z,2)| < (p(y, 2)/r)°.

For later purposes it is convenient to consider a nonnegative continuous kernel
K (r,z,y) for which the condition (6.5) is relaxed to the condition (6.9) below,
that is, K(r,z,y) satisfies

09 K < (1 220) ™

(6.10) K(r,z,z) > A7 >0,
3 —1-2¢
(6.11) K (r,2,y) — K(r,2,2)| < (p(y,z)) <1+ p(w,y))

T r
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for

Set

Following [19] we define the maximal function

©12) @) =swplff@) =swp| [ K im) P
r>0

and the grand maximal function

(6.13)  f*(z) = Sup{‘ /X FW)e(y) du:y)‘ :r >0, suppy C B,(z,7),

z 3
ﬂm—¢@n<(ﬂ¢@),nwux<1}

The following theorem was proved by A. Uchiyama (see [19], Theorem 1°).

THEOREM 6.1. There exists 0 < pg < 1 such that for p > pg
I e x) < Cpr(HHLp(X)
where Cy, is a positive constant depending only on p and X.
We shall denote by H*(X) the set of all functions f such that

£ 1Lz ) = 117N o) < oo

We say that a function a is an atom for H'(X) associated with a ball B,(z,)
if

(6.14) suppa C B,(z,7), |la|jr= <771,

(6.15) /X a(z) dpu(z) = 0.

The atomic norm in the space H'(X) is defined by

(6.16) A, =inf 4> N8,
J

where the infimum is taken over all decompositions f = > j Ajaj, where A;
are scalars and a; are the H'(X) atoms.

The theorem below is a consequence of Theorem 6.1 and results of [16] and
[2] (see [19], Corollary 1).



H' SPACES FOR SCHRODINGER OPERATORS 1285

THEOREM 6.2. There exist constants C1,Csy,C3 > 0 depending only on X
such that

6.17)  If PN < Clfllm

atom

< Oollf* iy < CsllF -
For [ > 0 we define the local maximal functions f*) and f(+:) by

(6.18) fUD(z) = Sup{‘ /X f(y)so(y)dﬂT(y)‘ :0>7r>0, suppp C By(z,7),

x 3
jota) = et < (222 fole < 1},

du(y) ‘

(619 /0@ = s | [ K(ra)f)

1>r>0

It turns out that the proof of Theorem 1’ of [19] can be easily adapted to
obtain the following theorem.

THEOREM 6.3. There exists a constant 0 < pg < 1 such that for p > pg
(6.20) 1F Do) < Copll £ o (x)-
The constant C), depends on p and X, but it is independent of I.
A function f is an element of the local Hardy space h} if
Hf”h} = ||f(+’l)||L1(X) < 0.

We say that a function a is an atom for the local Hardy space hl1 (X)) associated
with a ball B,(x,r) if

(6.21) supp a C B,(z,r), r<lI,
(6.22) llallee <r7t,

(6.23) if r< i, then /Xa(w) du(x) = 0.
The atomic norm || f|[n! atom is given by

(6.24) £t atom = inf D X1,

where the infimum is taken over all decompositions f = > j Ajaj, where \;
are scalars and a; are hj (X) atoms.

LEMMA 6.4.  Assume that the kernel K (r,z,y) additionally satisfies
(6.25) /K(nx,y) dp(x) = 7.

Then there exist constants C > 0, 8 > 0 such that for every l > 0
(6.26) If = Kifll < CIFHpx).
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Proof. The lemma will be proved if we show that, for constants C' and 6
that are large enough and independent of [,

sup [ K, f(x + || sup |K,Kif ()]

o<r<i Ll(du(x)) o<r<i L1 (dp(z))
+ ||sup [ K, £ (2) — K, Kif ()] < Cllfllng,-
= L (dp(w))

It follows from Theorem 6.3 that the first two summands are bounded by
C||fllnz,- The task is now to estimate the third one. Since

K, f(z) - K K. f (x)
=[] (RG22 - £0) R0 P o) 2,

it suffices to prove that

dp(u) _ 0(1 N p(w))‘l‘ﬁ

r

/‘ (r,z, 2) f((r,x,u))f((l,u,z)

with a constant C' independent of r, [ provided r > . We only need to consider
the case where p(x, z) > CI. It follows from (6.5) and (6.8) that

§ -
p(z,u) dp(u) :
(6.27) J< fp(z7u)<l( - ) K(l,u, z) % it p(x,z) < Cr,

0 it p(z,z) > Cr,
16+1
p(gj7 Z)€+1’

which completes the proof. O

REMARK 6.5. Let us note that if for K(r, @ y) (6. 5) (6.8) hold, then the
kernel re,.(y)K(r,x,y), where ¢, (y = [y K(r,z,y)du(z), satisfies (6.5)—
(6.8) and (6.25).

