ON THE EQUATION figy + f.g. = 1 IN H”.

BY
JosEpH A. CiMa AND GERALD D. TAYLOR

1. Introduction and definition

Let D denote the unit disk in the complex plane and D its closure. We
shall say that f is in H” of the disk, p > 1, if f is holomorphic in D and satis-
fies

%f_ilf(rew) Pdo< M < 4

forall7 < 1. It is known that H” is a complete normed linear space with

L . 1/p
170 = tm (o [ 176 1 a0)

In this paper we investigate the following equation

(1.1) f1(2)1(2) + fa(2)g2(2) = 1, 2eD

in the following sense. Given f; and f; in H” and H" respectively, what con-
ditions are necessary to guarantee the existence of the pair g; and ¢g» in some
Hardy spaces satisfying (1.1). We show by examples one cannot always
hope for solutions. We study the structure of the class of the given function
pairs f; and f and also the structure of the solution pairs g; and g .

Our study is motivated by the classical results of W. Rudin, D. J. Newman
and L. Carleson. Since we use their results we state them here. Let H”
denote the space of bounded holomorphic functions in D with the sup norm.
The closed subalgebra of H” consisting of those functions which are also
continuous on D is denoted by 4 (of D). In [5] Rudin showed that if f; and
foarein A and |fi| + |f] > 0 on D then the ideal generated by fi and f;
is A, or there exist solutions ¢; and g, in A satisfying (1.1) on D. Moreover,
D. J. Newman has indicated that proving for fy and fo in H” with | fi | + | fo | >
8 > 0 we can find g; and g, in H” satisfying (1.1) on D is equivalent to show-
ing that the point evaluations on D are dense in the maximal ideal space of
H”. Carleson’s [1] solution of this (Corona) problem has completed the H®
phrase of the problem.

We wish to make the following convention. If 8§ = {z;]|z — 2| < p} isa
disk then A4 of S means those functions continuous in S and holomorphic in S.

2. The basic solution

The following result is known but we have not found a proof in the litera-
ture, therefore we include our proof not only for completeness but also because
it gives us valuable information about the pairs of solutions of (1.1).
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TuarorEM 1. Let a(2) and b(z) be holomorphic in D and assume
la() |+ |b() | >0

in D. Then there exist two holomorphic functions in D, H1(z) and H.(2),
satisfying the equation

2.1) Hi(2)a(z) + H2(2)b(2) = 1, zeD.

Proof. In the course of the proof we find it necessary to subject the argu-
ment of our functions to certain magnifications and for this reason we use the
following notations. Let

Dk(2)={z:IZ|<(k—1)/,€}, k=2a3;47"'
and
Di(§) = {¢ = (k/(k — 1))z52 ¢ D (2)} = D.

Then a(z) and b(z) are in A of D,(2) for each k. We can find solutions
Pz (2) and hey(2) of (2.1) valid in Dy (2), where the h;4(2) are also in A of
Dy (2). It is sufficient then to prove the theorem to show that the functions
h;(2) can be chosen so that limy.,, 5, (2) = H;(2) exists uniformly on com-
pact subsets of D for each ¢ = 1, 2. It is clear that for a fixed compact sub-
set A there is a positive integer K such that all the &, (2) are well defined on
A for k > K. The existence of the required limit will be guaranteed if we
can choose the functions 4;x(2) to satisfy the condition

(2.2) ‘hi,k () — higsa(2) | < 1/21c

for z e Dy (2). We proceed to the proof of (2.2). Assume h1x(2) and he . (2)
have been chosen to satisfy equations (2.1) and (2.2) on Dy (2) and Dy (2)
respectively. We indicate how to obtain kx4 (2) a1_1d hex41(2). Let
Furs1(z) and hasiq(2) satisfy equation (2.1). Then on Dy (2) we have the
following equality:
(2.3) (haps1(2) = Mx(@))az) = (hax(2) — harsa(2))b(2).
Let By 1 (¢) be the Blaschke product for a () and B, (¢) the Blaschke product
fot b(¢) on Dy (¢). Then on Dy (z) we have the factorizations

a(z) = Bix(2)4(2),  b(2) = Bau(2)b(2)

with d(2) and b (2) being non-zero in A of Dy (2). Thus (4(2))™" and (b(2))™
are holomorphic in Dy (z) and continuous on Dy (2). From equation (2.3) and
our hypotheses we deduce the equalities

hl,k+l(z) — h1x(2) = Baz (2)Ki(2)
hoi(2) — hajpia(2) = Bix(2)Ka(2)

on Dy (2), where the K;(z) are in A of D;(z). We rewrite the right hand
sides of (2.4) as

