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INTEGRABLE

BY
LAWRENCE H. RIDDLE AND EL1AS SAAB!

1. Introduction

It is very important to recognize when a scalarly measurable function f from
a probability space (£, 3, A) to a Banach space is Pettis integrable. A number
of authors studied the above problem and related questions about the Pettis
integral [2], [4]-[13], [16]-[20].

In this paper we are going to study a class of functions defined on a compact
Hausdorff space with values in a dual Banach space and we shall prove in Part
III that they are universally Pettis integrable whenever they are universally
scalarly measurable.

In [11] the notion of Banach spaces having the universal Pettis integrability
property was introduced (UPIP). A Banach space E has the UPIP if for every
compact Hausdorff space K every bounded function f: K — E that is univer-
sally scalarly measurable is universally Pettis integrable. It was shown in [11],
[13] that the dual of a separable Banach space has the UPIP. It was also shown
that if £ is a WCG Banach space and if f: K — E* is a bounded universally
scalarly measurable function whose range is weak *-separable, then f is univer-

sally Pettis integrable. In this paper we are going to show that if a bounded
function

f:K—> (E* o(E* E))

is universally Lusin measurable, then it is universally Pettis integrable whenever
it is universally scalarly measurable. Several applications are given, namely, if
C is a weak*-compact subset of the dual E* of a Banach space E such that
the identity map

I:(C,0(E*,E)) > E*
is universally scalarly measurable, then the same is true for the identity map,

I:(w*(conv(C)),0(E*, E)) > E*.
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We also show that if the linear span of such a set C is norm dense in E *, then
E* has the weak Radon-Nikodym property. If

f:K- (E*,o(E* E))

is universally Lusin measurable, we show that f is universally Pettis integrable
if and only if for every Radon probability measure A on K, the set {{f, x):
x € E, ||x|| <1} is almost weakly precompact in L_ (K, A). This shows that a
function f:K — [ that is weak*-scalarly universally measurable is univer-
sally Pettis integrable if and only if for every Radon measure A on K the set of
coordinate functions f, of f is almost weakly precompact in L_(K, A).

The relations between Pettis integrability of a function and the Bourgain
property (see definition) are discussed in detail in Part IV of this paper. The
Bourgain property of a function always implies that the function is Pettis
integrable. The converse is not always true. However, we will show that if K is
a compact metric space and E is a separable Banach space, then saying that a
function f: K — E* is universally Pettis integrable is equivalent to saying that
f has the Bourgain property for every Radon probability measure on K.

We would like to thank Professor J. Bourgain for allowing us to include the
proofs of some of his unpublished results which form the basis of Part IV of
this paper.

II. Definitions and notations

Let (8, =, A) be a finite measure space and let f be a function from £ into
E that is Pettis integrable [4], [11). If 4 € =, we will denote by [, fdA the Pettis
integral of f over A.

If E = F* is a dual Banach space and the function f is only w*-integrable
[11] we denote its w*integral over a set 4 by w*-{,fdA.

The closed unit ball of a Banach space E will be denoted by B,

If L is a subset of F*, the norm closed convex hull of L will be denoted by
n(conv(L)) and the w*-closed convex hull of L will be denoted by
w*(conv(L)).

Let C be a w*-compact subset F*. The set C is said to be a Pettis set if the
identity map (C,o(E*, E)) - E* is universally Pettis integrable [11]. If, in
addition the set C is convex, then C will have the Weak Radon Nikodym
property [17]).

If K is a compact Hausdorff space, we denote by M} (K) the set of all
probability Radon measures on K.

Let A € M1(K) and let (X, 1) be a completely regular space, if f: K —
(X, 7) is A-Lusin measurable [11], the image of A by f is a Radon probability
measure defined by A(A)(B) = A(h ~'(B)) for every Borel subset of (X, 7).
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All notions and notations used in this paper and not defined can be found in
[4] and [11].

III. Pettis integrability

THEOREM 1. Let E be a Banach space and E* be its dual. Let K be a
compact Hausdorff space and f a bounded and universally Lusin measurable from
K to (E*, 6(E*, E)). Then the following statements are equivalent.

(1) The function f is universally scalarly measurable.
(it) The function f is universally Pettis integrable.
(iii) For every compact subset K, of K such that

f:K, - (E*,6(E* E)
is continuous, the set {{f,x)|\K;:||x|| <1} is weakly precompact in C(K,).
Proof. Case A. f continuous. Consider (iii) = (ii). Let T: E —» C(K)
be defined by Tx = (f, x). The operator T is clearly bounded and linear. By
[11] and (iii), it factors through a Banach space not containing /,. Consider the
adjoint T* from M(K) = C(K)* to E*. Itis easy to check that T *(¢,) = f(k)
for every k in K and therefore T*(M1(K)) = w*(conv( f(K)). Hence this set

is a weak Radon-Nikodym set (see [11], [13], [17]). This implies that every x**
in X** is universally measurable on

(w*(conv(f(K)),o(E*, E))

and satisfies the barycentric formula [11]. Let A be in M. (K) and x** € X **,
The function x**: (f(K),e(E*, E)) = R is f(A)-measurable. Hence x**f is
A-measurable [1] and therefore f is A-scalarly measurable. On the other hand

x**(w* - fodA) - x**(w* B ff(K)x*df(A))
= ff P CRL
=j;(x**f(x*)d}\.

