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To the memory of Irv Reiner, friend and colleague

Introduction

This paper deals with two concepts relating to modules over Abelian group
rings. One is factorisability, introduced in Nelson’s thesis (cf. [9], see also [5]),
the other is the module defect, first investigated in [3] in the more general
setting of orders in commutative algebras. Both now come into prominence in
work on Galois module structure, multiplicative as well as additive. The
background on the multiplicative side is the connection between the Galois
module structure of units or S-units on the one hand, and the quotients of
“L-values at zero” and generalised regulators on the other. Analogously we
relate the additive Galois module of algebraic integers with the quotients of
Galois Gauss sums and generalised resolvents. All this lies outside the “tame”
theory, as presented in [6].

Factorisability leads to an equivalence relation between lattices over integral
group rings, weaker than local isomorphism, and turning up naturally and
significantly when one sets out to compare multiplicative modules of units or
additive modules of algebraic integers with certain “standard” modules. The
module defect is then the natural channel for information on the structure of
our Galois modules. But beyond that the properties of module defects are
actually reflected in integral properties of certain L-value-regulator quotients
(or Gauss sum-resolvent quotients). We are then led to integral formulations
of problems and of theorems in the direction of the Stark conjectures (cf. [10],
[11]). For all this see [7], [8].

These number theoretic applications provide the motivation for the separate
treatment of some purely algebraic aspects, to be given in the present paper. It
is striking how our algebraic ideas and methods, which will be seen to be
absolutely elementary, although quite novel, lead to highly significant results
when applied to Galois module structure. We shall attempt to give some
indication of this at various places.

Received September 8, 1987.

© 1988 by the Board of Trustees of the University of Illinois
Manufactured in the United States of America

407



408 A. FROHLICH

Notations. As usual Z is the ring of integers, Q the field of rational
numbers, Q,, that of p-adic rationals. For any finite extension F of Q or Q,,
the ring of integers in F will be denoted by ¢5. “Ideals” in F are non zero
fractional ideals of 0. The module index over o is denoted by [ : ], (cf.
[1]). The algebraic closure of a field k is k¢. The multiplicative group of a field
F is F*, the group ring of a group I' over over a commutative ring R is RT.

This paper was written while the author was partly supported by a
Leverhulm Emeritus Fellowship.

1. Formal aspects

Throughout T' is a finite Abelian group, I'' its character group. More
precisely we work over a basefield k = Q (global case) or k = Q,, (local case)
and accordingly we take I'f = Hom(T, k*). A division D of Tt is an
equivalence class in T'f, with 6, 8’ belonging to the same division if (6’) = (8)
(cyclic group generated by 8). ¥ (I'") is the set of subgroups of I'f, 4 is an
Abelian group which we write multiplicatively. We then consider the group
Map(&#(T'), A) of maps f: #(I't) > A. We extend each f to a function on
the set of divisions by the Mobius rule

1.1) £(D) = T f(C)*P:©

C<D

The product runs over the subgroups C of the cyclic group D generated by
any element 8 of D and p is the Mobius function. The use of the same symbol
f for the original function on subgroups of I'* and for the extended function
on divisions D should not create confusion: The only division which is also a
subgroup is that consisting of the identity of I'f and in this case the two
definitions coincide. Note that in general f(D) # f(D), the symbol D here
and in the sequel always denoting divisions. Of course (1.1) for all D is
equivalent to

(12) 1(6) = T1/(p)

for all cyclic subgroups G of I'f. If (1.2) holds for all subgroups G of I'' then
we call f factorisable. To restate this we introduce for any f its factorisable
form f’, given by

(1.3) f(6) = Dl:IGf(D),
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for all subgroups G of T'f. f’is factorisable. Now define / by

(1.4) f(G) =f(G)f(G)™! forall G.

Then f is factorisable precisely when f(G) = 1 for all G.

We actually make no use of the group structure of T'f, except to define
& (I'"). Given G, the representation of T over k¢ which is the sum Xz 0 is
induced from the trivial representation of a unique subgroup A of T'—and of
course

(1.5) G = G, = annihilator of A in T'T.

The symbol G, will always be used in this sense. Viewing f as a function on
the set of such induced representations, it will be factorisable precisely when it
extends to a homomorphism on the (additive group of the) rational representa-
tion ring of I' (case k = Q). Or again the original function f defines a
homomorphism from the additive group of the Burnside ring of T, and it is
factorisable precisely when it factorises through the rational representation
ring.

