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1. Introduction

Let E be a domain in n-dimensional Euclidean space R", n > 2. For u a
function with support in E and « a number such that 0 < a < 2, we define

(L) Bou(P) = AGw s )(P) + [ w(@w(P,dQ)

where * denotes convolution, r the polar distance from the origin, A the
Laplacian in the sense of distributions on the open set E, and » a positive
measure on the boundary 8E of E for each PeE. The expression

Alu *777"%)

is, except for a multiplicative constant, the fractional Riesz potential I *u
of order —a. Operators of the form (1.1) arise also in the theory of stochastic
processes; we shall say more about this later.

A. Beurling has suggested that the theory of Dirichlet spaces, developed by
him and J. Deny in [1] and [2], provides a natural framework in which to study
operators of the form (1.1). It turns out that this extremely elegant theory
makes possible a rapid and simple access to numerous results which would
otherwise require much arduous analysis.

In the present note, we restrict ourselves to the case v = 0. Thus from now
on we shall be concerned with the operator

(12) Aou = A fE w(Q) | PQ [ dg.

In a subsequent paper, we shall treat the more general operator (1.1).

Our main interest here is to show how the theory of Dirichlet spaces can
be used to give a self-contained and systematic account of the basic properties
of (1.2). For this reason we include a number of known results which have
been proved by other methods. Many of the statements we prove appear,
either explicitly or implicitly, in the pioneer work of M. Riesz and O. Frost-
man, cf. [4], [5] and [11]; others will be found in works motivated by probability
theory, cf. Getoor [6].

We sketch briefly the connection between (1.2) and probability theory.
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To each a, 0 < a < 2, there corresponds a symmetric stable process of order
a on R" whose transition densities p, are determined by the Fourier transforms

(13) S = [ e 8 d

The case @ = 2 corresponds to Brownian motion. Each of these processes
determines positive contraction semi-groups

(14) Tif(@) = [ 2ty — 1) dy

either from Co(R") to itself, from L(R") to itself, or from L*(R") to itself.
In each case, when 0 < a < 2, the infinitesimal generator of the semi-group
agrees on a dense set with a constant multiple of the operator (1.2) for E = R".

Suppose that E is a bounded domain in R". Corresponding to each stable
a-process on R", there is an “absorbing barrier’’ process on E which can be
described roughly as follows: a symmetric stable process {X(¢); ¢ > 0} with
starting point X(0) ¢ E continues until the path leaves E, at which moment
the process terminates. The associated transition probabilities again de-
termine positive contraction semi-groups on various spaces of functions on
E. The generators agree with a constant multiple of (1.2) on dense sets.

Although we restrict ourselves here to dimension n > 2, alterations can
easily be made at the appropriate points to cover the case n = 1. We shall,
however, omit these details. For articles which deal with problems connected
with the one-dimensional case, cf. [3], [8], [9], [10] and [12].

The author is indebted to Professor A. Beurling for his many helpful sug-
gestions.

2. Preliminaries

Let E be a bounded domain in B*. We shall assume that E is a Greenian
domain, i.e. one for which Green’s Theorem holds; for certain results later on
we shall impose other more restrictive conditions on the boundary of E.

As mentioned above, we wish to study semi-groups generated by the
operator A, of (1.2). According to the Hille-Yosida theorem this is equiva-
lent to studying the resolvent equation

M(P) — A u(P) = Mu(P) — Af w(Q) | PQ | dQ
(21) 5

= f(P) (x> 0)

where f is a given function in the space under consideration. We shall in fact
start with N = 0 and construct the “Green’s function” G, which gives a solu-
tion

(22) u(P) = [ 6.(P, Q)1(Q) 40
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to (2.1) with X = 0, unique under certain auxiliary conditions to be specified
later. This Green’s kernel was studied by Riesz and Frostman, and in [11]
Riesz gave an explicit formula for G, in the case where E is a spherical ball.

In Section 3 we show how a Dirichlet space can be associated with the
operator A, . In Section 4 we study the properties of the solutions of (2.1)
for A = 0 and obtain the Green kernel (2.2). Finally, in Section 5 the semi-
groups associated with A, in several Banach spaces are constructed.

3. The Dirichlet space associated with Aa
We first recall the following two basic definitions from [2, Section 1].

Drrinrtion 3.1. A normalized coniraction of the complex plane C is a trans-
formation T of C into itself such that

(i) T(0) = 0and

(i) | T(21) — T(22)| < |21 — 22| for each pair 2, , 22 in C.

