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GROUP ACTIONS AND THE TOPOLOGY OF
NONNEGATIVELY CURVED 4-MANIFOLDS

ANDREW HICKS

Abstract

We consider nonnegatively curved 4-manifolds that admit effective isometric
actions by finite groups and from that draw topological conclusions about the
manifold. Our first theorem shows that if the manifolds admits an isometric
Z, x Z, for p large enough that the manifold has Euler characteristic less than or
equal to five. Our second theorem requires no hypothesis on the structure of the
group other then that it be large but it does require the manifold to be § —pinched,
in which case we can then again conclude that the Euler characteristic is less than
or equal to five.

1. Introduction

Little is known about the topology of compact positively or nonnegatively curved
4-manifolds. The only known simply-connected examples with positive curvature are
S*and C P2. For nonnegative curvature we have in addition $2 x $? and +C P2#C P?,
this last example due to Cheeger [Ch]. Also, few topological obstructions to having
positive or nonnegative sectional curvature are known (we will discuss this in more
detail later). Our starting point is a theorem of Hsiang and Kleiner, which states that
a positively curved 4-manifold admitting an effective isometric S' action must be
homeomorphic to § or C P2. In this paper we examine what could be said if there
is a finite group of isometries acting on a nonnegatively curved manifold, but not
necessarily an entire circle acting on the manifold.

THEOREM 1. Let M be a compact 4-dimensional manifold with nonnegative sec-
tional curvature. Then there exists a positive integer N such that if p is a prime with
p > Nand Z, x Z, acts on M isometrically and effectively, then x (M) < 5.

The number N can in principle be calculated from the methods of the proof. For
the proof of this theorem to work the number p must be a prime, although the theorem
might be true without this assumption.

If we do not make any assumption about the structure of the group, we are able to
prove a general theorem under the assumption of a fixed pinching:
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THEOREM 2. Let M be a compact 4-dimensional manifold with nonnegative sec-
tional curvature. Then for every § > 0 there exists a positive integer N = N (8) such
if1 > sec(M) > 68 > 0and |Isom(M)| > N, then x(M) < 3.

Again, it is conceivable that the theorem is true in general for sec(M) > 0, i.e.,
that N does not depend on §, but the methods of our proof do not work in that
situation. The main method in proving the above two theorems is to gain control over
the number of fixed points of the group action. These methods hold for groups and
manifolds more general than the ones above, but only have topological implications
in the above situations.

THEOREM 3. Let M be a 4-dimensional manifold with nonnegative sectional
curvature and let G be a finite abelian group acting isometrically and effectively on
M. Then there exists a positive integer N such that if for every prime p that divides
the order of G it is the case that p > N, then the fixed point set of G can contain at
most 5 isolated fixed points.

THEOREM 4. Let M be a 4-dimensional manifold with nonnegative sectional
curvature and let G be a finite group acting isometrically and effectively on M. Then
there is a positive integer N such thatifn > N and G contains a subgroup isomorphic
to Z, x Z,, then G can act with at most S fixed points. In particular, all of the fixed
points must be isolated.

Notice that in Theorem 3 we control only the number of isolated fixed points and
say nothing about the non-isolated ones, which would have to be embedded S$’s or
R P?’s. The smallest number of fixed points of the actions in Theorems 3 and 4 maybe
4. One can easily construct an action of Z, x Z, on $? x S? with 4 fixed points. No
examples are known with 5 fixed points.

Observe that it follows from the work of Friedman that if M is simply connected

and x (M) < 3 then we may conclude that M is homeomorphic to one of the five
manifolds

s*, 8% x 82, CP?, +C PH#C P?,
and that if x (M) < 5 we must add to the list the two spaces
+C P#C P*#C P?.

The proof makes use of a new metric invariant, the g-extent, introduced in [GM], and
an associated inequality. The motivation for this work comes from a long series of
results that relate the geometry and topology of nonnegatively and positively curved
manifolds. Recent activity began with the result of Hsiang and Kleiner [HK], which
is a statement about 4-manifolds. Let M be a compact positively curved 4-manifold.
Then if M admits an effective isometric S'-action, M is homeomorphic to §%, R P*
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or C P2. Here it is important to notice that we are combining the assumptions about
dimension and the amount of symmetry. It is also interesting in light of the fact
that the only known examples of simply connected 4-dimensional compact positively
curved manifolds are $* and C P2. In particular it is unknown whether S2 x S? carries
a metric of positive curvature. An analogous theorem for nonnegative curvature does
exist and was proved independently by Kleiner [K], Yang and Searle [SY]: a compact
simply connected, nonnegatively curved 4-manifold admitting an effective isometric
S'-action is homeomorphic to $*, C P2, £C P*#C P? or 5% x §2. These last two
results rely on the understanding of 4-manifolds due the the work of Friedman [F], so
the techniques do not work in higher dimensions. But a hypothesis common to both
theorems is that the 4-manifold has some continuous symmetry. A natural question to
ask at this point is what results if one assumes only that the symmetry group is finite.
Working in that direction and using an idea from [GM] the author proved Theorems 3
and 4. In the meantime Yang [Y] showed that if M is a compact, positively curved
4-manifold admitting an effective isometric Z, action for p sufficiently large, then
x (M) < 7. Finally, using a trick from [Y], the author showed Theorem 1 to be true.

