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CHARACTERIZING HILBERT SPACE FRAMES
WITH THE SUBFRAME PROPERTY'

PETER G. CASAZZA

1. Introduction

A sequence (f;){2, in a Hilbert space H which is a frame for its closed linear span
is called a frame sequence. If every subsequence of (f;)72, is a frame sequence, we
say that the frame has the subframe property. If (f;)72, is a frame for H with the
subframe property and additionally there are uniform upper and lower frame bounds
for all subsequences of the frame, then we call (f;){2, a Riesz frame. Riesz frames
were introduced in [6] where it was shown that every Riesz frame for H contains a
subset which is a Riesz basis for H. The projection methods [4] play a central role
in evaluating truncation error which arises in computing approximate solutions to
moment problems, as well as handling the very difficult problem of computing dual
frames. There were many natural questions arising from the literature concerning
the interrelationships between Riesz frames, frames with the subframe property, and
the projection methods [2], [4], [S], [6], [8]. In this paper we characterize Riesz
frames and frames with the subframe property which allows us to answer most of
these questions.

2. Riesz frames

If F is a subset of H, we write span F for the closed linear span of F. A sequence
(fi)52, in H is called a frame for H if there are positive constants A, B satisfying

@1 AIFI? < Y 1A fOR < BIFIP, Vf e H.
i=1

We call A, B the lower and upper frame bounds respectively. In general, a subset
of a frame need not be a frame for its closed linear span. But clearly B is an upper
frame bound for every subset of the frame (i.e. It is only the lower frame bound that
might be lost when switching to a subset of a frame). For a Riesz frame, the common
frame bounds for all subsets of the frame will be called the Riesz frame bounds. The
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largest A and the smallest B satisfying (2.1) are called the optimal frame bounds.
An unconditional basis (f;);e; for H is called a Riesz basis. Equivalently, (f;);es is
a Riesz basis if it is total and there are constants c, C so that for every sequence of

scalars (a;);e; wWe have
2.2) ¢ [ lail? < <C Y lail.
il iel

The largest ¢ and the smallest C satisfying (2.2) are called the Riesz basis constants for
(fi)ier- If (f)ier is a Riesz basis, then [7] the Riesz basis constants equal the square
root of the optimal frame bounds. Finally, we say that two frames (fi){2,, ()i,
are equivalent if there is an isomorphism T : H — H with T(f;) = g;, for all
i=1,2,...

We start with an elementary observation concerning Riesz frames.

> aif;

iel

PROPOSITION 2.1.  For a frame (f){2, for H, the following are equivalent:

(1) (fi)i2, is a Riesz frame.

(2) There is an A > O so that for every finite set of natural numbers A for which
(f)iea is linearly independent, the family (f;)ica has lower Riesz basis bound A.

Proof. = If (f;)ica is linearly independent, then the lower Riesz basis constant
for this set equals the square root of the lower Riesz frame bound.

<« It is only the lower frame bound that needs to be checked. For any finite set
of natural numbers I', let (f;)ica be a maximal linearly independent subset, where
A C T'. Then the lower frame bound of (f;);cr is greater than or equal to the lower
frame bound of (f;);ca Which is equal to the square root of the lower Riesz basis
constant, +/A. So ()%, is a Riesz frame.

This remark yields a short proof of a result of Christensen [6].
COROLLARY 2.2 (CHRISTENSEN). Every Riesz frame contains a Riesz basis.

Proof. Choose a maximal linearly independent subset of the frame. This is a
Riesz basis, by Proposition 2.1.

‘We now introduce some of the notation which will be used throughout the paper.
If (g:i)ier is a Riesz basis for H, and A C I, we let P5 be the natural projection
of span(g;)ic; onto span(g;)ica. Thatis, Pa Y ;. aigi = Z,.GA a;gi. We will also
write P, = Pyj2,.n, and form < n, P, m = P, — Py. If (fi)ies is a frame with
frame bounds A, B, and P is an orthogonal projection on H, then (P f;);¢; is a frame
sequence with frame bounds A, B. Conversely, if (fi)ies (respectively, (g;)jer) is a
frame for P (H) (respectively (I — P)(H)) with frame bounds A;, B; (respectively,
Az, By), then ((fi)ier, (g))jer) is a frame for H with frame bounds

A =min{A, A2}, B =max{B,, By}.



650 PETER G. CASAZZA

We will make extensive use of a slight extension of these properties which we now
state.

PROPOSITION 2.3.  Let (f;){2, be a sequence in H with upper frame bound B.
Let A be a subset of the natural numbers and P denote the orthogonal projection of
H onto span(f;)ica.