PROPOSITION 6.6. There exists a constant C > 0 such that for everyl > 0
one has

(6.28) O £l

l,atom

< | flhar < Ol

l,atom

Proof. The second inequality in (6.32) follows by standard arguments. We
shall prove the first one. By Theorem 6.3 and Remark 6.5 there is no loss of
generality in assuming that K satisfies (6.25). Assume that f € hj,, f # 0.
Then, by Lemma 6.4,

I1f = Kifllgrx) < Cllfllng, -
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Consequently, f — K, f = S Abj, S I\| < C|lfllny,, where b; are H(X)
atoms (cf. Theorem 6.2). Let Ul be a family of subsets of X such that
UJl» NUL =0 if n # 3, Uj U} = X, and each of Ujl. is contained in a ball
Bp(x;{l},l). Since

1K O )l < CUHixpn fllz
and

supp Ki(xu1f) € By(a}60),

we get that
1

By s 1 Oxws (@)

is an hél atom. Hence

[RAliS!

0l,atom

< Cllfllng,-
Obviously,
Il o, < CllEllng

l,atom ~— Gl,atown.

Thus the proposition is proved. O
Let X = R? and du(z) = w(z) drv. We set
p(x,y) = Coinf{u(B) : B is a Euclidean ball, z,y € B},
where Cp is the constant in (2.2). It is not difficult to check that
(6.29) Co 'u(B(z, |z —yl)) < plz,y) < Con(B(z, |z —y])).
Moreover, X = R% u, p satisfy (6.1)-(6.4). We put

(6.30) K(r,x,y) = C%M(B(IE, V) hi(z,y), where r = p(B(z, V1)),

(6.31)  K(r,z,y) = O%u(B(% V) b (2, 9) 02 (y),

where r = [L(B(Zy \/%))7 Pz (y) = o((z — y)/\/%)a ¢ € C(B(0,1/Cs)), ¢ = 0,
o(x) =1 for |z| < 1/(2C5). )

We are going to show that for K(r,z,y), K(r,x,y) the estimates (6.5)—
(6.8) and (6.9)—(6.11), respectively, hold, provided the constants Cy, C5 are
large enough. Let us note that

Bz, |z —
(6.32) plz,y) _ n(B |z —yl)
r u(B(z, V1))

Obviously (3.3) implies (6.10). In order to prove (6.9) it suffices, by (3.3)

and (6.32), to show that

w(B(z, |z —yl)) ) o .

exp(—|z — y|?/Cat) < C (1 + /L(B(% \/f))
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But this is a consequence of (2.3).
We shall show that (6.11) holds with A being sufficiently large and £ = a/~
(see (2.3) and (3.4)). We assume (cf. (6.11)) that

r+p(z,y)

(6.33) ply:2) < —

where r = pu(B(z,Vt)).

Case 1: |x—y| < C/t, where C'is a large constant. Let us note that in this

case p(B(y, Vt)) ~ n(B(z,/1)), and, by (6.29), (6.33), we have [y—z| < CV/t.
Applying (3.4) we get

C (ly-— z|>a
6.34 K(ryz,y) — K(r,z,z)| < — .
(6:34) Ko - Kol < & (2
On the other hand, by virtue of (6.32), we obtain

(6.35) <@>f (1 . M) 1%

r

(B ly = =)\, p(Bl e —yD)\ T
> () U+ )

NI AT
- ( u(B(y, V1)) ) - ( ﬁ) '
Now (6.11) follows from (6.34) and (6.35).

Case 2: |x —y| > Cv/t. Then using (6.29) and (6.33), we have |y — 2| <
|z —yl/4.
If |y — 2| < V/t, then, by (3.4),

(6.36) |K(r,z,y) — K(r,z,2)| < C% (%) exp(—|z — y|?/ct).

