GEOMETRY OF INTEGRAL SUBMANIFOLDS
OF A CONTACT DISTRIBUTION

BY
D. E. BLAR! AND K. OGIUE?

1. A differentiable (2n + 1)-dimensional manifold M is said to be a contact
manifold if it carries a 1-form # such that n A (dn)" # 0. This condition,
roughly speaking, means that the 2n-dimensional “(tangent) subbundle” D
defined by # = 0 is as far from being integrable as possible. In particular, the
maximum dimension of an integral submanifold of D is n [3]. However, not
much seems to be known about the immersion of such submanifolds into the
ambient space, especially from Riemannian point of view. Thus we consider
in this paper a normal contact metric (Sasakian) manifold, especially one with
constant ¢-sectional curvature, and study the immersion of its n-dimensional
integral submanifolds.

The main result of this paper (Theorem 4.2) is that a compact minimal integral
submanifold of a Sasakian space form M is totally geodesic if the square of the
length of the second fundamental form is bounded by

n{n(@+ 3)+ ¢ — 1}
42n — 1)

where ¢ is the ¢-sectional curvature of M. In addition to giving other properties
of integral submanifolds, we give examples in Section 5 of totally geodesic and
minimal nontotally geodesic integral submanifolds.

2. Let M be a contact manifold with contact form #. It is well known that
a contact manifold carries an associated almost contact metric structure
(#, &, n, G) where ¢ is a tensor field of type (1, 1), & a vector field, and G a
Riemannian metric satisfying

¢* = —-I+(@n, 9@ =1, G@X, ¢Y) = GX, Y) — n(X)n(Y) (2.1)
and
X, Y) = G(X, ¢Y) = dn(X, Y). 2.2)

The existence of tensors ¢, £, n, G on a differentiable manifold M satisfying
equations (2.1) is equivalent to a reduction of the structural group of the
tangent bundle to U(n) x 1[2].
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Let V denote the Riemannian connection of G. Then M is a normal contact
metric (Sasakian) manifold if

Vx9)Y = G(X, Y)¢ — (V)X 2.3)
in which case we have

Vil = —oX. 2.4)

A plane section of the tangent space T, M at m € M is called a ¢-section if it
is spanned by vectors X and ¢X orthogonal to &.

The sectional curvature K (X, ¢.X) of a ¢-section is called a ¢-sectional curva-
ture. A Sasakian manifold is called a Sasakian space form and denoted M ()
if it has constant ¢-sectional curvature equal to ¢; in this case the curvature
transformation Ryy = [Vy, V] — Viy 1, is given by

Ryy = 3@ + 3){G(Y, 2)X — G(X, Z)Y}
+ & — D{In@Xm2)Y — n(Y)m(Z)X 2.5)
+ GX, Zm(Y)¢ — G(Y, Zn(X)¢
+ O(Z, V)X — D(Z, X)pY + 20(X, Y)pZ}.

Leti: N - M be an immersed submanifold of codimension p. If G denotes
the metric on M, the induced metric g is given by g(X, Y) o1 = G(1,X, 1,Y).
For simplicity we shall henceforth not distinguish notationally between X and
1,X. Let V and V denote the Riemannian connections of g and G, respectively,

V* the connection in the normal bundle, and &, .. ., ¢p a local field of ortho-
normal normal vectors. Then the Gauss-Weingarten equations are

VXY = ny + O'(X, Y), Vxéa = —AaX + V}Jzia,

where o is the second fundamental form and the A,’s the Weingarten maps.
Decomposing o we have a(X, Y) = Y, i*(X, Y)¢&, where the tensors 4* satisfy
(X, Y) = g(4,X, Y) and are symmetric. Letting R denote the curvature of
V, the Gauss equation is

g(RXYZ:' W) = G(RXYZ, W) + G(G(Xa W)9 O-(Y> Z))
- G(G(Xs Z)’ O.(Y’ W))'

Finally for the second fundamental form o, we define the covariant derivative 'V
with respect to the connection in the (tangent bundle) @ (normal bundle) by

(Vxo)(Y, Z) = Vx(o(Y, 2)) — o(VxY, Z) — o(Y, VxZ).

