THE COHOMOLOGY THEORY OF A PAIR OF GROUPS'

BY
F. Haimo AND S. Mac LaANE

1. Introduction

In a series of papers by S. Eilenberg and S. Mac Lane [4], [5] and by S.
Mac Lane [121, the cohomology theory of groups has been expounded in such
a way that the group extension problem is recast in homological terms. (See
also [9].) In particular, those authors were able to show that group extensions
can be related to appropriate 2-cohomology classes in the abelian case, while
in the non-abelian case the possibility of extension depends upon a certain
obstruction, a 3-cocycle, becoming a coboundary. ILet us suppose that we
are given an abelian group A with two groups of operators, B; and B, , where
each operator from B, commutes with each operator from B; . Asin R. Baer
[2], one ean set up cochains, cocycles, coboundaries, and cohomology classes
(herein referred to with the prefix bi, as in bicocycle) for this pair of groups
B:, B, with coefficients in A. In §2, using resolutions, we show that the
various bicohomology groups S (By, By ; A) of the pair By, B, are iso-
morphic to the corresponding cohomology groups of the direct sum
B = B; ® B,. Infact, we can find a specific map § over the identity auto-
morphism on the group of integers Z from the tensor product of the standard
projective resolutions of Z as a left Z(B;)-module and as a left Z(B:)-module
to the standard projective resolution of Z as a left Z(B)-module. In §3, we
consider an extension G of A by B, letting » be the corresponding epimorphism
from G to B. Then the subgroups G, = « 'B; extend A by B, (I # k) and
have the property that each operator b, (from B;) on A extends to an auto-
morphism of &; which induces the identity automorphism on G;/A = B,
so that, as elements in A, (where uz(by) represents b, in Gy),

[1(b1)] bolua (b1)] 4 [u2(b2)] ' baua(be)] = 0.

Such pairs of extensions, G, G: of A by By, B, are called coherent. Con-
versely, given such a pair of coherent extensions, we can find, using the map &,
an extension G of A by B with epimorphism o from G to B such that each
Gy = & 'Br. The set of coherent pairs of extensions of A by B;, B, can be
made into a group T(B;, B:; A) which is an epimorphic image of
$P(B;, By ; A) where the kernel is the inverse image of the coherent pair of
splitting extensions. We map both $® and T above into
SP(By, A) ® $P(B,, A), forming part of an exact diagram.

In §4, we show that the group of autoequivalences of G over A by B (the
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stability group S of the chain G > A4 > (0) with quotients B and A) can be
extended, via the inner automorphisms of @, by B under certain mild restric-
tions. Ior a given coherent pair of extensions Gy, Gz of A by By, B corre-
sponding to some t ¢ T(By, By ; A), where the B; act effectively on A, let
Sk be the stability group of the chain G, > A D> (0) (with quotients B; and
A). We show that there exists a coherent pair of subgroups of the auto-
morphism group of Gj which extend S; by By, B:. Iurther, the element
t' € T(B1, By ; Si;) which corresponds to the latter pair of extensions is the
map of t under the homomorphism 2t from T(A) to T(Sk) induced by the
function which carries each a ¢ A onto the principal crossed character in
3(B,, A) generated by a. 1t is shown that ker 4} is included in the set of
pairs of coherent extensions, at least one of which is splitting.

Reduction theorems follow readily from the classical results: the cup-
product reduction theorem has an immediate analogue; but, at lowest dimen-
sion, it is T, not H® which, in our case, has the more natural reduction in
terms of operator homomorphisms. We could, of course, develop a theory
of biobstructions and of B;-Bs-bikernels (like Q-kernels) for the non-abelian
case. But it soon becomes clear that our results are implicit in the classical
ones [5], [9] so that we need say no more in this direction.

The automorphism group of G is to be denoted by A(G); the inner auto-
morphism group of G, by J(G); the subgroup of the latter, each element of
which has a generator in a subgroup H of G, by S(H, () ; the center of G, by
Z (@) ; the centralizer of a subgroup H in G, byzZ(H, G). Forz, y e G, (x)y is
to be xyx™', so that (@)e = (@) ¢ J(G), the inner automorphism of G with
generator x. By A <] B, we mean that A is a normal subgroup of B, while
A C B, the ordinary inclusion, does not exclude equality or normality. For
a mapping « on a group A with subgroup B, a | B or « |5 is to mean « restricted
to B. For an abelian group A with a group of operators B, we let €%, 3%
B and 9§ (B, A) be the groups of k-dimensional cochains, cocycles, co-
boundaries, and cohomology classes of B with coefficients in A [4]. To say that
B operates on A means that we are considering a particular ¢ e Hom(B, 2(A)).
Should ¢ be a monomorphism, we say that B operates effectively on A. Al-
though we strive to use group-theoretic rather than homological language
whenever possible, homological formulations are often convenient if not in-
dispensable. (See [3] for homological notions and locutions.)