) If (fi)iea is a frame with frame bounds Ay, B, and (I — P) f;)ica« is a frame
L:ezﬂuence with frame bounds Az, B, then (f;);2, is a frame for H with frame bounds
5 B.

(2) If (f)52, is a frame with frame bounds A, B then ((I — P) fi)icac is a frame
sequence with frame bounds A, B.

Proof. (1) For any f € H we have

@3)Y LA = Y UL+ D UL P
i=1

i€EA ieA°
= Y PSP+ Y UPE PFY+ (U — P)f, (I — P)f)
ieA ieAc
> Al PfI?
2
+ [\/Z A = P)f. (I = P)f)2 \/Z I(Pf, Pﬁ)lz]
ieAc ieAc

v

AP+ [VAZIT ~ P 1~ VBIEAI]

Now, there are two possibilities.

Casel. |Pf|? > s s f | . In this case, inequality (2.3) and the fact that <1
immediately yields

= AlA
SN FIPZ =N IP.
i=1

Casell. ||Pf|* < g&IfI?

In this case, since 42 < &, we have |(/ — P)f|*> > 4. This combined with
inequality (2.3) yields

£ PP = [V - Py fl —VBIPSI]

2
[y Eus] = Ay 2 Ay
[ > LA 2 Ilfll] =3 1AIF = —==IfI"

00

\%

i=1

v
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(2) By our assumptions, (I — P)H = span((I — P) fi)icac. So for any f €
(I - P)H,

AlFIZ < Y KA PP =D KA T = PR
i=1

JEAC

We next give a (slightly internal) classification of Riesz frames which is of some
interest itself, and will be important later for our classification of frames with the
subframe property.

THEOREM 2.4. The following are equivalent for a frame (f;){2,:

(1) (f)$, is a Riesz frame.
(2) (f)32, can be divided into two subsets, (8;)32,, (hi)ier such that

(i) ()72, is a Riesz basis for H and

(ii) there is an Ay > 0 so that for each subset A of the natural numbers,

and I'y C T, the set (Pah;)ier, is a frame sequence with lower frame
bound Ay.

Moreover, in this case, if A, B are the Riesz frame bounds for (f;)2,, then there
is natural number k so that we can write h; = ZjeA,- hi(j)gj, with |A;| < k, and
A < |hi(j)l < B3, Vj € A,

Proof. (1) = (2). Since (f;){2, is a Riesz frame, by Corollary 2.2, it contains
a Riesz basis, say (gi)2,. Let (h )ier be the remaining elements of the frame,
and assume that A, B are the Riesz frame bounds for (f;){2,. It suffices to prove the
theorem for any frame equivalent to our frame. So, by taking the natural isomorphism
of (g,)°°l to an orthonormal basis for H, we may assume, without loss of generality,
that (g;){2, is an orthonormal basis for H. However, the Riesz frame bounds have to
be adjusted by the norm of the isomorphism to A2, B2, If A, I'; be as in (2)(ii), then
((8)icac» (hi)ier,) is a frame sequence with frame bounds A2, B?, and (g;)%2, is an
orthonormal basis. If Px. is the natural projection of H onto (g;);cac, then I — Ppac =
P,. By Proposition 2.3(2), (Pah;)ier, is a frame sequence with frame bounds A%, B2,
This concludes the proof that (1) implies (2). To check the “moreover” part, write
hi = 3 ica, hi(j)g;, where h;(j) # 0, for j € A;. Foranyi = 1,2,...,and any
Jj € A;, consider the subset F = {h;} U {gn : j # m € A;}. Then g; € span F and
this set has frame bounds A2, B2 implies

24) D> 1gm 87 + 1hi, )P = i () = A%

J#meA;
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Also,

2.5) |hi (HI? < IIn;|1* < B2

Since sup; .; . Il fill < 00, the existence of k is now immediate from (2.4) and (2.5).
2) = (). Let ()2, = (82, (hi)ier) be a sequence of vectors in H

satisfying (2). Again we can start by taking the natural isomorphism of (g;){, onto an
orthonormal basis (e;){2 ;. This will change the A in (2)(ii) to say A. Letting A equal
the natural numbers and I'; = I' in (2)(ii), we see that (h;);er is a frame with frame
bounds A, B. So (f;)2, has a finite upper frame bound 1 + B. Choose a subset of
our set of vectors of the form ((gi)ica, (hi)ier,). Let 'y = {i € T’y : Pah; # 0}. By
our assumption (2)(ii), (Pach;)icr, has lower frame bound A. Applying Proposition
2.3 (2) (recall that (g,)°°l is an orthonormal basis) we have that (f;){2, has lower
frame bound 4. So ()2, is a Riesz frame.

