Illinois Journal of Mathematics
Volume 47, Number 4, Winter 2003, Pages 1207-1226
S 0019-2082

COMPUTING THE NORMS OF ELEMENTARY
OPERATORS

RICHARD M. TIMONEY

ABSTRACT. We provide a direct proof that the Haagerup estimate on
the completely bounded norm of elementary operators is best possible
in the case of B(H) via a generalisation of a theorem of Stampfli. We
show that for an elementary operator 7' of length ¢, the completely
bounded norm is equal to the k-norm for k = £. A C*-algebra A has
the property that the completely bounded norm of every elementary
operator is the k-norm, if and only if A is either k-subhomogeneous or
a k-subhomogeneous extension of an antiliminal C*-algebra.

1. Introduction

For A a C*-algebra, an operator T: A — A is called an elementary operator
if T' can be expressed in the form

‘
(1) Tr = Zaimbi
i=1

with a; and b; (1 <4 < {) in the multiplier algebra M (A) of A (see [17]). A
well-known estimate due to Haagerup states that

Y4 ¢
(2) 1T < 1Tl < | |1>" agaz|| IS b8
j=1 j=1

where ||T||cp is the completely bounded (or CB) norm of T

For A = B(H), our main result shows how to recognise equality in (2), in a
way that generalises a result of Stampfli [22] dealing with special elementary
operators Tz = ajxl — lzbs. The bound on ||T|| in the estimate (2) is
known to be sharp, at least in the case A = B(H), provided one considers all
possible representations of T as Tz = Z§:1 a;xb; (and takes the infimum of

the upper bounds obtained). We first give a direct argument to characterise
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equality of ||T|, |T||e» with the right hand side of (2) for A = B(H) and
this involves a balance condition on certain numerical ranges of the a; and
b; (Proposition 3.1). More accurately, the numerical ranges we consider are
asymmetric and involve a;aj on the left and b7b; on the right. These numerical
ranges are not convex in general but when we apply our condition to look for
equality of ||T||x, [|T||cs and the right hand side of (2) we end up considering
convex combinations of k elements of the numerical range we use for k = 1.
We reach the convex hull by the time k& = ¢ and for this k the balance condition
must be satisfied for some representation of 7' (Theorem 3.3).

We can pass to general C*-algebras A by considering representations and
we can then conclude that ||T||x = ||T||ep for & = £. It seems to be new to
have any bound on k (except for £ = 1) without conditions on A. A simple
example (Example 3.5) shows that the result is optimal (that is, not true for
k=1¢—1 for any £ > 1).

Our techniques allow us to embed the example in a continuous trace C*-
algebra as long as the algebra has an irreducible representation of large enough
dimension (Theorem 4.3). This is the step we need to characterise those
C*-algebras A where ||T||r = ||T||e for all elementary T: A — A (with k
independent of T'). The remaining parts of the proof of this characterisation
can be borrowed from [4] where the case k = 1 was settled.

We recall that there are somewhat similar results for complete positivity
of elementary operators. In [23] it is shown that an elementary T (as in (1))
must be completely positive (CP) if it is k-positive for any k at least as big
as the integer part of v/ (and again this is optimal). In [24] the class of
C*-algebras A where k-positivity implies complete positivity of elementary
operators T: A — A is characterised, leading to the same class of algebras as
for the CB situation. Again the case k = 1 was settled earlier in [4].

This difference between the optimal £ in the CP and CB cases suggests
looking at norms for the subclass of hermitian-preserving elementary oper-
ators. In Theorem 3.12 we establish a smaller k (that is k¥ < £ if £ > 1)
for which ||T||x = ||T||e» holds in this subclass, but examples show that the
optimal k must be proportional to ¢ in general.

Notation. We are using M, for the nxn complex matrices, or the bounded
linear operators on the standard n-dimensional Hilbert space C™. Our Hilbert
spaces H are all complex and H™ means the orthogonal direct sum of n copies
of H, or the space of n-tuples of elements of H with the natural inner product.
B(H) denotes the bounded linear operators on H. M, (A) means the n x n
matrices with entries in A.

The CB norm of a linear map T: A — A is defined as ||T||cp = sups>1 | T|lx

where ||T||x = |T®)]|| and T®) : My(A) — My(A) is defined via

T*) (zij)ﬁjzl = (T(Iij))ﬁj:r

If A C B(H) then we can regard M;(A) = A ® M, as a C*-subalgebra
of B(H) ® My, = B(H ® C*¥) = B(H*) and in this way there is a unique
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C* norm on each My (A) (compatible with the natural algebra structure and
involution). There is an extensive literature relating to the CB norm and we
cite [18], [10], [11] as general references.

We will use E¢(A) for the elementary operators on A, M, for the positive
semidefinite n X n matrices.

Acknowledgement. The author thanks R. Archbold for suggesting sev-
eral detailed corrections and improvements to an earlier draft. Part of this
work was done during a visit by the author to the University of Edinburgh,
to whom thanks are due for their hospitality.

2. Joint numerical ranges

Our terminology here is motivated by concepts of Stampfli [22] and does
not follow standard terminology exactly (see [6, Chapter 7]).