2. The bicohomology groups

Let By, B be a pair of groups, and let A be a left Z(B;)-Z(B:)-bimodule,
(where Z is the ring of integers) [2, p. 22]; that is, there are homomorphisms
v from the group rings Z(B;) to the endomorphism ring of the abelian group
A in such a way that each of Im v; and Im v, is in the centralizer of the other.
The set €™ (B, , By; A) of all functions on ny arguments from By, n,
from B, , to 4 is likewise a left Z(Bi)-Z(B:)-bimodule under addition of func-
tions and is isomorphie to the groups of cochains €"?(B,, € (B,, A)) =~
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C"™(By, €™ (B,, A)). Let us define the group of p-bicochains by
C”(Bi, By; A) = Y@ C™ "™ (By, By; A), where ny + n, = p = 1.
The elements of €7 consist of all (p + 1)-tuples {fi.ps}, & = 0,1, -+, p,
where fip—x € €*"™. We may wish, “by abuse of language,” to consider
fr.p— as an element in €* (B, , €" (B, , 4)) orin 6" (B, , ¥ (By, A)).
Let 8™ be the usual coboundary operator on C* (B, €™ (B;, A)),
where 1, j is the set 1, 2 in some order. In what follows, we shall abbreviate
this operator to §;, though it should be kept in mind that one has a different
graded module €(B;, €™ (B;, A)) for each m and consequently a distinet
differentiation §; on each graded module. We define [2] a differentiation
8 on @ by specifying a mapping 5” on €™ to €** by

(p)
87" (fp-()af]’-lvla 7fkyp—k7 ;fO,p)

= (81fp0s s O fetprn F(— 1) ®fepr, -, 8fop).

We canlet €” = A and define 8 by §”(a) = (814, a) ¢ €. One can
show that 8”6 = 0, the trivial map, so that 8, the set of all the 87, is
indeed a differentiation on €. The bicocycles are defined as members of the
kernels of the §”s, the bicoboundaries as members of the images. For com-
pleteness, we take the 0-dimensional bicoboundaries to be trivial. For n = 0,
we form the bicohomology groups $™ (B;, Bs ; A), the group of n-bicocycles
3™ (B, By; A) modulo the group of n-bicoboundaries B (B;, By ; A).

Let X% = ®,41 Z(Bx) be the tensor product of n 4+ 1 copies of the group
ring Z(Bi). The group of integers is itself a left Z(By)-module; for if
ueZ(By),if meZ, and if & is the unit augmentation [3, p. 189] we let

(2.1)

um=¢e,(u)m.

The X are free left Z(B:)-modules, and the negative complex X*
given by the sequence,

k . 3
o X 5 XE - 5 X S X > Z - (0),

with appropriately defined differentiations d; and contracting homotopies, is
the standard projective resolution of Z as a left Z(B;)-module [3, p. 174 ff,
p- 189], k = 1, 2. Now take the tensor product of the two resolutions to
obtain a sequence of left Z(B,) ® Z(B;)-modules Y, = Z@ (X ® X,
where u, v, n = u + v =2 0. Since Z(B,) ® Z(B,) = Z(B; @ Bs) under
a ring isomorphism, each Y, isa left Z(B)-module where B = B, @ B,. The
standard differentiation on this tensor product is given [3, p. 64] by

(2.2) 3l ®@ 2P) = 9 (2) ® 2P + (=12 ® g a?,

where z$" ¢ X{¥. The augmentation ¢ turns out to be & ® & [3, p. 214].
We should observe that Z ® Z = Z, a left Z(B)-module, so that we are
working with a resolution Y of Z. It is well known that the contracting
homotopies of the resolution

Y:--.>Y,»Y,u— - =Y > Z-—(0)
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can be constructed from the differentiations, the contracting homotopies, and
the augmentations of X and of X® [3, p. 214]. This means that Y is a
projective resolution of Z. We construct the W, = Homg) (Y., A) and
the homomorphisms § = Hom 9 from W, to W, , differentiation operators,
computing the $™ (B, A) from the sequence
wo w2 2w, 8

of “cochains” [3, p. 20, p. 175]. Each f e Hom(Y,, A) = W, is completely
determined by the values which it assumes on the generators of each
X" ® X, , n = 1. Wecan use the nonhomogeneous form of the standard
complexes X and X® [3, pp. 189-190] to obtain free generators for each
X, We can treat the leftmost component of such a generator as an opera-
tor, so that the free generators of X are just g-tuples of elements of By .
That is, each f ¢ W, determines a set of functions {fy .}, &k = 0, 1, --- , n,
where fi.x e €P(By, C"P(By, A)) corresponds, under the isomorphism
from €“" (B, , By ; A), to f restricted to X{*’ ® X, . Conversely, such
a set determines an f ¢ W, , where f is defined on X5” ® X, by fem (re-
calling the “abuse of language’ above). We set p(f) = {fi.ns} and observe
that p commutes with & and is an isomorphism of W, onto € (By, By ; A).
Hence,

TaEOREM 2.3.  For each nonnegative integer n,
O (Bi, By; 4) = 9" (B ® By, A).

