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ARITHMETIC DIFFERENTIAL EQUATIONS AND
E-FUNCTIONS

SAID MANJRA

ABSTRACT. Let K be a number field. We give an arithmetic characteri-
zation at infinity of the differential operator of K|z, d/dz] with minimal
degree in z annihilating a given E-function. Such an operator is called
an E-operator.

1. Introduction

Let K be a number field and let V{) be the set of all finite places v of K. For
each v € Vj above a prime number p = p(v), we normalize the corresponding
v-adic absolute value so that |p|, = p~! and we put 7, = p~ /=D We
denote by K, the v-adic completion of K. We also fix an embedding K — C.
For a real number r > 0, and a differential operator ¢ € Klz,d/dz], we
denote by R,(¢,r) the generic radius of convergence, bounded above by 7,
of a basis of solutions of ¢ in a neighborhood of a v-adic generic point of
absolute value r. Recall that the Fourier transform F is the K-automorphism
of K[x,d/dx] which satisfies F(x) = d/dx and F(d/dx) = —x. A power series
9= nsomx" € K[[z]] (resp. F =" ~,anx™/n! € K[[z]]) is said to be
a G-function (vesp. an E-function) if there exists a positive constant C' such
that for any index n, the coefficient a,, and its conjugates over QQ do not exceed
C™ in absolute value, and if there exists a common denominator d,, > 1 for
agp, - - ., Gy, which does not exceed C™. Chudnovsky proved in [CC] that the
minimal differential operator of K[z,d/dx] annihilating a given G-function
satisfies the Galochkin condition. Such an operator is now called a G-operator
[Al, IV]. E. Bombieri proved in 1982 that the differential operator which
has G-function solutions near every regular singularity satisfies the condition
[Loev, Ro(#,1) # 0 (called Bombieri’s condition) [Bo, 10]. The equivalence
between the condition of Galochkin and that of Bombieri was established in
1989 by Y. André [Al, IV]. In 2000, the latter showed that the differential
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operator of K|[z,d/dx] with minimal degree in x annihilating an E-function
is the Fourier transform of a certain G-operator and he called such operators
E-operators [A2, 4]. Recently, in joint work with Remmal [MR], we gave
a local p-adic characterization of the E-operators in the neighborhood of 0,
which is a regular singularity. This result is given in term of the generic radius
of convergence and provides an answer to a conjecture of Y. André [A2, 4.7].
In the present paper, we propose a local arithmetic characterization of the E-
operators at infinity (Theorem 3.1), which is in general an irregular singularity
of such an operator. This result is the analogue of the local Bombieri property
for the G-operators [CD, 6]. In the proof of this result, we cannot avoid the
case of negative exponents as in [MR, 6]. This requires the standard Laplace
transform instead of the formal one used in [MR, 5].

The importance of E-operators comes from the fact that if y(z) is an arith-
metic Gevrey series of non-zero order s and is a solution of a linear differential
equation with coefficients in K (), then y(x~*%) is a solution of an E-operator
(cf. [A2, 6]).

This article is organized as follows:

In Section 2, we start by giving some preliminaries which will be needed
later. In Section 3, we state our main theorem (Theorem 3.1), we give some
key lemmas and we prove that the conditions of Theorem 3.1 are necessary.
Section 4 is devoted to the Laplace transform £; in §4.1, we summarize main
formal properties of £. In §4.2, we give some arithmetic properties of £. For
a given differential operator ¢ € K[x,d/dz], we see in Section 5 how we can
determine the nature of solutions of (d/dx)y at 0 from those of ¢* at the
same point. Using the results of Sections 3, 4 and 5, we prove, in Section 6,
that the conditions of Theorem 3.1 are sufficient.

2. Notations and preliminaries

2.1. Differential modules. Let I be a commutative field equipped with
a derivation 0, let K be the constant field of 0 in K and let u be a positive
integer. A differential JC-module M is a free module of rank u over X equipped
with a K-endomorphism V of M which satisfies the condition V(am) =
aV(m) + 9(a)m for any m € M and a € K. To each basis {e;} of M over K
corresponds a matrix G = (G;;) € M, (K) satisfying

1
V(ei) = Z Gijej,
7j=1

called the matrix of 9 with respect to the basis {e;} (or simply the associated
matrix of M), and a differential system 0X = GX, where X denotes a column
vector p X 1 or pux p matrix. A change of bases in M results in the existence of
a matrix Y € GL,(K) such that Y[G] := YGY ' +9(Y)Y ~! is the associated
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matrix of 0 in the new basis. If

m
¢=> ad €K[0]
i=0
is a differential operator such that a, # 0, one can associates to it the differ-
ential K-module M, = K[0]/K[0]¢ of rank p, which corresponds to a system

0X = ApX,
where
0 1 0
0 0 1 0
Ap = : : : .. :
0 0 0 1
% a1 __ a2z _au-—1

is called the companion matrix of ¢. One associates to ¢ the adjoint oper-
ator ¢* = Y1 (—0)'a;. One verifies that —T A, is associated to Mg+ =
K[0]/K[0]¢*. More generally, G is associated to My = K[9]/K[0]¢ if and
only if —T'G is associated to Mgy+. This comes from the fact that for any
Y € GL,(K) one has

(21)  T[A) =T YT ALY ST Y oY)
=Ty T A)TY +o(TY TYTY = (MY [T Ay

2.2. The Newton-Ramis polygon. Let

- A\ v d d

6= w@)(g;) =2 D (g;) €Kl g
i=0 =0 j=0

be a differential operator of rank p. The Newton polygon in the sense of

Ramis of ¢, which we shall denote by NR(¢), is the convex hull, in the plane

uw, of the horizontal half-lines {u <14, v =73 —1i]|a;; # 0} (cf. [Ral).

With this definition, it is easy to check that NR(¢) = NR(¢) (where ¢
denotes the operator obtained from ¢ by the change of variable x — —x).
Also, NR(¢) has a non-vertical side if and only if a,, is a monomial, in which
case ¢ has no non-zero finite singularity.

The part of NR(¢) located in the half-plane v < ord,(a,) corresponds to
the classic Newton polygon N(¢) of ¢. As for the part of NR(¢) located in
the half-plane v > deg(a,,), it corresponds, by translation, to the transform,
by the symmetry (u,v) — (u,—v), of the Newton polygon N(¢,) of the
operator ¢, obtained from ¢ by the change of variable © — 1/x (cf. [Ma,
V]). The slopes of N (¢ ) are called the slopes of ¢ at infinity.

This implies that the non-vertical slopes of NR(¢) depend only of M,
since N(¢) and N(¢o) depend only of M, (cf. [VS, 3.3.3]).
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The polygon of F(¢) may be obtained from NR(¢$) by applying to it the
transformation (u,v) — (u+ v, —v) (cf. [Ma, V]). This implies, in particular,
the following: NR(¢) has no non-zero finite slopes if and only if all slopes of
NR(F(¢)) lie in {0,—1}.

If Ay,..., Ay are square matrices, we denote by @1<;<¢A; the block diag-
onal matrix

Ay
A
Pi<i<tA; = 2

Ay

with blocks Aq,..., Ay on the diagonal.

2.3. Radius of convergence in neighborhoods of singularities. Con-
sider the differential field K = K (x) equipped with the derivation 0 = d/dz.
Let ¢ be a differential operator of rank p such that the slopes of N(¢) lie in
{0,1} and let G € M, (K (x)) be an associated matrix of My. The Turrittin-
Levelt decomposition states that there exist a finite extension K’ of K, a
matrix Yy(z) € GL,(K'((x))), called a reduction matrix of G (or simply of ¢
if G = Ay) at 0, an upper triangular matrix Cy € M,,(K’) and a diagonal ma-
trix Ag € M, (K’) commuting with Cp such that Yo (z)[G(x)] = Ag/2?+Co/x
[Le, 3]. By base change, we may assume that Cj is in Jordan form.

One observes that the matrix Yy(z) ™!z exp(—Ag/x) is a solution of the
system %X = G(z)X. In the particular case where G = Ay, the first line of
Yo(z) "t exp(—Ag/z) form a basis of solutions of ¢ at 0.