DEeriNITION 3.2.  Given a locally compact space X and a positive Radon meas-
ure £ everywhere dense on X (non-empty open sets have positive measure), a
Dirichlet space relative to X and & is any Hilbert space D = D(X, &) whose
elements are complex-valued functions’, locally summable for &, and satisfying the
following axioms:

I. For every compact K C X, there exists a finite number A(K) such that
L1wl <A@ juls.

II1I. If @ denotes the complex-valued functions, continuous on X with compact
support, then © n D is dense in € and in D.

III. If T is a normalized contraction of the complex plane, then u ¢ D implies
T(u)eD and || T(w)| < || w|l.

A real Dirichlet space is one whose elements u are real-valued functions satis-
Sfying I-1I1.

We shall now define the real Dirichlet space associated with the operator
A, . Suppose that u and v are infinitely differentiable with compact support
contained in the domain E. An application of Green’s formula yields

— f v(P)A,u(P) dP = (u,v)
(3.1) *

_ vaum+ %ng [ (P) — v(@Iu(P)

- o dpae,

where0 < a < 2,0, = a(n + a — 2), and

2 We take the usual liberty of speaking of functions when actually equivalence classes
are meant.
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(3.2) m(P) = C, fc _1PQ™™ dg,

with CE denoting the complement of E.

The real-valued functions infinitely differentiable with compact support con-
tained in E form a pre-Hilbert space with scalar product (u, v) defined by
(3.1). We complete this pre-Hilbert space to a Hilbert space D% which, as
the next lemma shows, is a Dirichlet space.

LemMa 3.1. The Hilbert space D% formed by completing the pre-Hilbert
space of infinitely differentiable functions with compact support contained in E
and the scalar product (u, v) of (3.1) is a Dirichlet space.

Proof. Since there exists a constant ¢ such that m(P) > ¢ > 0, for P ¢ E,
it is clear that Axiom I is satisfied. Axiom II follows from the definition of
D% . To show that Axiom III is satisfied, we note that if u e D% and {u,} isa
sequence of functions in the pre-Hilbert space such that u, — u in the norm,
then for any normalized contraction T', T'u, converges to T'w in the norm of
D). Hence TueD: and the norm condition || T'(u) || < || u || follows im-
mediately from the expression for (u, v) given in (3.1).

The norm in D can also be expressed as follows: if

() = fm exp(—2irz-y)uly) dy,

then
2 _ 2 a
(33) lult = do [ Lafr
with
(34) dy = 47°™PD(1 — 0/2)/T([n + o — 2]/2).

The space DY is a subspace of the special Dirichlet space described in the last
paragraph of [2].

4. Potentials in D},
Following [2, Section 2], we have
DeriniTioN 4.1.  An element u, in a Dirichlet space D(E, &) is called a po-

tential if there exists a Radon measure u on E such that

(41) (U, ) = vadp

whenever ve @ n D.  If uis a positive measure, then wu, ts called a pure potential.
In our case (4.1) implies that
(4.2) —A(u %P =

in the sense of distributions on the open set E, the * denoting convolution.
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If f € L}/m(E), where m is the function in (3.2), then for every v e D%

(43) o] < vois{ [ m}.

Hence, there exists a potential s ¢ DY for which (4.1) is valid for ail v ¢ D5
Note that Li,.(E) contains the bounded measurable functions on E, the
functions in L*(E), and all functions of the form ®-m"* with ® ¢ L*(E).

The following lemma, is proved in [2, Lemma 2]:

LemmMmaA 4.1, Pure potentials are positive.

If 0 < & < 1, then the function m of (3.2) is in L(E), and u, = 1 is the
pure potential associated with m. In this case, for every potential u; associ-
ated with an f ¢ L(E), we have

(44) [Eu,m - j;f.

This argument breaks down if & > 1 because in this case m ¢ L(E), and the

characteristic function of E is not in DY . We shall now show that (4.4) holds
even in the case that & > 1.

Lemma 4.2. If0 < a < 2, and if uy is a potential in Dy associated with a
function f e L(E), then u; m ¢ L (E), with m the function in (3.2).

Proof. It suffices to prove the lemma for f > 0. By Theorem 1 of [2], for

each open set S such that S C E, there corresponds an “‘equilibrium potential’’
ug satisfying

(4.5) ug =1 ae.on S
(4.6) 0<us<1 aeon E.