Instead of the standard projective resolutions of Z as a left Z(B;)-module,
we could have used the normalized standard complex [3, p. 186, p. 190], X" .
The tensor product of the two resolutions X (k = 1, 2) is again normalized,
since the tensor product elements £ ® 0 and 0 ® 2 are both 0. The bico-
homology groups of the pair By, B, can thus be computed using only normal
bicochains; that is, each component f. ,_ of such a cochain takes on the value
0 whenever any one of its first £ arguments is the unity of B; or whenever any
one of its latter n — k arguments is the unity of B, .

We shall now find a specific map §F over the identity automorphism on Z
from the complex Y to the standard projective resolution of Z as a left Z(B)-
module. First, suppose that the A, (kK = 1, 2) are two Z-projective, supple-
mented Z-algebras with augmentations ¢, : Ay — Z [3, Chapter IX, §1, and
Chapter X, §§1, 2]. Form the supplemented, standard normalized complexes
N(Ak , 8/.;) [3, P. 186] from the Nn(Ak y Sk) = A ® Nn(Ak) where N(}(Ak) =7
and where, for n > 0, N,,(A;) = ®, Coker(Z — A.) [3, p. 176]. The n-cells
of the complex can be written A"\, - -+, 2], and differentiation is given
[3, p. 186] by

(2.3.0) N =0,
(2.3.1) AT = AN — AP e (M),
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(2.30)  FANPE AL AP = AN, A
+ Docacn (mDINT, o OAIONG, - AP]
+ ( 1) [)\(k) )\(k) . )\(k)l]'gk()\(k))-

We now define a function ¥ on N(A; ® Az, & ® &) to
N(Ai, &) ® N(Aq, &) by specifying

(2.4.0) 5o @A) = A @ A2,
F.OAMY @ MO @ AP, - AP @A)

(2.4.m) = Sogren (= DFOND AP, AP

® (MM, - APNEDD, - AP

The function F is an operator modification of the Eilenberg-Zilber mapping
6, p. 59, (4.2)], [7]. A tedious calculation shows that 0F, = F,19,
n = 1,2 ... while F is readily shown to be a map over the identity map on
Z to Z.

We now specify that A, = Z(By), k = 1, 2, taking each ¢, to be the unit
augmentation. To obtain the bicochains we form

Hom (N (Z(By), &1) ® N(Z(B,), &), A)
and
Hom(N(Z(B,) ® Z(B,), &1 ® &), A).

It is not difficult to see that the former is just the same right complex W with
the same § = Hom 9 as was obtained above (in the normalized case, of
course). In particular, for elements by; € By, ,

Fo(b1o ® Do) [by ® byt , bz ® basl
(2.5.1) = byolb11 , b12] ® bag — b1o b11[b1s] ® boo[ben]
4 bio biy bis ® baoolbay , bas).

Since § is a map over the identity mapping ¢, it induces a map of n-cocycles
U, on N(Z(B1), &1) ® N(Z(Bs), &) to n-cocycles V,, = U, F, on
N(Z(B1) ® Z(Bs), &1 ® €). Specifically, a 2-cocycle Us = (w;, r, we) on
the former complex is determined by the three functions

wy on No(Z(By), &) ® No(Z(By), &) with values wi(by, bi2) € 4,

r on N(Z(Bi), &) ® Ni(Z(B:), &) with values 7(bis, ba) € A4,

w2 On No(Z(Bl), 81) ® Nz(Z(B2>, 82) with values ’Ll)z(bm y b22) € A,
where, from (2.1), §w. = 0 and 8,7 = (—=1)8;w;, ¢ # J, 4,7, k = 1, 2,
From (2.5.1), we have

Vaolbiy ® bay, bz ® bge] = Ua Fo [+ - -]

2.5.2 ,
( ) = wl(bll 5 bm) — bn 7’<b12 y b21) + b1y bre ’wz(bzl , b22)-
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We shall later need the fact that the rightmost member of (2.5.2) is the value
of an element w of 3% (B, ® By, A) (since p commutes with 3).

3. Coherent pairs of extensions
Let G extend an abelian group A by B = B; @ By;. There is an epimorph-

ism w on @ to B such that the sequence (0) —» A — G5 B — (1) is exact.
By this extension, A becomes a left Z(B;)-Z(B;)-bimodule. For k = 1, 2,
let G4 = w By be the complete inverse images in G under « of the B, . Choose
functions u, which yield representatives u;(b;) in Gy of the b, ¢ Br. For
1 # 7, each b; € B; operates on G; via

(3.1.1) big; = wi(bi)gi(ui(b:)) ™,

where g; € G;. Further, the operator b; on G; extends the operator b, on A
and induces the identity automorphism on the quotient G;/A which is iso-
morphic to B;. Thus we can define functions 7, on B; X Bs to 4 by

(3.1.2) ri(by, b) = (biwi(bs)) (us(b;)) 7
It follows that

(3.1.3) ri(by, b)) = [ui(bi), u;(b;)],

so that the properties of commutators lead at once to
(3.14) 4 re=0.