In the sequel let F be an extension of finite degree of k, inside k€. Write
F(0) for the field of values of the character 6 over F. Then

(1.6) F(8) = F(D)
only depends on the division D of 8. Let . denote the ideal group of F and

A map f € Map(&(T'"), #;) is said to have the norm property at D if

(1.7) f(D) e NF(D)/F(jF(D))'

Next, for given F and D, let Iy ,, be the group of maps

(1.82) g: D > Sy p
with
(1.8b) g(8°) =g(8)° forall w € Gal(F(D)/F).

We now call a map f € Map(%(T'"), #£) F-factorisable if, for all subgroups
G of Tt we have

(1.9) 7(G) = T12(6),

G

where g is a map of I'f whose restriction to D lies in Iy, ,, for each D. The
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right hand side of (1.9) bracketed by divisions indeed makes sense in the group
5. Moreover f is F-factorisable if and only if it is factorisable and, for each
D, f(D) has the norm property. It is clear that F-factorisability also has an
interpretation in terms of representations of T

It is clear that we could have considered more generally any suitable functor
of fields F, but £ is the one which we shall need here. The motivation comes
from the structure problem for Galois modules such as rings of algebraic
integers or groups of units, which are not given explicitly—even approxi-
mately—by generators and relations. The aim is then to gain information by
criteria of comparison with known “standard” modules. We consider injective
homomorphisms

(1.10) iiL->M

say of opI'-lattices with finite cokernel—in the applications one of these will
be an “arithmetic lattice” the other a known standard lattice. To each such
map i we associate the function f; with values

(1.10a) f(Gy) = O (coker i) = [M*: L*],,

(notation as in (1.5)). Here O is the op-order ideal, [ ], the op-index, where
we have assumed, as we may, that M ®, F= Le F with M, L embedded
in this FT-module. Clearly

fi.;=fif; (o = composition)

(1.11) fioj=fif; (@ = direct sum).

What is important is that f; (defined in (1.4)) only depends on the pair M, L
to within isomorphism, so that we may write

(1.12) fi=fiu

Indeed, if i’ is a further such injective homomorphism L — M then f, filis
actually F-factorisable, as we shall show below. (Note that f — f is a group
homomorphism). We thus obtain equivalence relations

LAM iff, is factorisable,

(1.13) L Ag M iff, is F-factorisable.

Next, let
./” = ./” F,T

be the maximal op-order of FT and for any o I-lattice L write L# for its
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maximal #-sublattice. If
(1.14) Le®_ F=M®_ F asFIl-modules
we define the module defect by
(1.15)  *(ofL, L, M) = *(L, M) = [L: L*], [[M: M~*],,.

(See [3]—there we would have spoken of a codefect however; also see [7].) We
fabricate out of this a map & (I't) —» 4, by setting

(1.16) 75 u(Gy) =7 (op(T/A), LA, M2).
The earlier assertion on f; - f;! is then a consequence of:

(1.17) Fori: L — M the map ;¥ ) - f; is F-factorisable.

This follows from the equation
. -1
[M: L], =L, M)"'[M*: L*],,.
For § € T'f let

(1.18) eg=(ordT) " X 0(v) 'y

be the associated idempotent, and write, for any division D,

eD= E €.

6D

This is an idempotent in FI'. From the equation

[M#:L*], = D]‘[ﬂ [M#ep: L],
c

and corresponding equations with M, L replaced by M2, L* and T'f by G,
(A < T) we easily conclude that ;7 ,, - f; is factorisable, and indeed

(1.19) (/50 £,)(D) = [M*eyp: L*ep] ..

We complete the proof by showing that ;7 ,, - f; has the norm property at



412 A. FROHLICH

each D, i.e., that for § € D we always have
[M4ep: L#ep].,, = T12(6),
éeD
g(o) [(MJ{OF(O))e0: (L"”on))eo] 0N

It is clear that g has the Galois property (1.8b). Moreover, denoting the
maximal order of (F(D)I')e, by A", we have

(1.20)

Il

(1.21) 0I;IDg(0) = [(M«"op(,,)ep)%: (L“”op(o)eD)JV]‘,m).