Ag = 0 means that NR(¢) has non-positive slopes. In this case, M, and
¢ are both called regular at 0, the solutions of ¢ at 0 are called logarithmic,
and one verifies that the eigenvalues of Cy modulo Z depend only on M and
are called exponents of My and ¢ at 0. According to what precedes, if the
slopes of NR(¢) at infinity are in {0, 1}, there exist a finite extension K’ of
K, amatrix Yoo (z) € GL,(K'((x))), called a reduction matrix of A, (or of ¢)
at infinity, an upper triangular matrix Co € M, (K’) and a diagonal matrix
Ao commuting with Cse such that Yoo (2)[Ag(z)] = —As — 1Cx. In this
case, Yoo (1)71(2)% exp(—Ascz) is a solution of the system -LX = Ay(z)X
at infinity. The exponents of My at infinity are those of M,__ at 0.

By extension, we attribute to ¢ the properties that Mgy has. Then one
observes, from §2.1, that ¢ is regular at 0 (resp. infinity) if and only if ¢* is
regular at the same point, in which case the exponents of ¢* at 0 (resp. at
infinity) are those of ¢ but with the opposite sign.

In the sequel, we assume K is sufficiently large so that we can take K’ =
K. Also, for any matrix Y of M, (K ((z))) and any finite place v of Vp, we
denote by r,(Y) the upper bound of the reals » > 0 for which all entries
of Y are analytic in the punctured open disc D(0,r7) \ {0} of K,,. If YV €
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GL,(K((x))), we put R, (Y) = min(r,(Y),r,(Y~1)). We end this subsection
with the following result due to F. Baldassarri (See Theorem 2 of [Ba, III]):

PROPOSITION 2.1. IfY(z) is a reduction matriz of a K(x)-module M at
0 or at infinity, then R,(Y) is non-zero for each finite place v of Vj.

2.4. &-functions. A formal power series f =) - an2"™ € K[[z]] is said
to be an &-function if the power series ) - " is a G-function.

This definition is motivated by the fact that all power series occurring
in the solutions of the E-operators at infinity are £-functions (see Theo-
rem 2.3 below). A simple example of these power series is the Euler series
Y onso(—=1)"nlz™.

We suppose in the sequel that K contains all the coefficients of G-functions,
E-functions and £-functions that we shall meet thereafter.

The Pochhammer symbol (), stands for (a), = a(a+1)---(a+n —1).
With this notation, Theorem 2 of [Cl] shows that for any finite place v of K
above a prime number p, if « is either an integer > 1 or a non-integer rational
number of denominator prime to p, then

(2.2) lim |(a),|/" =7, =p~ /=D,
For the special case a = 1, we get
(2.3) lim |n!|Y/"™ =7,

Combining this equality with the remark below, we find that any £-function
f satisfies

(2.4) [ min(r(f)m, 1) # 0.
veVy

REMARK 2.2 ([A1, p. 126]). If g is a G-function, then [, ., min(r,(g),1)
# 0.

2.5. G-operators and F-operators. We will give here an equivalent
definition of the G-operators, called the local Bombieri property [Al], which
will be useful for the proof of our main theorem.

DEFINITIONS.

(1) An operator ¢ of K[z,d/dx] of rank v is said to be a G-operator if
the differential system dX/dz = AgX (where Ay is the companion
matrix of ¢ defined in §2.1) has a solution at 0 of the form Y (z)z¢,
where Y (z) is a v x v invertible matrix with entries in K ((z)) such
that [[,cy, min(R,(Yy),1) # 0, and where C is a v x v matrix with
entries in K and with eigenvalues in Q.

(2) An operator ¢ € K[x,d/dz] is said to be E-operator if it is the Fourier
transform of a G-operator.
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Combining the condition of Bombieri, mentioned in the Introduction, with
the properties of the functions of generic radius of convergence, we obtain
that if ¢ € K[z, d/dx] is a G-operator, then:

(1) ¢ and ¢* are also G-operators.
(2) ¢ has only regular singularities with rational exponents.

From the fact that F(¢*) = (]—'(qﬁ)) (cf. [Ma, V.3.6]), the first statement

implies that if ¢ is an E-operator then 1 and 9* are also E-operators. The
second statement means that the Newton-Ramis polygon of any G-operator
has no slope other than 0 and oo, and hence, from §2.2, that the slopes of
Newton-Ramis polygon of any E-operator are in {0, —1}.

The following theorem, due to André, describes the nature of solutions of
the E-operators at 0 and at infinity:

THEOREM 2.3 ([A2]). Let ) be an E-operator of rank . Then:
(1) The slopes of NR(%) lie in {—1,0}.
(2) ¢ admits a basis of solutions at 0 of the form
(Fi,...,F,)z™,

where the F; are E-functions, where Ty is a p X p upper triangular
matriz with elements in Q.
(3) ¢ admits a basis of solutions at infinity of the form

(L)) () ot

where the f; are E-functions, where I' is a p X p upper triangular
matriz with elements in Q, and where A is a pu X p diagonal matriz
with elements in K which commutes with T

3. The main theorem

Before stating the main theorem, we recall that for a given differential
operator 1, Ay denotes its companion matrix (see §2.1).

THEOREM 3.1. Let ¢ be a differential operator of K[x,d/dx]. Then 1 is
an E-operator if and only if ¢ satisfies the following conditions:
(1) The coefficients of ¥ are not all in K.
(2) The slopes of NR(%) lie in {—1,0}.
(3) The differential system dZ/dx = AyZ has a solution of the from
1 IN\T
Y(—) (5) exp(—Ax),

T

where Y (x) is a px p invertible matriz with entries in K((x)) such that
[I,cv, min(Ry(Y)m, 1) # 0, where I' is a p x p matriz with entries in
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K and with eigenvalues in Q, and where A is a p X p diagonal matriz
with entries in K which commutes with T.

The first condition of this theorem is necessary by the definition of the
E-operators. Theorem 2.3 above shows that the second one is also necessary.
In §3.2 we will prove that the third one is also necessary. The fact that these
conditions are sufficient is postponed to Section 6. In the following subsection,
we give some preliminary results which will be useful in the rest of this paper.

3.1. Preliminary results. Throughout this subsection, ¢ = a,(d/dx)"+
-+ -+ag denotes a differential operator of K [x, d/dx] of rank p € Z~, ¢ denotes
the differential operator obtained from ¢ by the change of variable z — —x,
I'; and T’y denote two g X p matrices with entries in K, A; and Ay denote
two p x p diagonal matrices with entries in K such that I''A; = ATy and
oAy = Aoy, and y1,...,Yu, 21, . - ., 2, denote power series of K ((x)).

LEMMA 3.2.  Let G be a pux pu matrix with entries in K, and let Y1 and Ys be
two matrices of GL, (K ((z))) such that Y1[G] = 2—21+ L and Y5[G] = %Jr%
Then:

(1) The matrices Ay and Ag are similar.
(2) Y5 ' [22] =Lt and V1Y, " € GL, (K[, 1/2]).
(3) The eigenvalues of T'y coincide, modulo Z, with those of T's.

Proof. Let a = (a1,...,a,) € K*. Put, fori=1,2,
Ei(a) ={ve K* | Ajv=a;v, 1<j<u},
and
Y= {(l e K* | EZ((J,) 7& 0}
Then
K" = €P Ei(a).
a€y;
Moreover, I'; commutes with the projection K* — E;(a). Thus, I'; can be

written as
i = P Ti(a),
a€y;
where
Ty (a) € MdimK(Ei(a))(K)'
In addition, by hypothesis, we have
Ao E} _ Aq n Iy

Y1Y271 [ﬁ +

x| 22
According to Proposition 6.4 of [BV] we have:

(1) The matrices A; and Ay are similar.
(2) X:=%; =%y, dimg(Ei(a)) =dimg(Ey(a)) forany a€X.
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(3) Y := V1Y, ' = @,y Y(a), such that Y (a) € Maimy (g, (o)) (K((2)))
and Y (a)[T'2(a)/z] =T'1(a)/z for any a € X.