If py is the projection epimorphism of B onto By, , one sees that kerp,; w = G
where 7 5% %, so that if G extends A by B, then G extends G; by B; while G,
extends A by B;, whence we have a double two-stage extension of A by B,
and B; .

Conversely, suppose that A is a left Z(B)-Z(B:)-bimodule and that the
G are extensions of A by the B, with normalized factor systems wy: each Gy
can be faithfully represented as a group of ordered pairs (a, by), a € A, by € By,
with multiplication given [9] by

(3-2) (al ) bkl)(a2 , bk2) = (al -+ bkl(aZ) -+ wk(bkl y bkz), b bk2)-

The mapping @ — (@, 1) is a monomorphism. Let us further suppose that
each operator b; on A can be extended to an operator on G; (¢ # j) which
induces the identity automorphism on B;. Call such an extension of the
operator b; a complementary extending automorphism. It follows that there
exist functions r; ¢ €""V(B,, By ; A) associated with the particular comple-
mentary extending automorphisms b; such that, for the mappings on the
coset representatives (0, by) of B, in Gy,

(33> bi(ov b]) = (ri(bl ) b2)v bj)7 lv] = ]-7 2) T .7
Applying b; to the product (0, b;;) (0, bj2) and simplifying, one has
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(34) 52 w; = 5j7',', ’L,] = ]., 2, 7 #]

Conversely, if one can find a pair of functions r;, which are solutions of (3.4)
where the factor systems w, are given, then each operator b; has a comple-
mentary extending automorphism on G; .

In Gy, let a second set of coset representatives of B, be given by the
(cx(bi), be), where ¢, e € (Bi, A). Each Gy can now [9] be represented by
ordered pairs [a, by] = (a + ¢,(br), bi), where w; is to be replaced by wi + 8 ¢ .
A brief calculation shows that b0, b;] = [ri(by, bs), b,] where

(3.5.1) rio= 1+ d;¢;, i 7,
whence
(3.5.2) A=A die b

If there are two complementary extending automorphisms b{, &k = 1, 2
for b;, then they differ from each other by an autoequivalence of G; over
A by Bj, that is [8], by an automorphism s belonging to the stability group
of the chain G; > A D> (0), an automorphism which specializes to the identity
automorphism on A and induces the identity automorphism on B; ; and
conversely, if s is & member of the stability group S, of the chain above, and
if b; stands for any complementary extending automorphism of the operator
b; on A, then sb; is also a complementary extending automorphism of the
operator b; . It is well known that S; is isomorphic to the group of crossed
characters of B; into A, that is, to 3V(B;,, 4) [1], [9, p. 130]. Let s; with
values s;(b;) be any function on B; to S;. Then

(3.6.1) $i(b:) (0, b;) = (d;(b:) (b)), b)), di(b:) e 3V (Bj, A),
%o that, for the most general complementary extending automorphism for
bi, sj(bi)bs,
(3.6.2) 8i(b)bi(0, b;) = (ri(by, ba) + d;(bi)(b,), bj).
We see that d; e (B, 8% (B,, A)), defining a function

* 6@(1'1)(B1,B2 : A)

by d; (b, b)) = d; 5(b:)(by). If we put i = r; 4+ d; , we see that (3.4) holds
with 7; replaced by 77 .
For functions z; e €V (B;, 3" (B, 4)), let z: be defined by

2i (b, bs) = 24(b;)(by).

Suppose that, for a pair of extensions Gi, G» of A by B, B., each of
the operators b, (K = 1, 2) has a complementary extending automor-
phism in at least one way. In this case, we call the Gy a complementary
pair of extensions of A by the B, . Let us assume, in addition, that the sum
r + 7, can be rewritten as z; + 2 for suitable z; ¢ €V (B;, 3V (B;, 4)).
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By (3.5.2) and by the definition of the r; , we see that a change of coset
representatives and/or a change of complementary extending automorphisms
does not alter the property (P) of the sum r; + 7. that it decompose into a
sum of two “partial cocycles”, 4+ oz , so that (P) is a property of the pair
of extensions G , G2 of A by By, Bz, not of the particular coset representatives
of the elements of the By, in the G}, or of the particular complementary extend-
ing automorphisms of the operators b, . A complementary pair of extensions of
A by the By, is said to be coherent if property (P) holds. A complementary pair
of extensions is coherent if and only if appropriate changes in the comple-
mentary extending automorphisms make 7 + 7, = 0; for if one has coherence,
A e =21 + 2 , and the modifying factors s;(b;) can always be chosen in
such a way that the corresponding function d; is just —z;,j = 1, 2. By
(3.1.4), the pair of subgroups w By, of G is a coherent pair of extensions of A
by the By , in the example discussed at the beginning of this section.