DEFINITION 2.1.  For a tuple (c1,ca,...,ce) of operators ¢; € B(H), we
denote by W, (c1,ca,...,ce) the ‘matriz numerical range’

Wm(cth, . -,CZ) = {(<C;Ci£a§>)f,j:1 : g € H7 Hf” = 1} C Mé'

We will also consider a subset of the closure of W,, which we call the
‘extremal matrix numerical range’ and denote by
l
Zcf ¢ }
i=1

Fixing any preferred linear order for the ¢? entries of an ¢ x £ matrix, our
W, is the joint spatial numerical range W of [6, p. 137] for the ¢>-tuple i
For future use, note that (cjc;&, &) = (ci€, ¢;€).

We will sometimes abbreviate W, (c1, ca, . .., ¢¢) as Wi, (c) with ¢ denoting
the ¢-tuple (and usually viewed as a column).

Wine(c1,ca,... co) = {a € Wp(er,ea, ... ce) : trace(a) =

PROPOSITION 2.2.  For cy,ca,...,¢c¢ € B(H), Wp(c1,¢2,...,¢0) is con-
tained in M; and W e(c1,¢2, ..., ce) is nonempty and consists of those ele-
ments of the closure Wy, of mazimal trace.

Proof. To show the positivity, consider (z1,22,...,2,) € C* and observe

¢
Z zici€
i—1

The fact that Wi, c(c1,¢a, ..., cr) # 0 is easy to verify, as are the other asser-
tions. O

2
> 0.

Z ZzZ<C;‘ Ciga €> =
,J
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REMARK 2.3. Arveson [5] gives another definition of (a sequence of) mat-
rix-valued numerical ranges associated with a fixed operator. For T' € B(H),
Wi (T) is the set of all possible values ¢(T) where ¢: C*(T) — M, is a
completely positive unital map on the C*-algebra generated by T'.

Our Wy, (e1, ¢, ..., c) is contained in Wy(T') when we take T' = (c}’fci)f’jzl
in My(B(H)) = B(H"). To see this note that for ¢ € H of norm one,

¢¢: B(H) — C given by ¢¢(x) = (2€,€) is a (pure) state on B(H) so that it

is a completely positive unital map. We have W,,(c1,¢a,...,c) = {¢(€)( T):
EeH, ¢ =1,

If we take e;; € Myy1 to be the matrix with 1 in the (4,7) place and
zeros elsewhere, and ¢; = ey; then W, (c1,ca,...,¢¢) consists of all positive

semidefinite rank one matrices of trace < 1. In this case the convex hull of W,,
coincides with W, (T'), but because W,,(T') is invariant under conjugation by

unitary matrices one can see that the convex hull of W,,, is in general smaller
than W, (T).

PROPOSITION 2.4. Let ¢ = (cy,c¢a,...,¢0) with ¢; € B(H). Denote by
cz(-k) =c;®I; € My(B(H)) = B(H*) the block diagonal k x k matriz with c; in
the diagonal blocks. Let ¢*) denote the corresponding (-tuple (cgk))le. Then

k
Wm(C(k)): th()éj a7 EWm(C),tj ZO,th =1
Jj=1 J
(the set of convex combinations of k elements of Wy, (c)). A similar statement
holds for W, .
Moreover, for k = min(¢,dim(H)), W,,(c'®)) is convex, and Wi, .(c®) is
convex and closed.

Proof. A simple calculation shows that if £ = (&, &.,...,&) € HF is a unit

vector, then
(e Zf (il c;€l)

where ¢, = ||£,||* and . is the unit vector in the direction of &,.

Alternatively if we denote by & ® &; the rank one operator on H given by
0 — (0,&;)¢; we can see that y = Zle &F ® &; is a positive operator of trace
Zle €] = 1 and of rank at most k. Every such y can be written in the
form Zle &F ® &;. Moreover

({ie)e. (e)e)). ., = (mace(cew);

s

To show that W,,(c*)) is convex we need only show that W,,(c(**1)) =
Wi (c®) and if k = dim H that is clearly true. For k = ¢ < dim H, start with
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a = (trace(c;ciyo))f’jzl € W (c* D) where yo = Zf;rll &F ® ¢ is positive,
of trace 1 and rank at most k£ + 1. If the rank of yy is < k + 1 we are done
and so we assume that the rank is k£ + 1. We will work within the span of the
&, by taking P to be the orthogonal projection onto the span, temporarily
restricting H to PH and considering ¢;; = Pcje; P € B(PH) in place of cici.
Note that ¢;; = ¢js.

Consider

Sp+1 ={y € B(PH) : y > 0,tracey = 1, trace(c;;y) = ay; for 1 <4,j < £},

Note that this set is compact (a closed subset of the trace one and positive
definite matrices). The total number of real linear equations to be satisfied
by y € Sk41 is 1 + £? and we are working inside the hermitian elements of
B(PH), a space of dimension (dim PH)? = (¢ +1)? > 1 + ¢2. More precisely
we have Sp41 C {y = y* € B(PH),tracey = 1} = I}, an affine space of
dimension (¢ + 1) — 1. Spi; is the intersection of the convex set ¥ ; of
positive elements of ITj, 1 with an affine subspace of ITj, 1 of codimension ¢2.
Ske1 # 0 because of yg. Thus Sk41 must contain some point i which is not a
relative interior point of Xj41 C Igy1. Such a y must have rank < k and so
a= (trace(c;ciy))f,jzl € Wpn(c®).

