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ON MEROMORPHIC SOLUTIONS OF
A LINEAR DIFFERENTIAL EQUATION
WITH DOUBLY PERIODIC COEFFICIENTS

SHUN SHIMOMURA

ABSTRACT. In this paper we treat a linear differential equation with doubly periodic coefficients. We
examine value distribution properties of meromorphic solutions. Some examples are presented to illustrate
our results.

1. Introduction
Consider an equation of the form
E) w4 pni @V pr@W +pow =0  (=d/dz, neN),

where the coefficients po(z) (# 0), p1(z), ..., pn_1(z) are doubly periodic mero-
morphic functions with the common periods w, o' (Im(w'/w) # 0). Denote by P;
(0 <k < n —1) the set of all the poles of p;(z), and put

n—1
P= UP" cC.
k=0

Throughout this paper we suppose that every point a € P is a regular singular point
of (E,) with the properties:

(P1) All the characteristic exponents q(a, j) (j = 1, ..., n) are integers.

(P2) There exist linearly independent solutions expressible in the form

9a.j(@) = (2 = a)1“Dh, ;(2), ji=1...,n,

where hg,_j(z) is analytic around z = a and satisfies hy j(a) = 1.

Let w = ¥ (z) be an arbitrary solution of (E,) analytic around the point z = zg9 €
C — P. For every curve C(z9,21) C C — P starting from zo and ending at z;, the
solution v (z) is continued analytically along C(zg, z1). If the endpoint z = z, is near
apointa € P, then, in the disk |z — 21| < |a — z;|, the analytic continuation of ¥ (z)
is expressible in the form Z}':l Cj@a.j(2) for some ¢; € C, which implies that v (z)
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is meromorphic at z = a. Therefore, all the solutions of (E,) are meromorphic in the
whole complex plane. (For basic facts concerning linear differential equations and
singular points of them; see [4].) In particular, every a € P of (E;) with p;(z) = 0
possesses the properties (P1) and (P2) if the coefficient po(z) is a doubly periodic
meromorphic function such that, around every pole z =a € Py = P,

o0

(1.1) po@) =@ -a)?Y biz-a),
=0

where the coefficients b; (I > 0) have the following properties:

(a) by = —q(a)(q(a) + 1), where q(a) is a positive integer.
(b) Thesetof by (I =1,...,2g(a) + 1) satisfies

M1 0 ve 0 b]
b, K2 B © b,
(12) D@=| b b Lo by |=o,
: : .0 :
byw-1 byw-2 - b Myw  byw
b2q(a) b2q(a)—1 v by by b2q(a)+1

w=1%—Q2q@+ Dl (1<!<2q)

(see [6], [7]). This is regarded as a generalization of Lamé’s equation
(1.3) w' —(@q@@+Dp@+Bw=0, geN, BeC,

where 0 (z) is Weierstrass’ g-function (see [8]). (Examples of equation (E,) other
than (1.3) are given in Section 4. All the solutions of them are meromorphic in C.) In
general, for linear differential equations with meromorphic coefficients, meromorphic
solutions are not studied so much (see [2], [7]).

The purpose of this paper is to clarify value distribution properties of meromor-
phic solutions of equation (E,). Throughout this paper, we use basic facts in the
value distribution theory and the standard notation such as m(r, f), N(r, f), T (r, f),
Ni(r, f)y = N(@r, f) — N(r, f) (see [5], [6]); in addition, for functions g(r) and
h(r) (r = rg), we write g(r) < h(r), if g(r) = O(h({r)) and h(r) = O(g(r))
simultaneously hold as r — 0.

Let ¢ (z) be an arbitrary meromorphic solution of (E,). Our results are stated as
follows.

THEOREM 1.1. m(r, ¢) = O(r), T(r,¢) = O(r?).

THEOREM 1.2. For every a € C—{0}, m(r,1/(¢ —a)) = O(ogr), and
m(r, 1/¢) = O(r).
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THEOREM 1.3. We have
1.4) m(r,¢) +m(r,1/¢) + N(r, 1/¢") + Ni(r, ¢) = 2T (r, ) + O(logr).

THEOREM 1.4. If there exists a point ay € P such that

(1.5) Py = zlggo(z —ao)" po(z) # 0,
then

(1.6) T(r,¢) =< r?,

(1.7) N(r, ¢) < r?,

and for every o € C,
(1.8) N, 1/(¢p — ) < r2.

Remark 1. Estimates (1.6) and (1.8) imply that the growth order and the exponent
of convergence of zeros are finite:

log T |
o (®) =1imsup0g_(r’.¢_) =2 A(#) = limsup ogN(r,1/9) -2
r—>00 logr 00 logr

These properties are quite different from those of equations with simply periodic
entire coefficients (cf. [1], [3]).