Thus, Y[I'2/z] = I'1/z, and hence the eigenvalues of I'; coincide, modulo

Z, with those of T’y (cf. [DGS, IIL.8]). Moreover, for any a € ¥, we have
d
x%Y(a) =T1(a)Y(a) = Y(a)['z(a).
Therefore, if we write
Y(a)= > Y(a)ma™,
meZ

we obtain for any m € Z \ {0},

mY(a)y, =T1(a)Y(a)m — Y(a)mI'2(a).

But the eigenvalues of the maps

Tin(a) : Mu(Q) — M,(Q)

X r—Ti(a)X — XTa(a) —mX
are of the form A\(a) —~v(a) —m, where A(a) and y(a) are, respectively, eigen-
values of I';(a) and of I'y(a). This means that T),(a) is invertible, except

possibly for a finite set of integers m. Hence Y (a),, is zero except for a finite
set of integers m and the conclusion follows. O

COROLLARY 3.3.  Let (y1,...,y,)z" " exp(A1/x) be a basis of solutions of
¢ at0. Then ¢ has a basis of solutions at 0 of the form (g1, ...,y )z" exp(ﬁ/m)
= (&,...,&u), where:

(1) 1,...,9, are formal power series of K((x)) and are K[z, 1/x]-linear
combinations of y1,...,y, and of their derivatives.
(2) Tisa wx p matriz, in Jordan form, whose entries lie in K and whose
eigenvalues coincide, modulo Z, with those of I'y.
(3) A is a p x p diagonal matriz similar to A
Moreover, if y1,...,7, denote the eigenvalues of I'y and 61, ...,d, denote the
diagonal terms of Ay, then &1, ...,&, lie in
<371 2% (Inz)* Lexp(dp/z), 1<i,7,k < u>K[x71/m].

Proof. Let Wy be the Wronskian matrix of (y1,...,y,)z" exp(A;/z). Thus,
W7 is a solution of the system dX/dx = Ay X. Moreover, Wi can be written
in the form Yi2'* exp(A;/x), where Y7 is a matrix in GL,(K((x))) whose
entries are K|[z,1/x]-linear combinations of y1,...,y, and of their deriva-
tives. Therefore, Y, '[A4] = —A;/2? + I'1/x. The Turrittin-Levelt de-
composition states, in this case, that there exists a p x p invertible matrix
Y = (i) € CLL(K((x))), a u x p matrix T' in Jordan form with entries in
K, and a p x p diagonal matrix A = (g”) with entries in K commuting with
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T such that Y 1[Ay] = —A/z2 + I'/z. Hence, by the previous lemma, the
matrices A; and A are similar, the eigenvalues of r coincide, modulo Z, with
those of I'1, and there exists L € GL, (K |z, 1/x]) such that Y = LY;. In par-
ticular, the entries (;;) of Y are Klz,1/z]-linear combinations of y1,...,y,
and of their derivatives. In addition, since the matrix Yzl exp(A/z) is a so-
lution of the system dX/dx = Ay X, it is the Wronskian matrix of the p-tuple
(11, - - - ,ﬂlﬂ)xf exp(ﬁ/x). Thus, the coefficients of (711, - . - ,ﬂlu)zf exp(ﬁ/x)
form a basis of solutions of ¢ at 0. Hence, by putting y; = y1; fori =1,..., p,
we find that (71,...,7,)z" exp(A/z) is a basis of solutions of ¢ at 0 which
meets the conditions (1), (2) and (3) of Corollary 3.3. On the other hand, by
hypothesis, ' = (7i;) is of the form D+ N, where D is a diagonal matrix and
N is a nilpotent upper triangular matrix such that DN = ND and N* = 0.
Thus,

k
N—' (Inz)k.

Therefore, & = g7 exp(gu/x), and for all 2 <1 < p,

i—1
U SO N®)ji ~
=+ g Y Y ) exp(Bi/a),
j=1 1<k<p—1

since (Nk)ji =(0forall k> 1andall 1 <i < j < pu. Hence the last statement

of the corollary results from the fact that A; and A are similar and that T’
and I'; have the same eigenvalues modulo Z. O

COROLLARY 3.4. Let (y1,...,y,)x" " exp(Aq/x) (respectively
(21, -+, 2u)2 2 exp(Ag/x)) be bases of solutions of ¢ (resp. ¢*) at 0. Then
the differential system dX/dx = AyX has a solution of the form
Y (2)x't exp(Ay/x), where Y is a ju X pu invertible matriz such that the entries
of Y (resp. of Y1) are K[z,1/z]-linear combinations of y1,...,y, (resp. of
21,...,2u) and of their derivatives. Moreover, the matrices Ay and —Asy are
similar, and the eigenvalues of I'y are those of —T'y modulo Z.

Proof. Let ¢ = a,(d/dx)" + - + ag. Since (y1,...,y.)z " exp(A;/x)
is a basis of solutions of ¢ at 0, the Wronskian matrix W of the p-tuple
(Y1, -+, yu)x" exp(Ay/z) is then a solution of the system dX/dz = A,X.
Moreover, W can be written in the form Y2t exp(A;/z), where Y is a matrix
of GL,(K((z))) whose entries are K[z, 1/z]-linear combinations of y1,...,y,
and of their derivatives. Then we have, Y 1[A4] = —A;/x? + T'y/x, which
means that Y ! is a reduction matrix of ¢ at 0, or also

1 1
(31) TY[—TA(z,] :T Al; _T ].—‘15
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In addition, the p-tuple a,(z)(z1,. .., 2,)z" 2 exp(As/x) is a basis of solutions
of (b*a;l = (a;lqb)* at 0. Therefore, the matrix U whose rows ug,...,u, are
defined recursively by
u, = a,(z)(21,. .., 2,)7" 2 exp(Aq /),
a,—i(x) d )
Uy = ;‘N(I) Up = Uit (1<i<p-1),

is a solution of the system dX/dz = —T A, X. Moreover, U may be written of
the form Zz'2 exp(Ay /1), where Z is an invertible matrix u x 1 whose entries

are K[z, 1/z]-linear combinations of 21, ..., 2, and of their derivatives. Thus,
we have

—1[_T 1 1
(3.2) Z7 Ay = *EAQ + EFQ.

Thus, by formulae (3.1), (3.2) and Lemma 3.2, the matrices TA;(= A;) and
—A, are similar, the eigenvalues of Tfl(which are also those of I'1) are those
of —T'; modulo Z, and there exists L € GL,(K|z,1/z]) such that 7Y =
LZ~1. Consequently, the entries of Y ~! are K[z, 1/z]-linear combinations of
21,...,%, and of their derivatives. The conclusion follows. O

LEMMA 3.5. Let (y1(2),...,yu(z))z" exp(A1/x) be a basis of solutions
of ¢ at 0. Then (y1(—x),...,y.(—z))a" exp(—=A1/z) is a basis of solutions
of ¢ at 0.

Proof. Let W be the Wronskian matrix of (y1(z), ..., y.(x))z"" exp(Ay /).
Thus W can be written in the form Y (z)2™* exp(A;/z), where Y (z) is a X u
invertible matrix with entries in K((x)). Thus Y~ (z)[44] = —A1/2?+T /.
By the change of variable z — —x, we find

Y () Ay ()Y () + ¥ A () (v (o)) =~ L
Thus Y (—z)z" exp(—A1/z) is solution of the system -LX = —Ay(—2)X.
Consequently, the p-tuple (yi(—x),...,y.(—z))a"* exp(—A1/z) is a basis of
solutions of ¢ at 0. (]

LEMMA 3.6. Let ¢ = a,(d/dx)* + --- 4+ a9 € K(z,d/dzx]. Let W be a
X p tnvertible matriz with entries in some Picard-Vessiot extension of K.
If W is a solution of dX/dx = AgX at 0, then the elements of p—th row of
a;l(TW’l) form a basis of solutions of ¢* at 0.

Proof. Let Wy, ..., W, denote the rows of TW—1. Since W is a solution of
dX/dx = Ay X at 0, these rows are then related by

—i d
W, i = ag—Wu —

%Wu—iﬁ-la (1 SZSIJ/_I)7
m
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and the elements of W, are solutions of (b*a;l = (a;lqb)* at 0. We get
therefore, by induction on the index 1,

= <WM,..., (%)“(WM)>KW;1] (1<i<pu—1).

