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THE TOTAL ABSOLUTE CURVATURE OF OPEN CURVES
IN E3

KAZUYUKI ENOMOTO, JIN-ICHI ITOH, AND ROBERT SINCLAIR

ABSTRACT. The total absolute curvature of open curves in E®
is discussed. We study the curves which attain the infimum of
the total absolute curvature in the set of curves with fixed end-
points, end-directions, and length. We show that if the total
absolute curvature of a sequence of curves in this set tends to
the infimum, the limit curve must lie in a plane. Moreover, it
is shown that the limit curve is either a subarc of a closed plane
convex curve or a piecewise linear curve with at most three edges.
The uniqueness of the curves minimizing the total absolute cur-
vature is also discussed. This extends the results in [Yokohama
Math. J. 48 (2000), 83-96], which deals with a similar problem
for curves in E2.

1. Introduction

Let ¥ be a C? curve in the 3-dimensional Euclidean space E3. The total
absolute curvature 7(3) of ¥ is the total integral of the curvature of X. If ¥ is
only piecewise C2, we add the exterior angles at nonsmooth points to define
7(X). In particular, the total absolute curvature of a piecewise linear curve is
just the sum of the exterior angles.

The study of the total absolute curvature of curves has a long history since
Fenchel proved that the total absolute curvature of any closed curve in E3 is
not less than 27 and the infimum is attained by a plane convex curve [11].
Fenchel’s theorem has been extended in various directions ([16], etc.), but
it seems that most results are concerned with closed curves and not much
has been done for open curves. In this paper, we study the total absolute
curvature of open curves in E3.
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When we are given points p and ¢ in E?, unit tangent vectors X at p and
Y at ¢ and a positive constant L (> |pq|), we denote by C(p, X,q,Y, L) the set
of all piecewise C? curves in E3 whose endpoints, end-directions, and length
are p, ¢, X, Y, and L. We study the shape of a curve which minimizes the
total absolute curvature in C(p, X, q,Y, L). Fenchel’s theorem says that, if the
curve is closed (i.e., p=¢, X =Y), then inf{7(X): X €C(p, X,q,Y, L)} = 2,
which does not depend on L. For the open case, in contrast, inf{r(3): X €
C(p,X,q,Y,L)} usually depends on the length L. This can be seen even in
the planar case (i.e., the case when X lies in a plane), as Remark 5.8 shows.
The planar case is studied in our previous paper [8]. We also note that the
problem becomes almost trivial if we do not fix the length, as we explain in
Remark 5.9. Furthermore, in certain biological and engineering contexts, to
be discussed below, it is natural to specify the length.

Another difference between the closed case and the open case is that for
the open case inf{7(3): £ €C(p,X,q,Y, L)} is not necessarily attained by an
element of C(p,X,q,Y,L); When the total absolute curvature of a sequence
of curves in C(p, X,q,Y, L) tends to inf{7(X): ¥ €C(p,X,q,Y, L)}, the limit
curve Yo may have end-directions different from X or Y, and then ¥y becomes
only an element of C(p, g, L), the set of all piecewise C? curves whose endpoints
and length are p, ¢ and L. This phenomenon has already been seen in the
planar case [8].

In the main theorem of the present paper (Theorem 5.3), we show that if
{¥x: k=1,2,3,...} is a sequence of curves in C(p, X, q,Y, L) such that 7(3)
tends to inf{7(X): X €C(p,X,q,Y,L)} as k — oo, then the limit curve must
lie in a plane. Moreover, it is shown that the limit curve is either a subarc
of a closed plane convex curve or a piecewise linear curve with at most three
edges (Theorem 5.3).

Since the limit curve may have different end-directions, we introduce the
notion of the “extended total absolute curvature” 7, which is defined, for
curves in C(p,q,L), as the sum of 7(X), the angle between X and the initial
tangent vector, and the angle between Y and the terminal tangent vector
(Definition 2.2). If a sequence of curves {X;} in C(p,X,q,Y, L) converges to
3o, then 7(X%) converges to 7(X).

We first study the simple case when the curve is only a piecewise linear
curve with two edges, and determine the shape of the curve minimizing the
extended total absolute curvature among all piecewise linear curves with two
edges in C(p,q, L) (Theorem 3.8). Then we study in Section 4 the case when
the curve is a piecewise linear curve with three edges. Using Theorem 3.8,
we show that if 7 is minimized by P, in the set of all piecewise linear curves
with three edges, then Py must lie in a plane. Moreover, it is shown that
Py is part of a convex quadrilateral or what we call a “Z-curve” or actually
a piecewise linear curve with two edges (Theorem 4.3). Theorem 4.3 implies
through an induction argument that if 7 in the set of all piecewise linear
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curves with n edges is minimized by Py, then Py lies in a plane and Py is
part of a convex polygon or a Z-curve or a piecewise linear curve with two
edges (Theorem 5.1). Through approximation of a piecewise smooth curve by
a piecewise linear curve, we finally show that if a piecewise smooth curve g
minimizes 7, then ¥y lies in a plane and X is part of a closed plane convex
curve or a Z-curve or a piecewise linear curve with two edges (Theorem 5.3).

The uniqueness of the curves minimizing the extended total absolute cur-
vature is also discussed. When a piece of a closed plane convex curve mini-
mizes 7, including the case when the curve is closed, the shape of the curve is
relatively flexible. However, when piecewise linear curves are the only possibil-
ity to minimize 7, the shape of the curve is unique in most cases. We explain
what are the exceptional cases and how many curves minimize 7 in those cases
(Theorem 3.8, Theorem 5.3). In the process, we study the cut locus of the
“two-sided” disk in the unit 2-sphere, which is described in the Appendix.
What we prove in the Appendix is used in the proof of Theorem 3.8. One
may have an independent interest in the subject of the Appendix.

The present paper generalizes the results in [8], in which we study a similar
problem for curves in E2. This problem is also studied for curves in S? in [9)
and [10].

Our problem is somehow similar to the problem of elastic curves, which can
be described as the problem of finding a curve in C(p, X, q,Y, L) minimizing
J5 k(s)? ds. However, the shape of the curve minimizing the functional and the
method of solution seem very different between these two problems. (See, for
example, [22].) Milnor [17] studied functionals such as [ \/k(s)? +7(s)%ds
and [ |7(s)|ds for closed curves in E*, where 7 is the torsion. It may be in-
teresting to study the problem of finding a curve in C(p, X, ¢, Y, L) minimizing
those functionals.