Remark 2. Theorem 1.4 is applicable to (E,) whose coefficients satisfy p;(z) =0
and (1.1) with (a), (b), especially to the equations of Examples 4.1 through 4.3, and
also to that of Example 4.4.

Remark 3. Ifeverya € P satisfies lim,_,,(z —a)" po(z) = 0, then in some cases
there exists a solution ¢q such that T (r, ¢p) =< r, and in other cases every solution ¢
satisfies T'(r, ¢) =< r? (cf. Examples 4.5 and 4.6).

2. Preliminaries

We use the following notation in this section.

(1) For a matrix A = (a;j) € M,(C) (1 <i <n, 1 < j < n), we write
Al = maxi<i<n(3;_; laijl). Then for A, B € M, (C), |AB|| < [|AllBI.

(2) For aset S, |S| denotes the cardinal number of it.

Let ¥j(z) (j = 1,...,n) be arbitrary linearly independent solutions of (E,).
Consider the row vector function ¥ (z) = (Y1, ..., ¥»). By M;, My € GL(n, C) we
denote Floquet matrices given by

@D V(I +w) =VYM, VY(E+o)=V¥@)M,.
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Since every entry of W(z) is meromorphic,
2.2) MM, — MuoM, = 0.

LEMMA 2.1. m(r,¥j))=0(@) (j=1,...,n).

Proof. By (2.1) and (2.2), for every pair of integers (i, v) € Z2,
2.3) V(z+ pw +vo') = V(MI'M,.

Weput A ={ow+tw |[0<0 <1,0<7t <1}, A(n,v) = {2+ po +vo' |
z € A}. Cover the circle I', = {z | |z| = r} with the smallest number of these sets;
Tr C Ugyere A, v) with I(r) = {(u, v) € Z* | A(p, v) N T, # @). Then

() (u,v) € I(r) implies |u|+|v|=O(r);

(i) ()| = 0().
Since each parallelogram A(u, v) is congruent with A,

(iii) for every (u, v) € I(r), [the length of the arc T', N A(u, v)] < || + |o'| +
o(/r)=0().
In A, the solutions ¥;(z) (j = 1, ..., n) are written in the form

k()

vi@ =@ [[c-a)"
o=1

where aj, (1 < o < «(j)) are the poles of ¥; in A, each counted according to
its multiplicity, and n;(z) (j = 1,...,n) are functions analytic and bounded in
A. Suppose that ', N A(u, v) # @. Every point on I', N A(u, v) is written as
s =re'® =7+ puw + vw' (z € A). Then, using (2.3), we have

+ 0 + (&
(24)  log|y;(re”)| < log (Z |\[fj(z)|"MfLM;“> < p(@) + vo(lul + D,

j=1

n k(j)

+ + 1
p@) = Y_ |logln@)|+ ) log ——— | +logn,
j=1 o=1 lz - aj'al
+
where log x = max{logx, 0}, yo = max{log(|| M| + lle'lll) | k = 1,2}. Putting

O, u,v) = {6 | re® € I, N A, v), 0 <6 < 2r}, u,v,A) = {z =
s—uw—vo' |s €, NA(u,v)} C A, and using (i), (iii), (2.4), we have

+ .
rf 1og | (re®)| d6 < f p(@) ldzl-+yo(lul+1v) \ds|
e} rO(u.v,A)

(r.p.v) TNA(w,.v)
< K(l-l—r/ |ds|),
FNA(r.v)
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where K is a positive constant independent of r and (i, v). This inequality and (ii)
yield

1 i K (11(r)]
m(r, ¥;)=— E 1 v; i9 d@—__—( +[ d ) =0().
(r ]) 27 f@(r.u.v) o8 I ](re )I r r, | S| (r)

(n.w)el(r) 2

Thus the lemma is verified. O

LEMMA 2.2. Let w(z) be an arbitrary doubly periodic meromorphic function
with periods v, @'. Then, m(r, w) = O(1), N(r, w) = Cqr?+ O(r), where Cy, is
a positive constant.