2. Background

To prove the theorems stated in the introduction we first need to develop some
foundations. If V, W are subsets of a metric space Z, then the Hausdorff distance
between them is defined as

df,(V, W) = inf{e | V is contained in an e-neighborhood of W and W is
contained in an e-neighborhood of V}.

If X, Y are metric spaces we define the Gromov-Hausdorff distance between X and
Y as

dou(X,Y) = inf{d% (X, Y) | X, Y are isometrically imbedded in Z}.

If G is a closed subgroup of O(n + 1) then G acts isometrically on §" and
X = §"/G may be viewed as a collection of orbits in S” equipped with the orbital
distance metric, do, which is defined as

do(Gx, Gy) = min{d(gx, hy) | g, h € G}.

for orbits Gx and Gy, where d denotes the usual spherical distance on S"(1). It is
not hard to see that this distance is the same as the Hausdorff distance between the
orbits; i.e., do (Gx, Gy) = d}; (Gx, Gy). Let K (S") be the collection of all compact
subsets of S”. Then (K (S"), d f,") is a metric space and there is a natural inclusion of
X into K (§"), since a point in X is an orbit in ", which is compact. Additionally, X
can be considered to be isometrically imbedded in K (S"), because, as noted above,
these two metrics will be equal on any two orbits of the given group.
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In several places we will need to consider metric spaces which are quotients of
S3 by a finite group. In general these spaces will not be Riemannian manifolds but
nevertheless we will need to consider their geometry and to do that we need the
following definitions. Suppose that (X, d) is a metric space and let y: [a, b] — X
be a path in X. Then the arclength of y is well defined (though it may be infinite).
We then say that X is a Length space if for any two points x, y in the same path
component the distance between x and y is equal to the infimum of the arclengths
of all paths connecting x and y. X is an Alexandrov space if it is a locally compact
length space and locally has curvature bounded below in the sense of Toponogov; i.e.,
there exists a number & such that X locally satisfies the conclusion of Toponogov’s
comparison theorem with k being the curvature of the comparison space.

The g-extent was introduced in [GM] and a number of applications to Alexandrov
and Riemannian geometry are given. One application is a necessary condition for G
to act isometrically and effectively on a positively curved n-dimensional Riemannian
manifold such that the action has g + 1 fixed points.

If (X, d) is a compact metric space then we define xz,: X7 — R as

-1
xtg(Xp, ..., Xq) = (g) Z:d(xl‘»xj)

i<j

The g-extent of X, xt,(X), is then defined as the maximum of xz, on X9. It is
easy to see that

diam(X) = xt2(X) = xt3(X) > -+ - > %diam(X).

Now we will consider a sample calculation which we will need later, namely,
we will compute the g-extent of the interval [a, b]. Suppose that we have g points
X1, ..., Xq that actually achieve the g-extent of [a, b]. Then we claim that some pair
of these points must lie at opposite ends of [a, b]. If not then we could construct a
configuration that had a greater g-extent as follows. Without loss of generality we
may assume that for alli x; # a. Then we can create a new configuration by replacing
the smallest x; with a point at a. Then clearly the g-extent of this new configuration
is larger then the g-extent of the original configuration, which is a contradiction.
Therefore let us assume that x; = a and x, = b.

We next claim that x3, ..., x, achieves the (g — 2)-extent of [a, b]. We have

(g) Xtg(xy, ..., xq) = (n ;2) xtg_2(x3, ..., x9) +(n—1)(b—a)

If x3, ..., x4 did not achieve the (g — 2)-extent we could replace it with g — 2 points
that did, say x3, ... ,x;. But then xt,_2(x3,...,Xxy) < xtq-2(x3, .. .,x;) and so it
follows from the above equation that

Xtq(xy, X2, ..., Xg) < Xtq(xy, X2, X3, .. .,x;)
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which is a contradiction since xy, ..., x, achieves the g-extent of [a, b]. Therefore
we conclude that x3, ..., x, achieves the (g — 2)-extent of [a, b]. Continuing this
procedure of removing endpoints will eventually leave no points or a single point
placed at some point of the interval. Therefore we conclude that if g is even then
X1, ..., X, consists of pairs of points placed at the endpoints of the interval, and if g
is odd it consists of ¢ — 1 points paired off at the endpoints of the interval plus one
other point, whose position is easily seen to be arbitrary. A simple calculation then
gives that

xto(la, b]) = 511_—](17 —a)

and

n+1
Xt2n+l([a’ b]) = m(b - a).

