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Introduction

For finite-memory channels as defined in [1] it has been an open question
since Hindin’s paper [2] as to whether the ergodic capacity equals the sta-
tionary capacity.” That is, using R(p) to denote the rate achieved on the
channel by input measure p, is it true that

(a) sup, {R(p); p stationary} = sup, {R(p); p ergodic}?

We show not only equality but, denoting the common value by C, that there
is at least one ergodic measure p such that

(b) ¢ = R(p).
The method used depends essentially on the following theorem.

TaEOREM 1. An upper-semicontinuous (U.S.C.) bounded linear functional
defined on a convex compact subset of a linear locally convex separated topological
space assumes its supremum on at least one of the extreme points of the set.

Theorem 1 is a simple consequence of the Krein-Mil’man theorem (see, for
example [3]), and its proof is relegated to an appendix since theorems of the
same nature can be found in the literature. Its relevance is that, looked at
in the right way, the set of stationary input measures is a convex compact
subset of a linear topological space whose extreme points are the ergodic
input measures. This fact, along with other definitions, we develop in the
first section. Secondly, we show that for a general channel, not necessarily
of finite memory, the rate R(p) is a linear function of the input measure.
In the third section we show that in the correct sense R(p) is an U.S.C. func-
tional for channels of finite memory.

Note added after completion of the paper. There have been a number of
recent papers relevant to this one, and a few remarks on these would not be
inappropriate. Hinéin’s definition in [2] of finite-memory channels seems to
be insufficiently restrictive to establish his indicated results. Takano in (4]}
imposed severer conditions, using what he termed m-finite memory m-de-
pendent channels in order to derive the results of [2]. This latter class of
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2 This statement is no longer true. See the remarks at the end of the introduction.
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channels we refer to, following the terminology of Feinstein [1], as finite-
memory channels, and they form the concern of the present paper. Tsare-
gradsky [5] proved (a) using Hindin’s definition of finite memory. However,
his proof is not easy to follow, and it is not clear whether implicit use is not
made of other restrictions. Feinstein in [6] published an elegant and ele-
mentary proof of (a) and other significant results for finite-memory channels
as defined here. Both of the above proofs have the same plan: A new defi-
nition of capacity is introduced leading to a number Cp such that C, is obvi-
ously larger than the stationary capacity. Then for any ¢ > 0, an ergodic
input p is constructed such that R(p) > Cy — e. The definition of C, is
the same in both proofs and was also introduced by Wolfowitz [7]. The
major part of the present work was finished before the above results became
known to us and obviously proceeds along much different lines. Although
our approach is not elementary, it gives, as a by-product, the proof of (b),
which we doubt can be established by the more elementary methods used in
[5] and [6].

Definitions, notations, and assorted facts

We define very briefly a channel (see [1], [4], or [8] for a fuller definition).
Suppose we are given an alphabet D, that is, a finite set of symbols
(dy, +--,d;). We denote by (D) the set of all doubly infinite sequences
(+-+,24,%,2, ) such that each coordinate takes values in D, by F(D)
the field of all finite-dimensional cylinder sets, and by ®&(D) the Borel field
generated by $(D). Any cylinder set in (D) of the type {kt coordinate is
2k, + - , nt® coordinate is z,} we refer to as the finite message (2, -, 2.)
of length n — k 4 1.

A channel consists of an output alphabet B and an input alphabet A4 to-
gether with a set of conditional probabilities

P(yk"”’ynl”'7x—17x07x1y"')
defined for every finite message (yx, - - , ¥») in F(B) and for every sequence
(+--, 29, %o, 21, ---) in Q(A). We consider the general channel to be

stationary and nonanticipatory.

For the channel to have finite memory, there must be an integer m such
that

(i) forallm, k, n=k

I

Py oo s tnl - @) = Pty s Y| Ttemy =, Tn),
(ii) forallk,4,j,n, n=j=t=k and j—1¢>m
Pyr, ~=* YisYis =" 5 Ynl """ 5 Tn)
= P(yr, =5 Yil Tommy =5 2)PWiy oy Yn | Tiomy o005 Ta)e

The smallest integer m for which (i) and (ii) hold is called the memory
length.
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The set of all finite measures on (A ) forms a linear space §. We topolo-
gize G so that u, — p if and only if w.(ar, <+, 2x) — w(xe, -+, x.) for
every finite message (2%, *--, Z,). In this topology we have

TaEOREM 2. G 15 a linear locally convex separated topological space, and the
set @ of probability measures on ®(A) s a compact subset of G.