Proof. For every (u,v) € Z2, @ (z + uw + vo') = @w(z). From this relation
instead of (2.3), we derive m(r, @) = O(1), by the same argument as in the proof of
Lemma 2.1. Recall A(u, v) of the proof of Lemma 2.1, and write D, = {z | |z| < r}.
We have D, C Uywyex ¢y AW, V) € Dy € Upvyek, oy A, v) C Dy, with
K_(r) ={(n,v) | A(u,v) C Dy}, Ki(r) ={(u,v) | Au,v)ND, # 0}, re =
r = (Jo| + |@']). Hence |K+(r)| = (7w/so)r? + O(r), where sy denotes the area of
A. This implies N(r, ) = Cy r2 4+ O(r), which completes the proof. [

LEMMA 2.3 [6, Corollary 2.3.4). Let f be an arbitrary meromorphic function

satisfying o (f) < oo. Then, for each positive integer j, we have m(r, fV/f) =
O(logr).

3. Proofs of theorems

3.1. Proof of Theorem 1.1. By Lemma 2.1, for an arbitrary solution ¢ (z) of (E,),

3.1 m(r, ) = O(r).
Each pole of ¢(z) is a pole of some coefficient p;(z) (0 < k < n —1). By the double
periodicity of pi(z), Qo = max{lq(a, j)| | a: regular singular point, j =1, ..., n}

(cf. (P2)) is bounded. By Lemma 2.2, we have

n—1

32) N(r,$) < QoY N, p) = 0().
k=0

Thus Theorem 1.1 is verified.

3.2. Proof of Theorem 1.2. Forevery o« € C— {0}, the function x (z) = ¢(z) —«
satisfies —a/x = 1+ (1/po)(p1x'/x + -+ + pacix®V/x + x®/x). By Lem-
mas 2.2, 2.3 and Theorem 1.1, we have

n—1

m(r, 1/(¢p —a)) =0 (logr + Zm(r, pi) + m(r, l/po)) = O(logr).

k=1
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In addition to ¢ (z), take other solutions ¢,(z), ..., ¢,(z) of (E,) in such a way that
¢, &2, ..., ¢, are linearly independent. Note that the Wronskian determinant & (z) =
W(o, @2, ..., ¢n) is a meromorphic function and that v = 1/P(z) satisfies v/ —
Pn-1(z)v = 0. By Lemma 2.1, m(r, 1/®) = O(r). From Theorem 1.1, Lemma 2.3
and the relation

1 ¢ - a
11 o'/ ¢ - @
¢ D) : : S

BUD6 I gD
it follows that m(r, 1/¢) = O(r). Thus the proof is complete.

3.3. Proof of Theorem 1.3. Observe that¢ /¢’ = —(1/po)(p1+ p29” /¢’ +- - -+
P19V /@' + ¢™ /¢"). By Lemmas 2.2, 2.3 and Theorem 1.1, we have

(33) m(r,¢/¢) <m(r,1/po)+ Y _ (m(r, pr) +m(r, $®/¢)) = O(logr).
k=2

Since N(r, 1/¢") + Ni(r, §) =N (r, ¢")+ Ni(r, §) +m(r, ¢") — m(r, 1/¢")+ O (1) =
2T (r, @) — 2m(r, @) + m(r, ¢’) — m(r, 1/¢’) + O(1), the left-hand side of (1.4) is
written in the form

(3.4) 2T (r,¢)+o(r)+0(1)

with o(r) = —m(r,¢) + m(r,1/¢) + m(r,¢') — m(r,1/¢"). Then, o(r) <
2m(r, ¢'/¢) = O(logr), and by (3.3), —o(r) < 2m(r,¢/¢’) = O(logr). Hence
o (r) = O(logr). Substitution of this estimate into (3.4) yields (1.4).

3.4. Proof of Theorem 1.4. By (P2), around z = ay, the solution ¢ (z) is written
in the form

n
6@ =Y 00 (@) = @~ a)ho@, queZ ~ eC,
j:]

where ho(z) is analytic at z = ag and satisfies ho(ap) # 0. Note that the exponent g,
is a root of the equation

Yo PAA—D - (—k+ 1)+ P =0,
where
P,=1,  P=1lim@Ez—ao)"*p(z) O<k=<n-1).
Z—>aq

By (1.5), we have g, € Z — {0}. This implies that, at z = ay, the solution ¢(z) has
either a zero or a pole. By this fact and the double periodicity of py(z), we derive

(35) 2T(r.,¢) = N(r,¢) + N(r,1/¢) + O(1) = (1/io)N(r, po) + O(r),
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where iy is the sum of the multiplicities of all the poles of po(z) in a period paral-
lelogram. From (3.5), Lemma 2.2 and Theorem 1.1, it follows that T(r, ¢) < r2.
Combining this estimate with Theorems 1.1, 1.2, we immediately obtain (1.7) and
(1.8). Thus the proof is complete.