Let us recall some notation. If (f;){2, is a basis for its span, we say that a sequence

(82, is disjointly supported with respect to (f;)?2, if there exists a disjoint family
of subsets of the natural numbers (A;){2, so that

& € span(fj)jea;» Vi.

That is, the supports of the g;, relative to the basis (£;){2,, are disjoint.
Theorem 2.4 shows that Riesz frames have a somewhat exact form. The next
corollary gives a further restriction on Riesz frames.

COROLLARY 2.5. Every Riesz frame for H is equivalent to one of the form

((e‘ l'-]’ (f‘J z--l j-—l

where (€:){2, is a orthonormal basis for H, for each 1 < i <k, (fi,;)72, is disjointly
supported with respect to (e;)2,, and the non-zero coordinates (w:th respect to the

orthonormal basis (e;)) satisfy A < | fi,j(n)| < B for some A, B > 0, and there is a
natural number K so that

l{n: fi,j(n) # 0} < K.

Proof. Let By be the upper Riesz frame bound for (f;);2,, and choose a natural
number K so that £ (B)2 > By. Basically, we will apply the pigeonhole principle
to (h;) in Theorem 4.4 to divide it into at most K-sets, G1, G, ..., Gg where the
h; in G; are disjointly supported. We start by putting & into G. If h; has disjoint
support from £, put it also into G, otherwise, putit in G,. We continue by induction.
Assume that hy, hs, ..., h, have been distributed into the sets so that the elements
of each set are disjointly supported. If A, is disjoint from all the elements of G,
putitin G,. If not, go to G, and so on. If we reach set Gg, then by assumption,
h,.+1 has a non-zero coordinate in common with at least one element from each of the



CHARACTERIZING THE SUBFRAME PROPERTY 653

sets G1, Gy, ..., Gg—1. But, by Theorem 4.4, A, has only k non-zero coordinates.
Hence, h,.; has a fixed non-zero coordinate, say m, in common with % of the h;.
Hence,

Zl (ems i) = —(B)2 > By,
which is a contradiction. Thus, &,; must go into at least one of the sets.

The next corollary shows that Corollary 2.5 comes close to classifying Riesz frames
(all we are missing in Corollary 2.5 is condition (2) of Corollary 2.6).

COROLLARY 2.6. Let A,B > 0 and K be a natural number. Let (e;){2, be an
orthonormal basis for H, and (f;}) _1 J_ | be vectors in H satisfying:

(1) The non-zero coordinates of f; j (with respect to the orthonormal basis (e;))
satisfy
) A<|fijm® < Band
@) H{n: fi,j(n) #0}| < K.
(2) Span(fij)j2 =1 C span(fi_;,j)%,, V2 <i <k,

(3) Each (fij)2 j)j=1 is a disjointly supported sequence with respect to (fi_1,;)52
(with fo,J =gj,forall j =1,2,..)).

Then ((e))2,, (fij)izi im > ) is a Riesz frame for H with Riesz frame bounds
1 Ji= l ,j=1

1
D*8K [T, +iD)’

1+kD,

Proof. We will do the proof in three steps.

Step 1. A calculation.

Let A be a subset of the natural numbers and P, denote the natural projection
of H onto span(e;)ica. By deleting the f; ; with support in A and reindexing, we
may assume that Pac f; ; # 0,forall1 <i <k,and j = 1,2,.... We will work
with the family ((e;)iea, (fi, j), 11__1) Fix 2 < ip < k and note that (Pac fio, )52

is an orthogonal sequence in H with A < || fi,.; i|> < KB. By taking the natural
isomorphism

PA‘ .fio,j

T(Pxc fi, i) = ———,
PacSio)) = 1P fiul



654 PETER G. CASAZZA

we have that v/A < |T|| < v/KB. Forig < i <k,letg;; = T(Pacf;;). It follows
that:

(2.6) (8i,j)j2, is an orthonormal basis for its closed linear span.