As with Theorem 1, we give a brief sketch of the proof of Theorem 2 in the
appendix. The set of stationary probability measures §, that is, the set of
all probability measures invariant under the shift operation, is easily seen to
be closed, therefore compact, and obviously convex. We assert

TuroreM 3. The set of extreme points & of 8§ s exactly the set of ergodic sta-
tionary measures on ®(A).

Proof. Let u be stationary and ergodic, and assume p = ap + Bpe,
a+B=1a >0, u,u €8 Suppose y is not ergodic, and let S be an
invariant Borel set such that 0 < wm(S) < 1. Then 0 < u(S) < 1, which
shows that both x; and uz must be ergodic. A consequence of the ergodic
theorem is that any two distinet ergodic measures on ®(A) are L. Let S
now be an invariant Borel set such that u(S) = 1, ue(S) = 0; we have the
contradiction 0 < u(S) < 1. Now let v be an extreme point of 8, and sup-
pose that v is not ergodic. Then there is an invariant set S in ®(A4) such
that 0 < v(S) < 1. We define two stationary probability measures v; , v,
as follows. If F e ®(4), then

n(E) =v(SnE)/w(S), v(E) =v(SnkE)/w(8).

Hence v(E) = v(S)vni(E) + v(8°)v(E) so that » must be ergodic.

We proceed to define the rate of a channel which is a functional B(p) on
8. For any alphabet D, with ¢ a stationary probability measure on ®(D),
we form the functions of ¢

H.(q) = —(1/n) 2. q(z) log q(2),

where z is any message n long beginning at the first coordinate, and the sum-
mation is over all such messages. McMillan [8] has shown that H,(q) =
H,..(q), and H(q) = lim, H,(q) is called the entropy of the process. If we
have a channel and a stationary probability p on ®(A), then we use the
conditional probabilities of the channel in the time-honored fashion to put a
stationary probability p” on the Borel field of the sequence space

- (@, Y1), (o, Yo), -+, xw € A, yr € B. The marginal of p” induces a
stationary probability p’ on ®&(B). The expression

R(p) = H(p) + H(p') — H(p")
is the rate produced by the source p.
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1. The additive property of entropy and rate
TaEoREM 4. Letp,qeS,a+ B =1,a>0,8> 0. Then

H(ap + Bq) = aH(p) + BH(q),
R(ap + Bq) = aR(p) + BR(q).

Proof. Let x denote messages of length n.

Il

I

H,.(ap + Bp) = —(1/n) 2 . lap(x) + Bg(x)] log [ap(x) + Bg()]
= —(1/n) 2 ap(z) log p(x) — (1/n) 2. Byg(x) log q(x)
— (1/n) 2. ap(z) log e + B q(x)/p(2),
— (1/n) 2 . Bq(x) log [8 + ap(x)/q(2)].
We use

log a < log [a + B q(z)/p(2)] = log a + (B/a)(q(z)/p(x))
to deduce
(1/n) alog a £ (1/n) 2. ap(x) log [a + B ¢(z)/p(x)]
= (1/n) alog a + (1/n)(B/a)
and conclude that the third term on the right above goes to zero. We treat
the fourth term similarly and conclude that H(p) is additive. To check the

additivity of R(p) we have only to note that p’ and p” are linearly dependent
on p.

2. R(p) is an U.S.C. functional on s for finite-memory channels

Taeorem 5. H(p') is an U.S.C. functional on § for channels of finite
memory length m.

Proof. H(p') = lim, H,(p') where H, . (p') = H.(p’). Take any
sequence {py} C 8 such that py — p, let y be any message k& — m long in
F(B) beginning at coordinate m + 1, and let « denote messages of length k
in §(A) beginning at coordinate one. Then p;’v(y) = > . P(y|2)px(z) so
that pfv(y) — p'(y) as py — p. Thus

—(1/n) 22, pa(y) log pa(y) — —(1/n) 2, 9'(y) log p'(y)

as py — P, so that H,(p’) is a continuous function on 8. Thus H(p"), being
the limit of a decreasing sequence of continuous functions, is U.S.C.

To deal with the rest of R(p) we introduce functions L.(p) on $ as follows:
Let y be any message n — m long in §(B) beginning at m -+ 1, and z any
message n long in F(A) beginning at one; then define

L.(p) = (1/n) 2ay P(y | 2)p(2) log P(y | @).
Prorosition 1. For a channel with memory length m,

L.(p) — H(p) — H(p").
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Proof.
La(p) = (1/n) 220y P(y | 2)p(x) log P(y | 2)p(z) + Ha(p)
= (1/n) 2.y 0" (y, @) log p” (y, ) + Ha(p).