The second equality holds because x** satisfies the barycentric formula [11]. If
A is any Borel subset of K of positive measure, define p in M1 (K) by
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w(B) = A(B N A)/A(A). Then
x**(w* - Lfd?\) = ?\(A)x**(w* - fodu)
= )\(A)fo**fdy
=fx**fd}\.
A

This shows that f is Pettis integrable and [,fdA = w* — [, fd\ for every
Borel subset A4 of K.
It is clear that (ii) = (i). To show that (i) = (iii) let

A= {{x, 1yl < 1)

Let {x,, f) be anet in A. Choose a subnet (xp) of (x,) that converges weak*
to an element x** in X **, This implies that

(xg, f) = {x**,f) pointwise.

The function (x**, f) is universally measurable. Therefore the set 4 is
relatively compact in the space of all universally measurable functions on K
with the topology of pointwise convergence. By [3, Theorem 2F], every
sequence in A has a pointwise convergent subsequence, hence A4 is weakly
precompact in C(K).

Case B.  f universally Lusin measurable. 'To see that in this case (iii) = (ii)
let A € M. (K)and & > 0. Choose K; C K such that f: K; - (E*,6(E*, E)
is continuous and A(K\ K;) < e. By case A, f is A-Pettis integrable when
restricted to K, an exhaustive argument shows that f is Pettis integrable. The
implication (i) = (iii) can be done verbatim as in Case A.

The proof of Case A shows that if f is continuous then (i), (ii) and (iii) are
equivalent to:

(iv) The set w*(conv( f(K)) has the weak Radon Nikodym property.

It is worth mentioning that any bounded linear operator T from a Banach
space E to any C(K) space can be represented by a continuous function
f: K = (E*,0(E*, E)) such that Tx = (f, x) for every x in E (see Dunford
and Schwartz, p. 490). It was proved there that T is weakly compact if and
only if f: K = (E*,o(E*, E**)) is continuous. It was also shown that T is
compact if and only if f: K — (E*, | - ||) is continuous. It follows from
Theorem 1 that T is weakly precompact if and only if f is universally Pettis
integrable. The same method shows that T is an Asplund operator if and only
if f: K-> (E*,|| - | is universally Bochner integrable.
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The following theorem deals with weak*-compact sets that are not neces-
sarily convex and is an easy consequence of Theorem 1 and the results of [11]
and [17].

THEOREM 2. Let H be a weak*-compact subset of E*. Then the following
statements are equivalent:
(i) The set H is a Pettis set.
(i1)) The identity map I:(H,o(E*, E)) > E* is universally scalarly mea-
surable.
(iii) For every x** € X* and every weak*-compact subset M of H, the
function x** restricted to (M,o(E*, E)) has a point of continuity.
(iv) The set {x|g: ||x|| <1} is weakly precompact in C(H).
(v) The set L = w*-conv(H) has the weak Radon-Nikodym property.

Condition (v) in Theorem 2 implies the following stability result.

COROLLARY 3. Let Hy, H,,..., H, be n weak*-compact subsets of E*. If
each H,,1 < i < n, satisfies any one of the equivalent conditions (i) through (v)
of Theorem 2, so does the weak*-closed convex hull L of the union of the
H,,1 <i < n. In particular L has the weak Radon-Nikodym property.

Proof. Let H= U"_H, Choose x** in E** and ¢ > 0. If A € M (H),
then there exists for each 1 < i < n a weak*-compact subset M; C H, such
that

AMH\M,) <e/n

and the restriction of x** to (M,,o(E*, E)) is continuous. Let M = U]_, M,.
Then x** restricted to (M, 6(E*, E)) is continuous and A(H \ M) < &. This
shows that x** restricted to (H,o(E*, E)) is universally measurable. Apply
Theorem 2 (v) to conclude that the set L = W *-conv( H) has the weak Radon-
Nikodym property.

COROLLARY 4. Let H be a weak *-compact subset of the dual E* of a Banach
space E. If the linear span of H is norm dense in E*, then E* has the weak
Radon-Nikodym property if and only if H is a Pettis set.

Proof. Let (x,),-, be a sequence in By. By (iv) of Theorem 2, there is a
subsequence (x,, ) such that lim (A, x,, ) exists for every h € H. Let x* € E*
and & > 0. Choose a linear combination £7_,A;h; of elements in H such that
[lx* — XF_,A;h,;|l < e This implies that

14
|<x*’xnk - ZAi<hi’xnk | <e&.

i=1
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For every 1 < i < p, the sequence (A;{(h;, x,, )) is a Cauchy sequence. Now it
is easy to see that the sequence (x*, x, ) is a Cauchy sequence. This shows
that the unit ball of E is weakly precompact and that therefore E* has the
weak Radon-Nikodym property.

As E. Granirer pointed out to us, in the above corollary one cannot replace
norm dense by w*-dense because the dual of any separable Banach space can
be written as the w*-closure of a subspace that is generated by a norm
compact subset.

The following theorem offers a universal converse of Lemma 5 in [11] when
f is defined on a compact space.

THEOREM 5. Let K be a compact Hausdorff space, let E be any Banach space
and let f: K — (E*,6(E*, E)) be universally Lusin measurable. Then the
following statements are equivalent:

(i) The function f is universally Pettis integrable.

(ii) For every A € MX(K), the set {{f,x):|x|| <1} is almost weakly

precompact in L (K, ).

Before proving this theorem, we need the following.

LEMMA 6. Let f:(K,\) = E* be A-w*-integrable and A-w*-Lusin mea-
surable. Then for A-almost every t in K

w* —ffd)x

f(t) € C = w*|conv _ﬁf)——— : A Borel and A\(A) > 0

Proof. Let K, be a compact subset of K such that
f:K, - (E*,6(E* E))
is continuous. Let H; C K, be the support of the measure A restricted to K;.