(2.7) Span(g;, )72, C span(gi-1,j)2;-

(2.8) Each (g;, ,-)jf‘il is a disjointly supported sequence with respect to (g;—1,;){2;.
For all iy < i <k, we can choose subsets of the natural numbers A; ; so that

29) 8j= Y Gmfim Gm#0,Ym € A;;.

meA,-o_,-

By our assumption (1)(i), the non-zero coordinates of Pxc f; ; (relative to the Riesz
basis (e;)52,) satisfy

(2.10) A < |Pacfijm)* < B.
Therefore,
A KB

2.11 — < g i()? < —.
(2.11) KB_Ig,;(n)I =
By (2.9) and (2.11) we have

A KB
(2.12) XB < lam fimm)* < o

Combining (2.11) and (2.12) we have

1 A KB
2.13 —=—=x< <—=0D.
( ) D KB — lam| < A
It follows that for 2 < iy < i < k, and for every j, the non-zero coordinates g; ;(m)
(these denote the coordinates of g; ; with respect to the orthonormal basis (g, j)f.il)
satisfy

2.14) L < Igi;(m)| < D,
Also, note that the number of these non-zero coordinates is still < K.

We will prove the corollary by induction on & with the hypotheses of the corollary
except that we will assume that our family satisfies (2.14) and replacing A, B in
assumption (1)(i) by %, D respectively.

Step II.  Starting the induction. i.e. The case k = 1.
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Since (e;);2, is an orthonormal basis for H, the (f1,;)72, are disjointly supported,

and § < | f1,;1| < D, itfollows that (£} ;)52 has Riesz basis constants / 5, /D, and

hence frame bounds -11;, D. So ((e:)2;, (f1,j ;??__l) has upper frame bound < 1 + D.

Let ((e)iea, (f1,j)jer) be a subset of our set of vectors. Let P5 be the natural
projection of H onto span(g;);ca. and let

A={] el PA‘fl,j #0}

NOW, PAfl.j = fl‘j, for all J el’'—A. So ((ei)ieA, (fl,j)jel“—A) is a frame with
frame bounds 1,1 4+ D. Now, (Pac fi,j)jea is a disjointly supported sequence of
vectors with respect to (e;);cac for which: 213 < | Pac fi, ,~||2 < D. Hence, thisis a

Riesz basis with constants \/I , /D and lower frame bound A %. By Proposition 2.3

(1), it follows that ((e;)ica, (f1,))jer) is a frame with frame bounds 5155, 1 + D.
So our family is a Riesz frame with the bounds specified in the corollary.

Step I11.  The induction step.

Assume the result holds for some k — 1, and we will prove that it holds for k.
Choose a subfamily of our set given by ((e;)ica, (ﬂ,j)iil’jeAi). Foreachl <i <k,
(fi, j);:.l is an orthogonal sequence satisfying % < I fi,jI*> < D, and so this family has
upper frame bound D. Hence, ((e;)ica, (fi, j)i’;,?;.’:,) has upper frame bound 1 +kD.
Since (e;)iea is an orthonormal sequence, ((€;)ica, (Pa fi,j) ik=l,°?=l has frame bounds
1,14+ kD. So, without loss of generality, we may assume that Pxc f; j # 0, for all
J € A;. Letip = 1in Step I to obtain the corresponding g; ;. By Step I, we can apply
the induction hypothesis to the family ((g1,;)72,, (8i,;) i=k2,;°=1) to discover that this is
a Riesz frame with Riesz frame bounds

1

(2.15) — , 1+ &-1)D.
D181 T2l +iD)

That is, (T Pac f;, j)i’f—. 1je A) is a frame with frame bounds given by (2.15). There-
fore, (Pac fi, )ik, jea,) is a frame with lower frame bound
1
D TIiZ{ (1 +iD)

Applying Proposition 2.3 (1), we see that ((e;)iea, (f;, ,-)i’_‘__I' jea,) is a frame with
frame bounds

1
D¥8 [T, +iD)’

This proves that our original family is a Riesz frame with the stated frame bounds,
and concludes the proof of corollary 2.6

+kD.
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3. Characterizing frames with the subframe property

In this section we characterize of frames having the subframe property. To simplify
the proof of the theorem, we first make an elementary observation.

LEMMA 3.1.  If (f){2, is a frame for H, G is a finite dimensional subspace of H
and P is the orthogonal projection of H onto G, then

o0
D IPAI? < oo.
i=1
Proof. Let{ey, ez, ..., e,} be an orthonormal basis for G. Then

Y UPfiIF = ZZ!(ane,)I"’ ZZuf.-,Pe,w
i=1

i=1 j= i=1 j=1

o0 n o0
ZZ| (fire)P =" {fien)l? <ZB||e,u =nB.
i=1 j= Jj=1 i=1

Now we are ready to prove the main theorem of this paper.

THEOREM 3.2. For a frame (f;){2, the following are equivalent:

(1) (fi)i2, has the subframe property.