Applying (6.32) and (2.3), we get

<p(yr, z)>5 (1 N p(ﬂ: y))125
>C<M(B(y,y2|))>§< n(B(y: V1)) )5
- 1(B(y, V1)) w(B( [ —yl))

w(Bz-yh)\
X<1+ 1(B(z, V1)) )

(25 () ()

Thus (6.11) follows from (6.36) and (2.3).
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If |y — 2| > v/, then from (3.3) we conclude
(6.37) |K(r,z,y) — K(r,z,2)| <|K(r,z,y)| + |K(r,x, 2)|
< = exp(—fo - yPfet).

Using arguments similar to those above, we obtain

<PQLZ)> <1*p<,y>> o
) (B(Jy|D>£< /NB@Jme>_P%
§ ( w(BvD) ) T B )
[ pBwvD) ;4mexm»>‘“%
- ((B<|x—mn> <1+ w(Ba, V1) |
Since p(B(z, |z —y|)) ~ u(B(y, |z —y|)) and Cvt < |z —y|, we conclude (6.11)
from (2.3) and (6.37).
In the same manner we can see that K satisfies (6.5)(6.8).

It turns out that compactly supported elements of h} admit localized
atomic decomposition, that is, the following proposition holds.

PRrROPOSITION 6.7. There exists constants C,c > 0 such that for every
[ >0, every xg € R, and every f € h} such that supp f C B,(zo,1), one has

F=Y"Nas, YN <Ol
J J
where a; are hl1 atoms that are supported by the ball B,(xo,cl).

Proof. Let R be such that u(B(xg, R)) = 1. Then

i ) CcB (I’Q,l) - B(IE(),A@R).

B
(I’(), A

Let ¥(z) = ¥o((xz — z0)/AsR), where 1y € C*(B(0,2)), 1o = 1 on B(0,1).
It suffices to prove that there is a constant C' > 0 such that if a is an h}
atom associated with a ball B,(yo,r), 7 < [/4, then ¥a = Z;‘v:o Aja;j, where
aj are h} atoms, suppa; C B,(zo,cl), Ej |A;| < C. Let 7 be such that
w(B(yo, 7)) = r. Then

B(yO,A )CB (y(),?") CB(y(),AGT)'



1290 JACEK DZIUBANSKI

We define

a(z)p(z) = (a(z)Y(z) — a1xB, (yo,20) (2))
N

+ ) (X8, (yo.2m) () = Q541X B, (go,2+11) (7))
j=2

+ aNJrlXBp(yo,ZNJrlr)(x)?

where N = [log, L],

a1 = (B, (yo,21)) ! / o) (b(x) — Do) du(z),
a; = an (B (yo, 2r)) u(By(yo, 277)) "

One can check that this is the required decomposition, since |a;| < Crr R,
log, I/r < C'log, R/7.

7. Proof of Theorem 2.1
We set Q¢ f(z) = fqt(x,y)f(y) du(y); see (5.14).

LEMMA 7.1.  For every 6 > 0 there exists a constant Cy such that for every
xo € R we have

(7.1) sup Q¢ (XB(wo,r(zo) f) (@)]

0<t<0r(z0)?

L (dp(x))
< Co [[|(xB@or@o ) @I 11 (gu(ay) -
Proof. There is no loss of generality in assuming that 8 > 2. Since ¢ (x,y) =

q:(y, z) it follows from (2.3), (2.4), Lemma 4.3 and Proposition 5.1 that for
x € B(zo,0r(x0)), y € B(xo,r(x0)) one has

8

|(]t($,y)| <

Ce—cle—yl?/t ( Vi )

w(B(y, lz —y) \|z -yl

) - R 10
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Therefore

sup |Qt(XB(I0J’(Io))f)($)|

0<t<0r(zo)?

LY(B(w0,07(z0),dp(z))

)
<C |z -y

IXB(o,r@o) fllL1 (@) /
: sup ————du(x)
r(xo)(S yE€B(xzo0,m(x0)) 4 B(zo,0r(x0)) M(B(CE7 ‘.’L’ - y|))

|z —y|°

||XB($ r(zo) f”Ll du)
<C 0,7 {0) t SUP / — e du(x)
7"(930)6 yEB(zo,r(20)) J Bly.20r(z0)) (B, |z — y|))

§
”XB zo,r(x f”Ll d 2~ 397"(330)
corten it 5 [ EliC) N
r(x0)° 5 Jly—al~2-16r(a0) 1(B(x, 27707 (20))