The statement about W, . now follows. O

REMARK 2.5. The argument above is a proof of a remnant of convexity
for the joint (spatial) numerical range of the finite list of operators on B(H).
The Toeplitz-Hausdorff theorem asserts that the numerical range of a single
operator is convex. That is known to be false in general for the joint numerical
range of two operators {({z1&, &), (x2&€,£)) : € € H,||£|]| = 1}, though it is true
for two hermitian operators z1,xs. The argument above shows that the set
of all convex combinations of k elements of the joint numerical range of n
operators zi,¥a,...,o, € B(H) is convex provided (k + 1)2 > 1 +d for d
the dimension of the real span of the real and imaginary parts of the x; (or

k =dim H).
There is a case where the joint numerical range is known to be convex,
that is for a commuting n-tuple of normal operators (1,2, ...,2,) (see [6,

p. 137]). It follows that if cjc; are commuting operators, then W, (c) is
convex.

3. Norms of elementary operators on B(H)

The Haagerup estimate (2) can be derived from the following matrix for-
mulation of the representation (1)

by

ba
Tl‘z[al,ag,...,ag](],‘@Ig) : :a(x@Ig)b

be
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where z ® I, is the block diagonal element of M,(A4) = A® M, with z’s along
the diagonal. We will use this row (a) and column (b) notation often. From
Tr=a(z® )b (z € A), T®(X) =a® (X @ I,)b® (X € My(A)) where

a® = (a1 @ I,aa @ I, ... ap @ I

and b®) is similarly related to b. We get the estimate (2) from ||T||x <
[2a® ] [b™]| = [|a]| [b]|. From (2) we get

L £
1 * *
(3) T[]t < ) Zajaj + ijbj
j=1 j=1

As a simple argument shows, this estimate is essentially equivalent to (2)
because of the ambiguity in the choice of a; and b; in (1).

This ambiguity extends at least to the bilinearity of z +— axb in a and b
and we can say that every T' € ££(A) can be represented in the form (1) with
linearly independent (a;)¢_, and (b;)¢_;. For general A, further ambiguity
can arise (for example from the centre of the multiplier algebra M (A)—see
[1], [8]) but if we simplify to the case of A = B(H) then no further ambiguity
can arise.

An argument using polar decompositions given in [11, Lemma 9.2.3] shows
that the infimum of the right hand side of (3) over all possible representa-
tions (1) of T is the same as the infimum with (a;)¢_; and (b;)¢_; assumed
linearly independent. In the case of A = B(H) we can relate all such lin-
early independent representations of T" to one another via an invertible matrix
o= (O‘ij)f,jzl of scalars:

¢
Tx = Za;xbg =a(z® )b =aa"(z® I;)ab.
i=1

‘We have
(4) Wi (b') = aWp,(b)a™,
(5) Wi ((a')") = (@™ 1)* W (a¥)a ™!

by simple calculations. If we assume that « is unitary, then the trace is invari-
ant and we have similar relations for Wy, ., the elements of W,, of maximal
trace:

(6) Wme((@)*) = aWpe(a®)a*, W, (b)) = aW,,(b)a* (a* =a™ ).

An important fact we will use is that there is a representation of T" with
the right hand side of (3) attaining the minimum possible. A more general
statement is shown in [11, Lemma 9.2.7], but the fact we use can be shown
by elementary means.
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PROPOSITION 3.1.  Let A= B(H) and let T € E((B(H)) be given by (1).
Then we have equality in

L

L
Z aja;f + Z b;k bj
j=1

=1

1T < ITe» <

N =

if and only if the intersection
Welal,as, ... a;) N W, (b1,ba,...,bs)

18 nonempty.

Proof. Consider first the case when H is finite-dimensional and the inter-
section is non-empty. Thus there exist unit vectors £, € H with (a;a}§, &) =
(b3bin,n) for 1 <i,j < ¢ and

Zazaff ‘

Then u(b;n) = a;& specifies a unique unitary map u from the span of b;7 to the
span of a;€. (To make the argument more easy to follow we can assume that
((b7bin,m))i; is a diagonal matrix by using a unitary matrix a and replacing
a = (aj,as,...,a;) by aa* and b = [by,ba,...,bs]" by ab.)

We can then extend v to a unitary (or unitary times orthogonal projection)
map on H and compute that

¢ ¢
(T(u)n, &) =Y (ubm, a;&) = (aia;¢, &) = |a] = |b]|.
i=1 i=1
Thus we have
170 = @/2)(lall + [bl) = [Tlles = 1T'[lx = [IT]],

forcing equality all around in this case.

When H is infinite dimensional we have to modify the argument only
slightly to take account of that fact that we can only find unit £ and 7 so as
to get arbitrarily close approximations (a;a;§, &) = (bjbin,n) for 1 <i,j </

and
> {waig, &) = Zal > bibs

We can then say that our v will have norm approximately 1.

For the converse, if ||}, a;a; || # ||>_, b;bi||, then we have strict inequality
between the right hand sides of (2) and (3). So we may suppose equality and
normalise ||>, a;ar|| = >, bibi|| = 1.