(2) The frame (fi)i2; can be divided into three sets of vectors, (8)2,, (hi)ier,
(ki)}_, where I' may be finite or infinite, (8;);2, is a Riesz basis for H, and
there is a natural number m so that if G = span(g;)T..,, then h; is of the form
hi = h}! + h? with h? € G, h! € G* and such that

(i) the k; have infinite support,
(i) Yier IR21I% < 00, and
@@ii) (82, (h )ier) is a Riesz frame for H.

Proof. (1) = (2). By Casazza, Christensen [3], (f;){2, contains a Riesz basis,
say (g:)2,. To S1mp11fy the proof, we take the natural 1somorph1sm of (g:)2, to an
orthonormal basis (e;)72, and see that, without loss of generality, we may assume
that (g;)72, is an orthonormal basis for H. Let (k;)ica be the elements of (f;){2, with
infinite support with respect to (g;);2,, and let (h;);cr be the remaining elements of
the frame (i.e., The elements of the frame which are not one of the g; and which have
finite support). We can write

hi =) hi()gj»
jGQi
where |Q;| < oo, and k;(j) #0,Vj € Q;.
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Stepl. |A| < oo.

We proceed by way of contradiction. So assume we have infinitely many infinitely
supported vectors (k;);°,. We must construct a subset of our frame which is not a
frame for its closed linear span. To do this, we apply an inductive construction to the
two conditions below:

o0
kil =D k(D <00, Vi=1,2,-,

j=1

o0 o0
D ki g)P =Y k(DP<B, Vi=12,--.
i=1 i=1

By alternately applying these two conditions and induction, we can find sequences
of natural numbers iy < iy <i3 <---and j; < j, < jz < ---so that

[e o)
1
3.1 0 kGo)l? <—, Ym=1,2,3,....
3.1 <§=1|¢,,(J)|<m m

We will sketch the beginning of this induction proof. From the first condition, we
can choose a iy = 1, j; so that

. 1
0 < lky(irl” < 5.

The second condition allows us to switch to a subsequence of (k;){2,, starting with
ki, (call it (k; )f’i,l) so that

o0

> )P < 3.

n=i;+1

Now, using the first condition, we can find a natural number m so that |k;, (j)|* < (—3‘)—2,

for all j > m. Choose any i; > i;. Since k;, is infinitely supported, there is some
Jj2 > Ji so that

0 # |ki, (2)I* <

1
3R
By condition 2 agam we can choose an i; > i) and a subset of the (k;){2; (denote it
(kl| 5 klza klz+| s Rip4+25 « ))) so that

00

1
kn(o)? < ——.
D k(i < 53

n=i+1
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Now choose any i3 > i and a natural number m so that

2 1
D ki (D < —, VYizm
n=1

33’

Again, since k;, is infinitely supported, there is some j; > j, so that

1
. 7, 2 —
0 < |ki, (j2)I° < 30)

and by switching to a subsequence of (k;) we may assume that

o0

1
k, (j 2o — .
,.=,~23:+1| P < 55

Now continue this construction by induction.

Finally, let A = {j,, : m = 1,2, 3,...]¢ and consider the subframe of our frame
given by: ((gi)iea, (ki,)7>,). Now, g;, is in the span of our frame for each m =
1,2, 3,.... But, by inequality 3.1,

& o0 . 1
2 W)= 3 1k, Gl < (;) Il

i=1

So this set is not a frame for its span. This contradiction completes the proof of step
L

Step II. There is a natural number m and numbers A, B > O so thatVj € Q;,
with j > m, we have

A < |hi(j)l = B.

To obtain the m, and the lower bound for |h;(j)|, we proceed by way of con-
tradiction. If there is no such m or A, then choose natural numbers i;, j; so that
0 < |h;, (j1)| < 1. Since h;, is finitely supported and for all n € supp k;, we have

> Ihim)? < oo,
iel
it follows that there are natural numbers i, > i, and j, > j; with
(1) j2 > max{supp h;, } (so hi, (j2) = 0),
)0 < |hi,(2)] < 3,
®) lhi, G| < 3.
Continuing by induction, we can find natural numbers i; < i; < i3 < --- and
J1 < j2 < j3 <---sothat
4) hi,(jm) =0, forallm > n,
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(5) 0 < |k, (i)l < 1,

(6) i, (m)| < L, Vm <n.