Bk (2)Ki1(2) = (Bia(2)b(2)) ((b(2))"Ki(2)) = b(2)n(2)

(2.4)
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where ¢,(2) = (b (2)) 'K (2) and similarly
B1x(2)Ky(2) = a(2)¢e(2)

where ¢2(2) = (4(2)) "'Ka(2). The ¢:(2) are in A of D, (2). We can rewrite
(2.3) now as

b(2)p1(2)a(z) = a(z)g2(2)b(2)

and conclude that ¢; (2) = ¢2(2) on Dy (2).
Let M), = max (Sup.d,e | @(2) |, sup.as, | b(2) |) and choose, by Wer-
mers Theorem, [2, Pg 93] a polynomial P, () satisfying the inequality

| Pe(e) — ¢n(2) | < 1/M; 2"
on Dy (2). Now we choose our ky z41(2) and hs 41 (2) by the following equations
hiasr(2) = hipia(2) — Pi(2)b(2)
hapi1(2) = hapsa(2) + Pe(2)a(2).

The pair 1 k41(2) and hy41(2) satisfy equation (2.1) on Di41(2) and more-
over on D;(2) we have

| P (@) — Mp(@) | = | hapa(®) — Pi(2)b(2) — haz(2) |
= | b(2)1(2) — Pu(2)b(2) | < 1/2".

Similarly | hosi1(2) — hez(2) | < 1/2° on Dy(2). This completes the proof.
We would like to make a few comments on the collection of all solutions of
equations (2.1). Assume a(z) and b(z) are holomorphic and

la@) |+ |b@) [ >0

in D. The construction shows if H;(z) and H,(2) satisfy (2.1) and K; () and
K, (2) satisfy (2.1) also then the H’s and the K’s are related by the equalities

Hy(2) = Ki(2) — k(2)b(2)
Hy(2) = Kz(2) + k(2)a(z)

where % () is holomorphic in D. However, this implies that all such solutions
are obtainable from a given pair of solutions by using a suitable holomorphic
function % (z). This observation for H” solutions is a useful tool in our later
work.

3. H? solutions

Let I, denote the set of complex sequences { by} me With X =i | bm |7 < + o,
and I” consists of the sequences {¢m}me1 With

lem| < M < 4o, m=1,2/3,---.

Given a sequence {am}m— in D define a mapping T, from H” into the set of
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complex sequences by
Ty (f) = {f(em) (1 = [ an )"0,
for each f ¢ H*. We shall need a result of H. S. Shapiro and A. L. Shields [6].
TueoreM 2. T,H® = I, if and only if
H:‘o‘=1,i;éN‘(Oti—OCN)/(l—aiaN)lZBZO, N=1223,---.

The inequality in this theorem shall be referred to as condition (C). We
can now state and prove our first theorem.

THEOREM 3. Let {a,)na be a sequence in D satisfying condition (C). Let
B(z) be the Blaschke product with simple zeros at the points {an}n— and let f
be in H?. Then there exist functions by in H' and hy in H°(1/q + 1/p = 1),
satisfying

h(2)B(2) + ha(2)f(2) = 1 on D
if and only of
1 2\1/q * ..
{(f(—an)—) 1—=al?) }"Elzsmlq.
Proof. Assume
1

o (1—|an |2)"4}:=1 isinl,.

We have f(a,) # O foralln = 1, 2,3, ---. By Theorem 1, we can find
holomorphic functions g; and g, such that g:(2)B(z) + ¢2(2)f(2) = 1 for
zinD. By Theorem 2, there exists an ks in H? such that
Ty(h) = ()1 = | )03 = {7 (1 = a9}
That is he(on) = (f(an)) " foralln = 1,2, 3, ---. We also know
(f(an))_l = g2 (an)

forn = 1,2, 3, - - - and so conclude that hs(a,) = ga(a,) forn =1,2,3, .-+ .
The function hg(2) — g¢2(2) is holomorphic on D and B (z) divides this func-
tion.