(2.6)

3. Let M be a contact manifold, then the “(tangent) subbundle” D defined
by 1 = 0 admits integral submanifolds up to and including dimension » but of
no higher dimension [3]. It is also shown in [3] that in order for r linearly
independent vectors Xi,..., X, € T,,M to be tangent to an r-dimensional
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integral submanifold of D, it is necessary and sufficient that n(X;) = 0 and
an(X;, X;) = 0,i,j = 1,..., r. Moreover such integral submanifolds are quite
abundant in the sense that given X e T,,M belonging to D, there exists an r-
dimensional integral submanifold (1 < r < n) of D through m such that X is
tangent to it.

We first give a simple characterization of an integral submanifold of D in
terms of an associated almost contact metric structure.

PROPOSITION 3.1. Leti: N — M be an immersed submanifold. N is an integral
submanifold of D if and only if every tangent vector X belongs to D and ¢X is
normal.

Proof. If N is an integral submanifold of D and X and Y arbitrary vectors
on N, then 0 = dn(X, Y) = G(X, ¢Y) and so ¢Y is normal. Conversely for X
belonging to D, n(X) = 0. Also since ¢X and ¢Y are normal for X and Y
tangent, dn(X, Y) = G(X, ¢Y) = 0 and N is an integral submanifold.

In this paper we concentrate on integral submanifolds of D of dimension ».
Leti1: N - M be an integral submanifold and X}, ..., X, a local orthonormal
basis of vector fields on N. Then we define a local field of orthonormal vectors
(,a=0,1,...,nbyé, =¢and ¢, = ¢X;,i=1,...,n

A contact manifold whose associated structure satisfies equation (2.4) is
called K-contact, a somewhat weaker notion than that of a Sasakian structure
(equation (2.3)).

ProrosITION 3.2. For an integral submanifold of a K-contact manifold, the
second fundamental form in the direction & vanishes.

Proof. h°(X,Y) = G(VxY, &) = —G(¥, Vx&) = G(Y, ¢X) = 0.

Let o!,..., 0" o' ..., 0", ©® = n be the dual basis of X;, ¢X,; &,
i =1,...,n Then the first structural equation of Cartan for M is
2n
do? = =Y wj A 0, n+1=1%etc,
B=0

where (w%) is a real representation of a skew-Hermitian matrix and hence we
have o = w{*. Now as »* = 0 along N we have 3> 0§ A ®® = 0 in which
the w? give the second fundamental form, i.e.

of =Y e, o) =Y h%w 3.1
k J
where A%;; = h*(X;, X;). We now obtain the following algebraic proposition.

PrROPOSITION 3.3. Let N be an immersed submanifold of an almost contact
manifold M (structural group U(n) x 1) such that the condition of Proposition
3.1 holds. Then the Weingarten maps A;, i = 1, ..., n satisfy

(2 tr(Ti4D)* =3, (tr AiAj)Z'
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Proof. From (3.1) and the fact that o} = w{* we have h'; = h'y, but
Wy = (X, X)) = 9(4,X;, X,) giving (1). For (2) we have

tr (2 AiZ)Z = Z tr A%Ai = Z hiklhilmhjmhhjhk
= X ™ ht = Y (tr AA,)?

where the sums are over all repeated indices.

4. In this section we study n-dimensional integral submanifolds which are
minimally immersed in a Sasakian space form M(¢). Let N denote the sub-
manifold and 1 the immersion. Since n(X) = O for X tangent to N, we have
from equation (2.5) and the Gauss equation (2.6)

9RxyZ, W) = 3@ + 3)(g(X, W)g(Y, Z) — g(X, Z)g(Y, W))

4.1)
+ Z' (g(AazX’ W)g(AaY’ Z) - g(AaXs Z)g(AaY9 W)) (

and hence the sectional curvature K(X, Y) of N determined by an orthonormal
pair X, Yis

K(X,Y) = %€ + 3) + X (9(4.X, X)g(4,Y, Y) — g(4.X, Y)*). (42)

Moreover the Ricci tensor S and the scalar curvature p of N are given by
S(X, Y) = #n — DE + 3)g9(X, Y)
+ Z (tr Aa)g(Aaxa Y) - Z g(AaXa AaY)

and
p = [3n(n — DIE + 3) + Za‘,(tr 4, = |o|?

where ||lo|? = 3, tr (42) = ¥, ; ; h*;;#%; is the square of the length of the
second fundamental form. In particular, if the immersion is minimal,

S(Xs Y) = %(n - 1)(6 + 3)g(Xs Y) - Z g(AaX’ AaY)a (4'3)

p = [n(n — DIE + 3) - |ol*. (4.4)
THEOREM 4.1. Let N be an integral submanifold of a Sasakian space form
M (&) which is minimally immersed. Then the following are equivalent:
(@) N is totally geodesic,
(b) K =1 + 3),
(©) §=13n-DE+ 3y,
@ p =inn — DE + 3).