Let A = {j; : i = 1,2,3,...}, and consider the subset of the frame (f;){2,
consisting of the elements, ((gi)ica, (hi,)52;). Let Pa be the natural orthogonal
projection of H onto span(g;)ica. Note that (4)-(6) imply span(gj, )z, = span((/ —
Pp)hi,) . By our assumption for this direction of the theorem, ((8i)ica, (hi,)52,) is

a frame sequence. By Proposition 2.3 (2), ((I — Pa)h;, )52, is also a frame sequence.
Now, foralln =1,2, 3, ..., we have

(I = Pahi, =Y hi,(jm)8j-
m=1

But,

mfZl ((I = Pa)hi,, g,)] mfz ki, Gm)? < 1an

h=m

which contradicts the fact that ((I — Pa)h;,)52, is a frame for span(g;, )o;. This
concludes the proof of step II.

Recall that P,, denotes the natural (orthogonal) projection of H onto span(g;)/~ ;,
andform < n, Py, = P, — Pp_1.

Step lll.  There is anatural number my > m so that ((g,-)ﬁ’im0+l s ((U=Puy)hi)ier)
is a Riesz frame.

We prove Step III by way of contradiction. If no such mg exists, given m as in
Step 11, there are finite sets of natural numbers I'y and Ay C {n:n >m + 1} and a
vector f; € span{(g)ica,, (I — Pw)hi)icr,} satisfying

IAl=1,
Y e+ Y AU = Pk < 1
€A i€l
Let£, = max{n : n € A; UUjcr, supp(I — Py)h;}. By Step I, there are only a finite
number of h; whose supports intersect {m + 1,m + 2, ..., £;}. Since each &; has

finite support, there is a natural number m < m; so that (I — P, )h; # 0, implies
Py ¢,hi = 0. This fact and our assumption that Step III fails, implies the existence
of finite sets of natural numbers ' C ') and A, C {n : n > m,;} and a vector f,
satisfying

h € span{(gn n=m+1° (gn):l:]}’ vj € F21

fr € span{(8nlnea,> U = PuyDhidier,}, 2l =1,
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1
> W far g D1 fo (I = Puh < 5.

ielA; iely

Continuing by induction, there exist natural numbers mo =m <m; <mp < ---
and finite subsets of the natural numbers A; and I';, and vectors f; satisfying

(3.2) A C{mi1+1,mi_1+2,...,m},

(3.3) hj € span{(8n)pLlp,_ 1> (&)=t} Vj € Ty,

(3.4) £ € span{(@nnears Pyumhjer, ),

(3.5 1Al =1,

(3.6) 10 8P+ X1 P} < -
jeA; Jer;

Next, let A = U2, A; U{1,2,3,...,m}and ¥ = U2 T";. We will show that
the subset of our frame given by ((g;)ica, (hi)icw) is not a frame for its closed linear
span, contradicting our assumption that (f;);2, has the subframe property. To see
this, let K = span((g;)ica, (h:)icw) and note that {1,2, ..., m} C A and (3.3) imply
that P, mhj € K, forevery j € T;. Since A; C A, it follows from (3.4) that
fi € K, for all i. Finally, by (3.2), (3.3), (3.4) we have

fi L span((gj)jea-an> (Bj)jeqw-r))-

Therefore,
D WS g P+ DN F YR = Y 1 )P+ D1 fin k)
jea jew jeA; jer;
1
= Y 1o g+ I W fis Prym B < .
JEA; JeT; !

Therefore, our subset of the frame is not a frame sequence. This completes the proof
of Step III.

Now, let G = span(g;);=,, P, the natural (orthogonal) projection of H onto G,
and h? = P, h;. Alsolet A; = Q; N {mg+ 1,mo+2, ...}, and

ht‘ = (I — PmO)hi = Zhl(.’)»
JjeA;

Step IV.  Verify (ii) and (iii) of the theorem.
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Since (h;);er is aframe and Rng P, is finite dimensional, (ii) follows from Lemma
3.1. Part (iii) follows immediately from Step III and the fact that

span(g,-);”;’l L span{(g; ?imo.Ha (h,'l)iel“}

(2) = (1). Assume that ((g;)2,, (h;)ier, (ki) ;) is a frame for H satisfying the
conditions in part (2) of the theorem. Since ((g:){2;, (h ,'l)ier‘) is a Riesz frame, we
assume it has the properties of Theorem 2.4. Letting A equal the natural numbers and
D =T in (2)(ii) of Theorem 2.4, we get that (h ,'l)iel" is a frame sequence with lower
frame bound Ao. Since ) ;.- IIh,?ll2 < 00, there are only finitely many infinitely
supported vectors k;, and (g;);2, is a Riesz basis it follows that our set of vectors
satisfies the upper frame condition (and hence every subset satisfies the upper frame
condition) with constant say B. By taking the natural isomorphism of (g;)72, to an
orthonormal basis for H, we may assume that (g;);2, is an orthonormal basis for
H. (To simplify the notation, we will use the same constants given earlier.) Choose
an arbitrary subset of the frame of the form ((gi)iea, (ki)iea, (hi)ier,). Applying
(2)(ii) of Theorem 2.4 again, we see that (PAch,.‘),-erI is a frame sequence with frame
constants Ag, B. We will finish the proof in three steps.