Biology provides us with a strong motivation to explore geometric opti-
mization problems of fixed-length open chains. The protein folding problem
[6] is one of the greatest unsolved problems in molecular biology, with immedi-
ate implications for the understanding of neurodegenerative diseases ([7], [18])
and applications in drug design ([1], [14], [15]). A protein can be modeled as
a chain of fixed length with a large number of links, usually in the hundreds.
The concept of curvature can be defined and is of biological relevance [24]. Tts
final structure is determined by its sequence of amino acids, which are usually
known. What is not known is the mechanism by which a protein folds into
its correct shape. It is believed that the correct shape can be predicted as a
solution of an energy minimization problem ([19], [23]). The point we wish
to make here is that a mathematical understanding of geometric optimization
problems of finite length open curves or chains will either directly help in
gaining a handle on the protein folding problem itself or at least provide us
with a language with which to describe the eventual solution. Much more
mathematical work needs to be done in this direction (although much has
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already been done, see [21] for but one example). The reader may find [4] of
interest, as a serious attempt to explain molecular biology and its challenges
to a mathematical audience. The special case of finding an optimal config-
uration of an open chain with given endpoints is known as the loop closure
problem [3]. The problem is also of practical importance in robotics [5], where
we expect that our results will find application.

2. Preliminaries

Let ¥ be a piecewise C? curve in the 3-dimensional Euclidean space E3.
Let ¢ be the length of ¥ and z(s) (0 < s < /) be a parameterization of ¥ by
its arclength. Let 0 =59 < s1 < --- < s, =¥ be the subdivision of [0,¢] such
that {z(s): s;_1 <s<s;}is C? foreachi=1,...,n. If ¥ is C? at x(s), the
curvature k(s) of ¥ is defined by k(s) = |d?z/ds?|. Let T =T(s) =dx/ds be
the unit tangent vector of 3. For each i, let 6; (0 < 6; <) be the angle at
x(s;) between lim,_,q, o T(s) and lims_,g,107(s).

DEFINITION 2.1. The total absolute curvature 7(X) of ¥ is defined by

n Si n—1
T(z):z/ k(s)ds+ ) 0;.
i=1"Y%i—1 i=1

We now define several classes of curves. Here, p and ¢ are points in E3,
X and Y are unit tangent vectors of E3 at p and g, respectively, and L is a
positive constant greater than |pq|. Let

Clp.q) ={%: x(s) | 2(0) = p, x(¢) = q},
Cp,X,q,Y)={2€C(p,q) | T(0)=X,T(¢) =Y},
C(p,X,q,Y,L)=C(p,q,L)NC(p,X,q,Y).

Let n be a positive integer and let P,, be the set of all piecewise linear curves
with n edges. For all m < n, we regard P, as a subset of P, by allowing
angles between two edges to be zero. Let Py (p,q,L) =P, NC(p,q,L).

When {¥;: k=1,2,...} is a sequence of curves in C(p, X,q,Y), the limit
curve limg_, o X may not be an element of C(p, X, q,Y), since the limit curve

may not be tangent to X or Y (Figure 2.1). If ¥ € C(p,q) is the limit curve
of {Xp€C(p,X,q,Y): k=1,2,...}, then we have

lim 7(Sx) = Z(X,7(0)) +7(Z) + £(T(0),Y).

This leads us to the following notion of the extended total absolute curva-
ture.

DEFINITION 2.2. For 3 € C(p, q), the extended total absolute curvature 7(X)
is defined by
7(X) = Z(X,T(0)) + 7(2) + L(T (), Y),
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FIGURE 2.1. Illustration of the length condition and jumps of
the tangents from the initial conditions to the limit tangents
at the ends, as incorporated into the definition of extended
total absolute curvature.

where Z(+,-) denotes the angle between two vectors with value in [0, 7].

Note that the definition of 7 depends on the choice of X and Y, and 7(X)
may be regarded as the total absolute curvature of ¥ € C(p,q) “as a curve in
C(p,X,q,Y)”. If ¥ happens to lie in C(p, X,q,Y), then we have 7(X) = 7(X).

DEFINITION 2.3. An element Xy of C(p, g, L) is called an extremal curve in
C(p,X,q,Y,L) if
holds for any ¥ € C(p, X,q,Y, L).

For ¥ € C(p,q,L), let Tx be the piecewise C! curve in S? which consists
of Ui_{T(s) : s;—1 < s <s;}, the geodesic arcs between lim,_,5,_oT'(s) and
limg s, 407(s) (i=1,...,n), the geodesic arc between X and T'(0) and the
geodesic arc between Y and T(L). Then the length of T is equal to 7(3).

DEFINITION 2.4. A subarc of a closed plane convex curve (the boundary
of a convex domain in a plane) is called a plane convex arc. {p,X,q,Y,L} is
said to satisfy the convexity condition if there exists a plane convex arc ¥ in
C(p,X,q,Y,L).

If {p,X,q,Y, L} satisfies the convexity condition, then every plane convex
arc ¥ in C(p, X,q,Y,L) becomes an extremal curve in C(p,X,q,Y,L). If a
sequence of plane convex arcs in C(p, X, q,Y, L) converges to a plane convex
arc Yo in C(p,q,L), then ¥y is an extremal curve in C(p, X,q,Y,L). For a
plane convex arc ¥ the curve T%,, becomes a subarc of a great circle.

REMARK 2.5. If p = ¢, the convexity condition is automatically satisfied
by {p,X,q,Y,L} for any X, Y and L.

3. Piecewise linear curves with two edges

In this section, we study the shape of a piecewise linear curve with two
edges which attains inf{7(P): P € P2(p,q,L)}. Since P2(p,q,L) is compact
and 7 is continuous in Pz (p,q, L), such a piecewise linear curve always exists.
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Any element P of Pa(p,q, L) is expressed as
P =pp1Upiq
with |pp1|+ |p1g| = L. Then we have
7(P) = £(X,pp1) + £(pp1.p14) + £(p14.Y).

If we set N

_ bp1

Ipp1]

then ¢ € S? is uniquely determined by P. Conversely, for any & € S2, there
exists a unique point p; which satisfies

)

.
Ippl —¢
pp1|
By this, Pa(p,q, L) is identified with S2. Thus, 7(P) on Pa(p,q, L) may be
regarded as a function 7(£) on S?. Let
pig

HO= g
Then f defines a bijective map (Figure 3.1) on the unit sphere S2.

If d denotes the distance in S2, we have
LX) = d(X,),  LEB ) —dEFE),  LFTh,Y) = d(F(€),Y).

Hence, 7 on Ps(p,q, L), as a function in S?, is written as (Figure 3.2)

lpp1| + |p1g| = L.

(3.1) 7€) = d(X.€) + (€, £(©)) +d(F(©). V).
When p # q, we define a unit vector Z by
_ P
pa|”

Since &, f(¢) and Z lie in a plane as vectors in E?, they lie on a great circle
as points in S2.

{p,X,q,Y, L} satisfies the convexity condition if and only if we have either
p=qorp#qand {X,f~Y(Y),Z, f(X),Y,—Z} lies on a great circle in S? in
this order (Figure 3.3).

FIGURE 3.1. The map f.
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FIGURE 3.2. Illustration of the computation of 7 in (3.1).