In addition, since W is an invertible matrix, the elements of W, are then
linearly independent over K, and hence they form a basis of solutions of
¢*a;,! at 0, and the conclusion follows. O

LEMMA 3.7.  Let Y (z)a' exp(A1/z) be a solution of dX/dx = Ays(z)X at
0, where Y (x) = (y;5(x)) € GLL(K((x))). Assume that the leading coefficient
a, of ¢ is a monomial. Then there exists Y(z) € GL,(K((x))) such that
?(x)x*Trl exp(A1/x) is a solution of dX/dx = Ag=(x)X at 0, and R,(Y) >
R,(Y) for allv € V.

Proof. First, it is easy to check that Y (x)z! exp(A;/z) is the Wronskian
matrix of the elements of (y11(),...,v1,(x))z"" exp(A1/x) and that the el-
ements of (y11(x),...,y1,(x))z"" exp(A1/x) is a basis of ¢ at 0.

In addition, if we write Y ~!(z) = (9;(z)), we find, by Lemma 3.6, that
a, (@) (g (2), ... ,ﬂw(x))x_Trl exp(—Aj1/z) is a basis of solutions ¢* at 0.
According to Lemma 3.5, the p-tuples (y11(—2), ..., y1,.(—2))z" exp(—A; /)
and a;l(—x)((yjl_u(—x),_.. . ,gjw(—_x))w_TFl exp(A/x) are, respectively, bases
of solutions of ¢ = (¢*)* and ¢* at 0. Finally, since a;l is a monomial,
Lemma 3.4 states that dX/dz = Ag=(z)X has a solution at 0 in the form

Y(z)z~ T exp(Ay/x), where Y(z) is a p x g invertible matrix such that
the entries of Y (z) (resp. of Y~1(x)) are K[xz,1/z]-linear combinations of
Yiu(—2), ..., Yup(—x) (resp. of y11(—x),...,y1.(—)) and of their derivatives.

Hence, for all v € Vj, we have R, (Y) = miny<; j<, {7 (y1:), 70 (¥ju)} > Ro(Y).
The conclusion follows. O

3.2. Necessary conditions. We conclude this section by proving that
the second condition of Theorem 3.1 is necessary:

THEOREM 3.8. Let ¢ be an E-operator of Klx,d/dx] of rank . Then,
the differential system d/dxZ = AyZ has a solution of the from

1\ /1N\T
Y(—) (—) exp(—Ax),
x/ \z
where Y(x) is a p X p invertible matriz with entries in K((x)) such that
[I,cv, min(Ry(Y)my, 1) # 0, where I' is a p X p upper triangular matriz with

entries in Q, and where A is a pu X p diagonal matriz with entries in K which
commutes with T'.
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Proof. According to §2.5, the operator ¥* is also an E-operator. Combining
this with Theorem 3.1 and Corollary 3.4 (applied at infinity), we observe that
the differential system d/dxZ = A, Z has a solution of the from

Y(l) <1>F exp(—Ax),

x/ \z

where Y'(z) is a 1 x p invertible matrix such that the entries of Y'(x) = (v;;)
and those of Y (z)~! = (y;) are K[z, 1/z]-linear combinations of £-functions
and of their derivatives, where I' is a g X p upper triangular matrix with
entries in Q, and where A is a p x p diagonal matrix with entries in K which
commutes with I'. Thus, by (2.4), we have

H min(R, (Yy)my, 1) = H (min(rri{ijn(Tv(yij)Wv)»filflfl(rv@kl)ﬁv)a1))

veV) veVy

> H ( H min(ry (y;;)my, 1) H min(ry (Y1) o, 1))

veVy 17 kl
> [T T1 minCro(yis)m, 1)
1] veEVY
< I T min(ro @), 1) # 0. O
kl veVy

In the sequel, we fix an embedding of K into C.

4. The Laplace transform

4.1. The Laplace transform L. In this subsection, we summarize the
main properties of the formal Laplace transform due in part to Y. André.

Let « be an element of K with real part > —1, let £ and n be two nonnega-
tive integers, and let h, x denote the function defined by hq i (z) = 2%(Inz)¥;
x > 0. The standard Laplace transform of h, o, denoted by L(hq,0), is given
by (cf. [DB, 2.30])

(4.1) L(hao)(z) = / e e =T(a+ 1)z L
0
This implies, in particular,
d \* o
— T A —2T (] kg _ )
(da) ( (a+1)z ) /0 e (Inz)*dx = L(hak)(2)

The Leibniz formula gives

(%)k(F(a+1 - 1) i( >F(J) a+1)z7* N (=1)F I (Inz)k.

j=0
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Thus,
k
(42) L)) =3 (’;)r% 1)z (1) (I )

0
From the fact that T'(a + 1) = aI'(«), we obtain, by induction on j > 1, the
relations

I"(a+1)=T(a)+al’(a) and TUT(a +1) = ;TU(a) + oIV (a),

which implies

(4.3) L(har)(z) € 2771 (@), ..., TM () gfan 2],
and, in the case where « is a non-zero positive integer, gives
(4.4) () = al.

On the other hand, the function h, j satisfies the following equalities (cf. [DB,
2.21, 2.40)):

(4. L L(hap)(2) = L(-hae)(),
(4.6) c(%ha,k)(z) = 2L(ha)(2) + lim ho ()

=2L(hor)(z) if Re(a)>0.

To extend the Laplace transform L of h, j to any a, we have to introduce the
finite parts of hq i in the following manner: Putting

Oz, a, k) = /ha,k(a:)dm,

we find therefore

potl P (—1)+—4k!
P = § Inz)t if -1
(xaa?k) O[+1 — (OZ-'-].)IC_ZE!(HIE) 1 O‘# )
(Inz)F+1
P(x,—1 = —"
(0, ~1k) = S5

The finite part of the integral

/ > Nakhak(t)dt,
0 a,k

where the A\, ; are complex numbers, is defined, for = > 0, by

p.f. /m Z)\a7khoz,k(t)dt = Z)\a7k 1ir%+ (<I>(e, a, k‘) + /x ha’k(t)dt)
0 ok ok E €
= Z)\a7k¢($, a, k).

o,k



1074 SAID MANJRA

With this definition, we get

iwk—pizf(%hmuﬂyﬁzo it (a,k) # (0,0),

ho.o otherwise.

(47) ha k=

Now, fix @ € C, k € Z>¢ and put for n € Z>q

_t n
) ha i (t)dt.
Then,
n m patntl k )k*Z ‘
I§
Z:Om' 'm+a+1;€'m+a+1)k 7(na),
if (—a—1)# 0,1,..., n,
n (_l)m a+n+1 k )k l p
4.8) F, = |
( ) (IE) Z m[(n ]m_’_a_;'_le g[m_’_a_’_l)k e(nx)
m 1
4 ( 1)a+1 a+n+1 (1n,13)k+1
Ca-Dintatl "’ k+1
otherwise.

Moreover, these functions satisfy, for any integer n > 1, the equality (cf. [DB,
5.35])

This means, by (4.6), that the function 2"+ £(F,,) is independent of the choice
of n for n > —Re(a) — 1. By this remark we can extend the Laplace transform
to any a by putting

(4.9) L(har)(z) = 2" L(F,) (), for n>—Re(a) - 1.

For simplicity, we write £(.) instead of £(.)(z). Then, using formula (4.5) and
the linearity of £, it follows that for any a, k and n > —Re(a) — 1,
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(4.10)
& (Llhar) = (4 V2 L(F) + 225
= (n+1)2"L(F,) + 2" L(—xF,)
x—t)"H
= (n+1)2"L(F,) — "+1£((n +1)p.f. / Tl)ha,k(t)dt

n!
= (n+ 1)2"L(Fy) — (n+ 12" L(Foir) + L(—2ha)
:£(—xha’k).

ok /0 fle ot (1) (1t

On the other hand, for n > —Re(a),

d _ ntl GRS d

c(%hm) =z E(p.f./o — (dtha,k(t))dt)
Td(x—t)"

_ . n+1
=2 ,c(p.f./O dt( — ha,k(t))dt
(r—t) L
+ p.f./0 NCER ha,k(t)dt)

e (p /0 ’ %((ﬂﬁ ;!t)nha,k(t))dt) + 2L (ha ),

where the last line results from (4.9). But

n

p.f. /Ox %(@3 ;!t)nha,k:(t)>dt = % p-£. /Ox i&(t okt )>dt'

m=0

We get therefore, by (4.7),

p-L /Ow %((x ;!t )

mnm

I
M:

0 m
a+m,k - ha,k)

(_1)mxn—m
(n —m)!m!