0

m=1

ha(2) — g2(2) = B(2)k(2), zeD,
where % (2) is holomorphic in D. Letting

hi(z) = g1(2) — k(2)f ()

we have hy (2)B1(2) + ha(2)f(2) = 1 on D. Since f is in H” and he is H? the
product fhy is in H'. Consequently the H' function 1 — hs(2)f(2) has a fac-
torization of the form Bj (2) S (2)F (2), where F is outer in H', B, is a Blaschke
product and S is a singular function, see [2, p. 69]. Dividing 1 — hs(2)f (2)
by B (z) shows that hy(2) is also equal to an inner function (By(2)/B(2))S(z)
times the outer function F and so &, is in H'.
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Conversely, let us assume that there exists & in H' and ks in H? such that

hi(2)B(z) + he(2)f(2) = 1 on D. Then hs(an) = (f(an))™ and the result
of Theorem 2 shows that

(s (= T = e (1 = e P12
f (an> n=1
is in I, as the sequence {a,}n-; satisfies condition (C).

THEOREM 4. Let { o} ne1 be a sequence of points in D satisfying condition (C).
Let B(z) be the Blaschke product with simple zeros on the sequences {on}n—1 and
let fe H®. Then there are functions hy and hy in H” satisfying the equation
hi(2)B(z) + he(2)f(z) = 1 on D if and only if

{fi (1 —|as l2)1/q}w isin I, (1<p< )
(an) n=1

The proof is patterned after that of Theorem 1 and is omitted. We make
the following comment. If we let p = o and interpret

1 _a“/pw
(=t

as {1/f(an)}n= in I, (ie. |f(an) | > & > 0) then we have a known result.
We also give an example. Let 0 < a; < ay - -+ be a sequence of real numbers
in D with Y, (1 — an) < 4+ and assume B (z) is the Blaschke product
with zeros at {am}s—1. Choose 6,, 0 < 6n < (Amp1 — am)/2, so that if
|2 — am| < dmthen | B(2) | < (1 — o)’ If we set & = am — 6,/2 then
it is clear Y, (1 — £») < 4+  and we may form B;(z) the Blaschke product
with the sequence {£,}m-1 as zeros. We show that there can be no H? solu-
tions to the equation fi(2)Bi1(z) + f2(2)Bz2(2) = 1 on D. For if f; and f,
were in H” and satisfied this equation we would have

[ fiEn) | = |Bilen) 7> A —am)™ > Q1 — £)7%

But a result of A. J. Macintyre and W. W. Rogosinski [4, P. 304] states that
for f in H” we have the growth condition |f(z) | < || fll,(@ — |2[»)7"%
This of course is incompatible with f; in H* and so no such H? solutions exist.

We consider now a fixed sequence {a}m-1 satisfying condition (C) and let

D _ eH?: _ 1/q € }_ 1_=
w={sen { (= L) b ewtelan)
_ CH® - 1 21 | ¢
_{f " ‘{f(a,,.>(1 o ) }m_l z,,}.

THEOREM 5. Let1 < r < p < . Then G is properly contained in G .
Proof.

00

>

m=1

1

2l/pp
fiem oy (L~ Tan )

l_l ml)llr

< II”"
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To see that the containment is proper let
M= (e (1= e [))7%.
By a theorem of Dini [3, P. 293] we have
madn (L= Janl) <o and 20N =) = .

Clearly {1/)\,} 7= is inl,, and we have an f in H” satisfying T..f = {f(atn)}n=t -
Thus f is in G" but f is not in G*.

The inclusion F” contained in F" for 1 < r < p is of course false and one can
obtain functions in F* but not in F" by using the same ideas as in the preced-
ing paragraph. The intersection of the classes F* for 1 < p is non-empty and
contains all H” functions which are bounded below in modulus by a positive
number on the set {an}n-1. However, this intersection also contains H”
functions which are not in H”, for example if a, % 0, then log (1 + 2) is in
F? forp > 1.

We make the following observations concerning F” and G*. If p decreases
toward one (1 < p) the H” classes increase giving us more possible candidates
for admission to F*. But admission to F” is determined not by the global
behavior of such an f but by the growth of f on the sequence {a}n—1. Asp
decreases to one, the conjugate index ¢, 1/p + 1/¢ = 1, tends to infinity and
this means that for f to be in F?, it must tend to zero more slowly on {a,}n=
asqg — o. Thus, it is clear that if f is “well behaved” from below on {au}n-1
and in H”, then its behavior off {a}n-1 determines whether it will belong
to F'forl <r<p. SimilarremarkscanbemadeconcerningG”.