Next observe that M#e;, and L*e,, are lattices over the maximal order
M ey, of (FT')e, spanning the same (FI')e,-module, hence are locally isomor-
phic as e -modules at all primes of o. Therefore Moy e, and L% e
are M o ep-modules isomorphic locally everywhere. If follows that

[(M#erpren) A : (MZoraen)] .y = [(L%or0r0) H: (L#0r01D)] o
This however implies that
[(34orgren) 4 : (L*%oraen) H ] ., = [(M#orren) : (L40r0reD)] o,
= [M*e,: L") e PFO)-
This in conjunction with (1.21) now establishes (1.20).

For a list of properties of ;* see [3], [7, (4.5), (4.6)] or [2, 35.9]. We only
mention one:

(122) If L~ M, ie., L and M belong to the same genus of opI-lattices,
then 47 py =1, hence by 1.17) L Ap M.

This is immediately obvious as the global ;* will localise.
We can now indicate how these ideas occur in the arithmetic setting. Let
N/K be a Galois extension of number fields, with

(1.23) Gal(N/K) =T, [K:Q]=n.
Thus
(ZT)"®, Q= (Qr)" =N =10, ®; Q.
But (ZT')" ~ o, if, and only if, N/K is tame. However we still have

(1.24) IT" Aq oy
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even in the wild case (cf. [9] or [7]). An analogous result, although more
complicated, holds also for Galois modules of units (cf. [7]). Further details
will follow in §2.

2. Computations

We shall actually compute f; » In two cases where it will be seen to be
highly divisible by primes p at which I' is non-cyclic. We shall thus inciden-
tally show that our new concept admits effective computations and also that
factorisability equivalence is far from trivial. Both our theorems of this section
lead to non-trivial results on Galois module structure, the first multiplicative,
the second additive.

Let J; be the augmentation ideal of ZT, and &/ = ZT'/(Zy) the residue
class ring of ZI' mod the sum of the group elements. Then

Jr® Q=1 8, Q=% 3 Q

as QI'-modules where %,, is the group of units mod +1 in a real number field
N with Gal(N/Q) =T.

Following our general philosophy we should want to compare %, with
either &/ or with Jy and indeed ;*(Jr, %) turns up as part of a product of
L-value-regulator quotients. It is thus important to note that

(2‘1) f;l‘,dl" * 1,

ie., Jp Ay, if T is non-cyclic.
The commutative diagram with exact rows

0 —Z —ZT —s sty —0

0—0Z—7Z —Z/ord(I'Z —0

with Z — ZI" given by 1 = 2y and ZI" — Z the augmentation, gives rise to
an exact sequence

(2.2) 0 > Jp —> o — Z/ord(T)Z - 0.
We then have to show that
(2.1.a) f; is not factorisable.

This is a corollary of the more precise Theorem 1 below, which gives exact
numerical information on f/, so on f;.
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We shall need some more notations. For § € I't, § # ¢ the identity char-
acter, we define

4(0) = ideal in Q(8) generated by the 8(y) — 1,ally € T.
In addition we put
o(e) =1.

These ideals occur also in an integrality theorem on certain L-value-regulator
quotients for unit groups %, as above.

Next if G is an Abelian p-group of exponent p' with invariants
(p', p,..., p*) we write G©@ for that Abelian p-group with invariants
(p'~%Y, p%,..., p") (not necessarily in order of magnitude). Now identifying

positive rationals with rational fractional ideals, and denoting their p-parts by
subscripts, we have:

THEOREM 1. (i) f/(G) = ord(G) for any subgroup G of T1.
(ii) For any division D of Tt

. D - g 0 _ P lfﬁ iSOforderp’> 1, Paprime’
fl( ) 01-6_11) ( ) {1 otherwise.

For any subgroup G of TT,
77(6) =T1£/(6,)
2

f7(G), =f/(G,) for each prime p, where G, is the p-Sylow group of G,
£(6) = T14(6).

feG

(iii) If G is a p-group of order p" and exponent p* then

1(6)/1(G) = p?

and so
£(6)/f(6®) =p7 1.
In particular if G is of exponent p then

£(G) = p#"=v/(p=D=n,
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We thus see that f; = f}r , s 1s actually integral and highly divisible at the
relevant primes.

Proof. Let A <T. The cohomology sequence of the exact sequence (2.2) of
A-modules gives (writing g = ord(T"), d = ord(A) for the moment)

0 - J2 > 2 > Z/gZ > HY(A, Jp) > HY(A, o1) > HY(A,Z/8Z) - 0.
As d|g, HY(A,Z/gZ) is of order d and so is H(A, o) = H%(A, Z). As
HY(A,Jp) = HY(A,Z) =Z/dZ,
the above sequence reduces to
0> J2>oh > 2/3Z > 7/dZL — 0.