Proof. That (a) implies (b), (), and (d) is immediate from (4.2), (4.3), and
(4.4), respectively. That (c) and (d) each imply (a) is also immediate. For (b)



INTEGRAL SUBMANIFOLDS 273

implies (a), let X; be an arbitrary unit vector and choose X, ..., X, such that
X, X,, ..., X, is an orthonormal basis. Then
S(Xy, Xy) = .22 KXy, X) =32+ 3)n - 1
i=
which is (c).

LEMMA 4.1. Let N be a minimal integral submanifold of a Sasakian space
form M(C). Then

$Alol? = |'Vol? + X tr (44, — 4;4)7 — X (tr 4,4,
FHG + ) +E— Dol
= |'Voll® + 2 Y tr (4:4))> = 3 Y, (tr A,4,)?
FA0E + 3) + & - Dot
Proof. 1In the same way as in [1], we have the following formula:
LAl = I'Vol® +  tr (4,4, — 440" = T, (ir Ay’
+ X R b P — Righ® by + 2Rty + 2R ah®h®s)

where R4pcp, are the components of the curvature tensor of V. Using equation
(2.5) the last term on the right hand side becomes

3@ + 3) + & - Dlo|?
giving the first equality. The second follows from the first by Proposition 3.3.
LEMMA 4.2 [1]. tr (4,4 — AgA)* = —2(tr A%)(tr A3).

THEOREM 4.2. Let N be a compact minimal integral submanifold of a Sasakian
space form M(¢), ¢ > —=3. If
n{n@ + 3) + & -1}
42n — 1)

loll* <
then N is totally geodesic.

Proof. Let A = (tr A,4;). Then A is a symmetric n x n matrix defined
with respect to an orthonormal basis e, ..., e, at some point p € M". The
corresponding matrix defined with respect to another orthonormal basis is
congruent to A. Thus, without loss of generality, we may assume that

tr 4;,4; = 0 for i#j.
From Lemma 4.1 we have
3 Alal? = |'Vo||? + ¥ tr (4,4, — 4;4))* - Zi(tf 47
+ 4@+ D) + = Dlol’;



274 D. E. BLAIR AND K. OGIUE

but using Lemma 4.2
1 Alo|?> = =2 ; (tr AP)(tr 4%) — g (tr 4H)?
tFJ
+ 3@ + 3) + & — D|o|?

1 (tr A2 — tr A%)? — 2 -1 trA-22
nZ i J n ; i

i<j

+ 3(n@ + 3) + & — Do|?

\%

_(2 - %) loll* + 2(n@ + 3) + & — 1)|0||>

I

2n — 1 e n@+3)+n@E-1 — lol?
n 42n — 1) )

Thus we have A|g||> > 0, but [y A|g]|> * 1 = 0 so that Al|¢]|?> = 0 and hence
el = O giving the result.

COROLLARY. Let N be a complete minimal integral surface in a 5-dimensional
Sasakian space form M (C). If the sectional curvature of N is greater than 1/3, N
is totally geodesic.

Proof. Since N is complete and its sectional curvature greater than 1/3, N is
compact. The result now follows from equation (4.4) and the theorem.

THEOREM 4.3. Let N be a minimal integral submanifold of a Sasakian space
Sform M(E). If N is a space form of constant curvature c, then either ¢ =
(€ + 3)/4, in which case N is totally geodesic, or ¢ < 1/(n + 1) with equality if
and only if Vo = 0.

Proof. Since N has constant curvature ¢, p = n(n — 1)c and equation (4.4)
gives

o> = n(n — DEE + 3) —¢) and ¢ < 3 + 3).