4, H?-solutions for Blaschke products

We assume in this section that B; and B. are Blaschke product in D satis-
fying | By| 4+ | B2| > 0 there. We wish to investigate solution pairs f; and
f» in H” which satisfy

(4.1) f1(@)Bi(2) + f2(2)Ba(2) = 1 on D.
We know by Theorem 4 that under certain conditions solution pairs do exist
and we shall not consider the existence again.
THEOREM 6. If (4.1) holds with fi in H” then fs is in H".
Proof. TUse the factorization for the H” function
1 — fi()Bi(2) = B*(2)S(2)F (2)

and note that f2(2) = T (2)F (z) where T is an inner function.

Theorem 6 is not in general true if the B;(z) are replaced by H” functions.
For example if we choose a(2) = zand b(z) = (1 — 2z) then the pairfi(z) =
(—=1) and f2(2) = (1 + 2) /(1 — 2) satisfy (4.1) for a and b, f is in H” but
f» is not in H*.

TurorEM 7. Assume Bi(2) and B:(2) are the given Blaschke products,
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| By| 4+ | B:| > 0, and let
K = {fi1 ¢ H” : there exists f satisfying (4.1)}

then there are functions Fy and Fy such that
(i) Fiand F, satisfy (4.1).
(i) 0<é=|Fl <Al ficK.
(By || F1 || we mean of course || Fy ||, .)

Proof. Letd = inf {||fi]| : fi e K}. & is positive. For given any f in H®
we have

1 m™
1) = 5 [ P.o)(0) 20
where £(8) is the boundary value of f at ¢” and P,(6) is the Poisson Kernel.
f(0) isin L? of (—m, =) and for0 < [2| < p < 1 and
P(6) = (1 =2/ —=2]z|cos (8 —¢)+|z]) < (1 +p)/(—p).
Now if 6 = 0 choose f1,, and f2,, satisfying (4.1) such that
[ frnll 2 [ funsa | >0
asn — . Let g be a zero of B, then
1=|BiB)fra® | < [Bu(B)| (X +18D/A = 1[8D) | finll

Thusé > 0. Let fi,» and fo , satisfy (4.1) and || f1,. || tend monotonically to 8.
We may assume || fi. | < 1 4+ 8. The above representation shows that
if | 2] < p then

[fin@) [ < (A +0)/Q = p) [ finl (A4 p)/ 1 = p))A + 8).

Thus {f1,} n=1 is bounded on compact subsets and so is normal. Assume that
we have chosen a subsequence which converges uniformly on compact subsets
of D and for simplicity of notation let us denote it again by {fin}a=. Of
course we select the subsequence of {f ,} n=1 Which corresponds to the {fi,.}n=1
and relabel it so that

fa1(2)B1(2) + fam(2)Ba(z) = 1.

We have lim,..., fi,.(2) = Fi(z) uniformly on compact subsets of D. Thus
by the Minkowski inequality for r < 1

<§17r f_: | Fy(re) |? de)llp
< (5177 j: | Fi(re”) — fun(re”) I d)“f’ + <';' [: | fun(re®) |2 de)llp‘

Let ¢ > 0 be given. The uniform convergence of the {fi,.} to F1 on the
compact set z = r implies there is a N such that | fi. (re”) — Fi(re”) | < /2



438 JOSEPH A. CIMA AND GERALD D. TAYLOR

ifn > N. We can also choose N so large that || fi. || < 6 + ¢/2. Thus

T i 1/
%f | Fy(re”) l”d0> <2 Gt =ite forn2 N,

Therefore as n — o we have

1 T 0 1/p
<§7-rf | Fy(re”) |* do,) < 8, r <1

We have shown Fy is in H” and || F; || < 8. It is easy to show that {fz .} n—
is normal and by choosing subsequences we may assume lim,..,, fi.,(2) = Fi(z)
and lim,., fo,,(2) = Fa(2) where F; is holomorphic on D. Then it is clear
that F; and F, are H” solutions of (4.1) implying F; ¢ K and hence || Fy || = 6.

5. Summary

We have a sufficient condition that a pair of functions in the same or differ-
ent H” spaces might possess a solution g; and g2 to g; (2)fi(2) + ¢2(2)fa(z) = 1
on D where the functions g, and g, are also in various H” classes. We would
like to point out that much remains to be done here. Hopefully, a necessary
and sufficient condition might be found that holds for all H? functions. It
would even be nice to find a necessary and sufficient condition for a larger
class of H” functions than exhibited here.
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