In the following argument, we assume p # ¢q. Let dx =d(X,-), dy =d(Y,")
and dz =d(Z,-). Then (3.1) is rewritten as

(3.2) 7(§) = dx (§) + dz (&) + dz(f(£)) + dy (f(£))-

At any & with £ # £X, dx is differentiable and its gradient vector Vdx is
defined. Vdx isidentical with the unit tangent vector of the oriented geodesic
from X to £. 7(&) is differentiable for all ¢ with ¢ # £X and & # f~1(Y).
Note that dz (&) +dz(f(€)) =d(&, f(£)) is differentiable for all &.

Let T be a tangent vector of S? at £. Let f. be the differential of f. To
describe a property of f.T, we take a positively oriented orthonormal frame
{E1, E3} of the tangent bundle of S? defined in S?\{Z,—Z} with £y = Vdz.
In the following lemma, A is a function defined by

_ \PP1|
Ip14]

We set D = |pg|. Then we have

L2 _D2
2(L — Dcosd(Z,§))’

lpp1| =

~

FicURE 3.3. The convexity condition.
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A, as a function in &, is given by

L% - D?
T L2+ D?—2LDcosd(Z,€)

LEMMA 3.1. For any tangent vector T of S? at &, we have

LT =ME) (T, B (§) EL(f(8)) + (T, E2(€)) B2 (£(8)))-

Proof. Let £(t) be the point on the oriented geodesic Z¢& such that
d(Z,£(t)) =t. Then &'(t) = E1(£(t)). Let pi(t) be the point in E3 which
corresponds to £(t). Since pi(t) lies in one plane for all ¢, f(£(¢)) moves
along the geodesic through Z and &, which implies that f.(E1(£(¢))) is par-

allel to B, (£(6(1)))- d(Z, F(€(1))) = Z(5d, pa(D)a) is related to t = d(Z,£(1)) =
Z£(pq,pp1(t)) as

2, 1(6(0) =arecos

Thus, we have

2LD — (L? + D?)cost
L2+ D2 —-2LDcost )’

(3-4) F(Er(E(1))) = %d(Z’f(ﬁ(t)))El(f(ﬁ(t)))

L? - D?
T IL21D2_2LD costEl(f(g(t)))
=—AE@)EL(f(£(1)))-
The circle centered at Z of radius d(Z,¢) is an integral curve of Ep. When
& moves along this circle, f(£) moves along the circle centered at Z of radius
d(Z, f(€)), and we see that (Figure 3.4)

(35) ) = L)

~ |ppi
= |p1q|E2(f(€))

= A& E2(f(£))-
From (3.4) and (3.5), we have

ST = (T, Ev (§)) [+ (Ev(€)) + (T, E2(8)) £+ (E2(8))
= A& (T, E1(€)) Er(£(€)) + (T, Ex(€)) Ea(£(€))). O
LEMMA 3.2. Suppose VT =0 at &. Then either (1) or (2) holds:

(1) {p,X,q,Y,L} satisfies the convezity condition and & is a point on the
geodesic segment X f~1(Y).
(2) d(Z,&) =arccos(D/L).

E5(f(8))
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FIGURE 3.4. The geometry of (3.5).

Proof. Let T be a tangent vector of S? at £&. By (3.2), we have
T7=(Vdx(£),T) +(Vdz(§),T) + (Vdz(f(€)), T)
+ (Vdy (f(£)), £T).
If we set T'= E41(§) = Vdz(§), using Lemma 3.1, we have
(3.6)  EaF=(Vdx(§), E1(€)) + 1+ A(€) (=1 — (Vdy (F(9), E1(f(£)))-
If we set T'= E5(§), we have
(3.7) ErT =(Vdx(£), E2(£)) + A& (Vdy (f(£)), E2(f(£)))-
If VI =0 at &, then (3.6) gives
(3.8) (Vdx (&), E1(&0)) + 1= A(&) (1 + (Vdy (f (&), B1(f(£0))))
and (3.7) gives
(3.9) (Vdx (&), E2(80)) = —A(&o)(Vdy (f(£0)), E2(f(0)))-
Combining (3.8) and (3.9) with
(3.10) (Vdx (&), E1(&))? + (Vdx (), E2(60))* = |Vdx (&)|* = 1
and
(3.11) (Vdy (f(&)), E1(f(€0)))* + (Vdy (f(&0)), Ea(f(€0)))?
=|Vdy (f())I* =1,

we obtain

(3.12) ((Vdx (&), E1(&)) +1) (1 = A(&)) = 0.
This implies that either

(3.13) Vdx (§0) = —Vdz (&)

(3.14) A(Eo) =1

holds.
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a |

d(Z,&0) = arccos(D/L) pp1="p1q

q < p
Z

FIGURE 3.5. The geometry of Lemma 3.2.

If (3.13) holds, then (3.8) gives

(3.15) Vdy (f(§0)) = =Vdz(f(&))-

(3.13) and (3.15) imply that we have {X, &y, Z, f(£0),Y} on a great circle in
this order. Since d(Z,X) > d(Z,&), we have d(Z, f(X)) <d(Z, f(&)). Hence,
if such & exists, we have d(Z, f(X)) < d(Z,Y), or equivalently, d(Z,X) >
d(Z,f~1(Y)). Thus, {p,X,q,Y, L} satisfies the convexity condition.

If (3.14) holds, we have d(Z, &) = arccos(D/L). O

REMARK 3.3.

(1) If {p, X,q,Y, L} satisfies the convexity condition, we have V7 =0 at any
point on the geodesic segment X f~1(Y).

(2) In the case (2) in Lemma 3.2, &y lies on the circle of radius arccos(D/L)
centered at Z. Then we have |pp1| = |p1¢| by (3.3) and (3.14) (Figure 3.5).

Since 7(¢) is continuous in S?, it attains its minimum at some &. If 7 is
differentiable at &y, &y has the property described in Lemma 3.2. If 7 is not
differentiable at &y, by (3.1), we see that either £y = X or & = f~1(£Y).
Among these points o = —X and & = f~!(~Y) are not possible to be the
minimal points of 7, as we see in the following lemma.

LEMMA 3.4. Neither £ = —X nor £ = f~1(=Y) can attain min7.

Proof. We will show that 7(—X) > 7(X).
Let P =pp; Upiq be the element of Pa(p,q, L) with ppi/|ppi| = X and
P’ = pp! Up|q be the one with ];Jl)/\pp’l\ = —X. Then we have (Figure 3.6)
7(X) = Z(pp1,p19) + £(p1,Y)
= Z(pp1,p0) + £(p4,p1d) + £(P14,Y)
< Z(X,pd) + £(pd, prd) + £(p14,09) + £(p4,Y)
while

~ — T -
T(=X)=m+ 4(?]917101(1) +4(p14,Y)
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P

P

P
FIGURE 3.6. Computations in the proof of Lemma 3.4.