We know that ||T'|| = sup || T (u)|| over v unitary (by the Russo-Dye theorem
[21], [12], or the more elementary fact that the each element of the open
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unit ball of B(H) is an average of unitaries [15, p. 253]). Now ||T(u)| =
sup (T (u)n, &) over unit vectors £,n € H and we note that

14

R(T (u)n, &) =Y R(ubin, a;§).

i=1
Let ¢; = ub;n and 6; = a;¢. Now
((Gi»G3))ig = ((b50in, )iz € Win(b)

while (<9i,9j>)ij € Wn.(a*).
Clearly

¢ ¢
R(T'(u)n, &) = Z%@i,@i) < lIGI16:]

14 £
<A DG Do N8 <1
i=1 i=1

and we have strict inequality unless (; = 6; for all i and Zle IGI? =
Zle 16;]]?> = 1, which forces the desired condition

((Gis G))ij = ((0:,05))i5 € Wi e(@™) N Wiy, (b) # 0.

Our aim is to quantify the inequality when the intersection is empty and
show Zle R(¢i,0;) < 1 — e where ¢ > 0 depends on W,,(a*) and W,,(b).
The following argument is essentially a proof of the Cauchy-Schwarz estimate
just above. With an eye to reusing this argument later, we prove a little more
than we need just now. Applying the lemma to the closures Wy = W,,(a*)
and W¢ = W,,(b) gives the desired inequality. ]

LeEMMA 3.2. Let Wy and W, be two closed subsets of M;, where the
mazimum value of the trace on each set is 1 and Wy N W¢ has no elements
of trace 1. Then there are € > 0 and open subsets Uy and U¢ of the positive
definite £ x £ matrices with Wo C Ug and W C U so that for any vectors
0;, ¢ in any Hilbert space H such that ((0;,0;))f ;—, € Ua, ({¢i»¢5))5 =1 € Ue
we always have

¢

%Z<9,,Cl> <l-—e.

i=1

Proof. Let Wy . be the intersection of Wy with the matrices of trace 1,
and similarly for W¢ .. There is a positive shortest distance dy > 0 between
points of the sets of Wy . and W . (We measure the distance in the L? or
Hilbert-Schmidt norm || - |2 on M,.) We can find 79 < 1 so that

a € Wy, trace(a) > 1o = dist(a, Wy.e) < do/4.
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(If not, a compactness argument produces extra points in Wy ..) We can make
a similar claim for W¢ . and we choose ¢ to work for both. Of course

1) 1)
a, B € M;, dist(o, W) < f,dist(ﬁ,wc,e) < ZO = [la = Bll2 > do/2.
We can further find ;1 < 1 so that r; < ¢t < 1 implies
min([Jo — £ B, (|2 — Bll2) > 61 = do/4

for all such o and 8. Choose 1 > 0 with

1 1
1+&1 < min (—,—,2) and (1+&1)(1+¢; —02/8) < 1.

To T1
We take

Up = {a € M, : trace(a) < ro}
1
U{a € M, : trace(a) < 1+ ¢ and dist(a, Wy e) < ZO
Us={B € M, : trace(B) < ro}

8
U{B € M, : trace(B) < 1+¢e; and dist(8, We,e) < ZO}

and we claim these open sets have the desired properties.
By the choice of 79, we have Wy C Uy and W¢ C U.
Consider now vectors 6;, (; in any Hilbert space H such that

o= (<9i,9j>)f,j:1 € Up and 3 = (<Ciij>)f,j:1 e Ue.

By the symmetry of the situation so far, it is enough to verify the claim in
the case trace(a) = Y, [|6;]|* < trace(B) = >, [|G[|?. If trace(a) < ro we can

use trace(f) < 1+ &1 to get Zle R(O;, Gy < /ro(l4+e1) < 1.
Let

p o S R G)
=Gl

From trace(a) < trace() we must have ¢t < 1. Note that if ¢ < r; we have
it RO G) <GP < (1 +en) < 1.
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Finally for ¢ > rq, trace(a) > ro (and hence trace(3) > r¢) we must have
dist(c, Wa.e) < do/4 and dist(83, Wp..) < dp/4 and hence

5 < 11085, 0,0)s5 — (G Dl
= D 16:.03) — (G )P

= SN0~ 10))+ (160, — 1)
y
<2 Z| — G, 001 + (£, 0; — )|
<2 (Z G +t2|<z»|2> 316 - 1
1 ]
e (S -eSior

(using our choice of t). Hence

in this case. In all cases, we have

L

%Z<91,Q> S max (\/1 — 62,7”1(1 + 61), 7’0(1 + El)> =1- &,
i=1
as claimed. O

THEOREM 3.3. Let A = B(H) and let T € EL(B(H)) be given by (1).
Then we have equality in (3) if and only if the intersection of the convex hulls
of Wine(a3,a3,...,a}) and Wy, o(b1,ba, ..., b) is nonempty.

Moreover ||T||eo = ||T||x with k = min(¢, dim(H)).

Proof. It follows from Propositions 2.4 and 3.1 that for £ = min(¢, dim(H)),
Tl = |T||c6 = the right hand side of (3) if the convex hulls intersect.

We know we can represent T' in such a way as to get the minimum possible
on the right hand side of (3). Fix k£ = min(¢, dim(H)). We claim that in that
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case Wi.o((2¥)*) N W, o (b*)) # (. Assume we have normalised T" so that

Zaiaf :‘Zb:bl

As the sets W, .((a®)*) and W, .(b(®)) are convex and closed by Propo-
sition 2.4, if they do not intersect they can be separated by an R-linear func-
tional p on the hermitian matrices. That is,

sup{p(a) : @ € Win.o((2®)*)} < inf{p(B) : B € Win.o(b™)}.