Claim. 1f t € H, then f(¢) € C. If not, there exists an x € E such that

/A<f,x>d>\
(f(2), x) 2a>-———}:-(7)-—

for every Borel subset 4 with A(A4) > 0. The map ¢ — {f(¢), x) is continuous
on H,. Let V' be a w*-open neighborhood of ¢ in H; such that u € V =
(f(u), x) = a.
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Notice that A(V') > 0 since H, is the support of A restricted to K;. Now

[<fxyan _aA(y) _

CZTRNV) S

This contradiction finishes the proof of the claim.

Since f: K = (E*,o(E*, E)) is A-Lusin measurable, the claim and a stan-
dard measure theory argument show that K can be written as K = HU M
where A(M) = 0 and f(H) < C. Hence f(t) € C A-almost everywhere.

Proof of Theorem 5. Let A € M;"(K) and ¢ > 0. Choose K; C K such that
A(K\K;) <eand f: K, - E* is continuous. By Theorem 1, the set

H={{f,x)|g: Ix|| <1}

is weakly precompact in C(K,) and therefore the set {{f, x)x g, : [Ix|| <1} is
weakly precompact in L (K, A) since the inclusion map C(K;) = L (K, A)
is a contraction. To see that (ii) = (i) let A € M1(K) and & > 0. Choose
a compact subset K; in K such that A(K\ K;) < ¢ and the set {{f,x)|g,:
||x|| < 1} is weakly precompact in L_(K;, A). Now consider the operator

T:L,(K;,\) > X*
defined by T(g) = w* — [gfd\ and consider the adjoint operator
T*: X > L_(K;,\).

It is easy to see that T*(By) = {(f,x)|g, : lIx|| <1}. Hence T*(By) is
weakly precompact and consequently T'* factors through a Banach space not
containing /,. Therefore

T**( By, n))

is a weak Radon-Nikodym set in X * [11]. The function f: K; — X* takes its
values almost surely in the set

w* —ffdx
w* — | conv —5‘(—1:)——— :A Borelin K; and A(A4) > 0,

Q
I
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by Lemma 6. Since

W —jAfdA
T(T)((A_)) - T**(x)((ft)) T

we see that

Ccc T**(BL;(KM)).

Let x** be in X** The function x** restricted to the set C is f(A|g,)
measurable [11], [13], [17]. Therefore the function x**f restricted to K is A| g,
measurable [1]. Since A(K\ K;) < ¢, this shows that x**f is A-measurable.
Hence f is universally scalarly measurable and therefore f is universally Pettis
integrable by Theorem 1.

As an application of Theorem 5 we offer the following.

COROLLARY 7. Let K be a compact Hausdorff space and let
g: K- (loo,weak*)

be a universally Lusin measurable map. Then the following are equivalent.

(1) For every p € ML(K) the set {g, = {g,e,):n = 1} is almost weakly
precompact in L _(p) ((e,), -, denotes the usual basis of 1,).

(i1) The function g is universally Pettis integrable.

Proof. For each a > 0, there is a Borel subset B in K such that u(2\ B)
< a and such that the set {g,xz:n € N} is weakly precompact in L_(p).
Observe that the set 4 = {(g, +e,)xp:n € N} is weakly precompact in
L (p). Therefore the closed convex hull of A4 is also weakly precompact in
L_ () and consequently the set

{<g’x>XB: X ea(:':en)}

is weakly precompact in L _(p). The Krein-Mil’'man Theorem now ensures
that the set {(g,x)xp: ||x|]| <1} is weakly precompact in L_(u). Finally,
appeal to Theorem 5 to conclude that the function g is p-Pettis integrable.
Therefore g is universally Pettis integrable. This shows that (i) = (ii). To see
that (ii) = (i), notice that

{8.=(ge,):n=21})

is included in the set

{(g:x):x €L, |Ix]| <1}
and apply Theorem 5.
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Corollary 7 has to be compared to the following theorem.

THEOREM 8. Let T: L,(p) — I have the representation T = ( [odg,dr)
where (g,) is a uniformly bounded sequence in L ().

(a) The operator T is Bochner representable if and only if the sequence (g,)
is almost relatively weakly compact in L (p).

(b) The operator T is a Dunford-Pettis operator if and only if the sequence
(g,) is relatively (norm) compact in L,(p).

Proof. A quick calculation reveals that T*x = ¥x,g, for each x in the
ball of /;. Therefore T*(B, ) is contained in the closed convex hull of { +g,:
n € N}. If the sequence (g,) is almost relatively weakly compact in L_(u),
then the set T*(B, ) is also almost relatively weakly compact in L, (p) and
consequently T is Bochner representable; but (g,) is clearly contained in
T*(B,), so the converse implication also holds. This establishes part (a).

For part (b), recall that if T is a Dunford-Pettis operator, then T* maps
bounded sequences in /; into sequences with almost everywhere convergent
subsequences. Therefore each subsequence of (g,) has an L,(u)-convergent
subsequence; that is, the sequence (g,) is relatively compact in L,(p). Con-
versely, if (g,) is relatively compact in L,(p), then as above, the set T*(B, ) is
also relatively compact in L,(p). Therefore T* maps bounded sequences into
sequences with L,(p)-convergent subsequences, which in turn have almost
everywhere convergent subsequences. Hence T is a Dunford-Pettis operator
and this completes the proof.