0

3
I

(@ W = 2" )

I
M=

0

3
Il

(_1)mxn—m 0
a+m,k*

I
NE

¢ (n—m)im!

3
I

The last line results from the fact that

_1\ym
Z (n( ni)!m! =0

0<m<n
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Hence, by (4.7), we obtain

0 if a#0,—-1,...,—n or k#0
xT d (.’13 _ t)n 9 9 9 I
pi [ A (T )= { (Cp-eante )
0 dt( n: ) m otherwise.

We conclude that for any a and k,
d 0 if a¢Z or k#0,
(411)  £(5-hak) = 2Llhag) =4 (1) %27
dz > 2
(—a)!

To simplify the notations, we will denote in the sequel z by x. Finally, using
the formula

otherwise.

(=)™ I 1
Z mln—m!X+m X(X+1)...(X +n)’

m=0

we deduce from (4.2), (4.3), (4.4) and (4.9) (with n > —Re(«)) that, if « is
not a negative integer, then

(4.12) L(hay) = D(a+ 1)z 12,; (Inz)’
with
k
poz,;c = (_1)k
and

pg’“g (C(a),...,T® (@) for j=0,... k-1,

and, if a is a negative integer, then

k1
(4.13) L(har)= x~ % 1Zp(k) In )’
with
) (=t
Okt = (F 4 1) (—a — 1)’
® (=DM (a4+n+2) N 2": (—D)™F(a+n+1)
Pak = (—a—1)! Ze ml(n—m)la+tm+1)
m#*—a—1
and

k :
pgz <F(O{),7F(k)(a)>(@[a] for ] :0,,]€—1
Combining (4.10) and (4.11), we get by z-adic completion the following lemma:
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LEMMA 4.1. Let f be a finite sum
> fix® (lnx)*
i

where oy € K, ki € Z>o and f; € K((x)). If f is a solution of some operator
¢ € K[z, L], then there exists a positive integer m such that (=)™ F(¢)(L(f))
= 0. In other words, L(f) is a logarithmic solution of ( I)m]-'(gi)) at infinity.

4.2. Arithmetic properties of L. In this subsection, we shall investigate
the relations between the radius of convergence of a power series f € K((x))
and those of the formal factors of £(fz®(Inx)*), where a € Q \ Z<o and
ke Zzo.

LEMMA 4.2. Let o € Q\ Z<o and k € Z>o. Then, for each j =0,...,k,
there exist sequences (r(k’@ ) of elements of Q(«), with £ = j,..., k, such
n>0

a+n,j
that
k
(k k k.l
paln,] = pz(x% Ewrrz,j (n = 0)7
t=j

where the pfj} were defined in (4.12) and (4.18). Moreover, for any place v
of Vi, these sequences satisfy

(k,0) 1/n

limsup |7}, ; .

n——oo

Proof. We will prove this lemma by downward induction on the index j. In
the case j = k > 0, by (4.12) and (4.13), it suffices to take r(ﬁ?k =1 for any
n € N. Suppose now that the lemma is true for some index j with 1 < j < k.
From the formulas (4.12), (4.13) and (4.10), we obtain the recurrence relation

(k k J
poH)»l,J 1__p£é,; 1+C¥+1 p‘()h;’

and by iteration on n > 1 we find

n+z+1
(k) _ n (k) (k)
pa—i—n,] 1~ ( 1) pa] 1 +] Z a + i1 pa—i—i,j'

() D)™ SN ) ko
=(=1)"pyj_11J Z Py Zpa,e T otij
i=0 (=j
n— 1 n+z+1
—1) (k,0)

_ ) (k)
= (=1)"plyj- 1+JZp 2 a+2+1 Tati
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Thus,

n—1 (_1)n+i+1

(k.£) _ (k) _ (k.j—1) n
(414) Ta+n7j_1—]2m7"a+i,j, E—],...71€, C%_,’_Jnh7 1 —(—1) s
i=0
and we get
(k) .(k,6)
paJrn,J 1= Z paf a+n,j—1°
l=j—1
where
k¢
T((1+n),j—1 € Q(a).
Let v € V. By the induction hypothesis, we have
1/n
lim sup rékjrl;zyj <1
for £ = j,...,k. Since « is an element of K, hence algebraic over Q, it is
non-Liouville for p(v) and consequently we have
1/n
lim sup ‘ =
n—so00 +nlv
(cf. [DGS, VI.1.1]). We deduce that
1/n
. (k,€) .
oy (| i, ) ST £k
and
. 1 1/n
hmsup( max ‘7 ) <1
n——oo \N0<m<n—1la+m-+1lv
Combining these estimations with (4.14) we get for £ = j,..., k,
1/n
lim sup T&k_{_{rz,j_l‘ <1
The case ¢ = j — 1 is trivial. O

NotaTions. If Y € GL,(K((x))), we will denote, for s € Z,

Rs(Y)={y € K((z)) | mo(y) > R,(Y) 7, for almost all v € V,},

RE(Y) ={y(z) € K((1/2)) [ y(1/z) € Rs(Y)}-

Here, “almost all” means with at most finitely many exceptions. It is clear
that R4(Y) (resp. R°(Y)) is a K-subalgebra of K((x)) (resp. of K((1/x))).
For instance, if f € K((x)), then Ro(f) denotes the K-algebra of the power
series y € K ((x)) such that r,(y) > r,(f) for almost all v € Vj.
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PROPOSITION 4.3. Let f € K|[z]] with f #0, « € Q and k € Z>q. Then
there exist power series ha i j € CQx R_1(f), j =0,...,k, which satisfy the
conditions

7710 () Z?,O he ;w( )(hﬁx) if a€eQ\Zco,
S8 b (1) (m) if €.

with ha k1 € K[z]\ {0} and horr € K[[z]] \ {0} such that ry(ha ki) =
ro(f)my L for almost all v € Vy. In particular, E(fxo‘(lnx)k) #0.

(fx (Inz) ):

Proof. Suppose a € Q\ Z.o. By (4.12), we may write

L(fxa(lnx)k> =277 T (« thk,]( ) (Inz)7;

where
+ n -l— ]. (k) n
hak.j Z a" T T(a) a-‘r%] Z ”+1pa+n71x :
n>0 n=>0
For j = k, we have p(()ﬁ)_n,j = (—=1)*, Thus ha i € K|[[z]], and since o € Q,

we also have a € Z,(, for almost all v € V. Hence, using (2.2), we get

p(v)

Tv(ha,k’}c)_l = lim sup \an(a)nﬂﬁ/” =r,(f)"'m, for almost all v € Vj.

n——oo

For j=0,...,k—1, Lemma 4.2 gives

k

k), (k.0

hokg = Y pahie;”
t=j

with

= 3 an(@)urr? 2 € Klal],
n>0

and
ro(BE0) 71 < limsup |an (@)na] Y™ = 70 (f) "',

n——:oo
for almost all v € V. This ends the proof in the case « € Q \ Z<g. Now,
suppose o € Zq, write
Yo

n>0

fo=) ana"

n>—o

and put
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Then, by (4.13),

k+1 1 _
£((f = fa)z*(ma)*) = 3" (=) may’,

=0

with P; € Clz], and Pyy1, Py € K[z]\ {0}. On the other hand, the first asser-
tion, applied to f,z(Inz)¥, shows that there exist ho x; € CRxR_1(f), j =
0,...,k, such that

k

L(for(In w)k) = Z x_lhoﬁk)j (é) (In x)j,

J=0

where ho i € K[[z]] and 7, (ho k) = 7o (f)m, for almost all v € V. Finally,
by the linearity of the Laplace transform, it suffices to take hq,k,; = Thok,; +
P; for j =0,...,k and hq g r+1 = Pry1 to obtain the second part of the
proposition. O

. . d
5. Solutions of ¥* and solutions of -

Let 1 be a differential operator of K|z, d/dx] such that all slopes of N R(1))
liein {1, 0}, and v be a fixed finite place of Vj. Let K, be the v-adic completion
of K and €,,) be a v-adic complete field and algebraically closed containing
Cp(v) such that its value group is R>g. We fix an embedding K — K, —
Cpo) = Qp(v)- In this section, we see how we can determine the nature of
the solutions of (d/dx)y at 0 from those ¥* at the same point. For this, we
shall begin with the following key lemma.