Assume that G acts isometrically and effectively on an n-dimensional Riemannian
manifold M". If p is a fixed point of the action then we have the isotropy representa-
tion of G in the isometry group of the tangent space at p, G — Isom(T,M), g > dg,,.
Since this action is effective we may view G as acting isometrically on the unit sphere
in the tangent space at p, S If p is an isolated fixed point, then G acts on S without
fixed points (otherwise G would fix an entire geodesic).

Next consider the situation where the fixed point set of G contains at least g + 1
fixed points po, ..., p, and M" has nonnegative curvature. M/G is not necessar-
ily a Riemannian manifold but it is an Alexandrov space of curvature > 0. Let
Po, - .., Pq be the images of py, ..., p, under the quotient map. Connect py, ..., p,
with geodesics and consider the sum of all the angles, Y Z, between the geodesics
at the points py, ..., p,. We will estimate this sum in two ways to derive the desired

inequality. On one hand we have (q _g l) triangles formed by the geodesics, each

with the sum of its angles > . Thus
Z > <q + 1) b4
- 3

On the other hand we may estimate the sum of the angles by estimating the sum
at each point p;. At p; we have a space of directions, S}, /G which is an Alexandrov
space of curvature > 1. The angle between two geodesics at p; is equal to the distance
between their corresponding directions in the space of directions. Thus the sum of
the angles at p; is the sum of all distances between ¢ points in S}, /G, which is

< (g) xt4(S%, /G). Therefore

q
(g) ;xtq(S;i/G) >3z
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Combining these two inequalities yields

1 & i
1 J— n >
) q+1;xtq(s”’/c)_ 3

The above argument is due to K. Grove and S. Markvorsen (see [GM] for the
statement of the inequality) and is the main tool of this paper. Observe that if the
curvature of M" is positive then the sum of the angles in any triangle is greater than
7 and so the above argument gives

?) LS 57 /Gy &
R 3

3. Lemmas

LEMMA 1. If X and Y are compact metric spaces with dgy(X,Y) < € then
lxty (X) —xty,(Y)| < 2e.

Proof. Assume that X and Y are isometrically embedded in a third space, Z, such
that d5 (X, Y) < € and let dy and dy be their respective metrics. Choose g points in
X, x1, ... x4, that achieve the g-extent of X. X and Y each lie in an e-neighborhood
of each other, so for each point x; in the chosen collection choose a point y; in Y that
has distance less than € from x;. Then

(g) xt,(X) (g) g (1) = 3 dy(xi X))

i<j

Zdy(y,‘, yi)+ 2e < (g) xty (Y) + (g) 2e.

i<j

IA

Therefore xt,(X) — xt,(Y) < 2¢ and so by symmetry the result follows.

. 2
In the next two lemmas we consider Isom(S") as a subset of R"+"" and we measure

the distance between two isometries in Isom(S") with the usual Euclidean metric on
R(n+ 1)? .

LEMMA 2. IfG,H C Isom(S")andd,’j("Wz (G, H) < Sthendgy(S"/G, S"/H)
< €.

Proof. In [M] it is shown that if G, H C Isom(S") and d,’f,'"“’z (G, H) < & then

dﬁ” (8"/G, §"/H) < €. But, as noted above, an n-dimensional spherical space form
lies isometrically in K (S").
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LEMMA 3. Suppose that K is a compact Lie group with a bi-invariant metric.
Then for every € > Q there isan N = N (€, K) such that if L is a subgroup of K with
L] > N, then L has an element g # e withd(g, e) < €.

Proof. Choose N > \\,'(‘,’ll((g )) where B, is the metric ball of radius € about the
identity element, e, of G. If |L| > N then L must have two elements, g, & within € of
each other, or else we could put an epsilon ball around every element of L such that
any two would be disjoint. Then the total volume of all the balls would be greater
than the volume of K, which is a contradiction. Therefore we have two elements g, h
within € of each other, and so gh~! will be within € of e.