Suppose, now, that G;, G. is a coherent pair of extensions of A by the
B;, B.. Choose coset representative selection functions u;, on By to Gy , factor
sets wy, , and complementary extending automorphisms so that r = r, = —rs.
It follows from (3.4) that 8,7 = (—1)%;w; (j = 1,2). Wemay then construct
an extension G of A by B with factor set w from (2.5.2) by forming all ordered
triples (a, by , by) with multiplication rule

(a1, bur, bar) (a2, bia , ba)
= (a4 bubuas + w(by , bar , bia , ba), bus bra, bay bay)
= (a1 + bu bz @z + wi(bu, biz) — bur(bez, bn)
+ buy biz wa(bar , bar), buy bus , by boo).
Describe the natural epimorphism » on G to B by w(a, by, b)) = (b, b)),

(3.7)

so that the sequence (0) - A — @ 2B (1) 1s exact. The subgroup
Gi = w 'B; of G is the set of all (a, b1, 1), and G1 extends A by B;. Since
w(by , 1, bz, 1) reduces to wi(by , bi2), Gy is isomorphic to G; under the map
&, which carries (a, by, 1) onto au;(b;). A direct computation employing
(3.7) allows us to assert that b, operates on G} via

b2(a) bl ’ 1) = (07 1? bQ)(a') bl ) ])(0) 1) b2)‘1

(3.7.1)
(b2a’ - T(bl ) b2)a bl ) 1)7

I

where the leftmost component of the rightmost member is the general element
of A. Therefore, the operator b, on A extends to an automorphism b, on Gy
which induces the identity automorphism on Gy /A. However, in Gy,

(3.7.2) by(aus(by)) = (baa — r(by, be))us(br),

so that bp® = &;b,. Likewise, the subgroup Gy = w 'B, consists of all
(a, 1, by) € G; and since w(l, by, 1, bew) reduces to wy(by , bs), the map &,
which carries (a, 1, by) onto aus(bs) € G is an isomorphism on Gy onto G .
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Again, b, operates on G5 via
bl(a9 17 b2) = (0) bl: 1)((1" 17 b2)(07 bl; 1)—1
= (bra + r(bi, by), 1, by),

so that the operator b; on A extends ‘Eko an automorphism b; on G> which
induces the identity automorphism on G /4. Moreover, in Gy,

(3.7.4) bi(aug(ba)) = (bia 4 r(by, be))ua(bs),

so that by ®y, = ® b, . If pi, as before, is the projection epimorphism from
B to B, , one readily obtains ker p; » = ;. We summarize in

(3.7.3)

TuarorEM 3.8.  Let G be an extension of an abelian group A by B = B; ® B;,
expressed in the form of the exact sequence

(3.8.0) 0) >4 >G5 B (1).

Then the w 'By, (k = 1,2) are a coherent pair of extensions of A by the By where
the operators on o 'B; by B, (j # ©) are induced by inner automorphisms of G
generated by coset representatives of B; in o 'B; and where G extends each w 'B;
by Bj. Conversely, if A is a left Z(By)-Z(Bs)-bimodule and if the Gy are a
coherent pair of extensions of A by the By with the sequences

(3.8.k) (0) > A —> G -5 B, — (1)

exact, then (1) there exists an extension G of A by B where the sequence (3.8.0)
is exact, (2) there exists a pair of operator isomorphisms ®; on the w By onto the
Gy in the sense that b; ; = &; b, for every operator b; from B;, and (3)
Wi (]Jk = w l w—-llgk .

A coherent pair of extensions Gy, G of A by By, B is completely deter-
mined by a quadruple of functions [wy , 71, r2, we] where the wy are cocycles,
where the sum of the r;, decomposes into the sum of two partial cocycles and
where (3.4) holds. Call such quadruples standard. A change of coset
representatives and of complementary extending automorphisms replaces
the standard quadruple above by a new standard quadruple

[’w1+5101,7'1“”5162+d:,72+5201+dr,w2+5202]

where ¢, ¢ €V(B,, A) and d; e €V (B, 3”(B;, A)). Let us say that two
standard quadruples are equivalent if, under componentwise addition, they
differ by a quadruple

[6101;6102 + d:,Bgcl -+ d;k ,6202],

a standard quadruple which we shall call trivial. It is clear that the standard
quadruples are thus partitioned into equivalence classes. Define an addition
on the equivalence classes by adding a pair of representatives, component by
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component, and forming the equivalence class of the standard quadruple
which is their sum. It is clear that addition is independent of the representa-
tives chosen for the summands and that, under this addition, the set of quad-
ruple classes is an abelian group T(B;, By ; A) with the class of trivial quad-
ruples as the zero element. The set of quadruple classes is in one-to-one
correspondence with the set of pairs of coherent extensions of A by the B,
so that one may look upon ¥ as the group of coherent pair extensions of A by the
pair By, By. The zero element of T corresponds to the pair of those splitting
extensions of A by the By which are associated with the given pair of homo-
morphisms ¢* which carry the B into %(A4). This pair of splitting exten-
sions is always coherent for all left Z(B;)-Z(B:)-bimodules A, so that T is
never vacuous, though it may be trivial (e.g., T(I'1, Fy; A) = (0) if the
F, are free).