Let f:(Q, 2, ) » Y be a Pettis integrable function into a Banach space Y
and let T’ be a sub-o-algebra of 3. A Pettis integrable function g: (2, T, p) > Y
is said to be a Pettis conditional expectation of f with respect to the o-algebra
T if g is scalarly I'-measurable and if [,gd\ = [,fdA for each set 4 in T
The following theorem provides a sufficient condition for a bounded dual-valued
Pettis integrable function to have Pettis conditional expectation. It naturally
makes use of weakly precompact sets.

THEOREM 9. Let f:(Q,Z,p) = E* be a bounded Pettis integrable function.
If the set {{f,x):||x|| <1} is weakly precompact in L (), then f has Pettis
conditional expectation with respect to all sub-e-algebras of =.

Proof. Let I' be a sub-¢-algebra of = and define an operator

T:X - L,(T,un)
by

Tx = £((f, x)IT)
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for each x in E. Since the set {(f,x):||x]| <1} contains no copy of the
l;-basis in L (2, n) and the conditional expectation operator £ is a contrac-
tion from L _(Z, p) into L (T, u), we may conclude that T(Bj) contains no
copy of the /;-basis in L_(T, p). Consequently T(Bj) is weakly precompact in
L _(T,pn) and there is a Pettis integrable kernel g:(2,T,p) » E* for the
operator

T*: L, (T,p) > E*.

Then (g, x) = Tx = £({f, x)|I') a.e. for every x in E. Therefore
[(g:xydn= [£(f,x)IT) du= [(f,x)dp
B B B

for every set B in I' and hence [zgdp = [pfdu for every set B in I'. This
shows that g is a Pettis conditional expectation of f for the o-algebra I
In view of Theorems 5 and 9, one can ask the following.

Question. 1If, in Theorem 9, we suppose that the set

{(f.x) Il <1}

is almost weakly precompact in L_(p), does f have a Pettis conditional
expectation with respect to all sub-o-algebras of X?

If the above were true, then any function satisfying the conditions of
Theorem 5 would have a Pettis conditional expectation with respect to all
Radon measurers on all sub-o-algebras of the Borel o-algebra of K.

IV. The Bourgain property

So far we have seen that the family {{f, x) : ||x|| < 1} plays a strong role in
determining Pettis integrability for a bounded scalarly measurable function f
from € into a dual space E*. We continue this approach in this part, but,
rather than viewing such families as subsets of L_(p), we now consider them
simply as families of real-valued functions on €. A property of real-valued
functions formulated by J. Bourgain [2] is the cornerstore of our discussion.

DEerFINITION 10.  Let (2, Z, p) be a measure space. A family ¥ of real-valued
functions on £ is said to have the Bourgain property if the following condition
is satisfied: For each set A of positive measure and for each a > 0, there is a
finite collection F of subsets of positive measure of 4 such that for each
function f in ¥, the inequality supf(B) — inf f(B) < a holds for some
member B of F.
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Let f: Q — E* be a bounded scalarly measurable function. Fix x** in E**
and use Goldstine’s Theorem to find a bounded net (x;) in E that converges
to x** in the weak*-topology. Let x¥% be the weak*-integral of f over a set 4
in £ and note that

xo*(x7) = limaxs(xy) = ﬁ;’;anU’ Xy dp.

Now if we could take the last limit underneath the integral sign, then we would
have

x**(x%) =f/‘1i;3n<f,xﬁ>du=j/1x**fd,;,

proving that f is Pettis integrable. Unfortunately, it is not always possible to
take the limit underneath the integral sign but it is always possible to do so if
the net (x,) can be replaced by a sequence. The next theorem, which is due to
Bourgain [2], essentially allows us to do this for some functions f.

THEOREM 11. If (Q, 2, p) is a finite measure space and ¥ is a family of
real-valued functions on § satisfying the Bourgain property, then:
(i) the pointwise closure of ¥ satisfies the Bourgain property;
(ii) each element in the pointwise closure of ¥ is measurable;
(iii) each element in the pointwise closure of ¥ is the almost everywhere
pointwise limit of a sequence from V.

Proof. The proof of (i) is completely straightforward. Towards verifying (ii)
and (iii), take a function g belonging to the pointwise closure of ¥ and an
ultrafilter U on ¥ that has g as a cluster point. For 4 in 2 and a > 0, let

Y(A;a)={fe ¥:supf(4) —inf(4) < a}.

It follows from the definition of the Bourgain property that if 4 has positive
measure and « > 0, then there exists a subset B of A of positive measure with
V¥ (B; a) belonging to U. Now for each a > 0, use Zorn’s Lemma to find a
maximal set P, of mutually disjoint sets of positive measure such that
Y(A;a) € U for each A € P,. Note that each P, is necessarily countable.
Moreover,

(a) the set 2\ U P, has measure 0 for each a > 0, and

(b) if F is a finite subset of positive reals and Q, is a finite subset of P, for
each a in F, then g belongs to the pointwise closure of N (e r N 4o, ¥(4; @).
The maximality of P, yields condition (a), and condition (b) follows because g
is a cluster point of U.
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Now let (4,, ,), be an enumeration of P, ,,,, and set

B=

s

)
U Am,n'
1 n=1

m

By condition (a), we have p(f2\ B) = 0. Pick some point «,,
A,, , and define

in each set

n

00
fm = Z g(wm,n)XAm‘n'
n=1

Each f, is measurable and a quick computation using (b) shows that the
sequence ( f,,) converges to g uniformly on B. Therefore g is measurable.