As the trace is constant on these sets, we can subtract a multiple of the trace
from p and assume there is § > 0 with

sup{p(a) : @ € Wy, e(a™)} < =6 <6 <inf{p(B) : € Wy, (b)}.

Such an R-linear functional can be written as
¢

pla) = Y yjii; = trace(ya)

i,7=1

with v* = v. Arguing as in the proof of Lemma 3.2 we can find r < 1 so that

a € Wp(a"), trace(a) > r = p(a) < 9

2
and
§
B € W, (b), trace(3) > r = p(8) > 7
Now consider a new representation of 7" as Tx = ) . a;xb; where

a’ =ae, b'=e b
and t > 0 is very small. From (4), elements of W,,(b’)) have the form
ﬂ/ — 67t7ﬂ67t7

with 8 € W,,(b). For trace(f) < r we can assume ¢ is small enough that
trace(3') < (1+r)/2 < 1. For trace(3) > r we have

pri trace(e” "V Be”"") = —trace(y8 + Bv) = —2trace(y8) = —2p(B3) < —6.
t=

Thus, by uniform continuity of the derivative as a function of ¢ at such g €
W (b), for ¢ small enough trace(8’) < 1 — (§/2)t. Similarly for small ¢,
trace(a’) < 1—(6/2)t if trace(a) > r while trace(a) < (1+47)/2 for trace(a) <
r. Thus, when ¢ > 0 is small we have

I@")*[l < lla*[| and [[b|| < |[bl,

contradicting the choice of a and b to minimise the right hand side of (3). O
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REMARK 3.4. For T € &((B(H)) the above gives a more constructive
proof that ||T||c is the infimum of the estimates (3) or (2) than those in [20,
Theorem 4.3], [7, Corollary 2] and (for the finite dimensional case) [10, p.
418]. The result is due to Haagerup [14] and his proof is published in [2, §5.4].

ExaMPLE 3.5. Consider the map T: M,, — M, where Tx has its first

column the same as the transpose z!/\/n but zeros in all other columns.
Then

Ta? = Z 61‘1.1‘(62‘1/\/5)

where e;; is as before (Remark 2.3). So in this case a; = \/nb; = e;1, a;a] =
eji, bjbl = d;5e11/n (where 6;; is the Kronecker symbol). Thus the estimate
(2) says [|T|ep < 1.

Taking the element of M, (M,,) with e;; in the (i,1) block and zeros else-
where, shows that ||T']|, = 1. One can check that W,,(a*) consists of rank one
projections while Wy, .(b) is exactly {I,/n} (I, = the n x n identity matrix).
It is clear then that for k < n, W, ((al*))*) contains only matrices of rank
at most k& and does not intersect W, .(b®)). Hence ||T|x < [Tl = [|T|
for k < n.

This example shows that the value k = ¢ in the theorem cannot be reduced
(that is, with large dim(H)).

EXAMPLE 3.6. We can relate our results to those of Stampfli [22] for the
‘generalised derivations’ Tx = ax — xb. To have a balance between the left
and right, we prefer to have it expressed as

T = (a/V/llal)z/Tall + V/Ilblle(=b//Tb]) = ar2by + agabs.

Then the estimate (3) becomes ||T||cp < ||a||+]/0]]. In this case the matrices in
Win.e(a*) and W, (b) have diagonals (||a||, ||b]|) and Stampfli shows that the
off-diagonal entries form convex sets. The criterion that Wy, .(a*)NW,, (b) #
() reduces to Stampfli’s criterion [22, Theorem 7] for | T'|| = |a||+||b||. Stampfli
shows that this equality is satisfied for some alternative representation of T’
as Tx = (a — Nz — x(b— \) with A € C.

COROLLARY 3.7. Let A= B(H) and let T € EL(B(H)). Then there is a
choice of a;,b; € B(H) so that T is given by (1), each of (a;)¢_, and (b;)_,
is linearly independent and for k = min(¢, dim(H))

ke o (R)yx k) k) 4 (k k
Wine((a”)", (@57)", o (@) ) N W (017,057, 6 £0.

Proof. We showed this in the course of the proof of the theorem. O
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COROLLARY 3.8. Let A= B(H) and let T € EL(B(H)) be given by (1).
Let k = min(¢, dim(H)). Then

1Tl = 171l = sup{[IT® ()] : w € BEHY), ||ull < 1, rank(u) < £}.

Proof. Choose a; and b; so that the conclusions of the previous corollary
hold. Recall T (z) =3, agk)xbgk). In the proof of Proposition 3.1 we found
that the norm of 7%) is the supremum in the statement. O

COROLLARY 3.9. Let A = B(H) and let T € EL(B(H)) be given by (1).
Let k> 1. Then

¢
1Tl = sup® > (G:.60)

=1

where the supremum is taken over all choices of vectors 0;,(; € H* such that
((05:05))i € Win((@™)"), ({66 ¢3))is € Win (D™).

Proof. This is part of the proof of Proposition 3.1, when we apply it to
TH(X) = Y0 alP XbF. We had 6; = (a{™)*¢, ¢ = ub(™n. O

EXAMPLE 3.10. One may wonder whether the results can be improved
if one restricts to T' € EL(B(H)) with the self-adjointness property T*(z) =
T(z*)* = T(x), and indeed we present improved bounds on k for this case
below. Here are some examples with T' = T™.