The associated measure ms is positive and carried by S.
We have, for P € S,

us(Q)
Af IPQ |n+a—2

(4.7)

- m(p) + ¢ [ 2@ ag > mep),

where C, is given after (3.1). Thus
4. < = < .
(4.8) Lufm_j;ufdms ‘/;’fus._/;f

Since S is an arbitrary open set whose closure is contained in E, it follows that
urm e L(E).

Lemma 4.3. Iffe L(E) and | f| < m, and if there exists a potential u; e D
associated with f, then | u; | < 1 a.e.
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Proof. (Necessary only for 1 < o < 2). We may suppose that f > 0,
since | us | < w;y; . For each g > 0, bounded and measurable on E,

(4.9) fEufg=fEfunSfEmuanEy

by (4.8). But this implies u; < 1 a.e.
An immediate corollary of Lemma 4.3 is

CoroLLarRY 4.1 If fe B(E),the space of essentially bounded, measurable func-
tions on E, then there exists a corresponding potential u; e B(E)N DY, and

(4.10) | uslls < || f ||5 linf {m(p) : P eE}I"
Lemma 4.4. If ¢ € B(E), then there exists a Y ¢ B(E) such that
(4.11) —A@W * ") = ¢om;

if 0 < ¢ < 1 a.e., then the same is true of Y. Furthermore, if us ¢ D% is a po-
tential corresponding to some f e L(E), then

(4.12) f Uy pm = f vf.
E E
(Here, as usual, A is to be interpreted as a distribution in the open set E.)

Proof. Let us suppose 0 < ¢ < 1 a.e. Let {¢.} be a sequence in B(E)
such that ¢, T ¢ and ¢, vanishes outside some compact K < E. There is a
potential ¥, e B(E) n DY corresponding to ¢,-m by Corollary 4.1, since
¢n-m e B(E). By the same corollary, 0 < ¢, < 1a.e. In addition {¢,} isa
bounded, increasing sequence (or can be made so by alteration on a set of
measure zero ), and so there exists a limit function ¢ = lim, ¢, in B(E).

Now suppose v is infinitely differentiable with compact support in E; then

(4.13) f YA = lim | YnAev = lim | vp,-m = f v-p-m,
E n->0 JE n—->0 JE E

80 —A.¢¥ = ¢-m in the sense of distributions on E, thus proving (4.11).

Since (4.12) holds for ¢, and ¥, , we obtain the relation for ¢ and ¢ by a pas-

sage to the limit. This completes the proof.

Let ¥ denote the class of functions constructed in the last lemma, that is the
functions ¢ satisfying (4.11) and (4.12) with ¢ and ¢ in B(E). Let ©D(E) be
the class of functions which are infinitely differentiable on some open set
containing E. We then have the following lemma.:

Lemma 4.5. If A(ux7"™%) = 0, and if w = @ + v + ¢, where @e DY,
veD(E), and ¢ e, then u = 0 a.e. in E.

Proof. It suffices to note that if v e D(E) and fe¢ C(E), then

(4.14) vaf = — fEu,«{AvaJPQ |2—”_°‘}.



INTEGRO-DIFFERENTIAL OPERATORS 93

It then follows from (4.14) and (4.12) that if f ¢ B(E), and if u satisfies the
hypothesis of the lemma then

(4.15) f uf = f us Ao = 0
E E
and we thus have v = 0 a.e. on E.
We obtain immediately from Lemmas 4.4 and 4.5 the following corollary:
COROLLARY 4.2. Iffe B(E), then (4.4) holds in D% for 0 < a < 2.

Proof. Take ¢ = 1 in Lemma 4.4, and let ¥ be the corresponding solution
constructed in that lemma. Then1 — ¢ = usatisfies the conditions of Lemma,
4.5, and therefore ¢y = 1 a.e. on E. Putting this in (4.12), we obtain (4.4).

LEmMA 4.6. If fe B(E), then

(4.16) Uy = Ja(f * ra—n)’
where f 1s the function in L(R") defined by
(4.17) e
= —C. [ u(@ | PQ™™ dg, P ¢CE
and

(4.18) Ju = (47) " 'sin (ar/2)-T[(n + « — 2)/2]-T[(n — @)/2].

Proof. Let v be infinitely differentiable with compact support in R".
Then

(4.19) - L”v’(uf *«77TY) = — '/;uf(Av * T,

n—

Since » * 7™ is bounded and continuous on R", there is a potential u, cor-
responding to its restriction on E. In fact, if ¢ is the solution constructed in
Lemma 4.4 corresponding to ¢m = Av » ¥ "%, then we must have u, = v — ¢,

using the uniqueness proved in Lemma 4.5. Thus the right integral in (4.19)
can be replaced by

[1u=[10-w

= [ - fEuf(m{va(Q)- |PQ|‘"‘“}dP= [ o

This proves that
(4.21) —Auy %" = F

in the sense of distributions on R". That fe L(R") follows from the fact that

(4.20)
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usme L(E). The representation (4.16) follows from an application of the
Fourier transform to (4.21).