LEMMA 5.1. Assume y € K((v)), o € KN Zyy, 6 € K and k € Zxo.
Then the differential equation (d/dx)(z) = yx®(Inx)* exp(§/x) has a solution
of the form 3 ook iq yix®(Inx)iexp(6/x) at 0, where fori = 0,...,k + 1,
y; € K((x)) is such that

’rv(yi) > {Tv(y) Zf 5:07

min(|8|, 7, 1, 7y (y)) otherwise.

Proof. Let m = min(0,ord,(y)) and write y = >
us consider

anz" € K((x)). Let

n>m

z = Z Z ai,nxn+a(1n x)l exp(6/33),

0<i<k+1n>m
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where a; , € K forall¢=0,...,k+1 and all n > m. Then
_z_ Z Z (n—l—&—a)ai)n,l
0<i<kn>m+1
+ (@ + Dait1,n—1 — 5ai7n>x"+°‘_2(ln x) exp(d/x)
+ Z ((n — 14 a)aktin-1— 5ak+1,n>m"+a_2(ln z)"*exp(8/x)

n>m+1
+ Z —0a; ma™ T (Inz)" exp(8 /).
0<i<k+1

z is then a solution of the differential equation (d/dx)(z) = yx®(Inz)* exp(d/x)
if and only if, the coefficients a; ,, satisfy the following relations for all n > m:

(5.1) dag,m = da1,m =+ = dak+1,m = 0,

(5.2) (n+ &)ars1,n — 6ak41,n41 =0,

(5.3) (n+a+1)agnir + (k+ 1Dars1n41 — 00k ny2 = an,

(5.4) (m + a)agm + (k+ 1)aks1.m — dakms1 =0,

(5.5) (n+a)a;n, + (¢ +1)ait1,n —0ainy1 =0, for 0<i<k.

This means:
Case 1: If 6 = 0, we have from (5.2) and (5.3),

(5.6)

Z . {0 if a is a non-integer < —m,
Ap41,nT = —a A_aq—1 _gq .

= Akt1,—aT © = 1 T otherwise,

and therefore, for all n > m + 1, and all 0 < i < k, we get from (5.3) and
(5.5),

Al,—q=...=0k—q=0 if a is an integer < —m,

_ Gn—1 .
(5.7) agp = o for all n # —a,

i+ Daiyie (=D Klan
nd+a  il(n 4 a)k-itl

Z yiz®(Inx)?,

0<i<k+1

Qip = for all n# —a.

Hence the finite sum

where the coefficients of the power series y; = >, -, a;,z" are defined by
(5.6), (5.7), where ag,_o = 0if a is an integer < —m, and where ag y, = a1,m =

- = apy1.m = 0, is a solution of the equation dz/dx = yz*(Inz)* at 0. In
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addition, since o € K NZy,, it is non-Liouville for p(v) and consequently we
have

1/n
=1

) 1
lim sup ‘

n—oo G+ nlv

(cf. [DGS, VIL.1.1]). Therefore, by (5.7), we find for i = 0,...,k + 1,

lim sup |a; |2/ < limsup |a,_1|/™ = lim sup |a,|}/™.
n—aoo n—-:o0 n—-o00

This implies that r,(y;) > r,(y) for i = 0,...,k + 1, and hence the lemma is
proved in the case § = 0.

Case 2: If § # 0, we find, from (5.1) and (5.4), that ag,m = a1,m = -+ =
Qk+1,m = Gkm+1 = 0, and therefore, by induction on n > m and by (5.2),
that > o, art1,,2" = 0. In addition, from (5.3) and (5.5), we get for any
n>m,

n+a+1) 1
(5.8) Aknt2 = s Qknt1 — <0n,
) 4+ 1
Qi1 = (n _!5— @) ain + Z—g Giy1,n, forany 0<i<k.

Hence the finite sum

Z yiz*(In :r)i,

0<i<k+1

where the coefficients of the power series y; = >, -, a; ,2" are defined recur-
sively by (5.8), and where agm = a1,m = -+ = a;,m =D om Gt1,02" =0,
is a solution of the equation dz/dz = yz®(Inz)* at 0. It remains to prove
that the power series y; satisfy the condition of Lemma 5.1.

From (5.8) we find, for any n > 3 and any 0 < i < k, that

(nt+a+)(nt+a)...24+«) 1 (n+a+1)
Akt = 5 Wpp = S =
(n+a+1)(n+a) m+a+)(n+a)...34+a)
— aniz —_— e e — a/17
53 o
n+a+l)(n+a)...2+a) i+1
Ajnt2 = 5 ai 2+ 5 Qit1n+1
(it+1)(n+a+1) (i+D)n+a+1)(n+a)
+ 5 Ait1n 5 @it1,n—1

- (i+1)(n+a+1();£n+a)...(3+a)ai+1’2.
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Consequently, if « is a non-integer < —2, we have for any n > 1 and any
0<i<k,

(a+2), (a+2), Z &aj
(

Akn+2 = — = Ak2 — el E
59) X R
. a (@+2)n n (i +1)(a+2)n 3 07 aiq1,5
in42 = Qi . — o
0 o 2<j<n+1 (@ +2)j-1

and, if « is an integer < —2, we have for n > —a and any 0 < i < k,
(5.10)

(n+a+1)! (a+1+n)! §a;
o ) e (a—i—l—i—]).
~(n+a+1)! i+ D(a+1+n) 0 aiq1;
Wint2 = 5 Gil-a + sn+2 Z W
—a<j<n+1

Now, in the case where « is a non-integer < —2, we have to study two subcases:

Case 2.1.a: If a is a non-integer < —2, and if r,(y) > m, /8|, or in other

words, limsup,,_, . |an|11,/n < m|8|; L, we have

. 5”an 1/n
s 5 )

since lim, o [(a + 2), 11/” = m,. Then
5iai

(a +2);

1/n
)

lim sup ( max
nooo  \1<i<n

This implies that the power series

(a+2), 8a; n
) Sl ) @+2),]"

n>2 1<j<n

has a radius of convergence at least m *|d|,. Thus, by (5.9), we get 7, (yx) >
7, 16],. Using the same argument, we prove, by downward induction on the
index i and by (5.9), that r(y;) > 1|5, for any 0 < i < k. This concludes
the proof of Lemma 5.1 in Case 2.1.a.

Case 2.1.b: If « is a non-integer < —2, and if r,(y) < 7, |5],. We will
prove the lemma in this case by downward induction on the index 7. First,
let [ be an element of €,y such that [I|, = 7, ![d], limsup,,_ |an|1l/n > 1.

Since lim, o |[(@ 4+ 2), 11,/" = m,, we have
. 5’ﬂan 1/n
limsup |——— =1,
n— o0 ln(Oé + 2)n v
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and hence _
. 8a; 1/n
lim sup ( max |———— ) <1
n—00 1<i<n ll(a + 2)1 v
Since |l|, > 1, we obtain
Sa; 1/n
lim sup ( max _ 0% ) <1,
n—oo 1<i<n ln(OL + 2)1 v
and
, dta; |Un _ .
imowp (a5 |G oyl ) < Mo =7 ol limsnp el

This shows that the power series

Z ((046:+21)n 1;71 (aéia;))xn

n>2

has a radius of convergence at least r,(y). Thus, by (5.9), we get

ro(ye) = min(my 0o, 74 (y)) = ro(y).
Suppose now that r,(y;11) > min(m, |8|,,7,(y)) for some index 1 < i < k—1.
If 7, (yit1) < m, 1|8y, we find, with the same argument as above and by (5.9),
that

ro(yi) = min(my 8y, 7o (yie1)) = min(m8]o, 7 ().