LEMMA 4. If S' acts isometrically on S3 without fixed points then xts(S3/S') =
3

10"

Proof. Any isometric S' action on S is orthogonally equivalent to the action
¢k‘[I SI X C2 - C2

eie(z’ w) — (ei/9z’ eik9
wherek, ! > 0, (k, 1) = 1. If the action has no fixed points then k, !/ > 0. Ifk > 1 then
the isotropy group at every point of the orbit z = 0 will be Z;. Similarly if/ > 1 then
the isotropy group of any point of the orbit w = 0 is Z;. Let X; ; denote the quotient
space. If k,/ > O then this space will be homeomorphic to a 2-sphere and have
diameter 7. X;; will not be smooth at the points corresponding to orbits with isotropy
(there will be at most 2). If k =/ = 1 then we have the Hopf fibration and so X ; is
isometric to a round sphere of diameter 5. In [HK] a distance non-decreasing map is
constructed from X, ; to X,;. Thisimplies thatxt, (X ;) < xt,(X1,1) = xt, (Sz(%)).
But we know from [GM] that xt2,.41(S" (r)) = 2L, 50 that xts(S3/8h < %. This

2g+1
value can actually be attained by placing 3 poiqnts at one pole and 2 at the other.

Therefore equality holds.

w).

LEMMAS. LetG C OZ(k) C R¥ bea group of matrices and let { , )2 be the
usual inner product on R¥ . which we restrict to G. Then ( , ) is bi-invariant
with respect to the multiplication of G; i.e.,

(d(La)pX,d(La)gY, o = (X,Y)j2 = (d(Ra)pX,d(Ra)pY, )
where A, B € G, Ls(X) =AX and R4(X) = XA.

Proof. Since L4 and R4 are linear on R** we have d(La)p = Laandd(Ra)p =
R4 Thus we need to show that (AX, AY);: = (X, Y),. = (XA, YA).. To see
this write X = (x;...x¢), Y = (y1...y) where the x;’s and y;’s are column vec-
tors. Then (AX, AY ) = ((Axy ... Axp), (Ay1 ... Ayl = (Axy, Ay + -+ +
(Axi, Ayi)e = (X1, i) + -+ + (%, yide = (X, Y)g2, where () is the usual
inner product on RX. The proof for right multiplication is similar.
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LEMMA 6. Let p: X — X be a covering of Riemannian manifolds. If A C X
then d¥ (A, X) = d¥ (p~'(A), X):

Proof. We will first show that dﬁ(A, X) < d,’,((p‘l (A), X) and then show that
d¥(A, X) = di(p~'(A), X).

For the first part it suffices to show that a neighborhood of radius d 5 (p~'(A), X ) of
A covers all of X. Fix x € X. We will exhibit an element a € A such thatd(x, a) <
dX(p~'(A), X). Choose any ¥ € p~'(x). By the definition of dX(p~'(A), X)
there exists @ € p~'(A) such that d(¥,ad) < d}(p~'(A), X). Then p(@) € A and
d(x, p(a)) < d,’f, (p~1(A), X) because p is a distance decreasing map. Therefore the
first part is proved.

Next pick x € X. We need to show that there is an element & of p~'(A) such
that d(a, X) < d,’S(A, X). Pick a path y in X from p(X) to a point a in A. Let y
be a lift of y such that X is one endpoint of ¥ and let a be the other endpoint, which
lies in p~!(A). Since p preserves arclenths, the length of y and 7 are the same.
Consequently d(d, ¥) < di (A, X), proving the lemma.

4. Proofs of Theorems 1, 3 and 4

Proof of Theorem 3. Suppose that the fixed point set of G contains 6 isolated
fixed points po, ..., ps. At each such point p; let G; be the image of G under the
isotropy representation in T),, M and let S?,l_ denote the unit sphere in T, M. From (1)
it follows that

1 T
3 - t5(83 /Gy > =.
3) 6;“‘5‘Sm/6)— 3

We will show that if G satisfies the hypothesis of the theorem with N sufficiently
large then xt5(S,3,'_ /G < %, for each i, causing the violation of (3). This leads us to
conclude that an action of the group described in the theorem cannot have 6 isolated
fixed points.

Since G; is abelian it lies in a maximal torus of SO (4). We then consider SO (4)
as a group of 4 x 4 matrices lying in R'®. Equip SO (4) with the Riemannian metric
that it inherits from R'6 as a submanifold. By Lemma 5 this metric is bi-invariant.
Restricting this metric to the maximal torus containing G; gives rise to a distance
metric d72 on the torus. Observe that for x, y € T2

de(x, )’) = dR”’(xv }’)

where dgis is the usual Euclidean metric on R'®.
Apply Lemma 3 to T2 with e = %(% - 3‘—’6)(315) = 535 and the bi-invariant metric
described above to obtain N. Therefore if G satisfies the hypothesis of the theorem

then there exists g € G; with g # e and dr2(g, ¢) < €. Consider the 1-parameter
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subgroup of T2, S, that contains g and whose length from e to g is dr2(g, e).

Observe that d,T,Z(S('g), (8)) < § and so df,m(S(‘g), (8)) < 5. Now we consider two
cases; one where S<‘g) is a circle that does not fix points and the other, where it is a
circle that does fix points.