Also equation (4.1) becomes

Y (h*yh%y — Bk = (¢ — 3@ + 3))(0udj — 6udj).

a

Multiplying both sides by 3°,, A™;;4";, and summing on i, j, k and /, we have
hZ tr (Apdn)® — ¥ (tr 444,)° = (¢ = 3 + 3I)lol>. 4.5)

h,m

Moreover N is Einstein, so S = (p/n)g and equations (4.3) and (4.4) give

2
3 bty = (&(n S D@+ 3) - e) 5y = Mol 5
ik n n



INTEGRAL SUBMANIFOLDS 275

which is equivalent to 3°; ; h/yh'; = (lo]|?/n)d;, by Proposition 3.3 and so

2
tl‘ AJAI = [k‘Tu 51-1. (4.6)
Substituting (4.5) and (4.6) into the second equation of Lemma 4.1 we have
4
0 = 'Vl + 2c — 3@ + 3lal? — 1L 4 1@ + 3) + & = DYol?
n

or

I'Voll? = n(n® — 1)(c — 4G + 3) (c _ n_i_l)

from which the result follows.

5. In this section we give examples of some integral submanifolds of
Sasakian space forms.

Consider the space C"*! of n + 1 complex variables and let J denote its usual
almost complex structure. Let

S+l = (zeC":|z| = 1}.

We give $?"*! its usual contact structure as follows. For every z e $2"*! and
X e T,S"*!, set ¢ = —Jzand ¢X = JX. Letn be the dual 1-form of £ and G
the standard metric on S$?"*!. Then (@, &, 5, G) is a Sasakian structure on
S2"*1  Tet L be an (n + 1)-dimensional linear subspace of C"*! passing
through the origin and such that JL is orthogonal to L. Then §*"*! n L satis-
fies the condition of Proposition 3.1 and so is an integral submanifold of D for
the manifold $?"*!. Clearly S>"*! n L is an n-sphere imbedded as a totally
geodesic submanifold of $2"*1,

For a second example of a totally geodesic submanifold, consider R with its
usual contact structure n = 3(dx® — x> dx' — x* dx?). Then D is spanned by
X, = (0/oxY) + x3(0/0x%), X, = (8/0x%), X5 = (8/0x*) + x*(8/0x°), X, =
(0/0x*). The distinguished vector field & is 2(9/0x°), G is given by

4
n®n+12dxi®dx"
4 =1

and ¢ can be found from dn and G. With respect to the structure (¢, &, 1, G),
it is well known that R is a Sasakian space form of constant ¢-sectional curva-
ture equal to —3. Let X, Y be independent linear combinations of the X;, having
constant coefficients, such that Y is orthogonal to ¢X. Computing [X, Y] we
find [X, Y] = 0 so that X and Y determine an integral surface N on which we
may choose coordinates u and v such that X = 1(0/0u) and Y = 1.(d/0v). Thus
N has coordinates u and v such that 0/0u and d/dv form an orthonormal basis
with respect to the induced metric and hence N is flat. Therefore, since & = —3,
Theorem 4.1 shows that N is totally geodesic.
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Finally we give an example of an integral submanifold of a Sasakian space
form which is minimal but not totally geodesic. Let

S*={zeC3 |z| = 1}

be the 5-dimensional sphere with the Sasakian structure described above. If
we write z = (z!, z2, z3), the equations |z!| = |z?| = |z®| = 1//3 give an
imbedding of a 3-dimensional torus 7" in S° which is minimal [1]. Moreover
¢ is tangent to T3, and for X orthogonal to ¢ and tangent to T3, ¢X is normal
to T2 in S°. Viewing T as a cube with opposite faces identified, ¢ is just a
“diagonally pointing” vector field. Now consider a 2-dimensional torus 72
imbedded in T° by ¥, log (/3)z* = 2kn./(—1) where the logarithm is the
multi-valued one and k is an integer. Then T2 is orthogonal to ¢ in T2 and
hence an integral submanifold of S°. Since Vy4¢ = —¢X, T? is totally geodesic
in T° and hence minimal and not totally geodesic in S°.

REFERENCES

1. S. S. CuerN, M. P. DOCARMO AND S. KOBAYASHI, Minimal submanifolds of a sphere with
second fundamental form of constant length, Functional Analysis and Related Fields,
Springer-Verlag, 1970, pp. 59-75.

2. S. SAsAKI, On differentiable manifolds with certain structures which are closely related to

almost contact structure, Tohoku Math. J., vol. 12 (1960), pp. 459-476.
, A characterization of contact transformations, Tohoku Math. J., vol. 16 (1964),
pp. 285-290.

3.

MICHIGAN STATE UNIVERSITY
EAsT LANSING, MICHIGAN