Step 1. There is a subset Q C I'y with [T'} — Q| < 00, s0 that (Pach;)icq is a
frame sequence.

By our assumption (ii), we can choose 2 of the form above so that
Ao\’
D oRIP < (—2~) :
ieQ

Then for any f € span(Pach;)icq, With the fact that (PA‘h,'l)iel". is a frame sequence
with frame constants Ag, B, we have

\/Z (£, Pachi) 2 \/Z I, Pach})? = \/Z (£, Pack?)?
ieQ ieQ ieQ
A
> VAol fll - \/Z | Pach?IZIFI? 2 VAol Fl =/ S £

ieQ

v

Ao
= 7||f||-

Step II. The family ((Pachi)ier,, (Packi)iea) is a frame sequence with frame
bounds say A, B.

By step I, (Pach;i)icq is a frame sequence. But |A| < oo and |I'} — | < oo,
and adding any finite number of vectors to a frame sequence always yields a frame
sequence.
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Step lII.  ((8i)iea, (hi)ier, (ki)j_,) is a frame sequence.

Since (g;);2, is an orthonormal basis, P, is an orthogonal projection on H with
I — Ppn = Pjc. Now, (gi)icn is an orthonormal basis for its span, and by Step II we
have that ((Pach;)icr,, (Packi)ica) is a frame sequence. Applying Proposition 3.2
(1), it follows that ((gi)ica, (hi)ier, (ki)7_,) is a frame sequence.

This completes the proof of Theorem 3.2.

Now, let us look at how this theorem uniquely relates frames with the subframe
property to Riesz frames. To get a frame with the subframe property, we first choose
a Riesz frame ((g;)2,, (hi)ier) for H where (g;):2, is a Riesz basis for H. Now
choose a finite set of vectors (k;)7_, from H each with infinite support with respect
to our Riesz basis (g;)72,. Next, choose a natural number m and let G = span(g;)/L,
be a finite dimensional subspace of H. Finally, choose a set of vectors (f;)icr from
G satisfying

S IAI < oo

iel
Then by Theorem 3.2, the set ((g:)52,, (ki)}—;, (hi + fi)ier) is a frame for H which
has the subframe property, and this is the only way to produce a frame with the
subframe property. This also shows, for example, that if we take a Riesz basis for H

and add to it an infinite number of infinitely supported vectors, then this new set has
a subfamily which is not a frame for its closed linear span.

4. The projection methods

If (f){2, is a frame, we define the frame operator S: H — H by
o0
4.1) S() =Y _(f f) fr.
i=1

Then S is an isomorphism of H onto H and so (S~! f;)%, is also a frame for H called
the dual frame. For f € H, we can write

42 F=88S7 =) (LS i
i=1

where the (f, S™! f;) are called the frame coefficients for f. One of the most difficult
problems in frame theory is to explicitely calculate the dual frame of a frame. A useful
method here is to “truncate” the problem. That is, for each n, let H, = span(f;)]_,
and S,: H, — H, be given by

43) Suf =Y _(f fi) fir
i=l1
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For each f € H, P,f converges to f in norm. But in general [4], the frame
coefficients for P, f need not converge (even coordinatewise) to those of f. If for
every f € H,and foreveryi = 1,2,3,..., we have

4.4) Jim (f, 57 fi) = (£, 57 fi),

we say that the projection method works. The advantage here is that finite dimensional
methods, applied to the frame (f;)]_;, can be used to approximate the frame coeffi-

cients. If ((f, S, fi))", converges to the frame coefficients for f in the £,-sense,
ie.,

n o0
@5 lm Y WASTA) — (AT D] HAST =0,
e i=n+1

we say that the strong projection method works. For a discussion of the projection
method, we refer the reader to [2]. Also, for an in-depth study of the strong projection
method, and a host of examples, we refer the reader to [4]. It is known [2] that the
projection method and the strong projection method working are not equivalent. Also
note that the projection methods depend upon the order in which the frame elements
are written. That is, a frame may satisfy the strong projection method but have a
permutation which fails it [4]. It is immediate that the strong projection method
works for Riesz bases (or see Zwaan [8]). It also works for Riesz frames but may fail
(even the projection method may fail) for frames with the subframe property [4]. The
main theorem of this section will show that for frames with the subframe property,
the projection methods become equivalent and independent of the order in which the
frame elements are written.