From this lemma we obtain
CoROLLARY 4.3. Iffe B(E), then uy is continuous® on E.

Lemma 4.7. Suppose that By C Ey, f > 0, and f ¢ B(Es). If us(-; E;) s
the potential in D%(E;) corresponding to the restriction of f to E; , then

(4.22) ug(P; 1) < ug(P; E»)

for almost all P in E; .

Proof. 1f we extend u;(P; E;) to be 0 in CE; , then{w,( -; E2) — us(-; E1)}
is the potential in D%(E,) of a positive integrable function, and is therefore
positive. This completes the proof.

We have shown in Corollary 4.3 that f ¢ B(E) implies thatus e C(E). We
shall next show that if the boundary of E consists of regular points, then
uy € Co(E), the space of functions continuous on E vanishing at the boundary
of E, or more precisely, that u, is equivalent to such a function.

Before presenting a proof of this result, we look at a couple of special cases.
It can be verified by Fourier transforms that if £ is the ball r < b then the
potential u; corresponding to f = 1 is given by

(4.23) U= Yar (B* — 1)
where
(424) voa=T(n/2)[2-7"*(n 4+ a+2)-T(e/2 4+ 1)-T(1 — a/2)]"

This formula follows from the work of M. Riesz, and the calculations are
carried out in [6, Theorem 5.2]. Since for any E, f ¢ B(E) implies

(4.25) [uy | < const(|| f ||z u1),
it follows from (4.23) that if E is any ball » < b, then
(4.26) limp_.po uf(P) =0

for Py on 9E.

Next, we shall show that (4.26) also holds if E is a region between two
spheres given by @ < r < b. It is certainly true for P, on the outer sphere
r = b, since the monotonicity property proved in Lemma 4.7 shows that the
potential ui(-; @, b) for the region @ < r < b is smaller than the potential
u(-; b) for the ball r < b. If we perform an inversion about the inner sphere
r = a, that is, make a change of variable v’ = a% " in (4.16), we find that

(4.27) w(a?/r’; a, b)) = w, (v’ d¥/b, )

3 When we say that u, is continuous on E we mean, of course, that there is a repre-
sentative of the equivalence class u; which belongs to C(E).
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where g(r') = a®*(+')™ . But from our remarks above,
(4.28) lim,yq ug(r'; a*/b, @) = 0,

and therefore from (4.27) we conclude that (4.26) holds also when P, lies on
the inner sphere r = a.

It is now easy to prove

LeEmma 4.8. If Py is a point on the boundary of E lying on a sphere whose
interior is contained in CE, then (4.26) holds whenever f e B(E).

Proof. We may suppose the sphere at P, to have the equation r = a.
Since E is a bounded domain, it can be enclosed in a ball r < b. The result
then follows from the Lemma, 4.7 and the fact that (4.26) holds for the region
a<r<hb.

CoroLLARY 4.4.  If each point Py on the boundary of E satisfies the condition
of Lemma 4.8, then f ¢ B(E) implies us ¢ Co(E).

Following [2, Section 4], we may represent our potentials u; by means of a
symmetric kernel G.(P, @), that is,

(4.29) us(P) = f Gu(P, Q) 1(Q) dQ
and
(4.30) uww=Lmewmmm»ﬂwa

From (4.16) we obtain the relation

Gu(P,Q) = Ju | PQ|™™

(4.31
) ~ Cudu [ QB [f (| PT | | TR "} dT:I dR
E CE
for Pand Q in E.
The solution ¢ of —A. ¢ = ¢-m constructed in Lemma 4.4 is given by
(432) WP) = [ 6P, @o(@)-m(Q) dQ

and in particular

(4.33) /EG,,(P, Q)-m(Q) dQ = 1 a .

5. Semi-groups associated with 4,

The basis for the results of this section is provided by the following two
lemmas from [2], appearing in that paper as Lemmas 3 and 4.
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LemuMA 5.1, Given a Dirichlet space D(X) and a function f e L*(X) or ¢n D,

then for every N > 0, there exists a unique element S\ f e D which minimizes the
quadratic functional

(5.1) Fw) =\ ulb+ [ |u—7Pag
X
u = S\ f is the only element in D such that u — f e L*(X) and

(52) A, v) + fx (w— fodg = 0

for each v e L’ n D.