7 = — 5 IV
=7+ Z(pp1,pq) + £(P4,P14) + £(Pr4,Y)
Hence,
= 2m — 2Z(pp1, p14)
> 0.
By a similar argument, one can show that 7(f~1(=Y))>7(f~1(Y)). O
LeEmMA 3.5 (Figure 3.7).
(1) If d(X,Z) < arccos(D/L), then £ = X cannot attain min7, unless {p, X,
q,Y, L} satisfies the convexity condition.

(2) If d(Y,Z) < arccos(D/L), then £ = f~1(Y) cannot attain min7, unless
{p,X,q,Y,L} satisfies the convezity condition.

Proof. Let {E1, Es} be a positively oriented orthonormal frame of the tan-
gent bundle of S? with £y = Vdz. For any unit tangent vector T at X, we
have |f.T| = A\(X) by Lemma 3.1. We choose T' so that

[T = =A(X)Vdy (f(X)).

& X

d(X,Z) < arccos(D/L) (pr=rq=1L/2)

FIGURE 3.7. Illustration of the conditions of Lemma 3.5.
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If we write 1" as
T =coswE1(X) +sinwEsy(X),
then f.T becomes
[T ==X(X)(coswEr (f(X)) +sinwBsy(f(X))).

7(&) is not differentiable at £ = X because dx(§) is not differentiable there.
However, the directional derivative of dx(§) does exist even at X, and we
have T'dx = 1. Hence,

T7=1+(Vdz,T) +(Vdz(f(X)), £.T) + (Vdy (f(X)), f.T)
=1+ cosw— AX)cosw — A(X)
= (14 cosw) (1= A\(X)).

Since d(X, Z) < arccos(D/L), we have A(X) > 1. We also have w # 7, unless
{p,X,q,Y, L} satisfies the convexity condition. Thus, we have T'7 < 0, which
implies that 7 is not minimal at £ = X. The proof for £ = f~1(Y) is similar.

O

LeEMMA 3.6 (Figure 3.8). If d(X,Z) > d(Y,Z) > arccos(D/L) holds, then
we have 7(X) < F(f~Y(Y)). The equality holds if and only if {p,X,q,Y,L}
satisfies the convexity condition.

Proof. We have
(3.16) T(X) =d(X, f(X)) +d(f(X),Y)

and
(3.17) FHY) =d(X, fHY) +d(fFHY),Y)

Set
R=d(X,2), r=d(Z,Y), Ry =d(Z, (X)), r=d(f 1Y), 2)

N q )
v ¥

d(X,Z)>d(Y,Z) > arccos(D/L) (pr=rq=1L/2)

FIGURE 3.8. Illustration of the conditions of Lemma 3.6.
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p1

? P
Faow
FIGURE 3.9. The geometry of (3.18).
and
0=/XZfHY).

Using the plane trigonometry for Appiq with pp1/|ppi| = X, we have (Fig-
ure 3.9)

sin Ry — (L? — D*)sin R
(3.18) """ L2+ D?2—2LDcosR’
’ —(L?+ D?)cos R+ 2LD
L2+ D?—-2LDcosR
For App1q with p1q/|p1q| =Y, we have
sinry — (L? — D?)sinr
(3.19) L2+ D2 —2LDcosr’
’ —(L?+ D?)cosr +2LD
L2+ D2 —2LDcosr
Using the sphere trigonometry for AX f~1(Y)Z, we have

cosRi =

cosry =

(3.20) cos(d(X, f~1(Y))) = cos Rcosry + cosfsin Rsinr;.
For Af(X)Y Z, we have
(3.21) cos(d(f(X),Y)) =cosrcos Ry + cos@sinrsin Ry .

Now we set

§=d(X, [7H(Y)) - d(f(X),Y)
and regard it as a function in 6. By (3.20) and (3.21), ¢ is explicitly written
as

(3.22) §(0) = arccos(cos Rcosry + cos@sin Rsinry)

— arccos(cosr cos Ry + cos@sinrsin Ry).
Then we have
d . . - - 2\~1/2
(3.23) Jp = 5in fsin Rsinry (1 — (cos Rcosry + cosfsin Rsinry)?)

— sinfsinrsin Ry (1 — (cosrcos Ry + cosHsinrsinR1)2)_1/2.
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dd/df = 0 holds if and only if we have either sinf =0 or
(3.24)  sinRsinry(1 — (cos Rcosry + cos@sinRsinrl)Q)_l/2
=sinrsin Ry (1 — (cosrcos Ry + cos@sinrsian)Z)_l/Z.

Using (3.18) and (3.19), we can rewrite (3.24) as

2
(3.25) (1 +cosRcosr+ cosfsin Rsinr) <%> —2(cos R+ cosr)%

+ (14 cos Rcosr — cosfsin Rsinr) = 0.
Since

(cos R+ cosr)? — (1 + cos Rcosr + cosfsin Rsinr)
X (1 + cos Rcosr — cosfsin Rsinr) = —sin? #sin® Rsin?r,
(3.25) holds if and only if sinf = 0. Hence dd/df = 0 holds if and only if
sinf=0.If=0,=R—-r1+R;—r<0.If0=w,=R+r1— Ry —r>0.
Thus, we see that the minimum of § is R — r; + Ry — r, and hence
(326)  d(X./NY) ~d(f(X),Y)
>d(X,Z)—d(f~'(Y),2) +d(Z, f(X)) - d(Z)Y).

(3:27) d(X,Z) +d(Z, f(X)) +d(f(X),Y)

<AX, YY) +d(fFUY), 2) +d(2,Y),
which means 7(X) < 7(f~1(Y)). The equality holds if and only if § =0, or
equivalently, {p, X,q,Y, L} satisfies the convexity condition. O

LEMMA 3.7. If either d(X,Z) > arccos(D/L) or d(Y,Z) > arccos(D/L)
holds, then & with dz(§) = arccos(D/L) cannot attain min7, with the only
exception that {p,X,q,Y, L} satisfies the convezity condition and £ is the point
on the geodesic segment X f~1(Y) with dz(¢) = arccos(D/L).

Proof. We assume that d(X,Z) > arccos(D/L). Let & be any point in S?
with dz(§) = arccos(D/L). Then we may apply (3.27) with Y = f(£) to have
(3.28) d(X, 2) +d(Z, f(X)) +d(f(X), f(£))

<d(X,§) +d(§, 2) +d(Z, f(S))-
By (3.28), we have
T(X) =d(X,2) +d(Z, f(X)) +d(f(X),Y
d(X,8) +d(&,2) +d(Z, f(§)) — d(
d(X,8) +d(&,2) +d(Z, f(£)) + d(
(€,

)
F(X), (&) +d(f(X),Y)
f(€),Y)

<
<

Il
Il
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where the equalities hold if and only if {p, X,q,Y, L} satisfies the convexity
condition and ¢ is a point on X f~!(Y). This shows that if the convexity
condition is not satisfied, £ with dz(§) = arccos(D/L) cannot attain min7.
The proof for the case when d(Y, Z) > arccos(D/L) is similar. O

We now state the main result of this section.