Therefore indeed f,(G,) = g/d = ord(G,), i.e., we have established (i).

By (1.2) for cyclic G we verify that indeed f,(D) = p or =1 as indicated.
Also if the order of 6 is not a prime power then 4(8) = (1), while if it is
p">1, p a prime then ¢(8)*?) = p, ¢ the Buler function. This yields the
equation for f;(D). This implies that we always have

£7(G) = T14(8)

feG

and the rest of the theorem follows by elementary calculations. For instance

1(6)//(6®) =TT o(6).
0:0%

Out second theorem will be stated in global terms. If E/F is an extension of
number fields then we have a natural embedding

Map(#(T1), £¢) € Map(&(T1), £;).
We shall use this to compare maps f defined in the first place with respect to

different fields. For orders &/, # in FT, the map fg ,, is always understood
to be defined in terms of o, -indices. We shall write

h(G) = ord(G)™ 9,  h e Map(£(T1), 5).

THEOREM 2. (i) For any number field F,

~.

2 = j-1
for, e =h"0
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and more generally
er, w=h

if &/ is an order in FT which contains M o r ®7 of.
(i) Let G, be the p-Sylow group of G < I'f, and G = G, X G'. Then

ord(G’
k(G), = k(G,)™”
fork =h, i, h.

(iii) Let G be a p-group, p a prime, of order p" and of exponent p*, with G©
as defined prior to Theorem 1. Then

h/(G)/h,(G(O)) = g’(P"—p”‘1)+pn—1

and so
R(G) Y /R(GO) ™ = pti=0w"=p"h,

In particular if G is of exponent p then

}';(G)‘l = pnP (Pt ),

Thus we see again the phenomenon of an integral and highly divisible

map f;.
An immediate corollary is that for non cyclic T,

(2.3) opl' AME 1,

a result proved in [9]. Nelson’s proof is much simpler, but does not give the
detailed numerical properties of f.

We shall give an application to the situation described in (1.23), and
assuming (1.24). Let F be a subfield of K, say [K: F] = m. Let &/ be an
order in FT containing 4 ¢  ®; of. Then, viewing N as an FI'-module, we
have:

(2.4) If T is non cyclic then oy will not admit multiplication by &/, and in
particular oy ~ ™.

For o/ = M this is a theorem of Nelson (cf. [9]). In the particular case of
Kummer extensions N/K this is already in [4].
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Proof of (2.4). 1f oy admits &/ then it admits # ¢ 1. Therefore oy ~ A 1,

so by (1.24) ZT" A MG 1, i€, ZT AN Mo contradlctmg (2.3). Note that
L A M if and only if L" A M™".

Proof of Theorem 2. (i) Let E be a number field containing the given
field F, and the values of all the characters 8 of I'. We shall prove that

(2.5) Al

If now &/ is an order in FI containing A ¢ r ®; o then A= ®, opisan
order in ET containing the primitive idempotents

(2.6) ep= Y e, (see(1.18))

6D

of A g r. Thus
[-/lg,r : J??A],E = l_[ ["I{E,I‘eD: -JeD]OE
D<G,
which shows that f:;, w#, = 1. In other words

ﬂEr, Z= f;Er, Mg ¢

and of course

ﬁ,r, o= foEr, o

Thus (2.5) is indeed what we need to prove (i) of the theorem.
_(ii) Define a scalar product in ET' with I as orthonormal basis. Denote by
M the o g-dual of a lattice M spanning ET, with respect to this product. Then

[ Mg r: 0T, = [0 o],
But
;;T =opl, Mpr=8Mg

where for the moment we write ord(I') = g. Therefore

(2.7) [y, 5 oxT]2 = g8
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Let A < T. Put

ex=ord(A)" Yo=Y e,

del [Z={eN

Then

(M r)" = (Mg r)es, (oT)* =ord(A)(o5T)es

Therefore, writing ¢ = [T': A] = ord(G,),

2.8) [ 3,12 05T, = [#5 res: osTes] - (£
The isomorphism
ETey, = E(T/A), yey~ y mod A
yields isomorphisms
Mg rey =M, T/A> opley = og(T/A).