LemMa 5.2, For each X > 0, the operator R\, = N"'Sy , defined on D has the

following properties:
(i) R is linear, positive, hermitian, and bounded in D and in L*(X) with

| ARy || < 1 4n both spaces; feD and || R\f ||o = || f ||p implies f = 0.

(i) lima.o ARy = I and limy.o ARy = O strongly in D and in L, where I
denotes the identity operator.

(iii) If T vs a normalized contraction, then Tf = fimplies T{\Ry f} = AR\ f.
In particular, if 0 < f < 1 a.e., then the same is true of ARy f.

These two lemmas are proved in [2, Section 3].
Note that (5.2) implies that the function u} = R, f satisfies

(5.3) MY — Agul =

in the sense of distributions on E. Thus the preceding two lemmas combined
with the Hille-Yosida theorem show that A, is the infinitesimal generator of
a contraction semi-group on DY and on Ls .

Our aim is now to show that A, also generates semi-groups on L(E) and on
Co(E), the space of functions continuous on E vanishing on the boundary of
E.

TaroreM 5.1.  If f e Co(E) with E satisfying the condition of Corollary 4.4,
and Ry denotes the restriction of the operator Ry of Lemma 5.2 to Cy , then

(5.4) ARV f — AaRYf =

with A, defined in (1.2). Furthermore, in the norm of Co(E),
(5.5) INRRFI < 11,

and as A — o

(5.6) ARY — I

strongly in Co(E). Finally,
(5.7) 0<f<1 = O0ZRSf<S\
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Thus {RY} is the family of resolvents of a positive contraction semi-group from Coto
itself with infinitestmal generator A, .

Proof. We have already noted in (5.3) that property (5.4) must hold.
Property (5.7) follows from Lemma 5.2(iii). Thus if fe Co(E), then Ry f is
the potential in DY, of the bounded function f — ARy f and is therefore in Co(#)
by Corollary 4.4. From (5.7) we conclude that (5.5) holds.

If we can show that the range of Ry is dense in Co(E), then the two proper-
ties (5.4) and (5.5) will imply (5.6). Let G, denote the integral transforma-
tion in (4.29). The range of Ry is identical with the range of G, , since

(5.8) RY = Go(I — \RY)

and the range of I — AR is equal to Co(H#). But the range of G, is dense in
Co(E), since every infinitely differentiable function with compact support in E
is in this range. This completes our proof.

In any Dirichlet space there is defined a ‘‘generalized Laplacian”, cf.
[2, Sec. 4], as follows: if u is a potential in D generated by a function f, then we
define Au = f and call f the Laplacian of 4. In the classical case, this reduces
to a negative constant times the ordinary Laplacian. The operator —A thus
defined is the infinitesimal generator of a positive contraction semi-group from
D to itself of which {R,}, the family of operators constructed in Lemma 5.2,
is the resolvent family. In our case, of course, —A = A4, .

The next result is a direct corollary of Lemma 5.2. We include it for the
sake of completeness:

CoroLLaRrY 5.1. If D = D(X, &) is a Dirichlet space with £ a totally finite
measure such that u e D implies u ¢ L(X) and

(59) lule = [ 1ulde < 4wl

for some constant A independent of u, then the operator Ry of Lemma 5.2 can be
extended to a bounded linear operator Ry from L(X) to itself so that {Ry} is the
family of resolvents of a positive contraction semi-group from L(X) to utself.
The infinitesimal generator of this semi-group s a closed extension of —A.

Proof. Let us suppose that fe @ n D. Then since R, is positive and her-
mitian as an operator on L’ (X), we have for A > 0 and f ¢ L’

510) A [ 1Baslde <n [ Ralside=n [ 151 Ritae< [ 151

Since L’ is dense in L we conclude that Ry can be extended to an operator Ry
from L to L which satisfies

(5.11) MRl £ 1.

’ . . . o, . . .
The range of Ry, and hence of Ry is dense in L, since it is dense in L”. Since
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R, satisfies
(5.12) AR\ f + AR\ f = f,

we have the result.

Note that the hypotheses of Corollary 5.1 are satisfied in our case. The
infinitesimal generator of the semi-group from L to L agrees with (1.2) on a
dense subset of L(E), since for every infinitely differentiable function » with
compact support in E and fe L(E),

(5.13) fEA,,v-R;f= va(AR{f—f).
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