THEOREM 3.8. Suppose that Py = pp1 Up1q is an extremal curve in Pa(p, X,
¢.Y,L).

(1) If {p,X,q,Y, L} satisfies the convexity condition, then Py lies in a plane
containing X and Y . In this case, py can be any point such that pp; /|pp:1|
lies on the geodesic segment X f=1(Y) in S2.

(2) Ifp#q and if Z(X,pg) < arccos(D/L) and Z(Y,pg) < arccos(D/L), then
p1 is a point which satisfies |pp1| = |p1q| = L/2. Moreover, the following
holds:

(2-1) If Z(X,pq) # Z(Y,pq), then py is unique.

(2-2) If X =Y =pq/|pq|, then py can be any point with |pp:| = |p1q| =
L/2.

(2-3) If Z(X,pq) = Z(Y,pq) = a #0 and if Z(X,Y) > arccos((L? — D? —
2D?sin” atan? a)/(L? — D?)), then py is unique.

(2-4) If Z(X,pq) = £(Y,pq) = a #0 and if Z(X,Y) < arccos((L? — D? —
2D?sin? atan® ) /(L% — D?)), then there are exactly two choices
for p1.

(3) If {p, X,q,Y, L} does not satisfy the convexity condition and if Z(X,pq) >
arccos(D/L) and Z(X,pg) > Z(Y,pq), then py is the unique point deter-
mined by pp1/|pp1| = X.

(4) If {p,X,q,Y, L} does not satisfy the convezity condition and if Z(Y,pq) >
arccos(D/L) and £(Y,pq) > £(X,pq), then py is the unique point deter-
mined by p1q/|prg| =Y.

(5) If {p,X,q,Y,L} does not satisfy the convexity condition and /(X,pq) =
Z(Y,pq) > arccos(D/L), then py is either the point determined by
ppi/|pp1| = X or the point determined by p1q/|p1q| =Y .

Proof (Figure 3.10). Suppose p =gq. Then for any £ € S? we have f(§) =
—¢, and hence by (3.1),

7(§) = d(X,§) + m+d(=¢€,Y)

=d(X, ) +m+7—d(EY)

>2r—d(X,Y).
Here, the equality holds if and only if £ lies on the geodesic segment X f~1(Y).
This proves (1) for the case when p=gq.

Suppose p # g and {p, X,q,Y, L} satisfies the convexity condition. Then

either d(X,Z) > arccos(D/L) or d(Z,Y) > arccos(D/L) holds, where Z =
pq/|pq|. T d(X,Z) > arccos(D/L) or d(Z,Y) > arccos(D/L) holds, (1) follows



62 K. ENOMOTO, J.-I. ITOH, AND R. SINCLAIR

Y/

f(€

~

FIGURE 3.10. Illustration of the proof of Theorem 3.8.

from Lemma 3.7. Otherwise, we must have d(X,Z) =d(Z,Y) = arccos(D/L).
Then we see that 7 becomes minimal if and only if ¢ = X = f~1(Y), which
proves (1) for the case when p # q.

To prove (2) let & = pp1/|pp1|. Under the assumption in (2), {p, X,q,Y, L}
cannot satisfy the convexity condition. By Lemmas 3.4 and 3.5, we see that
V7 =0at &. By Lemma 3.2, we have d(Z,&y) = arccos(D/L), or equivalently,
|pp1| = |p1g| = L/2. If we restrict the function 7(&) to the small circle dz (&) =
arccos(D/L), it is written as

(3.29) 7€) =d(X,&) +d(f(€),Y) + 2arccos(D/L)

by (3.1). Hence, & minimizes d(X,&) + d(f(£),Y) among all £ on the small
circle dz(€) = arccos(D/L). Let Y’ be the point on S? which is symmetric
to Y with respect to Z. Then we have

(3.30) d(X, ) +d(f(8),Y) =d(X,8) +d(&Y).

Both X and Y’ are points in the disk D of radius arccos(D/L) centered
at Z. If we regard D as a “two-sided” disk and regard X as a point on
the “top” and Y’ as a point on the “bottom”, & is the point where the
shortest path from X to Y in D meets the circle dz (&) = arccos(D/L). Now
we use the proposition in the Appendix. If X =Y =7 (=Y"), by (2) of the
proposition, we can find the shortest path from X to Y in all directions at X,
which proves (2-2). In all other cases, there exist only one or two shortest
paths from X to Y’, and we have choices of the corresponding number for p;.
There are two choices for p; if and only if Y’ € Cy, where Cy is the curve
described in the Appendix. The condition that Y’ € Cj is equivalent to the
condition that

(3.31) A(X,2)=d(Y,Z), 0</XZY < — 20,
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where 6 is as given in the Appendix. (3.31) is equivalent to
tan R

inat
(3.32) 2(X,pg) = Z(Y,pq), 4(X,Y)< 2arcsin(mana)’

where a = /(X,pg) and R = arccos(D/L). Now, (2) follows since we have

Sinatana> <L2 — D? — 24 sinQatan2a>
— ) =arccos .

2arcsin< P 72

In (3), {p,X,q,Y, L} does not satisfy the convexity condition and we have
d(X,Z) > arccos(D/L) and d(X,Z) > d(Z,Y). If d(X,Z) > arccos(D/L), by
Lemma 3.7, 7 is not differentiable at &y, and hence by Lemma 3.4, we have
=X or& = f~1(Y). Then by Lemma 3.6, we see that £, = X. If d(X,Z) =
arccos(D/L), & may be a point with d(§,Z) = arccos(D/L). By (3.29)
and (3.30), & minimizes d(X,&) +d(&,Y") for £ with d(§, Z) = arccos(D/L).
Hence, we must have §y = X, since d(X,£)+d(£,Y’) > d(X,Y’) and the equal-
ity holds if and only if £ = X. This proves (3). The proof for (4) is similar to
that for (3).

In (5), {p,X,q,Y, L} does not satisfy the convexity condition and we have
d(X,Z)=d(Z,Y) > arccos(D/L). If d(X,Z) =d(Z,Y) > arccos(D/L), by
Lemma 3.7 and Lemma 3.4, we have ;= X or & = f~(Y). Since 7(X) =
7(f71(Y)) in this case, both of them minimize 7. If d(X,Z)=d(Z,Y) =
arccos(D/L), & may be a point with d(§p,Z) = arccos(D/L). By (3.29)
and (3.30), & minimizes d(X,&) + d(§,Y’) for & with d(§, Z) = arccos(D/L).
Hence, both & = X and & = f~1(Y) minimize 7 since d(X,¢&) +d(£,Y") >
d(X,Y’) and the equality holds if and only if £ = X or £ =Y. This proves (5).