Unfortunately, the functions f,, may not belong to ¥. To establish (iii),
therefore, use condition (b) to pick for each integer m a function A, belonging
to N2, N W(A, ,;1/i) such that

'hm(wi,n) - g(wi,n)l < 1/1

for each 1 <i,n < m. The triangle inequality now ensures that (A, (w))
converges to g(w) for each w in B. This completes the proof.
It is worth remarking here that a uniformly bounded family ¥ of real-valued

functions has the Bourgain property if and only if the following condition
holds:

(*) For each non-null measurable set 4 in £ and for each pair a < b of
real numbers, there is a finite collection F of non-null measurable subsets of A
such that for each f in ¥, either inff(B) > a or supf(B) < b for some
member B of F.

Indeed, the Bourgain property for ¥ with a = b — a clearly implies property
(*); conversely, the Bourgain property for ¥ can be obtained by finitely many
successive applications of property (*).

In the sequel we study the family {( f, x) : ||x|| < 1} for a bounded function
f:8 — X* and use the Bourgain property to determine the Pettis integrability
of the function. We shall say that f has the Bourgain property if the family
{{f,x)>:|Ix]| <1} has the Bourgain property.

Example 12. All strongly measurable functions into E * have the Bourgain
property. In particular, all Bochner integrable functions into E* have the
Bourgain property.

To see this, suppose f: 2 — E* is strongly measurable and let (s,) be a
sequence of simple functions for which

lim||f —s,l =0 a.e.
n
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Let A be a measurable subset of @ with p(A4) > 0, and let a > 0. Egorov’s
theorem ensures the existence of a set B with pu( \ B) < u(A4) such that the
sequence (s,) converges uniformly to f on B. Choose an integer n so that
[If(w) = s,(w)]| < a/4for all w in B. Since p(A4 N B) > 0 we can find a set C
on which s, is constant and for which u(4 N B N C) > 0. Let x be in the ball
of E. Then for all w;,w, in 4 N B N C, the triangle inequality shows that

IK{f(@1),x) = (f;),x)| <a/4+0+a/4=a/2

Therefore

SUPynpnclfsx) —inf npnc(f,X) < a

for all x in the ball of E.

The following theorem gives a sufficient condition for Pettis integrability. Its
converse is not true in general.

THEOREM 13. A4 bounded function f: ) — E* that has the Bourgain property
is Pettis integrable.

Proof. While no a priori hypothesis about the measurability of f is
assumed, the Bourgain condition does show immediately that {( f, x) is mea-
surable for each x in E. Fix x** in the unit ball of X** and fix a set 4 in Z.
Let x* be the weak *-integral of f over A4, so that

(1) x3(x) = [({f,x)dp forall x € E.
A

We must show that x**f is measurable and that x**(x¥)= [, x**fdp.
Accordingly, let a > 0 and set

Y= {{fix): x|l <1, [{x** = x,x%)| <a}.

Goldstine’s theorem ensures that x**f lies in the pointwise closure of ¥. Since
¥ has the Bourgain property, the function x**f is measurable by Theorem
11(ii), and statement (iii) of the same theorem shows that x**f is the almost
everywhere limit of a sequence { f, x,,) from ¥; that is,

2) Lim{f,x,) = x**f a.e,
where
(3) |x**(x%) — x*(x,)] <a foreachn.

It now follows from equations (1), (2), (3) and the Dominated Convergence
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Theorem that
|x**(xj‘;) —fx**fdp,l <a.
A

Since a was arbitrary, we conclude that x¥ is the Pettis integral of f over the
set A.

The following example shows that an E *-valued universally Pettis integrable
function does not have the Bourgain property in general.

Example 14. A universally Pettis integrable function without the Bourgain
property.

For each ¢ € [0, 1], define a subset D, by
D,= {t[0,1]: |t — s| = dyadic rational}

and define f:[0,1] — /_[0,1] by f(¢) = x p,- This function was constructed by
R. S. Phillips in [10].

Claim 1. x*f= 0 except on a countable set for every x* in /* [0,1].

Proof of Claim1. Any x* in /%[0, 1] can be written as x* = 8, + 8, where
B, has countable support S and 8, vanishes on null sets.

Let N= U, ,csD,. If t, &N, then D, N S =, since t € D, N S implies
that 7, € D, C N, a contradiction. Therefore

x*f(t,) = (Bi:xp,> + (B2 Xp,)
= Bl(Dro) + :BZ(Dro)
—0+0

since D, is disjoint from the support of B; and B, vanishes on countable
subsets. Thus x*f = 0 off N and N is countable. Consequently f is universally
Pettis integrable.

Claim 2. f fails the Bourgain property (with respect to the Lebesgue
measure A).

To prove claim 2, we need the following lemma:

LEMMA A. Let A c[0,1)] and let F = U, 4D,. Then either N*(F) =0 or
AN*(F) = 1 (where N* is the outer measure associated with \).
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Proof of Lemma A. Note that F satisfies the following property:
(*) If x € F, r a dyadic rational and x + r € [0,1], then x + r € F.
This will help us prove that

M(FNIT)

(1) = \*(F)

for any interval I. To do this it is enough to show the above equality for I a
dyadic interval,

k k+1
I=|=: .
[ 2" 2" ]
Divide [0, 1] into 2" equal intervals I}, ..., I,n. Then I is one of these intervals

and
MFNI)=M(FNI), i=1,...,2"
because F satisfies (*). Hence

N(F) = EA(FA1) = 20(F D) - e

If A*(F) # 0, then F has a point of density x,, (see [14, p. 194]). Therefore

*
1= lim Z\_QQI_). = )\*(F).
A()—0 (1)

xo midpoint of 1

Proof of Claim 2. Let By, B,,..., B, be arbitrary non-null subsets of [0, 1].
Without loss of generality we may assume that U ?_; B, = [0, 1] and that the B,
are disjoint.