IfS (lg) acts without fixed points, then we know by Lemma 4 that x5 (S,3,,, /S<'g)) =3

By Lemma 2 we have

3 ¢l 3 T
dGu(S,, /Sy, S,,/(8) < 120

and so, by Lemma 1,

b4

Ixts(S),/S{ey) = x15(5), /{8D] < .
Since xt5(SI3,i/S<'g)) = 3% it follows that xt5(S3/(g)) < § and so xts(S?,’_/G,-) <ZI
This violates the inequality (3). Therefore such an action cannot exist.

If S(‘g) acts with fixed points then we will use a similar idea. G; cannot be con-
]

tained in S, because if it were it would have fixed points, which is impossible
because if it did then p; would no longer be an isolated fixed point. Therefore
H = G; N S(‘g) is not equal to all of G; and so G;/H is not trivial. Thus we
can write G;/H = {h|H, ..., h,H} where r > N (recall that all of the prime di-
visors of G; are > N, so r > N). Consider the open balls B.(h;), ..., Be(h,).
These neighborhoods cannot all be disjoint because by our choice of N in Lemma 3,
Vol(T?) < NVol(B.(e)). So suppose that B (h,) N B¢(hy) is not empty. Then
dr2(hg, hp) < 2€, 80 dr2 (hah;', e) < 2e. hah;' does not lie in S<‘g) because if it did
then h,h; ' would lie in H = G; N Sl,)» Which is impossible since h, and h; were
chosen as two distinct coset representatives and so cannot be congruent modulo H.
Let L = (h,h;", g) and let p: R? — T? be the universal cover of T2 equipped with
the lifted metric of 72. Then p~'(L) is a lattice in R? with d,T,Z(p‘I (L), R < &5.
Then it follows from Lemma 6 that %, (L, T?) < 155+ We then have

T
don(Sp /L, Sp/ T < %

so that by Lemma 1

b4

30°

But $%/T? is isometric to [0, Z] and x#5([0, 1) = 3%. Thus xt5(S, /L) < .
It follows that xt5(S,,/Gi) < % Again, (3) is violated, so such an action cannot
exist.

xts5(S,, /L) — xt5(S,,/T?)| <

Remarks. The hypothesis in Theorem | concerning the primes dividing the order
of the group is necessary. If we assume only that the order of the group is large then
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the group may not be Hausdorff close to a circle that acts without fixed points and it
may not be Hausdorff close to the entire torus. To see this consider Zy embedded as
a subgroup of a circle that wraps once around the torus in one direction and 2* times
in the other direction. The quotient of S3 by this group does not have small enough
5-extent to violate (1).

A variation on this, to show that difficulties arise for non-cyclic groups, is the
group Z, x Z; embedded in the torus in the obvious way. Again, the quotient of §°
does not have small enough 5-extent to violate (1).

Proof of Theorem 4.  As above, apply Lemma 3 to 72 with its natural bi-invariant
metric and take € = 3755. Assume that the fixed point set of G contains 6 fixed points
Po, - - -» Pps. At each such point p; let G; be the image of G under the isotropy
representation in T),, M. G; is abelian and therefore lies in a maximal torus of SO (4).
Next, suppose that n > N. Thus Z, x Z, has an element g # e with d(g, e) < €.
Let S('g) be defined as it was in the proof of Theorem 3. If Sgg) does not have any fixed
points, then we may argue as we did in the proof of Theorem 3 and we are done. So
suppose that S, does have fixed points. Let H = G; N S,,. Then H is cyclic since
it is a finite subgroup of a circle group and also has order < n because the order of
every element of Z, x Z, is at most r (it is precisely this which allows us to omit
the hypothesis that the fixed points be isolated). Therefore we have at least n distinct
coset representatives for G;/H. Write G;/H = {h|H, ..., h,H} where r > N and
conclude the proof exactly as in the end of the proof of Theorem 3. O

Proof of Theorem 1. Tobound the Euler characteristic we use the factthat x (M) =
X (F) + x(M, F) where we take F to be the set of points of M that are fixed by G.
Then we just apply Theorem 2 to see that for sufficiently large p, F consists of no
more than 5 points, so that x (F) < 5. Next we show that x (M, F) = x(M — F).
By definition,

n
X(M, F) =" rankHy(M, F)(~1)*
k=1
But the rank of H;(M, F) is equal to the rank of ﬁk(M /F) where H denotes the
augmented homology groups. Thus

X(M,F)=""rankH (M/F)(-=1)* = x(M/F) — 1.
k=1

If a triangulation of M is chosen so that F is a set of vertices then it is easy to see that
XM — F)=x(M/F)—1,sothat x(M, F) = x(M — F).

Now we use an idea from [Y], that x (M) = x(F) + x(M, F) < C4 where C4
is Gromov’s upper bound for the sum of the betti numbers of M. Thus if x (M, F)
is divisible by a prime greater than Cy it must be 0. To show this and complete the
proof we need the following lemma.
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LEMMA 7. If G is a p-group acting isometrically on an n-dimensional closed
Riemannian manifold N fixed point freely, then p | x (N).