On $P(B;, By ; A) to $P (B, , A) there is a homomorphism 6, given by
Ol (we, 7, wo) + B (By, By; A)] = wy + BP(Bi, A), a mapping which
is independent of the particular bicocycle which represents its cohomology
class. Let &(By, Bs ; A) be ker 6; n ker 6, , which consists of all

(07 d*7 0) + %(2)(81 ] B2 ) A)

where d* is any member of """ (B, , By ; A) for which 6.d* = 0, k = 1, 2.
There is a homomorphism 6 on $® (B, , B ; A) to $® (B, 4) @ HP(Bx, A)
defined by 6(h) = 6.(9), 62(h)) for every §h e HP(B;, By; A). It is clear
that ker § = @. Likewise, there is a monomorphism A on T into

$P(B,, 4) ®@ $%(B,, A) given by

Awy, vy, re, wl} = (wy + BP(By, A), we + B (Be, A)).

It is immediate that A is independent of coset representatives, as is A defined
by
A[(wl y Ty w2) + %(2)(31 ) B2 ) A)] = {[wl , ry 7, w2]}‘

In fact, A ¢ Hom(H®(B;, Bs; A), T) and is an epimorphism since each
class of standard quadruples has at least one member of the form [w, , r, —r, w,].
If the 2-bicocycle (wy , 7, we) represents a bicohomology class in ker A, then
there exist 1-cochains ¢; with coefficients in A and 1-cochains d; with coeffi-
cients which are crossed characters such that 8, ¢; = w, and

r = 51Cz+d;‘ = —'5201 —dr
That is, (wy, r, we) is cohomologous to (0, d*, 0) where

d* = d; + 5201 = —'d’: + 6162.
Since §; d}k = 0,

(wi, r,w) + B (B, By; A) e S(By, Bs; A).

Conversely, A carries each element of & onto the trivial class of quadruples,
so that ker A = &. We summarize in
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TaeoreMm 3.9. The commutative diagram below has exact rows and columns:
) (0)
! !

(0) — &(By, Ba; A) — $P(By, Bo; A) -2 T(By, By ; 4) — (0)

L L A

v

(0) = @(B1, Bs; A) = ¥ (By, Br; A) —2 99 (By, 4) @ $¥(Bs, 4),
!
(0)
4. Coherent pairs of extensions of stability groups

Let G be an extension of the abelian group A by the group B, and let S be
the stability group of the chain G > A D> (0) with quotients B and A. Not
only is A a left Z(B)-module, but S can also be turned into one as follows:
First, there is an isomorphism 7, let us call it the canonical tsomorphism, on
3"(B, A) onto S such that, if 3 ¢ 3V (B, A), then r(3) carries (0, b) ¢ G
onto (3(b), b), where G has a representation as a group of ordered pairs
(a,b),a e A, beB, asin §3. If welet b ¢ B operate on 3 (B, A) by

(4.0.1) (b3) (x) = 3(xb) — 3(b) = by(b~'ab)

for every 3 ¢ 3 (B, A) and for every = ¢ B, then 8 (B, A) is turned into a
left Z(B)-module. Then the operator b can be carried over to work on S
in the form

(4.0.2) bs = 7(br'(s)) = (0, b))e {0, b))T

forall seS. Thereis an operator homomorphism x:a — x. on 4 to 3 (B, 4)
where x, is the principal crossed character on B to A given by

(4.0.3) Xo(b) = a — ba.

The combined map n = 7x on A to S induces a map 7* on $® (B, 4) to
$? (B, 8) which can also be viewed as induced by the map 4" on 3% (B, 4)
to 3% (B, S) which is induced directly by 7. Observe that n(a) = {a)e .

Lemma 4.1.  Suppose, for an abelian group A, that the sequence
0) >4 —>G05 B (1)

is exact, where the extension G of A by B corresponds to some ) ¢ $* (B, A).
Let 8 be the stability group of the chain G > A D> (0) (with quotients B and A).
Suppose, further, that (G) n S € J(A, G) and that Z(G) < A. Then the
group M = {8, 3(@)} of automorphisms of G extends S by B where the extension
belongs to (1x)*(h) € (B, S).



56 F. HAIMO AND S. MAC LANE

Proof. One readily verifies that S <] M, so that each element of M can be
represented in the form (g)s, g € G, s € S. If (gi)s; = (ga)ss , then, for ¢’ = g3'gs ,
(g") ¢ S. We can map M onto B via Q({g)s) = w(g); for if ¢ is replaced by
99’5 where (g') ¢ S and 5 ¢ Z((), then w(z) = 1 since Z(G) C A = ker w;
while (g") ¢ S n J(G) < J(4, @) implies that ¢’ = a5/, 5 € Z, whence

w(g) =ala) o(y) = 1.

This shows that Q is uniquely defined. Further, since w(g) =1 if and only if
g € A, the fact that J(4, G) < §(G) n S < S implies that ker @ = S.

Observe that if the homomorphism ¢ on B to A(A) determined by the
extension G is a monomorphism (that is, if B operates effectively on A),
then §(G) n S can be determined as follows: giving G its representation
by ordered pairs (a, b), suppose that ((a, b)) ¢ S. That is, for every o’ € 4,
{(a, b))a', 1) = (a’, 1). But since ¢ is a monomorphism, b = 1, so that
{(a, b)) = {(a, 1)) e (4, @). A similar proof shows that also Z(G) < A.
We have

CoroLLARY 4.1.0.  If B operates effectively on A, the conditions of the lemma
are met.