First suppose that for every ¢ in [0,1], there exists some B; such that
D,NB,= . Let

E,={te[0,1]:D,n B,= &}.

Then U! E,=[0,1]. Observe that E, c [0,1]\ B,. Also, if ¢ € E,;, then

D, C [0,1]\ B;. Hence

F,= U D, c[0,1]\B

tEE,

for each i. Now there exists some E, such that A*(E, )+ 0; therefore
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A*(F;)) # 0 and by Lemma A, A*(F,)) =1 which yields A*(B; ) = 0, a con-
tradiction. Therefore, there must exist 7 € [0,1] such that for each i=
1,2,...,n, there is s; € B; with s; € D;. Choose t; € B;,\ D; for each i =
1,2,...,n, and let x € [,[0,1] be given by x = §;. Then

(f(2),x) = XD,i(f) =0

since 7 & D,i and therefore inf,eBi(f(t),x) =0,i=1,2,...,n. On the other
hand

(f(s),x) = xp () =1

since ¢ € D, . This shows that sup,c p(f(?),x) =1,i =1,2,...,n. Hence f
fails the Bourgaln property for the Lebesgue measure.

In this sequel we will show that if, in addition, E is separable, any
E *-valued universally Pettis integrable function defined on a compact metric
space has the Bourgain property for any Radon measure A on K. To do this
we will characterize the Bourgain property of an E *-valued function f in
terms of the associated family of martingales in the case where E and (2, Z, A)
are separable. We will use this characterization to show that if the family
{{f,x):|lx|| <1} is almost weakly precompact in L_(2,Z,A) then f has
the Bourgain property.

LEMMA 15. Suppose f:Q — E* and g:Q — E* are equal almost every-
where. Then f has the Bourgain property if and only if g has the Bourgain
property.

Proof. Let N be a null set such that f(w)= g(w) for all w not in N.
Clearly both ( f, x) and (g, x) have the same supremum and infimum on the
set A\ N for any set A4 of positive measure. The conclusion now follows
immediately.

For the rest of this paper we shall assume that ({2, 2, u) is a finite separable
measure space. This means that there is a sequence (,) of finite partitions of
Q consisting of sets in 3 such that

(1) each member of =, is contained in a member of =, (i.e., ., refines
a,), and

(2) the union of the o-algebras generated by the partitions =, is dense in =.

For example, if € =[0,1] and p is Lebesgue measure on the Borel sets 2,
then the dyadic partitions of [0,1] would satisfy these assumptions. Let 3,
denote the o-algebra generated by 7, and let 6 = U2,

LeEMMA 16 (Bourgain). Suppose A is a subset of Q with positive measure and
0 < a < 1. Then there is an integer m and a measurable subset B C A with
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w(B) > (1 — a)pu(A) such that for every uniformly bounded by 1 real-valued
martingale (g,,2,) and for every n = m.
(i) essinfg(A4) <infg,(B) + a and
(i) esssupg(A) = supg,(B) — a where g is any almost everywhere limit of
the sequence (g,).

Proof. Choose a,b>0sothatl —a/4<a<1,b<1,and 1+ a < 2b.
Choose an integer m and a set 4, in =, such that

w(ABAL) < (1 - B)u(4).
Now let
IM={Eco:p(ENA\A)>(1-a)p(E)}

and set W = UII. We can easily see that p(W N 4;,\ 4) > (1 — a)p(W). If
we let C = Q\ W, then

w(€) = 1—uw)> 1= EEND Sy

and
p(ENA4\4) < (1 - a)p(E)

whenever E isino and EN C # &.
We claim that the integer m and the set B = 4 N 4, N C satisfy the stated
conditions. First of all, notice that

p(B) 2 p(A4N4)—p(2\C)2p(4nA4)-(1->b)u(4)
> p(4) —(1 - b)’u(4) —(1 = b)u(4) > ap(4) = (1 — a)u(4).

We next verify condition (i) (the argument for (ii) follows by replacing g, with
—g,)- Suppose n > m and B is any number satisfying infg, (B) < 8 <1 + a.
Since g, is constant on the members of 7,, there is some element I in 7, such
that I N B is non-empty and g, < 8 on I. Moreover, we have I C A4, since
I N A, is non-empty and A4, is a union of sets in 7,. But because I N C # &,
we see that

p(INA4)=p(I)—p(InA\A4) =2 ap(]).

Now suppose essinf g(A4) > B + a. Because g, is the conditional expectation
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of g with respect to the o-algebra =, we have

Bu(1) >flg,,du =flgdu=fmAgdu +f]\Agdu

>(B+a)u(InAd)—p(INA)=(B+a+)p(INA)—p(l)
> (B+a+1)ap(l) —p(1).

Hence (8 + a + 1)a — 1 < B, and this implies 8 > 3 — «, a contradiction.
Therefore essinf g(A4) < B + a, and the proof is complete.

Let f:Q2 — E* be a bounded weak*-scalarly measurable function and
define an E *-valued martingale (f,,3,) by

we- | fdy
LG)=X *—u—(‘;—)—x,;(')

Aem,

where w*-{, fdp is the weak*-integral of f over the set 4. Without loss of
generality we may assume that ||f]] < 1 pointwise. Then for each x in E, the
sequence ({f,, x), Z,) is a real-valued martingale, uniformly bounded by 1,
with lim,{f,, x) = {f, x) a.e., where the exceptional null set may, of course,
vary with x.

LEMMA 17. Let E be a separable Banach space. Then [ has the Bourgain
property if and only if the family {{f,,x):n € N, ||x|| <1} has the Bourgain
property.