< CollXB(xo,r(zo)) Fll L1 (dp)-
If « ¢ B(zg, 0r(x0)), then, by Proposition 5.1, we get
Q¢ (XB(@o.r(zon f) ()]
<o ) duty)
Bao.r(zo) 1(B(y, V1))
p(B(y, VOr(xo))) el v/t (y)
Baor(zo))  H(B(y, V) u(B(y, Vor(w)))

Using (2.3) and the fact that 0 < t < 0r(x¢)?, we have

<C

dp(y)-

|Qt (XB(mo,r(xo))f) (‘T)’
\/ET(IO) —c ‘I I()l /t
S C XB(zo,r(x f
( Vi) n (B o) Koo i
e—¢" lz=zo|?/(07(20)*) H f|
,LL( (1’07\/>7"( XB(m(Jv m0)) |L1(d,u,)
Thus
(7.2) sup |Qt(XB(o,r(z0)) /) (@)]
0<t§97’($0)2 Ll(B(Io,Q’I‘(Io))C)
< CollXB(wo,r(zo)) L1 (dp)-
This completes the proof of Lemma 7.1. O

LEMMA 7.2.  Under assumptions of Theorem 2.1 we have

(7.3) 1l < Clif Ml

L—atom
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Proof. 1t suffices to show (7.3) for the case when f is an H} atom. Let a
be an H} atom associated with a ball B(yg,70). Then ro < r(yo). Obviously,
by (2.10),

sup [ Tya(x)| < Cu(B(yo,r0))
>

Thus
[ Mae)duta) <
B(yo,410)

It remains to estimate Ma(z) on B(yg, 4r¢)°. Assume first that [ a(z) du(z) =
0. Fix 6 > 2 (large enough). Using (5.14) we have

Ma(z) < sup |Tia(x)| + sup |Tira(x)|

0<t<6r(yo)? t>60r(yo)?
< sup |Qea(x)| + sup |Sta(x)] + sup |Tia(z)|
0<t<6r(yo)? 0<t<0r(yo)? t>67(yo)?

Lemma 7.1 yields

(7.4) M (z) dp(z) < C.
Rd

Applying (3.4), we obtain

Sia(o)] = | [ (h) = (e, 30))alo) du(s)
ly—yol | eelev/
<C Rd( NG ) (B VD) la(y)| du(y)
P M L o :
T2 u(B(z, V) T |z = yolon(B(yo, |z — wol))
Thus
7.5 Ms(x)du(z) < C.
(75) Lo M) dute)

We turn to estimate Msz. If t > 0r(yo)?, then, by (2.10) and Lemma 4.3, we
get

Cnp(Blyo, r(yo)Je i/t
(B0, (10))) 1 (B(yo, V) (VEm(yo, V)~

Tra(z)| <

Hence,
Tya(x)] < Cu(Blyo,r(y0))) " for = € Blyo,4r(y0)) \ Blyo, 4r0),
Tya(z)] < Cn (m(yo, V)|z — yol) ™" u(Blyo,r(90))) " for & ¢ Blyo, 4r(y0))-
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Consequently,

o) [ My(o) du(o) < | - <c.
|z—yo|>4ro dro<|z—yo|<4r(yo) |z—yo|>47(yo)

It remains to consider the case where [ a(z) du(x) # 0. Then, by the definition
of H} atoms, ro ~ r(yo). If ¢ B(yo,4ro), then (2.10), (2.3), (2.4) imply

(77 |Ta@)| <C / ke, y)la(y)| duly)

_N —1
< Cn(m(yo, V)lz —wol)  u(B(yo,(v0))) -
This leads to

/ Ma(x)dp(z) < C. O
|z—yo|>4ro

Now we turn to the proof of the atomic decomposition. It is not difficult
to prove using Lemma 4.3 that there is a sequence z; € R? and a family of
smooth functions ¢; such that

supp ¢; C Bj = B(zj,r;), rj=r(xj),
(7.8) 0<p; <1, |Vg| <Crit,

Sei=1, Y Xpaar) < C.
J J

Moreover, there exists a constant N > 0 such that
-N
(7.9) sup Z <1 + w) < 00.
y€eRd J Ty
Set
(7.10) M;f(x) = sup |p;(@)Tef(x) — Te(p; f)()]-

0<t<0r]2

LEMMA 7.3.  There exists a constant Cy > 0 such that
> M £l < Coll £llzr -
J
Proof. Write B = B(x;,2r;), Bj* = B(x;,4r;). Then
lpj(@)Tef (x) = Ti(p; f)(@)] < / (5 (x) = w5 () ke, 9) f ()| duly)