THEOREM 4.1.  If(fi)52, is aframe with the subframe property, then the following
are equivalent:

(1) There are no infinitely supported vectors k; in Theorem 3.2.

(2) (fi)72, has a permutation satisfying the projection method.

(3) Every permutation of (f;){2, satisfies the strong projection method.

Proof. (3) = (2). Obvious.

(2) = (1). We will prove this by way of contradiction. So suppose we have
a frame ((g:)72,, (hi)ier), (k,-)f=,) satisfying the conditions of Theorem 3.2. As
usual we may assume that (g;){2, is an orthonormal basis for H. Let (f;){2, be a
permutation of this frame satisfying the projection method. Let I, J be sets of natural
numbers so that (recall the m of theorem 3.2)

{(firiell={g:1<i<m}), {firielJl={k:1=<i<{}.

Let mop = max;esuy i and let S, be the frame operator for (f;)7_;. Our assumption
that (f;){2, satisfies the projection method implies there is a constant K > 0 so that
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for all n > mg, we have ||S;'k;|| < K. So fix any n > mg and write (f;)7_, as
((8i)iea, (Miea, (ki)f=l). Let Q, be the orthogonal projection of span(f;)7_; onto
its subspace span{(g;)iea, (hi)iea}. Choose 1 < j < £ so that

(4.6) I = @a)j = max il

Since the A; all have finite support with respect to the orthonormal basis (g;)$2,, and

i=1’

the k; have infinite support, it follows that ||(I — Q,)k;|| # O in formula (4.6). Let

(I — On)k;

i = T =i

so that (f, ;, k;) = 1. Finally, let

f=tfuj= I (fujr ki) S; K.
i#j

Now we compute

Snf = Sufnj—Su (Z(fn,j’ki)sn_lki)

i#]

D (o FVFi = D Ay KD

i=1 i#j

4

= (o kidki = 3 fujo kidhi = (fujo kk; = k.
i=1 i#j

So S, k; = f. It follows from our earlier assumption that
@.7) 18, kil = ILf1 < K.

Combining (4.6) with (4.7) we have

4.8) K > 1A= 0ol = 1Y (Fsio kS Kl
i#j
> N fuill = D W jr = PYRIS; kil
i#j
> Nl fujll = KD I = PYKill = |l 1l — KE.

i#]
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However,

*+9) sp I fn il = s o e =
and (4.8) and (4.9) contradict one another.

(1) = (3). By (1) and Theorem 3.2, our frame is of the form ((g;){2;, (hi)ier)
and has the properties listed in Theorem 3.2. As usual, we may assume that (g;)2,;
is an orthonormal basis for H. Let m and G be given as in Theorem 3.2, and let Pg
be the natural (orthogonal) projection of H onto G. Let (f;)72, be any permutation
of this frame. Choose a natural number mg so that g; € {fi: 1 < i < myg}, for all
1 < j < m. Let A be the lower Riesz frame bound for the Riesz frame given in
Theorem 3.2 (iii), and choose 0 < § < § with

A
83 IPshill® < 7.

iel
Let n > mg and let S, be the frame operator for (f;)_,. By our assumptions,
there are finite sets of natural numbers / C I',and I C {m + 1,m + 2, ... so that
(fd)is, = ((@)IL;» (8iier, (hi)ies). Choose f € span(f;);_, with
L= |fI?=IIPcfI* + Il = Pe) fII*.
‘We consider two cases.

Casel. ||Pf|? = 6.

In this case,
STUA PP U e =P fI* = 8.
i=1 i=1

Casell. ||Pgf|*<38.

In this case, applying (iii) of Theorem 3.2, we have

§ZI<f, e = \/Zl(f, g2+ D1 k)2
i=l1 iel ieJ

> \/Z (U — Po)f. g+ Y (U — Po)f. (I — Po)hi)?

iel ieJ

- \/Z (PG £, Pchi)|?

iel
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%

iel

VAT =8) =5 | IIPchi|?
iel
A A
> ,/——,/—.
- V2 4

Hence, our frame (f;){2, satisfies the strong projection method.

i=1

VAU - Po)fIl - \/Z 1P f 1121l Pghi 12

v

Although frames with the subframe property may fail even the projection method,
Theorem 4.1 implies that this occurs because of a few “misbehaved” vectors. We
state this formally as follows:

COROLLARY 4.2.  If (fi)ie1 is a frame with the subframe property, then there is a
finite subset A C I so that the strong projection method works for (f;)ici—n-
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