O

REMARK 3.9. If we regard the closed case (p = ¢) as the limit (|pg| — 0) of
the open case (p # q) with pg¢/|pg| = —Y, (1) for p = q is derived from (1) for
P#q-

4. Piecewise linear curves with three edges

In this section, we study the shape of a piecewise linear curve which attains
inf{7(P) : P € Ps3(p,q,L)}. Since P3(p,q,L) is compact and 7 is continuous,
such a piecewise linear curve always exists. Suppose that Py = pp; Upips Upagq
is an extremal curve in P3(p, X, q,Y, L).

Let P} =pp; Upipz and P2 = p1ps Upag. Let Xy = ppi/|pp1|, Xo =
pipa/Ipip2l, X3 =Dp2q/Ip2ql, L1 = [pp1| + |p1p2| and Ly = |p1ps| + |p2g|. Let
fx (k=1,2) be the map defined as f in Section 3 with L = Ly and {p,q} =
{p,p2} for f1, {p,q} = {p1,q} for fo. P3 must be an extremal curve in
Pa(p, X, p2, X3, L1), since if not, the replacement of P3 by an extremal curve in
Pa(p, X, pa, X3, L1) would produce an element of Ps3(p, ¢, L) whose 7 is smaller
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than 7(Pp), which contradicts the minimality of 7(F). By Theorem 3.8, one

of the following holds:

(al) {p, X,p2, X3, L1} satisfies the convexity condition and X7, as a point in
52 lies on the geodesic segment X f; ' (X3).

(b1) {p,X,p2, X3,L1} does not satisfy the convexity condition and |pp;| =
[p1p2|.

(cl) {p, X,p2, X3, L1} does not satisfy the convexity condition and X; = X.

(d1) {p, X,p2, X3, L1} does not satisfy the convexity condition and X5 = X3.

Note that if (d1) occurs, then Py becomes a piecewise linear curve with two

edges, and if (al) occurs, then Py is a plane convex arc.

Similarly, P must be an extremal curve in P2(p1, X1,q,Y, L2), and one of

the following holds:

(a2) {p1,X1,q,Y, Lo} satisfies the convexity condition and X, as a point in
52, lies on the geodesic segment X1 f5 *(Y).

(b2) {p1,X1,q,Y, Lo} does not satisfy the convexity condition and |p;ps| =
|pag|.

(c2) {p1,X1,q,Y, Lo} does not satisfy the convexity condition and Xy = X;.

(d2) {p1,X1,q,Y, Lo} does not satisfy the convexity condition and X3 =Y.

If (¢2) occurs, then Py becomes a piecewise linear curve with two edges, and

if (a2) occurs, then Py is a plane convex arc.

DEFINITION 4.1. A piecewise linear curve with three edges P = ppy Up1p2 U
paq is called a Z-curve (Figure 4.1) if P satisfies pp1/|pp1| = p2q/|p24l-

We note that any Z-curve lies in a plane.

LEMMA 4.2. Suppose X =Y. If a Z-curve P = pp; U p1p2 U p2q with
pp1/|pp1| = X and pzq/|paq| =Y becomes an extremal curve in Ps(p,X,q,
Y, L), then we have Z(X,pq) > arccos(D/L).

Proof. Let P’ = pp} U pjq be the element of Pa(p,q,L) which satisfies

—
ppy/|ppi| = X. Since X =Y, we have 7(P) = 7(P’). If P is an extremal curve
in Ps3(p, X,q,Y, L), then P’ must be an extremal curve in Py(p, X,q,Y,L). By
Theorem 3.8, we have /(X,pg) > arccos(D/L). O

The main result in this section is stated as follows.

p1

P2

FIGURE 4.1. A Z-curve.
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THEOREM 4.3. Suppose that Py = pp1 Up1ps U paq is an extremal curve in
Ps(p,X,q,Y,L). Then Py must lie in a plane. Moreover, Py is actually an
element of Pa(p,q,L) except for the following two cases:

(1) {p,X,q,Y,L} satisfies the convezity condition and Py is a plane convex
arc. (In this case, py and ps can be any points such that X, ppi/|ppil,
p1pa/|pip2l, D24/ |p24l, Y, ap/|qp| lie on a geodesic in S? in this order.)

(2) p#q, X =Y, Z(X,p§) > arccos(D/L) and Py is a Z-curve tangent to X
atp and to'Y at q.

Proof. We define unit vectors Z;, (k= 1,2) by Z; = pps/|pp2| and Zy =
p14/|p1q|- In the following argument, Z,(X1,7Z;), for example, denotes the
angle between X; and Z; at p. We also set v; = arccos(dy/L;1) and 5 =
arccos(da/Ls), where di = |pp2| and da = |p1¢].

Suppose (b1l) and (b2) simultaneously hold for P. Since (bl) holds, we
have

AP(Xv Zl) < 71,
(41) ZPZ(X37ZI) S’yla
Lp(X1,21) = £py (X2, Z1) =1
Since (b2) holds, we have

Ly (X1, Z2) <72,
(4.2) 2q(Y, Z2) <72,
Ly (X9, Z5) = £y(X3,Z2) = 2.
Using (4.1) and (4.2), we obtain
(4'3) lpz (X?nZl) 2 épz (X27X3) - 4P2 (XQa Zl)
=2y — £, (X2, Z1)
> 2+ Lpy (X1, Z2) — £p, (X2, Z1)
= 4?1 (X27Z2) + 41?1 (X1, ZQ) - 4?2 (XQ&ZI)
> Ly (X1, X2) — £y, (X2, Z1)
=2y — £y, (X2, Z4)

=M
From (4.1) and (4.3), we have
(4.4) Lp,(X5,Z1)=m
and all equalities in (4.3) must hold, i.e.,
(4.5) Lp (X1,2Z2) + £y, (X2, Z2) = £y, (X1, X2),
(4.6) Ly (Xo, Zh) + £y, (X3, Z1) = £y, (X2, X3),

(47) 4171 (Xl,ZQ) =2
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(4.5) and (4.6) imply that Py lies in a plane. If Z,(X,Z1) <, (4.4) im-
plies that pips is tangent to X3, which means that Py is an element of
Pa(p,q,L). Hence, if Py is not an element of Py(p,q, L), by (4.1), we must
have Z,(X,Z1) =< and pp; is tangent to X. By a similar reason, paq is
tangent to Y. Combining (4.2), (4.5), and (4.7), we obtain
(48) 2’)/2 = Zpl (Xl, ZQ) + 4101 ()(27 ZQ)

= £p, (X1, X2)

= 2"}/1
Since {p, X,p2, X3, L1} does not satisfy the convexity condition, (4.8) implies
that X =Y, and P is a Z-curve which is tangent to X at p and tangent to Y
at q.