Proof. Choose a triangulation T of M that is preserved by the action of G. Let
T, be the collection of n-dimensional simplices of the triangulation. The action of
G on M induces an action of G on T which in turn induces an action on 7,,. This
action decomposes 7,, into equivalence classes, namely, the orbits of the action. Let
S = {01, ..., 0} be a set of representatives from this decomposition, consisting of
exactly one simplex for each equivalence class. Then we can write

Thus

|T,,|-Z

i=1

Uga, .

geG

Since G is a p-group |Ug€G goi| = p* for some a > 0 and any given i. We claim
thata > 0. If a = O for some i then G would stabilize a simplex and since G is finite
this would imply that it fixed a point of the simplex, contradicting the hypothesis that
G acts fixed point freely. Therefore p divides each term in the above sum and so
divides the sum itself. Therefore, since x (M) = Y _;_, |T,| it follows that p | x (M).

To complete the proof of Theorem 1 it is tempting to let N = X — F in Lemma 7,
but then N would not be a closed manifold. To remedy this difficulty we choose N
to be the manifold that results from the removal of small open balls about the points
of F, that are stable under the action of G. Then N is closed and has the same
homotopy type as M — F. Additionally, G acts fixed point freely on N, so we may
apply Lemma 7 to conclude thatif p > C4then p | x(N) = x(M — F) = x(M, F)
and so x (M, F) = 0. Therefore if p > max(N, Cy4) then x(M) <5. 0O

5. Proof of Theorem 2

In order to prove Theorem 2 we must introduce a few more definitions. Let X
and Y be metric spaces and suppose that f: X — Y is a Lipschitz map. Then
dil f = sup,,, LLELOD s called the dilatation of f.

di(X,Y) = inf{] In(dil )| + | In(dil f ~")|| f is a bi-Lipschitz homeomorphism)

is the Lipschitz distance between X and Y, if a bi-Lipschitz homeomorphism exists.
If one doesn’t exist we set d; (X,Y) = oo. With this as a distance function the
collection of compact metric spaces becomes a metric space itself. But it is not
this space but a subspace that we are concerned with. Let C(n,d, A, V) be the



432 ANDREW HICKS

class of compact n-dimensional Riemannian manifolds M with diameter diam(M) <
d,volume vol(M) > V, and sectional curvature |Kj/| < A2 Then the topology on
this space induced by the above distance function is known as the Lipschitz topology.
Note that the hypothesis that vol(M) > V may be replaced by i (M) > iy, where

i (M) denotes the injectivity radius of M [CE]. The important fact that we need is the
following theorem of Peters [P]:

THEOREM 5. Let 0 < o < 1. Then any sequence in C(n,d, A, V) contains a
subsequence converging with respect to the Lipschitz topology to an n-dimensional
differentiable manifold M with metric g of Holder class C'**.

A useful reformulation of the above theorem (also from [P]) is the following.

THEOREM 6. Let {(My, g1} be a sequence of manifolds in C(n,d, A, V) and
0 < o < 1. There exists a subsequence {(M;, g/)} with the following properties:

(i) Each M, is diffeomorphic to a single fixed manifold M.
(ii) There exist diffeomorphisms Fi: M — M such that {(F;)* g} converges in C!
to a C'* metric g on M.
(iii) diam(M,) converges to diam(M).
(iv) For the injectivity radii we have that lim sup i (M;) < i(M).
(v) If exp' denotes the exponential map of M, exp that of (M, g), and exp' =
(F))*exp, then ex p' converges to exp,, uniformly on compact subsets of T, M
and exp,, is Lipschitz.

We now begin the proof the Theorem 2, which is by contradiction. If the theorem
were not true then there would exist a number 8 such that for every N there would be
amanifold (My, gy) with 1 > sec(My) > 8 > 0, |Isom(gy)| > N and x (My) > 3.
Therefore we have a sequence of manifolds {(M;, g;)}. We claim that there exists
d, A,V such that (M;, g;) € C(n,d, A, V) for all i. Itis clear that d and A can
be found because of the curvature bounds. Rather than find V we look for a lower
bound on the injectivity radius. For this we use the theorem, due to Klingenberg,
that if the sectional curvature of a compact orientable even dimensional Riemannian
manifold M" satisfies 1 > K > 0, then i(M) > m. Applying this theorem to the
orientable double cover if necessary, we obtain thati (M;) > % under our assumptions.
Therefore we may apply Theorem 6 to extract a convergent subsequence of {(M;, g;)}
converging to a manifold (M, g) which is C'*%, has 1 > sec(g) > § > 0 and by
hypothesis x (M) > 3. By (ii) of Theorem 6 we may assume that we have a single
differentiable manifold M with a sequence of metrics on it {g;} converging to g. Our
plan is as follows: we will show that since the order of the isometry groups of the
{gi} are going to infinity, that the isometry group of g is actually infinite. This will
imply the existence of an isometric S'-action on (M, g) and we will then use that
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action to show that x (M) < 3, a contradiction. Therefore the N in the statement of
the theorem must exist.