Let 7 stand for any message n long in $(B) that starts at one and coincides
with y from m + 1 on, and z any message n — m long in $(A4) that starts at
m + 1 and coincides thereafter with . Thenlog p” (7, ) =< log p”(y, z), so

(1/n) 225 0”(§, x) log p”(§, ©) < (1/n) 2205 9"(, ) log p” (y, x)
= (1/n) 2awp”(y, 2) log p”(y, @)
The left-hand side above is H.(p); passing to the limit gives
H(p) — H(p") = lim inf L.(p).
On the other hand, log p”(y, ) = log »”(y, &), yielding
(1/n) 2w’ (y, ) log p”(y, ) Z (1/n) 2,2 9" (y, ) log p”(y, 7)
= (1/n) 2u. 9" (9, 2) log p" (y, 2).

The right-hand side is equal to —(n — m/n)H,.(p”), and the limit gives
H(p) — H(p”) =z lim sup L.(p). Now we prove

TueoreM 6. For a channel with finite memory length m, H(p) — H(p”)
1s an U.S.C. functional on 8.

Proof. Letn = k(m + 1), k > 1, let x, y be as before, let u;, v;, w; be
the parts of the x and y messages as in these diagrams

wl w2 .o wk
A A A
L1y 5 &mgly " 5 Tamtl) 5 """ 5 LE=D D+ 5 ° " 5 Th(mt-1)
Uy (2% Uz Vg
A N A A
Ymitly " s Ymils " 5 Yomsly, * " 5 Y2omtl) 5 * 5 Yomisl, * 0
Vp—1 U
A A

Yemt- G~ 5 *°° y Yhimtl) -
We write
La(p) = (1/n) 2w P, 00, o+ 0k, e | i, o, wi)p(wr, -+, we)

'logP(u17vl>"'7uklw17"'7wk)7
but

lOgP(u1,vl, ,Uk—l,ukl’wl, ,wk)

< log P(u, - -+ auklwl’ S, W) = Zl:=llOgP(ullw%)
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Therefore,

L.(p) = m 3 Y Plus | w)plw) log Plus | ws)

=1 uy,wg

= o 3 Pl w)p(wn) log Pl | w1) = Luen(p).
+ m wywy

Now L.(p) depends only on finite-dimensional distributions, and just as in
Theorem 5, we easily prove that L,(p) is a continuous function of p. By
the inequality Lig+m(p) = Liiw(p) we may choose a subsequence of the
L, converging monotonically downward to H(p) — H(p”), which proves the
theorem.

Since the sum of two U.S.C. functions is again U.S.C., we have shown that
for finite-memory channels R(p) is U.S.C. on 8. When we combine this
fact with the previous theorems, the result announced in the introduction is
assembled.

Appendix

Proof of Theorem 1. Let 9 be a compact, convex subset of a linear locally
convex separated topological space, and f(x) a bounded U.8.C. functional on
9N. Since f is U.S.C. and 9t compact, f assumes its supremum on 9. Let
9 be the subset of 9 on which f equals its supremum; then by U.S.C. 9 is
closed, and by the linearity at f, 9 is convex. By the Krein-Mil’man theorem
9 must have at least one extreme point. Let x be such an extreme point;
then z must be extreme in . Forif z = ax; + B2, a + B8 =1,a, 8 > 0,
T, T2 € N, then f(z) = af(x) + Bf(x:) which implies that both z; and z»
are in 9N, and proves the theorem.

Proof of Theorem 2. We consider 2(A4) as [[*= A, , where each 4; is a
copy of A. In the product topology, by Tychonoff’s theorem, Q(A) is com-
pact. The space G is the adjoint of the space € of all continuous functions
on 2(A4). In the weak dual topology on G, i.e., that topology such that

w—u o [fdu— [Fa

for every f e @, the unit sphere in G is compact. (See, for example, [9].)
The set of probability measures on B(A) form a closed, and therefore com-
pact, subset of the unit sphere. It remains to show that the weak dual
topology is equivalent to convergence on finite-dimensional cylinder sets.
One way is quick; if uy — u in the weak dual topology, then for any finite-
dimensional cylinder set S, we have that Ig(x) is continuous, and hence
un(s) — u(s). Going the other way is accomplished by using the elementary
result that every continuous function on (A4 ) can be uniformly approximated
by a finite linear combination of indicators of finite-dimensional cylinder sets,
which follows from the compactness of Q(A).
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It is a pleasure to acknowledge the pleasant and illuminating discussions
we have had with A. Feinstein touching on the subject treated above.

Note added in proof. We have been informed that K. R. Parthasaraty of
the Indian Statistical Institute has recently used similar methods to derive
the result (a) above.
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