4. Examples

Let g (z) be Weierstrass’ go-function with periods o, ', Im(e’'/w) # 0, and
let £(z) be Weierstrass’ ¢-function such that —¢’(z) = g (z) (see [8]). We write
W =w/2, w3 = 0'/2, 0 = 0+ w3, e, = p), N = () (v=1273)
Then, around z = 0,

o0
“.1 @) =27+ Zalzﬂ,
=1

o0
2 Pt =300, a = e,
1=0

4.3) tat+w) —t@=—2"+n-Y A, B =e,.
1=0

In what follows we call a regular singular point satisfying (P1), (P2) a non-branching
regular singularity. In Examples 4.1, 4.2, 4.3 below, we consider equation (E;) with
P1(2) =0, po(z) = —p(2).

Example 4.1. For arbitrary qo, g, € N (v = 1, 2, 3), and for arbitrary B € C,
put

3
P(@) = qoqo + Dp () + ) _ qu(gy + D@+ ®,) + B.

v=1

By (4.1) and (4.2), the poles z = 0, —w, (v = 1, 2, 3) are non-branching regular sin-
gularities with the characteristic exponents {—qo, go + 1}, {—qv, ¢, + 1} respectively.
Example 4.2. For qo, 1 € N such that gy < u, and for arbitrary B € C, put
P =@+ DP @+ Ko@/D +B, K = 7+ 1)~ qo(do + ),
which has the periods 2w = 4w, 20’ = 4ws3. By (4.1) and (4.2), the pole z = Qs a

non-branching regular singularity with the characteristic exponents —u, 1 + 1, and
the poles z = w, @', w + @' are ones with the characteristic exponents —qo, go + 1.
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Example 4.3. For arbitrary go € N, and for arbitrary B € C, put

P) =qo0(q0 + D(p (@) + o+ w)) + vz +w)—{())+ B.

If y is an arbitrary root of a certain algebraic equation of degree 2q( depending on
B, qa, a,('), ,B,(l) (0 <1 <gqop—1), then z = 0 and z = —w; are non-branching
regular singularities. For instance, consider the case where gy = 1. It is easy to see
that p(z) has the periods w, @'. By (4.1), (4.2) and (4.3), near z = 0 we have

p(R)=22"2—yz '+ Qey +ym + B) —yeiz+ 0(z%),

and near 7 = —wy,

p@) =2(z+o) P +y@+o) T +Qer+ym+B)+yei z+w)+ 0 ((z+w1)?).

Then D(0) = —D(—w;) = y(y? — 4ny — 4(e; + B)) (cf. (1.2)). Hence, if y
satisfies y2 — 4y —4(e; + B) = 0, then z = 0 and z = —w; are non-branching
regular singularities.

Example 4.4. Let p(z) be one of the doubly periodic functions given above, and
let w;, w; be linearly independent solutions of (E,) with p;(z) =0, po(z) = —p(2).
Then every pole of p(z) is a non-branching regular singularity of (E3) with p,(z) =
0, p1(2) = —4p(2), po(z) = —2p'(z), which has linearly independent meromorphic
solutions w?, wyw,, wi.

It is quite easy to construct equation (E;) such that there exists no point a € P
satisfying (1.5).

Example 4.5. For an arbitrary nontrivial doubly periodic function 7 (z), equation
(Ey) with

po(2) = (w(2) — ') /(m(2) — 7'(2)), p1(x) =—1— po(z)

has linearly independent solutions ¢g = €%, ¢; = 7w (z). Clearly every pointa € P
is a non-branching regular singularity and is a simple pole of po(z).

Example 4.6. The functions g (z) and g (z + w) are linearly independent solu-
tions of equation (E,) with

P = W), pe+w)/Wpk),p+ov)), W8 =7re-rs

'@ 1) P __p'eto) » (Z)p’(z+w1)
p@ T e@  pkte) T pGten

po(z) =

Now take the periods w, ' of % (z) so that p (w;) # 0, o (w1/2) # 0, o (w1/2 +
w3) # 0. Then g (z) and g (z + w;) do not simultaneously vanish. Hence every



MEROMORPHIC SOLUTIONS 601

pole or every zero of these solutions belongs to P and is at most a simple pole of
po(z). Suppose that there exists a point a € P other than a pole or a zero of these
solutions. Then, W (g (a), g (a + 1)) = 0, so that there exists a solution of the form
© @) —cp(z+w) = 0((z—a)?) (c # 0) around z = a. Since p (z) and g (z+ ;)
satisfy w” = 6w? — g,/2, we have p(z) = c (z + w;), which is a contradiction.
Therefore every point a € P is a non-branching regular singularity and is at most a
simple pole of py(z).

Nown
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