For a Riemannian manifold N with metric 4 denote the corresponding distance
metric by d". We put a metric on Isom(h) by letting

doo (f> 8) = sup,cxd” (f (x), g(x)).

Suppose f; € Isom(g;). As i approaches infinity df; approaches being an orthogonal
map with respect to the metric g. Thus for any v and i sufficiently large, |df; (v)| ~ |v|.
As a consequence |df;| < L for some L ~ 1. Next, choose a path y between two
points in M, p and g. The the length of f; oy = fol (fioy) = fO' ldfioy’| <
Lfol [¥'| = L - (length of y). Thus d8(fi(p), fi(q)) < Ld4(p, q), so the f; are
an equicontinous collection. Therefore we may extract a convergent subsequence.
Denote this subsequence by f; and say that it converges to f. By construction f
preserves distances. It follows that (see [KN], p. 169) that f is also C' and preserves
the metric. Our next step is to show that there are infinitely many such isometries of
(M, g) and then we may conclude that the isometry group of (M, g) contains a circle.

LEMMA 8. For every f; € Isom(g;) there exists n such that df.ip( file) =
injg) 5 m
2 =%

Proof. There are two cases to be considered: one where f; has a fixed point and
the other where it doesn’t. First consider the case where f; doesn’t have a fixed point.

Note that we saw above that inj(g;) > 7. Choose p € M such that d® (p, fi(p))
is a minimum. If d%(p, fi(p)) = ﬂ%ﬂ then we are done. Otherwise choose
a geodesic, y, connecting p to f;(p) and observe that because d% (p, f;(p)) is a
minimum, f;(y) C y. Therefore, since the effect of f; on y is translation by a
distance equal to d% (p, f;(p)), the distance between p and f"(p) will increase with
n as long as f"(p) lies no further than p then the injectivity radius. Therefore for
some n, d4% (p, f'(p)) = ﬂLz(-g—) and so dsip(f7", €) > ﬂ%(g—)

If fi does have a fixed point, say p, consider d f;,. Then df;, is a rotation
of S;('ﬂ}*ﬂ) C T,M and we can choose n so that d f;," moves some point v of
5,3,(25’%(&'2) into the hemisphere opposite to it. Then the normal ball about p of radius

W—;L) is convex (see [CE]) and so we may apply Rauch’s theorem to show that

: n inj(gi)
d*¥ (exp, (v), exp, (f' (1)) 2 ==

We have a hinge with both sides of length ﬂ%‘ﬂ > 7 and an angle > %. As
a comparison space we use a round sphere of radius 1. A calculation shows that
a hinge on this sphere with angle 5 and sides of length 7 has endpoints whose

distance from each other is 5 (to see this convert the coordinates of the points into
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rectangular coordinates and calculate their dot product, which will be %). Therefore
ds (exp,(v), exp,(f{"(v)) > % and so again we have that d8io(fr,e) > ﬂZM—)

LEMMA 9. Isom(g) is infinite.
Proof. Consider the following claim (which is not necessarily true):

CLAIM 1. For every € > O there exist infinitely many natural numbers such that
for each such i there exists an element f; of Isom(g;), which is different from the
identity element e of Isom(g;) and has dgip(f;, €) < €.

If this statement were not true then there would exist an € > 0 such that for all but
finitely many i Isom(g;) has the property that d$i,(f, h) > € for f # h. Then for any
positive integer n we will construct n sequences {h!}, ..., {h"} that each converges
to a different element of Isom(g), showing that Isom(g) contains at least n elements.
Define the first n — 1 terms of the sequences {A ,' }, ..., {h}} to be any elements from
the groups Isom(g;). Isom(g;) has at least i elements (recall that |Isom(g;)| > i
by hypothesis), so fori > n — 1 we let h}, ..., h? be any n distinct elements of
Isom(g;). Then for any two sequences {h{}, {hﬁ3 } with o # B we can extract two
convergent subsequences which do not converge to the same element of Isom(g)
as follows: first choose a convergent subsequence {h?’k} of {h{} that converges to

f € Isom(g). Then consider the corresponding subsequence of {hf’ }, {hfi}. This
subsequence may not converge but it has a convergent subsequence {hﬁ } (since it
is an equicontinous collection) that converges to an isometry g € Isom(g). The
sequence {h‘." } then converges to f, and f # g since for all but finitely many i we
have that dﬁ"p(h“ hﬁ ) > €. This implies that Isom(g) must have at least n elements

and since n was arbltrary it implies that Isom(g) is infinite. Therefore assume that
the claim is true.

