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In a Banach algebra A one can define, for each element z,
ixpz = — 2= a"/n!

or, if A has identity e, exp + = e¢ — ixp . Then, for a given z, o — ixp az
(@ — exp ax) is a one-parameter semigroup under circle composition (group
under multiplication). In this paper we deal with the following question:

How “bounded” can such a semigroup be when the generator x is ‘“topo-
logically very nilpotent”?

In [4, pp. 248, 259] the following results are given:

I. If limms || 2" [|"" = 0 and 2 5 0, then ixp ax can not be bounded in
norm for all a.

II. If limn | 2" | = 0 and # 0, then ixp ax can not be bounded in
norm for « > 0.

This type of problem has arisen in two different contexts. In the paper by
Bohnenblust and Karlin [1] on the geometry of the unit sphere in Banach
algebras they make a conjecture, which can be shown to be equivalent to

“assumption of I = conclusion of I1”.

This is not true, as has been shown in [7], but apparently I and IT are the
affirmative results corresponding to that conjecture. On the other hand, I is
a key result in the author’s classification of real Banach algebras [4].

In improving these results in several different directions, we use methods
from the theory of functions, in particular conditions for perfectly regular
growth of an entire function. The sharpest result in the relevant direction
seems to a recent theorem by Essén [2], which we quote here in the form most
suitable for the application.

Let f be an entire function with f(0) = 1, maxtmum modulus M and minimum
modulus m. “or a number N, 0 < X\ < 1, let

Ex(R) = R log M(R)
I(R) = ‘[ﬁ ™ [log m(r) — cos =\ log M(r)] dr
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If Kha(R) and Iw(R) are both bounded from above, then I\(R) is bounded from
below and limg.. Kx(R) exists if and only if limg-o IN(R) exists.

In the following theorem, which contains most of the technical material
needed in the sequel, a condition in form of a weak integral bound (3) on the
semigroup is introduced. The space of continuous linear functionals on 4 is
denoted A’. In Theorem 1 and all the proofs we take A complex; the results
for real scalars are easily obtained by complexification.

TuEOREM 1. Assume 0 < N < 1 and that x € A has the properties
(1) limsupn™™ 7| 2" |"" <
(2) liminf sV | 2" " = 0.

If, for every o’ e A’,

(3) flw:fﬂd <

14N
then

(4) |ixpez| = 0(&""), | 2| — w, for arbitrary 5 > 0.
Proof. With
fla) =1+ 2'(ixpaz) =1 — Z z (x )a

n=1

f is an entire function and it follows from (1) that K, is bounded from above.
But since

(5) logm(a) — cosmhlog M(a) < 2log™ |2/ (ixp ax)| + 1

it follows from (3) that Ih(R) is bounded from above. But it is then a conse-
quence of Essén’s result that Ix(R) is bounded from below and this to-
gether with (3) and (5) shows that limg.. I\(R) exists. Hence also
limg.o Ka(R) = B exists. If B = 0 for each 2/, | 2/ (ixp zzx)| = O(e'”" ) for
any given § > 0. By the uniform boundedness principle, (4) holds.

If B # 0 for some z’, we can use a theorem by Valiron [9, p. 44] asserting in
this case that if limg.. R log M (R) = B there exists a sequence n, of integers
with the properties n, — o,

(6)  limpsw 7y | 2'(2™) /0y ! N™ = Bex
and
(7)  limpsw Np/n, = 1.
For given £ > 0, p large enough and By = ¢ *(Be\)',

_ 1
|2/ (&) "™ > (By — )M -1
¥4
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and

n n 1 n n - 1 —
“:l: p”1/ P Z W | :13,(:1: ,,) |1/ » Z (Bl _ 28)”0 A) ,;:(Tm— K (1/)\)+1
4

For a givenn, let n, < n < npy and s = Ny — 0. It is a consequence of
(7) that lim,., 8/n = 0. Condition (1) tells that, if ¢ = (1/\) — 1,

] < (Ky/s")

for all s and a constant K, . Hence, using the submultiplicativity of the norm,

one gets
p+1 s 1
I n ”w “ > ( ) Np41
| ” “ Y ” K1 0 (n(;+1)1lp+l
or

n’ ” " lll/n > Kn,,_,.l/n (s")sln n’ _ K1+s/n _8_ os/n 1
< Lo Ki’” (n, +1)”ﬂ+1/" Ka/n n (1 F s/n)"0Fsim *

Hence
lim infp.e n” || 2" [|'" > Ko = [(BeN)"e™ — 267

for each ¢ > 0, and
lim infpe 2 || 2" 4" > e(BN)YY™ > 0,

But this conflicts with (2) and so we must have B = 0.
For the case A = 3 we can now formulate a result that is a direct improve-
ment of II.

THEOREM 2. Assume that x € A satisfies (1) and (2) for N = %. Ifz # 0,
ixp ox s unbounded in norm for a > 0.

Proof. Assume ixp ax bounded for « > 0. (Clearly, it is equivalent to
assume z'(ixp ex) bounded for each 2’ ¢ A’.) The integrand in (3) is less
than const. - & >, From Theorem 1 it follows that 2/(ixp ax) is an entire
function of order %, minimum type, and a Phragmén-Lindelof theorem,
originally due to Wiman [10], shows that 2'(z) = 0. But then x = 0, which
is a contradiction.

1t is easy to see from an example (see [5, sec. 9]) that, if condition (2) is re-
moved, the conclusion is no longer true.

Theorem 2 could have been obtained without reference to the integral con-
dition (3), using instead the basic result by Heins [3]. In combination with
other conditions, however, (3) has a decisive importance. As a sample result
of this nature, we give the following different generalization of II.

TrEOREM 3. Assume that x € A satisfies (1) and (2), with N = §. Then the
conditions (3) and

(8) yn =ixpn'z,n = 1,2, -+, is a bounded set

can not both be satisfied, unless x = 0.
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Proof. If (1), (2) and (3) are satisfied it follows from Theorem 1 that f is
a function of order %, minimum type. If (8) is also true, it follows from a
theorem by Polya [8] that it must be a constant. Then 2’'(x) = 0 for every
2 andz = 0.

Results similar to that of Theorem 3 exist even for 0 < N < 4. In those
cases the situation is even more favourable since different types of boundedness
conditions are available: e.g., boundedness in certain sequences of points or
bounds on the logarithmic density of sets where the function is large (see [6]).
The case 3 < A < 1 can partly be reduced to 0 < A < 1 and one is led to con-
sider, e.g., symmetric sets and their density instead of just sets on the positive
axis. For A = 1, i.e., direct generalizations of I, there is no point in relaxing
liMpae || 2 | = 0 to (1) and (2), since the limit always exists. It is clear,
however, that it can suffice with weaker boundedness conditions than a uni-
form bound on the norm on the entire axis.
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