Suppose (c1) and (b2) simultaneously hold for Py. Since (c1) holds, we

have

(4.9)

Using (4.2) and (4.9), we obtain
(410) 2y (Xas Z0) = Ly, (Xas Xa) = Zpy (X201 Z1)
=270 — Zp, (X2,74)
> Y2+ Lp (X1, Z2) — £p, (X2, Z1)
=79+ £Lp, (X1,2Z5) — £p, (X1, Xo) + £p( X1, Z1)
> Y2+ Lpy (X1, Z2) — £y, (X2, Z2) — £y, (X1, Z2)

+ £,(X1,Z7)

= AP(Xth)

=Zy(X,Z4).
From (4.9) and (4.10), we have
(4.11) Ly, (X3,2Z1) = Lp(X, Z1)
and all equalities in (4.10) must hold, i.e.,
(4.12) Lp (X1, Z2) + £y (X2, Z2) = £p, (X1, X)),
(4.13) Ly (X2, Zh) + £y, (X3, Z1) = £y, (X2, X3),
(414) 41)1 <X17 Zg) =72.

(4.12) and (4.13) imply that P lies in a plane. If Z (Y, Z2) < 2, (4.7)
implies that pips is tangent to X, which means that Py is an element of
Pa(p,q,L). Hence, if Py is not an element of Pa(p,q, L), by (4.2), we must
have £,(Y,Z3) =7, and pog is tangent to Y. Since X = X4, (4.11) implies
that ppy is parallel to paq. Now we see that X =Y and P, is a Z-curve which
is tangent to X at p and tangent to Y at q.
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By a similar reasoning, we see that if (bl) and (d2) simultaneously hold
for Py, then Py must be a Z-curve which is tangent to X at p and tangent
to Y at q.

Suppose (c1) and (d2) simultaneously hold for Fy. Since (d2) holds, we
have

Zq(Y7 ZQ) 2 Y2,
Ly(Y,Zy) > £y, (X1, Z3).

Using (4.9) and (4.15), we obtain

(4.15)

(4.16) L (X1,2Z2) > £y, (X1, X2) — £p, (X2, Z2)
= Zp, (X1, X2) — £p, (X2, X3) + £4(X3, 22)
=Ly, (X1, X2) — £p, (Xo, X3) + £4(Y, Z5)
> Ly (X, Xo) — £, (X3, Z1) — £y, (X2, Z4)

+ Z4(Y, Z2)
= Lp(X1,21) + Zpy (X2, Z1) — £p, (X3, 21)
— Ly, (X2, Zh) + LY, Z5)
= Lp(X1,21) — £py (X3, 21) + £y(Y, Z2)
= AP(X’ Zl) - sz (XSa Zl) + Zq(Ya Z2)

a Zq(Ya Z3).
From (4.15) and (4.16), we have
(4.17) Ly (X1,2Z5) = 2L4(Y, Z3)
and all equalities in (4.16) must hold, i.e.,
(418) 4?1(X17Z2)+4P1(X27ZQ):épl(XlaXQ)v
(4.19) Ly (Xo, Zh) + £y, (X3, Z1) = £y, (X2, X3),
(4.20) Lo(X, Z) = £y (X3, Z1).

(4.18) and (4.19) imply that P lies in a plane. Since X = X; and {p, X, p2, X3,
L1} does not satisfy the convexity condition, (4.20) implies that pp; is parallel
to paq. Since pp; is tangent to X and paoq is tangent to Y, we see that X =Y
and P is a Z-curve which is tangent to X at p and tangent to Y at q.

Now we see that one of (al), (d1), (a2), and (c2) must hold for Py unless
Py is a Z-curve tangent to X at p and to Y at ¢q. Any of (al), (d1), (a2),
and (c2) implies that Py lies in a plane.

Having (d1) or (¢2) means that Py is actually an element of Pa2(p,q, L).

Suppose that (al) and (b2) hold simultaneously for Py. By (al), P is
a convex arc and we have Z, (X1,Z2) > £, (X2, Z2) = 72, while (b2) gives
Zp (X1,Z2) < 9. Hence, (al) and (b2) cannot simultaneously hold for Fj.
Similarly, (b1) and (a2) cannot simultaneously hold for P,.



68 K. ENOMOTO, J.-I. ITOH, AND R. SINCLAIR

(al) and (d2) cannot simultaneously hold for Py, because if this happens,
Y = X3 holds and {p1,X1,q,Y, Lo} satisfies the convexity condition, which
contradicts (d2). Similarly, (c1) and (a2) cannot simultaneously hold for FP.
The remaining case is when (al) and (a2) simultaneously hold for Py. To
prove that {p,X,q,Y, L} satisfies the convexity condition, we take p} so that

p1ps|p1ph| = X1. Then pph U phq becomes an element of Pa(p,q,L) whose
7 is equal to 7(FPy). Since we can move p; continuously preserving 7, this
construction gives infinitely many elements of Pa(p,q, L) which are extremal
curves in Pa(p,X,q,Y,L). Such a thing cannot happen unless {p, X,q,Y, L}
satisfies the convexity condition, by Theorem 3.8. Now we prove that P, is a
plane convex arc. (al) implies that we have {X, X7, X, X35} on a great circle
in S? in this order. (a2) implies that we have {Xi, X2, X3,Y} on the same
great circle in this order. Since {p, X,q,Y, L} satisfies the convexity condition,
we have {X,Z,Y,—Z} on the same great circle in this order. Thus, on this
great circle, we have {X;, X9, X5,—Z} in this order. This implies that the
quadrilateral ppip2q is convex, and hence P, is a plane convex arc.

Now we have checked all possible combinations between {(al), (bl), (c1),
(d1)} and {(a2), (b2), (c2), (d2)}, and see we have only three possibilities
for Py:

(i) {p,X,q,Y, L} satisfies the convexity condition and Py is a plane convex
arc.
(i) X =Y and Py is a Z-curve with pp1/|pp1| = X and pzq/|p2q| =Y.
(iii) Py is actually an element of Pa(p,q, L).

If X =Y, then {p, X,q,Y, L} does not satisfy the convexity condition. If
X =Y and L < arccos(D/L), then we see from Lemma 4.2 that Py cannot
be a Z-curve, and hence Py must be an element of P2(p,q,L). If X =Y and
L > arccos(D/L), then we see from Theorem 3.8(5) that, among all elements
of Py(p,q,L), ppr Upiq with ppi/|pp1| = X and ppy Upiq with pig/|pi1g| =Y
minimize 7. Since X =Y, any Z-curve tangent to X at p and tangent to
Y at ¢ has the same value of 7 as these curves. Thus we see that Z-curves
tangent to X at p and tangent to Y at ¢ and the elements of Pa(p, ¢, L) given
in Theorem 3.8(5) are extremal curves in this case. O

5. Piecewise linear curves with n edges and piecewise
smooth curves

In this section, we study the shape of a piecewise linear curve which attains
inf{7(P): P € Py(p,q,L)}. Since P,(p,q,L) is compact and 7 is continuous,
such a piecewise linear curve always exists.