If 7y (yiv1) > 7, t6]y, we get, with the same argument as in Case 2.1.a and
by (5.9),

To(yi) > 7Tv_1‘6|v = min(ﬂ-v_llﬂvﬂav(y))'
This shows that, for all 0 < i < k, r,(y;) > 7, !6|,. This ends the proof of
the lemma in Case 2.1.b.

Case 2.2: The case where « is an integer < —2 can be proved with
the same arguments employed in Cases 2.1.a and 2.1.b, using (5.10), since
lim,,— oo |n!|11,/" = m,. This concludes the proof of Lemma 5.1. O

NOTATIONS. Let y1,...,ys be elements of K((z)), and A = (J;;) be a
t x t diagonal matrix with entries in K. We denote by R, (y1,...,ys, A) the
K-subalgebra of K((z)) consisting of power series y € K((z)) satisfying

min {ro(yn)} if A=0,
m(y) > S0 _ . .
mm(fgilgt{'é”'” | 04 # 0}m, 121}125{7“,, (yn)})  otherwise.

Also, we denote by R(y1,...,ys, A) the K-subalgebra of K((x)) consisting of
power series y € K ((x)) belonging to R, (y1, ..., ys, A) for almost all v in Vj.
Again here and in the sequel, “almost all” means with at most finitely many
exceptions.
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PROPOSITION 5.2. Let ¢ € K[z,d/dx] be a differential operator of rank
w such that all slopes of NR() lie in {0,1}. Assume that ¥* has a basis of
solutions at O with elements in

Ro(y1, - Ys, A)[Inz, &7, ... 27 exp(d11/x),...,exp(dss/2)],

where y1,...,ys are elements of K((x)), where v1,...,7vs are elements of
Zpwy N K, and where A = (§55) is a s x s diagonal matriz with entries in

K. Then d%i/) and (%1/})* have bases of solutions at 0 with elements, respec-
tively, in

Ry (Y1, Ys, A)[Inz, L ,xi%‘,exp(:l:éu/x), .o, exp(Edss/x))
and in

Ro(y1, - Ys, A)[Inz, &7, ... 27 exp(d11/x),...,exp(dss/2)].

Proof. Write
Y = a,(z)(d/dz)" + a,—1(z)(d/dz)* " + -+ ao(x) € K[z,d/dx].

Since all slopes of NR(¢) lie in {0,1}, a, is a monomial, say a, = z” with
v € Z>o, and v is regular at infinity. If we denote by ¢ the operator obtained
from ¢ by the change of variable © — 1/z, we find

Yoo = () (df oy + LD

5 (=22)(=a?)"H(d/dw)"
+ (=2 a1 (1/2)(d/dz)
+ terms with lower degree in (d/dz),
because for all a € K(z) and all integer h > 1, we have

(a-(d/dx))" = a"(d/dzx)" + @ah—l (d/dx)(a) - (d/dx)" !

+  terms with lower degree in (d/dx).

The regularity of ¥, at 0 implies, in particular, that deg(a,—1(z)) <v —1.
In addition, it is easy to check that
(5.11)
((d/dz))" =" (d/dx)
= (=12 (d/dx)" " + ((=1)!va” ™ + (-1)" a1 (2))(d/dx)"
+ terms with lower degree in (d/dx)

(=) [(d/dz)" Tt + (va~t — 2 "a,_1(z))(d/dz)"

+ terms with lower degree in (d/d:z:)},
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because
(d/dx)" - x¥ = ¥ (d/dx)" + va” ' (d/dz)* "
+ terms with lower degree in (d/dz).

This shows that
_ _y 1 1
(5.12) tr(A((d/dm)w)*) =—(vx e au_l(a:)) S ;K |:E:| .

On the other hand, by hypothesis, ¢* has a basis of solutions (u1,...,u,) at
0 such that the u; are of the form

wi= Y e’ ()" exp(s, /o)

finite sum on j

€ Ry, ys, A)[Inz, ™, ..., 27 exp(d11/x),...,exp(dss/)].

By Lemma 5.1, for ¢ = 1,...,u, the differential equation (d/dx)(z) = w;
has a solution of the form

=y (0 i ma)e)a exp(sy, /x)

finite sum on j finite sum on £

€ K((z))[lnz, 27, ... 27, exp(d11/x),...,exp(dss/x)]

such that

~ {ro (Ui, )} if ¢, =0,

(Yi;,) = ’ .

(163, lomy t 70 (Ti,) otherwise.
Thus, the elements 1, z1,...,z, form a basis of solutions of (%d)) = zp*%
at 0. Moreover, 1, z1,..., 2, lie in
Ro (Y1, Y A)[Ina, &7, 27 exp(d11/2), ..., exp(0,,u/T)).

Now, denote by W the Wronskian matrix of 1, z1,...,2,. Thus, the matrix

W is solution of X = A( a w)*X and all entries of W lie in

Ro (Y155 Y A)Inz, 27,0 27 exp(d11/2), ..., exp(0uu/x)].

On the other hand, det(W) satisfies the differential equation (d/ dx)(det(W)) =
tr(A((d)do)y) )det( ). By (5.12), det(W) is of the form a®exp(P(1/x)),

where P € K[z] and where o € K. By definition of W, we find a €
(1L,7v1,...,7u)z and P(x) = 0z for some § € (011,...,0,,)z. This implies
that all entries of W 1! lie in

Ro (Y155 Yu A)[Inz, L ,xi”‘,exp(:|:511/:10)7 ... exp(£0,,,/x)].

Hence, by Lemma 3.6 and the fact that leading coefficient of (d/dx)y)* is
monomial (see (5.11)), the differential operator -4 has a basis of solutions
at 0, with elements in

Ro (W1, Y, A)[Inz, zi“, . ,a:ﬁw“,e><p(:|:511/1:)7 ... exp(£d,,/)].
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This concludes the proof of Proposition 5.2. O

COROLLARY 5.3. Under hypotheses of Proposition 5.2, for all positive in-
tegers m > 1, the differential operators (%)mw and ((%)mw)* have bases of
solutions at 0 with elements, respectively, in

Ry (Y15 Yu A)[Inz, L ,xi"*“,exp(:lzéu/x), oo, exp(£0,,/x)]

and
Ro(Yi, - Yu, A)Inz, 27, ... 27 exp(d11/x),. .., exp(du, /).

Proof. First, the differential operator (%)mzﬁ has the same leading coeffi-
cient as ¥ which is a monomial. In addition, the properties of Newton polygon
([Ma, IIL.1]) lead to

d\m d
{slopes of N((%) ¢)} = {slopes of N<%)}
U {slopes of N(¥)} € {0,1},
d\m d
{slopes of N(((E) 1/1) 00)} = {slopes of N((%)m)}

U {slopes of N(¢)}
= {0}.

Thus, the slopes of NR((%)"%/}) lie in {0, 1} for all integer m > 1. Hence the
corollary can be proved by induction on m, using Proposition 5.2. O

Let fp denote the Euler series > -,(—1)"nlz". With the notations of
§4.2, we obtain:

COROLLARY 5.4. Let ) € K|x,d/dx] be a differential operator of rank p
such that all slopes of NR(1) lie in {0,1}. Assume that the differential system
dX/dx = AyX has solution at 0 of the form Y (z)x" exp(A/x), where Y (x)
is a p X p invertible matriz with entries in K((x)), where T is a p X p matriz
with entries in K and eigenvalues y1,...,7v, in Q, and where A = (6;5) is a
uXx p diagonal matriz with entries in K. Then, for all positive integers m > 1,
the differential operators (-£)™¢ and ((-£)™)* have bases of solutions at 0
with elements, respectively, in

(RO(Y) N Ro(fE)> [Inx, et e exp(£d11/x),. .., exp(£d,,/x)]
and

(RO(Y) N Ro(fE)> Iz, 277, ... 27" exp(—011/x),...,exp(—du./z)].

