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NONLINEAR SCHRODINGER EQUATION WITH A
RANDOM POTENTIAL
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Dedicated to J. Doob

ABSTRACT. In this paper we describe some recent developments on the
problems of existence of quasi-periodic and almost-periodic solutions
and diffusion for nonlinear Schrédinger equations with a random poten-
tial on the lattice and in the continuum.

1. Introduction

We discuss progress on disordered systems with many degrees of freedom,
going back to the work of Frohlich, Spencer and Wayne [FSW].

Take the one-dimensional case d = 1, and consider the nonlinear lattice
Schrédinger equation

(1.1) idj + Vig; +e(gj—1 + gj+1) + 0g5]g;1* = 0,

where {Vj | j € Z} is a random potential.
More generally, one can consider models with finite range interactions (sys-
tems of coupled harmonic oscillators)

. 0H
1q; = aquv
with
(1.2) H(g,) =Y Vilaj* + > (@ae1 + as@+1) + Re S [ ap
J J keS;
where

Sj C [‘7707‘7+C]3
an :Zn;, 4§Z(”k+”;€) < C.
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The case § = 0 in (1.1). This corresponds to 1D random Schrédinger op-
erators.

Dynamical localization. This means that sup, D(t) < oo, where

(13) D(t) = (Zﬂqj(t)ﬁ)m

is the diffusion.

Problem. What can be said about diffusion in the nonlinear models? In
particular, what about nonlinear dynamical localization?

THEOREM 1.1 ([FSW]). Consider (1.2) with
e=0, Aj=0 small

For a typical realization of the {V;}, there is an ‘abundance’ of invariant tori
of full dimension (i.e., almost periodic solutions on the full set of frequencies)
with action variables satisfying

(1.4) I < el

The following problems arise:

(a) Can one replace (1.4) by an exponential decay
Ij < €_C|j‘?

This was solved affirmatively by J. Poschel [Po]. We may go up to
decay
I; < exp {~(logj])'**},
but the case of polynomial decay rate remains open.
(b) Suppose € # 0 in (1.1) and (1.2). Construct
— time periodic solutions (1 dimensional tori),
— quasi-periodic solutions (finite dimensional tori),
— almost-periodic solutions (on a full set of frequencies).

(¢) What may be said about the growth of D(t) in general?

(d) Is there an analog of the [FSW] theorem when the interactions are not
finite? The natural model here is the nonlinear Schrédinger equation
on R/Z =T,

. 9 b, 12
U + Uge + Mu+ —Plul” =0,
ou
with periodic boundary conditions and
Mg =Y V;q(j)e”
JEZ

(a random Fourier multiplier).
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2. Quasi-periodic solutions

The case of stationary and periodic solutions was solved in work by Al-
banese and Frohlich [AF] and Albanese, Frohlich and Spencer [AFS].

The construction of quasi-periodic solutions was given in recent work by
the author and W-M. Wang ([BW1], [BW2]). It is based on the Lyapounov
decomposition in P- and @-equations and the use of the Newton method to
solve the P-equations.

The linearized equation has the form

(n-w+V;+el))gi(n) +68S.
——
! 1

Toeplitz in n

diagonal rapid decay in j

The control of the Green’s functions uses recent methods from quasi-periodic
localization (see [BGS] and [B1]), based on subharmonicity and the quantita-
tive theory of semi-algebraic sets.

The basic difficulty in these problems is the presence of large sets of singular
sites.

Following [FSW] the result applies in particular to the Landau-Lipschitz
equation for classical spin waves with random forcing,

Sj = 8; x (AS); + KV;(7 x Sj), jeZ,
where S; € R3, |S| =1 and K is large.

3. Diffusion problems
THEOREM 3.1 (BW3]). Assume in (1.2)
Al <eldl ™,
where T > 0 is arbitrary and € < (7, k). Then
D(t) < t" fort — oc.
The proof uses randomness and Nekhoroshev type methods to construct
‘energy barriers’. Notice that here estimates are obtained for all times t,

while the usual Nekhoroshev theory only leads to control for finite time span
lt| < Te.

4. Invariant tori of full dimension for nonlinear Schrédinger
equations with periodic boundary conditions

Consider the equation

0
(4.1) iy + Ugy + Mu + 8%P(|u‘2) =0onT,
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with
Mu = Z V. U 27rznx

nez
V., € [-1,1] random.

There is the following analogue of the theorems of Frohlich, Spencer, and
Wayne [FSW] and Péschel [Po]

THEOREM 4.1 ([B2]). There is an abundance of invariant tori of full di-
mension with action variable decay

(4.2) I,~e ™M™ (0<a<).

REMARKS. (i) The proof is based on usual KAM scheme.

)

(ii) Expanding (4.1) into a Fourier series,

(4.3) idn + (% + Vi )gn +5£/ (‘an

Jr(el

where ¢, = u(n), and
is expressed in monomials of the form
(44) qYL] QTLQ qng qn;; e qn25—1 Qszsv

which are not short range, but satisfy

(45) n17n2+n37n4+~~+n25_1fngs:O
and, if resonant,
(4.6) ni—n3+---—n3, =0.

Let nf > nb > --- be the decreasing rearrangement of the modes in (4.4).
Then
(4.7) ny <nj+nj+--- by (4.5)
and also

1

(48) Yl z 2+ () )]

In the case of a resonant monomial with ny # na, (4.5) and (4.6) imply
(4.9) [n1| + |n2| < 2 ((n§)2 + (n})% + - ) .

The normal forms are expressed in series in ¢, and g, of the form

(410) H Z B/ kK’ H |Qn |2€ n;”

0,k k'
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with coeflicients satisfying an estimate

(4.11) By < exp {p (Z In,[1/2 — 2(n1<)1/2)} .

and where p is increasing slightly along the iteration.
One needs to analyze the effect of Poisson-brackets and small divisors with
respect to this norm. Thus

- 1 8F1 8H2 aFl 8H2
(Fi Hah =50 [6% 0Gn O aqn}’

where

! ! Cn on 2R
A= YBe 5 @, L0 OF e

originates from a Hamiltonian function H; of the form (4.10) and where A,, =
n?+V,.

The expression Y (k, — k!,)\,, constitutes the ‘small divisor’.

Considering

% (H Tne_s (jnzs) % (H Quyyr_, qu25/> ; n € {ngs—1} N {ras},

we see that according to (4.10), the admissible weight is (assuming nj > vy)

exp {p (32 Inal'/2 4 3 I /2 = 20nf 2 — 2z 2) }
which is at least the product of the weights

exp {p (Z |ns|1/2 _ 2|nﬂ1/2)} exp {p (Z \st\l/z _ 2|1/f\1/2)} ’

since |n| < vj.
By (4.7), if we increase p to p + €, there is moreover an extra saving of

(412) e {5 ()2 + )2+ )}
< |)\n1 7>‘n2+>‘n3 7/\n4+"'|-
Indeed, if ny # ng, then by (4.9), the left side of (4.12) is

9 9
<exp {35 Xl < exp{—m DIkl + |k;|>n|1/4}

n

1
L k;n—k’ An
<y g < X0 =K

If n; = ng, then A\,, = \,,, and there is no problem.

(iii) Observe that the implication (4.5)+(4.6) = (4.9) is a one dimensional
arithmetic feature. This is the main difficulty to extend the result described
in this section to nonlinear Schrodinger equations in dimension 2 or higher.
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