Proof. Let(x,,)be a dense sequence in E. For each integer m there exists a
null set N, satisfying

lim (f, (), x,,) = (f(@), x,.)

for each w that is not in the null set N,,. Because the sequence (x,,) is dense, it
follows easily that for each x € E,

tim (/, (), x) = (f(@), x)
for each w that is not in the null set N = U%Z_,N,,.
First suppose that the family {{f,,x):n € N, ||x|| < 1} has the Bourgain
property. When the ball of E* is equipped with the weak*-topology the space

of functions from  into B.. is compact for the topology of pointwise
convergence. Therefore, there exists a pointwise weak *-cluster point g: & — E*
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of the sequence ( f,,). This means that the family {(g, x) : ||x|| < 1} belongs to
the pointwise closure of the family {(f,,x):n € N, ||x|| < 1}. Consequently,
the function g has the Bourgain property by Theorem 11 (i). A moment’s
reflection, however, shows that { f(w), x) = (g(w), x) for each w not in N
and for each x in E. Hence f = g almost everywhere. Now invoke Lemma 15
to see that f has the Bourgain property.

Conversely, suppose that the family {(f, x):|/x|| < 1} has the Bourgain
property. Let A4 be a set of positive measure and let a < b. Choose a < 0 such
that a + a < b — a. There exist non-null subsets 4,,..., 4, of 4 such that for
each x in the ball of E either sup,(f,x) < b — aorinf,(f,x) 2 a + a for
some .

According to Lemma 16, there is for each set 4; an integer m; and a
non-null subset B; of A4, such that

(@) essinf,(f,x) <infg(f,, x) + a and

(b) esssup,(f,x) = supp(f,, x) — a for every x in the ball of E and for
every n > m,. Let

m=max{m,;:1 <i<k}.

Let n > m, let x be in the ball of E, and note that there exists an A, such that
either

b—a=sup,(f,x) = esssup,(f,x) > supg(f,,x) — a
or

a+a<inf,(f,x) <essinf,(f,x) <infp(f,,x) + a.

That is, either b > supp(f,,x) or a <infgz(f,, x). Therefore the sets
B,,..., B, will work for the set 4 for the family

{{fpsx)inz=m, x| <1}.

However, the functions f,,..., f,,_; are just simple functions, so that for each
i=1,...,m — 1 there exists a set C; on which f; is constant and u(4 N C;)
> 0. Thus the sets B,,...,B,,C; N A4,...,C,,_; N A will work to show that
the family

{{fx):neN,|x|| <1}

has the Bourgain property,

THEOREM 18. Let E be a separable Banach space and let f:Q — E* be a
bounded weak *-scalarly measurable function. If the family

{(f-x)Nxl < 1}
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is almost weakly precompact in L (1), then f has the Bourgain property, and
hence f is Pettis integrable.

Proof. Observe first that the family {{f, x): ||x|| < 1} has the Bourgain
property if and only if for each a > 0 there exists a set 4 in = with
p(2\ 4) < a such that the family

{{fs x40 11Xl <1}

has the Bourgain property. To see this, take a set B in 2 with py(B)=a >0
and apply the Bourgain condition to the non-null set 4 N B, where A satisfies
the above hypothesis. Without loss of generality, therefore, we may delete the
“almost” and assume that {{f, x) : ||x|| < 1} is weakly precompact in L_(u).
We will also assume that ||f]] < 1.

By Lemma 17 it suffices to show that the family

{{(fi»x):ne N, x| <1}

has the Bourgain property. Suppose it does not. Then an argument due to
Bourgain [2] produces a sequence (x,) in the ball of E, a system (4, ,,),n €
N,1 < m < 2", of sets of positive measure, and constants § > 8 such that

(1) An+1,2m—l = An,m and An+l,2m c An,m’

Q) (f(w)x,41) <8 w€A, 4,5, 1,

(3) <f(w)’ xn+1> > B ifwe An+1,2m'
We sketch the inductive step in the construction. Let 4 € = and a < b be
reals for which property (*) (page 520) cannot be obtained. For each m =
1,...,2", Lemma 16 provides an integer k, and a subset B, C 4, ,, of
positive measure such that for k > k,, and x in the ball of E,

essinf, (f,x) <infp (fy,x) + a,
esssup, ,,.<f’ x) = sume<fk, Xy —a
where a > 0 has been chosen so that a + a« < b — a. Set
Jj=max{k,:1<m<x<2"}
and for each m = 1,...,2" choose a subset C,, of B,, that has positive measure
and is contained in a member of the partition ;. The negation of the Bourgain
property produces some integer k and x,.; in the ball of E such that

infe (fy,x,41) <a and supc(fy,X,.1) > b

for all m =1,...,2" Since f, is constant on each member of ,, it is clear
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that k > j and therefore

essinf, (f,X,.1) <infp (fi,Xpp) @ <a+a=38,

esssup, (f,X,11) 2 supg(fi,X,11) —a>b—a=4

for each m = 1,...,2" Consequently, the sets

An+1,2m—1 = {(o) € An,m: <f(w)’xn+1> < 8}

and
An+1,2m = {w € An,m: <f(w)’xn+1> > B}

have positive measure.
n—1 n~1 .
LetO,= U%_14,,, and E, = UZ_,4,,  foreach integer n. Then the
sequence of pairs (O,, E,) is independent in the sense of Rosenthal [15]. More,
however, is is true in this case, for we actually have

(ﬂo,,m nEn)\Naé @

neG n€B

for every pair of disjoint finite non-empty subsets G and B of integers and for
every null set N. Rosenthal’s argument (see [15]) therefore shows that the
sequence ({ f, x,,)) is a copy of the /;-basis in the L (u)-norm, rather than in
just the supremum norm. Since this contradicts the assumption that the family
{{f,x):|lx|| <1} is weakly precompact in L_(p), we conclude that the
family

{{fix):ne N, x|l <1}

has the Bourgain property.