Hence by (2.7), (2.8),

2 2t _
[ r:0pT2]) = (&) = g2 i

But the map G — (g%)°%® is clearly factorisable, and hence indeed we get
2.5).
(iii)) We now look at h. Suppose the division D generates a group G of
order p'm with (p, m) = 1. Write
h(D), = p'®.

Thus /(D) = 0 if r = 0, and for r > 1 we have

I(D) = Y sp(m/s) - Z jplu(p™)

s|m Jj=0

= ¢o(pr)¢(m)(r + 2 1 I ) (¢ the Euler function)

= ord(D)(r + F{—T)
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Then to every element 8 of T'" attach a weight

) 1 if p + ord(9),
2 =
prrYe-Y iford(8) = p'm,(m,p) =1,r>0.

Then h(D), =Tlyc p2(9), and so

W(G),= [1+(6) forall G<T*.

feG

The assertions under (ii) and (iii) in Theorem 2 are an easy consequence of the
last equation.

3. A norm theorem

This section displays another aspect of the techniques in this subject. Our
aim is to prove a theorem relating to the norm property discussed in §1.

THEOREM 3. Let the field F be of one of the following types:
(1) F is a number field and none of the prime divisors of ord(T') are ramified
in F/Q;
(i) F is a non-ramified extension of Q,.
Let M be an ogT-lattice and for Gy < T, let

£(Gy) = [m2: (a2) ]
Mr,s the maximal order of F(T/A). Then for any division D of T'f, f(D) is
norm of an ideal in F(D).

An immediate consequence of the theorem is that the value ;7 ,,(D), for
ogI-lattices L, M, is a norm from F(D). For F = Q this leads to norm results
on certain L-value-regulator quotients. Another consequence is the norm
property of maps f; for i: L — M, as before.

Proof of Theorem 3. The hypothesis on F implies that /# 1. is generated
over o' by the idempotents. We fix a prime p, also in the global case, and
denote by [ ] p the 4-part of the module index over o, where 4 lies above p.
In the local case [ ] 4 isjust[ ], _

Let D be the given division. Our aim is to prove that if D = G, then

(1) (D)= [(M*)ep: M), = [(M*)ep: (M*)?],
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where M°» =[x € M, xep, = x]. (3.1) for all 4 implies that in fact

f(D) = [(M*)ep: (M%)”],

and this is clearly a norm from F(D).
LetI'=T,®T,, T, the p-Sylow group. Then

Mpr=Mpr, 8, Mpr, and TH=TIxTL.

Let D generate the group G. Then G = G, X Gy, G, < T, G,<T%. Let
ord(G) = p'm, (m, p) = 1. Let &, be the sum over all primitive idempotents
e, corresponding to characters ¢ € G, of order p’. These lie in ET, for some
splitting field E of T, but & € FI, and in fact is primitive in FT, (recall
(1.18) for the definition of e,). Similarly let g, be the sum over all primitive
idempotents g, corresponding to characters A € G, of order d. Also put
€; = Yi-ofh> & = }:dpgw .
Write G, , for the subgroup of G of order p’t. If G; , = G, then

M> = Me°s,

If g, =X,g(" (sum of primitive idempotents in FT ) then actually

M@®2) . P M(ej®§d)] = [M(eje’g.): é M(e,®g§")] =1.
# i

d|t #
Therefore
f(Gj,r),( = n Me®La) - @ M(5k®§d)]
d|t k<j #
Hence
r Aj,d
f(D)/ — n I—[ M(ej®§d) . @ M(5k®g~d)
j=0d|m k<j #
where

A, =p(p) X n(myds).
s|%

Thus 4, ,=0if d<m, 4, , = p(p"™).
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We now have

It

f(D), = | Mot @ M(e"kagm)] [M<e,_1®§m); ® M(ékagm)]_l
y y

k<r k<r—-1
= [ME®2): MEo2) M(e,_lezz",)]/.

We have quite generally the following rule for orthogonal idempotents f;, f,:
[Mfﬁ'fz: Mh e Mfz] = [(Mf1+fz)f1 . Mfl].
Thus
f(D),= [M(e,®§m>(e~r ®3,): M(é,egm)]%.
Let g,=8,+ 8" As
[ M(e®zm) ; ppe®in) @ p(e®8)] =1
and as g'g,, = 0 we get
f(D),= [M(e,®xm)(gr ®3,): M€,®§m] P

But ¢, ® §,, = ep, and M“®%) = M2 for G = G,. This then is the required
result.
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