The example of Choi [9] gives an elementary operator T' of length n? (on
M, n > 2) which is (n — 1)-positive but not n-positive (and is unital up to
scaling: T'(z) = (n—1)(tracex)l —x, T(I) = (n(n—1)—1)I). Thus for m <n
we have [|T|,, = ||T( )| < [|T]|n- One may check that in this case T' can be
written Tz = Z?_;l brab; — bfyxhy.

Modifying Example 3.5 consider T': M,,+1 — M, 1 where

n+l n+1
Ty = Z ej1z(ej1/v/n) + Z(elj/\/ﬁ)xelj_

One may check that ||T||s < 1 by the Haagerup estimate and |7, > 1
by taking the element of M,,(My,+1) with e; ;41 in the (4,1) block and zeros
elsewhere. A calculation with W, . shows that ||T||,—1 < 1. One can check

that in this case we can rewrite T in the form ZJ L bjaby — Z] Zpy1 UjTb;

LEMMA 3.11. IfT € EUB(H)) has T* = T then T can be written as
Tx = ZJ L biwb; — Z] —mp1 U5aby (for 0 < m < £ = the length of T) with

1Tl = || s B35
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Proof. We begin by expressing Tx = Ze- djxgj so as to have equality

Jj=1
in the Haagerup estimate and linearly independent sets {@;} and {b;}.

[17, 4.9] it is shown that we can use a unitary rewriting (so it leaves the
Haagerup estimate unchanged) to get a representation of 7' with a; = )\ji);‘
for some real scalars A\;. We may assume that the terms are ordered so that
the positive A; (if any) come first and the negative ones later. We then
take b; = +/[\;]bj. With ¢; = A;/|\j| we then have the desired form of

the representation T'x = Zf 1€;b5xb; and it remains to establish that the

Haagerup bound is sharp in this representation.

Tl < Zb* = sup Z\bebg

ge,|i€ll=1
l l ~ ~
Sup b§ b§ b , b€
l ¢ s
< D aar|| D0, = 1Te m
i=1 j=1

THEOREM 3.12.  Suppose T € EL(B(H)) has T* = T and length £. Let
k= 1[y/142m(¢ —m)] where m is as in Lemma 3.11. Then || T|lx = |T|cb-

Proof. If we represent T as in Lemma 3.11 we have Tz = a(z ® Iy)b with
a=[e1b},eqbl, ... e0b;], b= [b1,bo,...,b) ande; =1 (1 <j<m),e; =-1
(m < j <¢). If m = ¢ then T is completely positive and ||T'|| = [|T|cb-
Similarly if m = 0, —T is completely positive.

Consider the finite dimensional case dim H < oo first. Then we know that
the extremal numerical ranges W, .(a) and W, .(b) correspond to the joint
numerical ranges of the compressions pata;p and pbib;p to the subspace pH

Wheresz{ﬁeH ZJ 1 be—HZJ 1 b5
maximal eigenvalue (and p is the orthogonal prOJection). We can also see
a simple relationship between W,, .(a) and W,, .(b)—to get from a matrix
o= (aij)f_jzl € Wp.c(a) change a;; to —a;; in the blocks {(4,7) : ¢ < m,j >
m}U{(3,5) : i > m,j < m}. As the convex hulls of W, .(a) and W, .(b)
intersect (by Theorem 3.3) it follows that there is an « in the intersection of
the convex hulls with (O‘ij)?l1§:m+1 =0.
By Remark 2.5, if (k +1)? > 1 + d with

} is the eigenspace of the

d = dim spang {(pb;b;p + pb;b;p)/2, (pbjbip — pb;bip)/(21)}
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(and here 1 < i < m,m < j < {), then there is such an « which is a convex
combination of at most k elements of the joint numerical ranges of the pb}b;p.
As d < 2m(¢ — m), the result follows.

Now consider dim(H) = oo, Ta = T*z = Zf.:l ajzc;. We can see fairly
easily that ||T'||x = sup,, [|T}||x where the supremum is over all finite dimen-
sional projections p on H and T, (z) = pT (pzp)p = Zﬁzl(pajp)x(pcjp). Given
unit vectors £ = (&), € H*, n = ()%, € H* and a unitary u € B(HF)
choose p so that (T™*)(u)n, &) is not changed when T is replaced by Tj,. This
means the range of p should contain all &, 7;, b;n;, ¢;&; and all components
of ubgk)n.

If we further assume that p is large enough to ensure that {pa;p: 1 < j < ¢}
and {pc;p : 1 < j < £} are each linearly independent, then we can show as
follows that (m,¢ —m) must be the same for T, as for T. Given any two
representations of T as Tx = Z§:1 gjbiab; = Z§:1 éjl;;xl;j (¢j,€5 € {£1})
there must be an invertible ¢ x ¢ matrix 3 with

[Bla 527 oo ;I;Z]t = B = 671“)13 627 ceey bdt = ﬁilb

and

[‘{16;7 é:QB;’ s 75552] = B* diag(€~17 €2y -+ 755) =b" diag(gla €25 755)5'
It follows that

diag(£1,€2,...,6¢) = B diag(e1,e2,...,€0)

and so the number of j with ¢; = 1 must be the same as the number where
g =1

From the finite dimensional case (T}, is essentially an operator on B(pH))

we get
ITlleb = 1Tlle = sup [ Tplle = sup | Tp[lx = [T |x- O
P P

REMARK 3.13. The examples 3.10 suggest that the optimal k for Theo-
rem 3.12 must be at least proportional to \/m({ —m), or about £/2 in the
worst case. But the Theorem requires k to be about v/2 times what the
examples indicate.