COROLLARY 19. Let K be a compact metric space, E a separable Banach
space and [: K = E* a bounded function. Then the following statements are
equivalent:

(i) The function f is universally Pettis integrable.

(ii) For every A € ML (K), f has the Bourgain property for (K,=, \) where
3 is the Borel o-algebra of K.

Proof. The implication (ii) = (i) is Theorem 13. To see that (i) = (ii). Fix
A € M1(K). Then A = A, + A, where A, is diffuse and A, is purely atomic.

The function f: (K, 2, A,) = E* is Bochner integrable and therefore it has
the Bourgain property for (K, 2, A,) (see Example 12). The measure space
(K, 2, A\,) is separable. By Theorem 5, {{f, x): ||x|| < 1} is almost weakly
precompact in L_(A,). Hence f has the Bourgain property for (K, 2, A,).
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It is easy now to see that f has the Bourgain property for (K, 2, A), because
if A € 2 and A(A4) > 0, then either A;(A4) > 0 or A,(4) > 0.

THEOREM 20. Let K be a compact Hausdorff space and let f: K — E* be
bounded and universally Lusin measurable when E* is equipped with its weak *-
topology. Then the following statements are equivalent:

(1) The function f is universally scalarly measurable.
(ii) The function f is universally Pettis integrable.
(iii) For every Radon measure A\ on K, the set

{{f:x):x € E|lx|| <1}

is almost weakly precompact in L (K, \). If in addition K is metric and E is
separable, the above statements are equivalent to:

(iv) The function f has the Bourgain property for every Radon probability
measure on K.

As Example 14 shows, (ii) does not imply (iv) if the separability condition is
dropped.

The authors would like to thank Professor J.J. Uhl, Jr., for fruitful discus-
sions concerning this paper.

REFERENCES

1. A. BADRIKIAN, Séminaire sur les fonctions aléatoires et les mesures cylindriques, Lecture Notes
in Mathematics, no. 139, Springer, Berlin, 1970.
. J. BOURGAIN, Martingales in conjugate Banach spaces (unpublished).
. J. BOURGAIN, D.H. FREMLIN and M. TALAGRAND, Pointwise compact sets of Baire measurable
functions, Amer. J. Math., vol. 100 (1978), p. 845-886.
4. J. DiesTeL and J.J. UHL, JR., Vector measures, Math. Surveys, no. 15, Amer. Math. Soc.,
Providence, R.I,, 1977.
5. G.A. EDGAR, Measurability in a Banach space I. Indiana Univ. Math. J., vol. 26 (1977), pp.
663-677.
6. D.H. FREMLIN and M. TALAGRAND, A decomposition theorem for additive set-functions, with
applications to Pettis integrals and ergodic means, Math. Zeitschr., vol. 168 (1979), pp.
117-142.
7. R.F. GEITZ, Pettis integration, Proc. Amer. Math. Soc., vol. 82 (1981), pp. 81-86.
8. R.F. Gerrz and J.J. UHL, JR., Vector valued functions as families of scalar valued functions,
Pacific J. Math., vol. 95 (1981), pp. 75-83.
9. B.J. PETTIS, On integration in vector spaces, Trans. Amer. Math. Soc., vol. 44 (1938), pp.
277-304.
10. R.S. PHILLIPS, Integration in a convex linear topological space, Trans. Amer. Math. Soc., vol. 47
(1940), pp. 114-145.
11. L.H. RiDDLE, E. SAAB and J.J. UHL, JR., Sets with the weak Radon-Nikodym property in dual
Banach spaces, Indiana Univ. Math. J., vol. 32 (1983), pp. 527-541.
12. L.H. RIDDLE, The geometry of weak Radon-Nikodym sets in dual Banach spaces, Proc. Amer.
Math. Soc., vol. 32 (1983), pp. 527-541.
13. , Weak Radon-Nikodym sets in dual Banach spaces, Ph.D. Thesis, University of Illinois,
1982.

w N



14.

15.

16.

17.

18.

19.

20.

UNIVERSAL PETTIS INTEGRABILITY 531

A.C. VAN Roons and W.H. SCHIKOFF, A second course in real analysis, Cambridge University
Press, Cambridge, England, 1982.

H.P. ROSENTHAL, A characterization of Banach spaces containing I;, Proc. Nat. Acad. Sci.
U.S.A,, vol. 71 (1974), pp. 2411-2413.

E. SaaB and P. SAAB, A4 dual geometric characterization of Banach spaces not containing I,,
Pacific J. Math., vol. 105 (1983), 415-425.

E. SAAB, Some characterizations of weak Radon-Nikodym sets, Proc. Amer. Math. Soc., vol. 86
(1982), pp. 307-311.

___, On Dunford Pettis operators that are Pettis-representable, Proc. Amer. Math. Soc., vol.
85 (1982), pp. 363-366.

D. SENTILLES, Decomposition of weakly measurable functions, Indiana Univ. Math. J., vol. 32
(1983), pp. 425-437.

R.F. WHEELER and F.D. SENTILLES, Pettis integration via the Stonian transform, Pacific J.
Math., vol. 107 (1983), 473-496.

EMORY UNIVERSITY

ATLANTA, GEORGIA

THE UNIVERSITY OF MISSOURI

COLUMBIA, MISSOURI