Proof. Since all slopes of NR(z)) lie in {0,1}, the leading coefficient a,
of ¢ is a monomial. Let Y, (x) = (11(z),...,yu(z)) € M,x1(K((x))) denote

the p-th row of the matrix a,* (7Y (z)~'). By Lemma 3.7, the elements of
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?ﬂ(x) (x)(*TF) exp(—TA/z) form a basis of solutions of 1)* at 0. According to
Corollary 3.3, the elements of this basis lie, for all v € Vj, in

Ro (@1, Y, A)[Inz, 277, ..., z7 7 exp(—d11/x), ..., exp(—0,, /)]
In addition, for almost all v € Vp, the eigenvalues of I' lie in Z,,). Hence, by

Corollary 5.3, the differential operators (-£)™¢ and ((-)™1))* have bases of
solutions at 0 with elements, respectively, in

R, Ty A)Inz, 257 2 exp(£611 /), . . ., exp(F6,,,/7)]
and

R, U, A)Ine, 277, . 7™ exp(—d11/x),. .., exp(—0,,/x)].
The corollary results therefore from the following observation:

R(Y1, - U, A) SRo(y1) N+ .. Ro(Uu) N Ro(fE) € Ro(Y) N Ro(fr). O

6. Sufficient conditions

Let F denote the inverse of F, that is the K-automorphism of K[z,d/dz]
satisfying F(z) = —d/dx and F(d/dz) = z. In this section, we will prove
that the conditions in Theorem 3.1 are sufficient:

THEOREM 6.1. Let ¢ € K[x,d/dz] be an operator of rank p satisfying the
following conditions:
(1) The coefficients of ¥ are not all in K.
(2) The slopes of NR(%)) lie in {—1,0}.
(3) The differential system d/dxZ = AyZ has a solution of the from

Yy (l) (1>1‘ exp(—Azx),
z/\z
where Yy () is a p X p invertible matriz with entries in K((x)) such
that 1], ey, min(Ry(Yy)my, 1) # 0, where I' s a p x p matriz with

entries in K and with eigenvalues vy1,...,7, in Q, and where A =
(0i5) is a diagonal p x p matriz with entries in K which commutes
with T.

Then ) is an E-operator.

Note that condition (1) means that the differential operator ¢ := F (1) is
not a polynomial.

LEMMA 6.2.  Under the hypotheses of Theorem 5.2, the differential opera-
tor ¢ := F(1p) has a basis of solutions at 0 of the form (fi,..., f,)x®, where
fi,--, fu are power series of K[[z]] such that [[,cy, min(ry(fi),1) # 0 for
i=1,...,v, and where C is a v X v upper triangular matriz with entries in

Q.
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Proof. By §2.2, ¢ is regular at 0 and admits a basis of solutions at 0 of the
form

(€1, Cos e Go) = (S, fas ooy fu)a©
such that
(1) fl?"'afl/ € KH‘T]]?
(2) C =D+ N is an v X v matrix, where D is a diagonal matrix whose
diagonal entries D;; := a; € K are the exponents of ¢ at 0, and

N = (Nj;) is an upper triangular nilpotent matrix with entries in Q
such that DN = ND.

Since
NF " Nk
2C = 2PN = 2P Z F(lnx)k =P 4+ 2P Z W(lnx)’ﬂ
k>0 k=1
we obtain
(6.1) G = fiz™,
and for 1 <i<wv
1—1 v
a; a; (Nk) K
(6.2) G = fix™ + ijx 4 Z i I (Inx)k,
j=1 k=1

since (N*);; = 0 for j > i.

In addition, by Lemma 4.1, there exists a positive integer m such that
(%) v annihilates £((;) for ¢ = 1,...,v. We then define, ¥ = (%) .
Applying Corollary 5.4 to ¢ at infinity, we find that ¥ has a basis of solutions
&1, €u+m at infinity with elements in

(Rgo(Yw) N RSO(fE)) Iz, 257 2% exp(+0112),. . ., exp(£5,,2)].
Now, let Ay denote the set
Cox (RSO(Yw)ﬁRSO(fE)) I,z . 2™ exp(£6112), . .., exp(+8,,7)].

Therefore, we have for all 1 < i < v, L£({;) € .Ap. By induction on i, we
deduce from (6.1) and (6.2) that

(6.3) ﬁ(fixai> cAiy (i=1,...,v),
where Ay, ..., A,_1 are the C[ln z]-modules of finite type defined recursively
by

As = Ay + (£(fia (na)); 0 j < w)

Clln z]
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This shows, by iteration on ¢ and by (4.12) and (4.13), that the exponents
«; are rational numbers. Thus, by Proposition 4.3, the Laplace transform of
fix®(Inz)* (for i =1,...,v and k € Z>() can be written as

k
P N () Z hi k. (i) (Inz)’
j=0

(6.4) L{ fix® (In x)k = if a; €Q\ Z<o,
( ) Ii:l ik, (é) (Inz)7
=0

if o; € Z<0,

where hi,k,j e CRk Rfl(fi), 7=0,..., k, hi,k,k+1 c K[SL‘] \ {0} and hi,k’k S
K][[z]] \ {0} are such that r,(h; k) = 7o(fi)m, ! for almost all v € V,. To
conclude, it suffices to prove, by induction on ¢, that

(65) fz S Rl(Y;/,) N Rl(fE), (’L =1,..., V).

Combining (6.3) with (6.4) for i = 1 and k = 0, we find that oy € {£v; +
m|me€Z, j=1,...,u} and that hi 90 € Ro(Yy) NRo(fr). Thus f1 €
R1(Yy) NR1(fE) and for any 0 < j < k, we have

hik; € COkx (Ro(Yy) NRo(fE)),

and hence, for any k£ > 0,

/J(flx‘“ (In x)k) € 27 C @ (Ro(Yy) N Ro(fz))[Inz].

This implies

A C A
Suppose now that, for some integer 7 with 1 < 7 — 1 < v, we have f; €
Ri(Yy) NRi(fE), and a5 € {xy; +m | m € Z, j = 1,...,pu}, for i =
1,...,7 — 1. Then, by (6.4),

hi,k,j e Cogk Ro(Yd,) ﬂR()(fE)) for 1<i<7—1,and 0<j<k.

This implies A;_1 C Ag. In particular, by (6.3), we get ﬁ(fo“T) e Ap.
Therefore, by (6.4), we find ar € {£y; +m | m € Z, j = 1,...,u} and
hro0 € Ro(Yy) N Ro(fE), and consequently f. € Rq(Yy) N Ri(fr). This
proves that f; € R1(Yy) NRi(fr) and oy € {£y;+m |m€eZ, j=1,...,u}
for i =1,...,v. On the other hand, by Corollary 3.4, the power series f; are
entries of the inverse of a reduction matrix of A,. Therefore, by Proposition
2.1, they satisfy r,(f;) # 0 for any v € V5. Combining this with the fact that
fie Ri(Yy) NRi(fg) for i =1,...,v, we get

H min(r,(f;),1) #0 for i=1,...,n.

veVy
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The lemma follows therefore since a,...,a, € Q. O

Proof of Theorem 5.2. First, by §2.3, the differential operator ¢* is regular
at 0. In addition, by Corollary 3.7, the differential system dX/dx = Aw—*X

has a solution of the form ?(%)(l)*Tr exp(Az), where Y (z) € GL,(K((x)))

such that [],y, min(r,(Y),1) # 0. Moreover, we have F(¢*) = (Fo)* = o*
(cf. [Ma, V.3.6])). Then, by the same proof as in Lemma 6.2, we find that

#* has also a basis of solutions at infinity of the form (z1,...,z,)2", where
z1,...,2, are power series of K[[z]] such that [[, .y, min(r,(z;),1) # 0 for
i =1,...,v, and where A is a v X v upper triangular matrix with entries

in Q. Combining this with Lemma 6.2 and Lemma 3.4, we find that the
differential system dX/dr = A4;X has a solution at 0 of the form Yj(z)z®,
where Y'(z) € GL,(K((z))) such that [],cy, min(r,(Yy),1) # 0, and where
C € M,(Q) is an upper triangular matrix (see proof of Theorem 3.8). Hence
¢ is a G-operator and consequently v is an E-operator. O
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