Let n be a positive integer and take € = 4'—”. We are going to show that Isom(g)
contains at least n elements. From the above statement there exists a sequence {i;}
with f;, elsom(g;,) such that dfl;‘r‘,( fi.,e) < €. We then decompose the isometry
groups into annuli: let A" ={f € Isom(g;) | (j — De < dsup(f, e) < je}. We
know from lemma 8 that for each f;, there exists an integer r = r(k) such that

dash( Te) > M > Z. Therefore for some / with [e > % we have that Al £ ¢,

Thus /| > nm, so in partlcularl > 2n. This and the fact that dfli‘p f,'"“) < €
implies that A" # ¢ for j = ,2n. We then may let h be any element of
A2 j» SO that we have n sequences h AREEY h,%", all of which are bounded away from

each other since any two have at least one whole annuli between them. Arguing as
above, there is a subsegence of {i;} for which the corresponding n subsequences all
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converge. Since these subsequences are all bounded away from each other they must
converge to n different elements of Isom(g). Since n was arbitrary this shows that
Isom(g) is an infinite group.

It follows from G being infinite that G must be a Lie group of dimension greater
than 0, since the isometry group of a compact Riemannian manifold is compact.
Therefore the limit manifold admits an isometric S'-action, which is C' by [KN],
p. 169. The Euler characteristic of M is therefore the Euler characteristic of F, the
fixed point set of the action, since on M — F there is a free action of Z, for every p and
so every p divides the Euler characteristic of M — F. F is a disjoint union of totally
geodesic submanifolds and since each component of F' must have even codimension
we conclude that F is a union of a finite number of isolated points and surfaces. It
follows from [HK] or [GM] that the number of isolated points is at most three. (In
[GM] the hypothesis is that the manifold is smooth but the proof carries over to our
case anyway.) Next we claim that F' has at most one 2-dimensional component. This
follows from a generalized version of Frankel’s theorem proved in [Pn]: if H and G
are two totally quasigeodesic subsets of an Alexandrov space ¥ with curvature > 1
and dimH + dimG > dim X, then H N G # (. Therefore F can have at most one
two-dimensional component. If F has a two-dimensional component it is either an
R P? or S? since it is positively curved. Therefore the contribution to x (F) from the
2-dimensional component is at most 2. The number of isolated fixed points is at most
three. We next argue that if the fixed point set contained a 2-dimensional component
that then the number of isolated fixed points could be only one. Our argument is
essentially that given in [HK], but we give it here for completeness.

Assume that there were two isolated fixed points, p and g. Let y be a distance
minimizing geodesic connecting p and g and let S'y denote the image of y under
the action. Let 1 be a distance minimizing geodesic connecting N and S'y. With the
notation in Lemma 4, the isotropy represention at p (or g) is orthogonally equivalent
to the action of ¢ ;. But if k or I were greater then 1 then the circle would contain a
cyclic subgroup Z, (or Z; ) whose represention at p would be reducible implying that
p would not be an isolated fixed point of the Z; action. Therefore, since we know
the action is effective, the cyclic group would have a two-dimensional component
containing p. But it would also fix N, contradicting the generalized version of
Fraenkel’s theorem. Thus the representation at p or g is orthogonally equivalent to
&1.1. Itthen follows that S'y is in fact a smooth submanifold which is totally geodesic
at p and g. Therefore if the endpoint of 1 in y is p or ¢ we may make a second
variation argument to arrive at a contradiction, again by the generalized version of
Frankel’s theorem proved in [Pn]. Therefore assume that the endpoint is at a point of
S'y other than p or q. Since the is action is orthogonally equivalent to ¢, ; follows
that points nearby p or g lie in the principle orbit of the action, in particular, part of
the interior of y near p does. If the isotropy group along y was non-trivial anywhere,
say at a point  then the action of that group would fix p and r and move the segment
of y connecting them, and therefore there would be a broken geodesic connecting
r and p, which is a contradiction. Therefore all of y, hence all of S'y lies in the
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principle orbit. A similiar argument shows that » lies in the principle orbit. Let X
denote the union of the principle orbit and N and when passing to the quotient space
X/S" we will put a bar over the name of a set. In [HK] it is show that N is a totally
geodesic component of the boundary of X/S'. Additionally, since n and S'y are
perpendicular to orbits of the action, 7j and 7 are geodesics in X/S', and the endpoint
of 7 is again a point on the interior of . A second variation argument then gives a
contradiction. Therefore if the fixed point set contains a 2-dimensional component it
must contain at most one isolated fixed point. Therefore x (M) = x(F) <3 anda
contradiction is achieved. [
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