One may check that for £ = 3, m = 1 it is necessary to have k = 2 in some
cases. For example T € E(Ms), Tx = bjxby — (b5xbs + biabs) where

(5 2 (U 5 (10)

In this case 23:1 bjb; = 2I and the joint numerical range of (bjbs,b7bs3)
consists of {(|¢1]2/2 — &%, 61&) ¢ [&1]2 + |&]? = 1}. This does not con-
tain (0,0) but its convex hull does. Hence ||T||s = 2 by Theorem 3.3, but
Win (b1, —ba, —b3) N Wiy, (b1, b2, b3) = 0 and so ||T|| < 2 by Proposition 3.1.
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In a recent preprint [16] it is shown that for T' € E4(B(H)) of the form
Tx = a*zb+ b*za, ||T| = ||T||e (which also follows from Theorem 3.12 for
=2, m=1).

4. Elementary operators on C*-algebras

To transfer our methods from the case A = B(H) to general C*-algebras
A we can rely on the irreducible representations 7: A — B(H,) of A. As is
customary we take A to denote the unitary equivalence classes of irreducible
representations of A, P(A) to be the pure states of A, S(A) all the states.
We denote the unitary equivalence class of an irreducible representation w
by [r]. For ¢ € P(A), there is an associated (irreducible) cyclic representa-
tion mg. We call the equivalence class [m4] the ‘support’ of ¢ in A. We let
Fp(A) (k=1,2,...) denote the k-factorial states of A, which are finite convex
combinations ¢ = 25:1 tj¢; of ¢; € P(A), all with the same support.

It is well known and easy to verify that for T' € ££(A) given as in (1), we
have ||T'[| = sup_ 4 |T™|| where T™: B(H,) — B(Hz) is given by

T™(z) = > m(a;)am(b;).
i=1
(There is a technicality involved here when a;,b; € M(A) and then we must
know that m can be extended to a representation of M(A).) It is also well
known that ||T||x = sup, |77 ||k and ||T||co = sup, [|T7 | cb-

From this and Corollary 3.8 we can deduce immediately that | 1], = ||T||c»
for T € EL(A) of length ¢. Using Remark 2.5 we can also assert that if each
of the sets {afa; : 1 <4, < ¢} and {bjb; : 1 <4, j < £} is commutative, then
IT|| = |T||co- (For this one must observe that the commutativity assumption
is preserved when passing to m(a;), w(b;) and still preserved when passing to
a representation of 77 minimising the Haagerup estimate.)

For an /-tuple ¢ = (c1,¢a,...,¢g) of elements ¢; € M(A) and 7 € A we
define

Wi(e) =Wn(x(c)), Wi (c)=Wne(n(c))
(where by 7(c) we mean (7(c1),7(¢2),...,m(ce)). From Proposition 2.4, we
know that W (c(®)) (strictly we should use 7(*) here) is the set of convex
combinations of k elements of W (c), and it is convex for k > ¢. Similarly
for W7 ,(c®)) and k > ¢.

We also define

Vile)={ta:aec W (c),0<t<1}.

LEMMA 4.1.  For an (-tuple ¢ of elements of M(A) and = € A
Wi(e) = {(8(c;ei))i jm1 = ¢ € P(A), [mg] = [m]}.
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The convex combinations of k elements of W (c) are representable as the set
of all (¢(cici))t j—1 € My where ¢ € Fi,(A) and ¢ is a convex combination of
pure states supported at [7].

The convex combinations of k elements of V.7 (c) form

V,Z(c(k)) = {t(¢(cjci))f’j:1 :0<t<1,¢ € Fr(A) supported by [r]}.
Proof. Observe that those ¢ € P(A) with [ry] = [n] take the form ¢(z) =
(m(x)€, &) with £ € H, a unit vector. The result follows. O

On A we can take the usual topology obtained via the hull-kernel topology
on the primitive ideal space Prim(A4) (see [19, 4.1.2] for example). In the
case we deal with continuous trace algebras there is a bijection between A
and Prim(A) since elements of A are characterised by their kernels (see [19,
6.1.5]).

LEMMA 4.2. If A is a continuous trace C *-algebra, and c is an L-tuple of
elements of A, then the map

(] = V(™)

s an upper semicontinuous set-valued map on A with values in the compact
subsets of MZF.

Proof. When A has continuous trace and 7: A — B(H,) is an irreducible
representation, then w(A) = K(H,) = the compact operators [19, 6.1.11,
6.1.6]. The pure states of A supported at [7] € A are then vector states
d(x) = (m(x)€,€) (with £ € H, a unit vector). As the closed unit ball of H,
is weakly compact, any net of unit vectors has a subnet (£,), that converges
weakly to a vector § € H, of norm at most 1. It follows that (w(x)¢,,&,) also
converges to (m(z)0,0) when m(x) has finite rank. The same conclusion for
all w(x) € K(H,) follows by norm density of the finite ranks in C(H,). This
allows us to show that V,7(c) is compact. Tt follows that V,7(c(*)) is compact
by considering it as made up of convex combinations of k£ matrices in V7.