Let us suppose that Gy, G is a coherent pair of extensions of A by By, B:,

where if (0) > A —> @ 2B ® B, — (1) is exact, we can take G, = w By .
Let us assume that this pair of coherent extensions corresponds to the element
((wy, rywy) + B (By, By; A)) + &(By, Ba; A) e X(Bi, B2 ; A). Let Sk
be the stability group of the chain G, > A D> (0) (with quotients B, and A).
We already know (4.0.1) that each S; is a left Z(B)-module. Yor j # 4,
one can turn 3 (B;, A) into a left Z(B;)-module by putting

(4.1.1) (bj3:)(x) = b;(3:(x))

for every 3, e 3 (B;, A) and x € B;. We can carry the operator b; over to
an operator on S; by setting

(4.1.2) bjsi = tibjri (s:) = (biuay si,

where 7, is the canonical isomorphism on 3(”(3“ A) onto S; and where
(bj)uce; 1s the inner automorphism on A(G;) induced by the complementary
extending automorphism b; ¢ A(G;) of the operator b; on A. Moreover, b,
and b, commute over the S; so that the latter are left 7Z/(B1)-Z(Bs)-bimod-
ules. It is not difficult to show that the mapping x*:a — x¢” where

Xak>(bk) = a4 — bk a,

on 4 to 3(B,, A) is an operator homomorphism (with respect both to
Bjand to By), and so is the combined map n, = 7 x* on A4 to S which in-
duces the homomorphism 7 on 3% (By, Bs ; A) to 3% (By, Bs ; Si) given by
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(4.13)  me(wr, rw) = ((wr, 1, 1))a lag, (7, 1, 1))a Loy, ((we, 1, 1))e |ay)-

On the right, (w; , 1,1) = (wi(bu , biy), 1, 1) stands for an element of G, with
notation of (3.7).

Consider, now, M, = {S;, 3(G@) | G&}. One readily shows that S, <{ M, ,
so that the elements of M, can be written in the form {g)¢ |¢, sx , where s, € Si .
Let us assume that Z(Gy , @) C A and that S n (3(@)| Gr) € S(4, Gy).
One then sees that the map Q; on M, onto B = B, @ B, given by

g)e lon 86 = w(g)

is independent of coset representatives and is thus an epimorphism. Since
the kernel turns out to be S; , one has the exact sequence

(0) — Sp — M, -2, B (1).

By Theorem 3.8, the groups of automorphisms Q;'B; and Q;'B, are a coherent
pair of extensions of S, by By, B, within %(G:). Each Q;'By is the group of
automorphisms {S; , 3(Gr)} < A(Gy), whilefor j = 7 each Q;'B; is the group
of automorphisms {S;, §(G;, G)| G} < A(G;). I b, is given the repre-
sentative ((0, by, 1))¢ |¢, in Q'By, and if b, is given the representative
{(0, 1, by))e |e, in Q%' B, , a routine calculation shows that the pair of exten-
sions Q' By and 27" B, of S, by By , By belongs to the element of 3% (B; , Bs ; Si)
which is on the right of (4.1.3). We have established

TavoREM 4.2.  Suppose, for an abelian group A, that the sequence

(0) >4 —>G3B, @ B,— (1)

is exact. Let the coherent pair of extensions w By, w "By of A by By, Bs corre-
spond to an element of T(By, Be ; A) which has as representative the 2-bicocycle
3 € 3% (B, By; A). Suppose that Z(w ‘B, G) C A and that

Sin (3(@) | w'By) © (4, w "By,

where Sy is the group of autoequivalences of w "By, over A by By . Then S; has a
coherent pair of extensions by By, By, a pair of subgroups of automorphisms
Of w_lBka nomwly {Sk7 8(“;1Bk)} and {Ska 3(""_1311 G) l w—lBk}v L= k,
corresponding to the bicocycle ni(3) € 3% (By, By 5 Si).

Suppose now that B; @ B, operates effectively on A; i.e., that
¢:B1 @ By — A(A) is a monomorphism. In the extension G with these opera-
tors ¢ this means that to each g with wg % 1in B; @ B, thereis an a ¢ A with
(9)a # a. This states that Z(A4, G) < A; a fortiori, Z(w 'Bi, G) C A.
TFurthermore, as in the proof of Corollary 4.10, (9)e |o-1s, € Si if and only if
g ¢ A. This proves