Rd

—[ A = hi@ s
(Bj)e M
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Since t < r7, applying (7.8), (2.3) and (2.10), we have

(7.11) 115()] < —e2®) / e=eoles =/ | £ () dpa(y).
/L(B(a?j,’l“j)) (B )(‘
Observe that

12160 P E i —colz;—y|? /72
— ¢ g i du(x) ~ e @WTITY/T
/M(B(xj,rj))

Therefore, by (7.9), we get

(7.12) | s 1ngl| < Col .
Z 0<t<or? " Lt b

To estimate J; j(z) for z € B}, we apply (7.8), (2.3), (2.4) and get

|z —y| e~cle—yl*/t

L B )

cof, () ()

T 0)]

[ Jei(z)] < C

dp(y)-
w(B(y, |z —yl))
Thus
(7.13) sup . [Tt
0<t<9rj Ll(B;*,(d,u))
|z — vy
< Collf 12055, s / dpi(z)

@ L. BT — )

= CO||f||L1(B;,(du))~
Recall that t < Qr?. Thus, if z ¢ B}*, then, by (2.3), we get

(7.14) | Jt5(@)] < O/M

. Y e—c|I—wj|2/t
<c (%) / By P W du)

; e*Ce|m7Ij|2/r? ]
e 3 )| ) ()

el s () £ (y)] dp(y)

<Gy

2 2
e—colo—a;1%/72

< Golleifleram— gy
< Collps fllr(ap w(B(x,75))
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Finally, (7.8), (7.13), and (7.14) imply

J
< CollfllLr(ap-

This combined with (7.12) ends the proof of Lemma 7.3. O

(7.15) Y ( sup |Jt,j(33)|> dp(z) < Cp Y (H%‘f”Ll(du) + ||f||L1(B;,d#)>

2
j 0<t<0rj

The proof of the atomic decomposition will be complete if we show

LEMMA 7.4. There exists a constant C' > 0 such that

(7.16) I[f 1z < CIMF L ap)-

L—atom

Proof. Assume that Mf € L!(du). From Lemma 7.1 we conclude

7.17 H sup |S¢(p; x‘
( ) 0<t<07'?| t( Jf)( )| L1 (dp(z))
<H su Qi(p; f)(x ‘
0<t<1:;7"?‘ t< Jf>( >| L1 (dp(x))

+H sup |[Ti(p;f x’
o<t<er§| L P

< C (e flleram + oML + 1M fllLrap) -
Hence, by (7.8) and Lemma 7.3,

(7.18) gﬂéggwwmm\

< Cy|IM 1 .
L ey = ol Ml L1 (ap)

According to the definitions of atoms for H} and h} spaces Lemma 7.4 will
be proved, by using (7.18), (6.29), and Propositions 6.6, 6.7, 6.3, if we show
that there exist constants C > 0, § > 2 such

(7.19)

10 )T iy < C || sup |Se(w; f)()]

+lleiflleraw | >
O<t<9r]2.

Lt (dp(x))

where | = ,u(B(xj,rj)). For z € B} = B(zj,2r;) and r < [, we have
K(ra,y) = m(B@, vO)hi(z,y), where u(Ba, V) = r < p(Bj,r,)-
Thus vt < Cr;, and, consequently,

(7200 [0

<o sw isenE)|

0<t<97’]2.

LY(B;,dp L (dp(z))’
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with a constant § > 2 independent of j. If « ¢ B} and r <, then, as above,
K(r,z,y) = p(B(x,Vt))hi(z,y), where p(B(z, V1)) =r < 1. Set

75(@) = 1yl — a5l ry) OO

One can prove using (2.3) and (2.4) that t'/2 < Cr;(x) < C|z—x;|. Therefore,
by (2.3),

(@, (@) <C  sup /|<so-f><y>|Mdu<y>
! T oct<Cr(a)? Jra w(B(z, V1))

2
p(B(a,|x —a;|))ecl=m "/t
<Cllgifliran  sup
P p(B(z, V1) (B, |z — x;]))

T — 1. Y efc\zfzjﬁ/t
< COllojfllzi — sup (| J> i

0<t<Cr(x)? \/i B(l’, |!L‘ — :L'JD)
Cllgs Pl oI
< CllgifliLi :
P (B, 2 — )
This leads to
(7.21) H(‘ij)H_J)||L1((B;)C,dy) < Clle; fllzr dp-
This finishes the proof of Lemma 7.4. (]
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