By upper semicontinuity we mean that for any open subset U of M, the
set of 7 € A where V7(c®)) C U is an open subset of A. Fix 7 = 71y with
the corresponding V™ (c(*)) C U. If [m] fails to be an interior point of such
(7] € A, we can find a net (¢)- of elements of Fj,(A), a net (t,), in the unit
interval [0, 1] so that the supports of ¢ in A converge to [mo] but the matrices
(tvqbv(c;ci))f,j:l all lie outside U.

When A has continuous trace, A is Hausdorff (see [19, 6.1.11]). The weak*-
closure of P(A) is contained in the multiples of P(A) by numbers ¢ € [0, 1]
[13, Theorem 6], and this set of multiples of pure states is weak*-compact. If
a net of pure states (1), converges weak™ to a nonzero multiple ¢ of a pure
state 1 (0 < t < 1), then the supports of ¢, converge to the support of ¢ in
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A (see [19, 4.3.3] for an argument). Using these facts it is easy to see that we
can extract a subnet from (¢, ), which converges weak™ to a multiple of some
¢ € Fy(A) supported at [mg]. (A similar argument is given in [3, Lemma 4.2].)
Passing to a further subnet ensures ¢, converges, and then the limit of the
above matrices is an element of ;70 (c(®)) outside U—a contradiction. g

THEOREM 4.3. Ifk > 1 and A is a continuous trace C *-algebra which is
not k-subhomogeneous, then there exists an elementary operator T € EL(A),

k+1
T(m):Zaixbi (ai, b€ A for1 <i<k+1)
i=1

with || T\l < 1T || cb-

Proof. If A is not k-subhomogeneous, then there exists an irreducible rep-
resentation m of A on a Hilbert space H, of dimension at least k 4+ 1. The
basic idea of the proof is to construct 7" so that T™ looks like Example 3.5.

Fix k 4+ 1 orthonormal vectors &1,&2,...,&k+1 in H;. We use the nota-
tion £* ® n for the operator (-,&)n in B(H,) (when &,n € H;). Let e
denote the operator §F ® §;. Out aim is to construct 7' so that 77 (z) =
Yt ena(en/VEF 1) and [ T)x < 1= 1T [lx1 < [Tl

Since 7(A) = K(H,) we can find a} € A with 7(a}) = e;;. Let b =
al,/\/k +1. Apply Lemma 3.2 to Wy = V.7 (((a')*)®)) and W, = V= ((b")(*)).
We then find open neighbourhoods Uy and U¢ of these sets, to which we can
apply the upper semicontinuity Lemma 4.2 to produce an open neighbourhood
N of [r] in A so that for s € N and 7, a representative of s we have

Vi (@)Y ™) c U, Ve ()W) € U

By Urysohn’s lemma, we can find a continuous functions f: A — [0,1] sup-
ported in N so that f([x]) = 1. From the Dauns Hofmann theorem we can
multiply af and b} by f to get a; and b; in A. That is 75(a;) = f(s)7s(a}) and
7s(b;) = f(s)ms(b;). Thus

Vi (@) ™) = f(s)* Ve (")) ™) < Vi (@) ™) € Us,
Ve (™)) = f(5)?Vine (b)) W) € Vi (b")W) ¢ U
for s € N. For other s € A we have
V(@) ®) = Ve (b)) = 0.

Taking T as in the statement, for all s we have |77 ||x < 1—¢ by the method
of proof for Proposition 3.1. On the other hand ||T||cp > || T7||x+1 = 1. O

THEOREM 4.4. Suppose a C *-algebra A has the property (for somek > 1)
that |T||ey = |T||x for each T € EL(A) as in (1) with a;,b; € A. Then A is
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either k-subhomogeneous or a k-subhomogeneous extension of an antiliminal
C *-algebra.

Proof. As shown in [4], the assumption on A implies that the same is true
of any ideal of A, including the maximal postliminal ideal J of A. J has
an essential continuous trace ideal J. [19 2.2.11] and by Theorem 4.3, J
must be k-subhomogeneous. The set kJ of those s € J where the corre-
spondlng representation acts on a Hilbert space of dimension < k is closed
in J [19, 4.4.10, 6.1.5]. Tt is also dense because it contains J.. Hence J is
k-subhomogeneous. O

COROLLARY 4.5. Let A be a C *-algebra. Then the following are equivalent
properties for A:

1) I1TNles = 1T\l for each T € EL(A);
(i) |||y = [|T ||k for each T € EL(A) as in (1) with a;,b; € A;
(iii) A is either k-subhomogeneous or an antiliminal extension of a k-sub-
homogeneous C *-algebra.

Proof. (i) clearly implies (ii) and we have proved that (ii) implies (iii) in
Theorem 4.4 above. If A is k-subhomogeneous, then it is easy to see that
(i) holds by using representations and [18, Proposition 7.9]. See [4] for the
remaining details of a proof that (iii) implies (i). O

In [4], this result is proved for k = 1. See [3] for an early reference to
this class of C*-algebras and see [24] for a further list of equivalent condi-
tions including some dealing with k-positivity implying complete positivity of
elementary operators.
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