CororLrary 4.2.1. If By ® B, operates effectively on A, the conditions of the
theorem hold.
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It is not hard to show that ker n; consists of all (w; , r, ws) € 3% (B, Bz ; A)
for which the values assumed by wi , r, and w. are fixed by all operators b,
from By, k = 1, 2. Let Qu(B:i, B:; A) be the subgroup of T(B;, By ; A)
of coherent pairs of extensions (i, G: of A by B;, Bz, where for this fixed
index k, G is a splitting extension of A by Bj;. One readily proves that
Q1 nQe = (0), so that there is a monomorphism from Q = Q; ® Q» to T.
Let ®(B;, By ; A) = A7 (Q), the complete inverse image in .SZ)(Q)(Bl , Be3A)
of Q, where by abuse of language the latter is considered as a subgroup of T.
We see that T O &, and a not very involved argument, using the fact that &
consists of precisely those bicohomology classes with bicocycle representa-
tives (wy , r, we) where 7 splits into the sum of two partial cocycles r; + 7y,
o e = 0, allows us to conclude that T D ker n;: ,k=1,2. It turns out that
ker ’0: consists of those cohomology classes in L with bicocycle representa-
tives (wy, r1 + 2, we) where

(4.3.1) Xe, = (=1)%8:t,
(4.3.2) Xy =8t

(¢ # j for some suitable t ¢ €V (B, , & W(B;, A)). It can be shown that if
one bicocycle in a bicohomology class has components which obey equations
like (4.3.1)-(4.3.2), then all cohomologous bicocycles likewise have such com-
ponents. If $”(B;, A) is trivial, then (4.3.2) suffices to characterize ker .
In any event, (4.3.2) characterizes a subgroup LB,(Bi, Bs; A) of
®W(B,, Bs; A). Since n; carries &(B;, By; A) into &(By, Ba; Si), e
induces a homomorphism 75 on T(By ,By; A) to T(By, By ; S¢). One can
show that

Aker ne + B2(B,, By ; A)) < A(ker n;)

(4.3.3) ¥
C A(Bi(B1, By ; A)) C ker nf c Q.

5. Reduction theorems

Let A be a left Z(B:)-Z(B:)-bimodule, and let B; = F,/R;, where F; is
free with natural map ¢, on F; onto B; with kernel R, [4, p. 73ff], [9, p. 131ff].
For coset representatives f:(b;) of B; in F,, construct corresponding nor-
malized factor sets n; from B; X B;to R;. The free group F, operates on 4
in standard fashion [9, loc. cit.] via

(5.0.1) fia = Y(fa
aeA,fiel;;and on R; via
(5.0.2) fire = {f |e; s,

r; ¢ R;. The group Ophom(R,, 4; F.) of F;-operator homomorphisms of
R;into A is the subgroup of all « e Hom(R;, A) for which, on R, ,

(5.0.3) olf) = fia.
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Each member of 3% (F;, A) induces by restriction a member of

Ophom(R;, A; F;), and such induced members constitute a subgroup of

Ophom which we denote by Crophom(R;, A; F;). The classical result

[4, p. 73ff] is that $®(B;, 4) = Ophom(R;, A; F;)/Crophom(R;, A; F).
Similarly, define a subset Biophom (R, Rs ; A; F1, Fy) of

OphOm(R1 5 A, F1) @ Ophom(Rz , A, Fz)
as the set of all ordered pairs [{1, ¢, {» € Ophom(R;, A; Fi), for which
there exists at least one function y ¢ €*” (B, , By ; A) with
(C17, 4, S2ma) € 3% (By, Bo A).

(We recall that the classical theory [9, p. 131ff] yields 6, ¢{;n; = 0 for all
¢ e Ophom(R;, A; F;).) Under componentwise addition, Biophom is an
abelian group. Next, we distinguish a significant subgroup thereof, Bicrop-
hom: If ¢, ¢ Crophom(Ry , A; F}), the classical theory asserts that there is a
we e €V (By, A) with {xnx = & u; . The fact that

6(ur, up) = (61 Uy, Oy Up — B2 Uy, B2 Us)

shows that y = & us — 8, u; suffices to place ({1, 2] in Biophom. Hence
Bicrophom (R, , R, ; A; F1, F:), which is defined as

Crophom (R, A; Fi) @ Crophom(R., A4; F,),

is a subgroup of Biophom. By methods based on the proof of the classical
result, we can establish

TaEoREM 5.1. Let A be a left Z(By)-Z(B:)-bimodule where each
B, = Fi/Ri, Fi free. Then the following sequence is exact:
(0) — Bicrophom(R;, Ry ; A; F1, Fo) — Biophom(R,, R, ; 4; F1, Fy)
— X(By, By; A) — (0).
We could, of course use the same method to reduce $® (B;, By ; A), but
the resulting lack of elegance of the reduction makes it clear that T is the
natural object to reduce.

FFrom the standard “cup-product reduction theorem” [4], [10], it is possible
to prove

TaroreEM 5.2. Let A be a left Z(B1)-Z(B)-bimodule where each
By, = Fi/Ry, Fi free. Let o be the obvious epimorphism from Fy x Fy (the free
product) to FF1/Ry ® Fo/Ry. Then, for n > 0,

O (Fy/Ry , Fo/Ry 5 A)
=~ $'""(Fi/Ry, F2/R, ; Hom(R,, A) ® Hom(R,, A))
=~ $'""(Fi/Ry, F3/R, ; Hom(ker o, A)).
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