THEOREM 5.1. Suppose that Py € P,(p,q,L) is an extremal curve in
Pn(p,X,q,Y,L). Then Py must lie in a plane. Moreover, Py is actually an
element of P2(p,q, L), except for the following two cases:
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(1) {p,X,q,Y,L} satisfies the convexity condition and Py is a plane convex
are.

(2) p#q, X =Y, Z(X,pq) > arccos(D/L) and Py is a Z-curve tangent to X
atp and to'Y at q.

Proof. If n < 3, this theorem follows from Theorem 4.3. Hence, it suffices
to show that if n >4 and Py € P,(p,q,L) is not an element of P,,_1(p,q, L),
then Py must be a plane convex arc. We write Py as Py = pop1 Upipa U---U
DPn—2Pn—1UpPn_1pn with pg = p, p, = q. Here, we fix some notations. Let

Py = pr—1pk Upkprs1 Upipipite  (k=1,...,n—2),
Li, = |pe—10k| + [pePrs1| + [Prs1Prye] (B=1,...,n—2),
Xk =Dr—1Pk/|pe—1pe] (E=1,...,n), Xo =X, Xn1 =Y.

Since P, is an extremal curve in P, (p, X,q,Y, L), for every k with 1 <k <
n—2, Pé“ must be an extremal curve in Ps(pr_1,Xk—1,Pk+2, Xk+3, Lr). By
assumption, P¥ is not an element of Pa(py_1, px+2, Lx). Then by Theorem 4.3,
we have two possibilities:

(1) {pk—1,Xk—-1,Pk+2, Xk+3, Li } satisfies the convexity condition and we have
{Xk—1, Xk, Xpt1, Xpro, Xpr3} on a great circle in this order.
(i) Xg_1 = Xpy3 and P} is a Z-curve with X = X1 and Xjy0 = Xpi3.
Since n >4, if (ii) occurs for some k, then Py becomes an element of
Prn—1(p,q, L), which contradicts our assumption. Thus, we must have (i) for
all k. Then {Xj_1,..., X3}, as points in S2, lie on a great circle in this
order. Hence, {X,X;,...,X,,Y} lie on a great circle in this order, which
implies that Py lies in a plane. To prove that Py is a plane convex arc, it
suffices to show that we have {X7,..., X,,,—Z} on a great circle in this order.
As we see in the proof for Theorem 4.3, there exists pj, such that pi_1pj, U
P).Pr+2 becomes an extremal curve in Ps(pr—1, Xx—1, Pr+2, Xk+3, Li). More-
over, there are infinitely many choices for p},. After replacing P§ by px_1p}, U
PiPr+2, the curve is still an extremal curve in P,(p,X,q,Y,L). Hence, if
it is not an element of P2(p, X,q,Y,L), we can find an extremal curve in
Pn(p, X,q,Y, L) with fewer vertices by a similar replacement. We may repeat
this until we obtain an element of Py (p, X, q,Y, L) which is an extremal curve
in P,(p,X,q,Y,L). This curve is an extremal curve in Pa(p, X,q,Y, L) as well
and there are infinitely many choices for such a curve. Such a thing cannot
happen in a plane unless {p, X, q,Y, L} satisfies the convexity condition. This
implies that we have {X, Z,Y,—Z} on a great circle in this order, and hence
we have {X1,...,X,,—Z} on a great circle in this order. O

REMARK 5.2. If {p, X,q,Y, L} satisfies the convexity condition and if Py =
pp1 Upipa U+ Upp_opn—1 Upn_1¢ is an extremal curve in P,(p, X,q,Y, L),
Py must be a plane convex arc. Moreover, as we see in the proof, p1,...,pn_1
can be any points which satisfy the following conditions:
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(i) |pp1 |i)|P1p2| + -+ [pn—2Pn—1| + [Pn—1¢| = L. _
(ii) {X,pp1/lpp1l,P1p2/|p1p2ls-- - Pn—14/I1Pn-14l,Y,qp/|qp|} lies on a great
circle in this order.

Now we state our main result of the present paper.

THEOREM 5.3. Suppose that g an extremal curve in C(p,X,q,Y,L). Then
Yo must lie in a plane. Moreover, Y is actually an element of Pa(p,q,L)
except for the following two cases:

(1) {p,X,q,Y,L} satisfies the convezity condition and Xg is a plane convex
arc.

(2) p#q, X =Y, Z(X,pq) > arccos(D/L) and g is a Z-curve tangent to X
atp and to'Y at q.

Proof. Suppose that 3¢ in C(p, q, L) satisfies 7(Zg) = inf{7(X) : X € C(p, q,
L)} but does not lie in any plane. If z(s) (0 < s < L) is a parameterization
of ¥ by arclength, we can construct a piecewise linear curve with n edges by
connecting z((¢ — 1)L/n) and z(iL/n) for i=1,...,n. By taking a point p;
in a neighborhood of z(iL/n) for i =1,...,n — 1, we can construct another
piecewise linear curve P,, whose length is L. Since ¥y does not lie in a plane,
P,, does not lie in a plane for some n. Then P, cannot be an extremal curve
in P,(p,X,q,Y, L) by Theorem 5.1 and we must have
(5.1) 7(Pp) >inf{7(P): P€P,(p,q, L)} + 6
for some § > 0. For any positive constant € < ¢, if we take n sufficiently large,
we have
(5.2) 7(Pa) < 7(So) +e.

It follows from (5.1) and (5.2) that

inf{7(P): P€P,(p,q, L)} <7(P,) —
< 7:(20) +e—90
< %(EO)
=inf{7(X): ¥€C(p,q,L)}.
This is a contradiction, since we must have
inf{7(P): P€Pn(p,q, L)} >inf{7(X): X €C(p,q,L)}.

Thus Xy must lie in a plane.

Suppose that none of (1)—(3) holds. Then none of (1)—(3) in Theorem 5.1
holds for P,, an element of P, (p,q,L) which is defined from ¥y as above.
Since P, is not an extremal curve in P,(p,X,q,Y, L), we must have (5.1)
again for some ¢ > 0. We also have (5.2) again for any positive constant
€ < ¢, if we take n sufficiently large. This gives a contradiction again. Thus,
(1)—(3) must hold for . O
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? p

Y

FIGURE 5.1. The shapes of extremal curves as a function of
their length.

COROLLARY 5.4. For any {p,X,q,Y, L}, there exists an element of Pa(p, q,
L) which is an extremal curve in C(p,X,q,Y,L).

COROLLARY 5.5. If X, Y and pq do not lie in a plane, then every extremal
curve in C(p,X,q,Y,L) is an element of Pa(p,q,L).

REMARK 5.6. Theorem 5.3 generalizes the results in [8], where a similar
problem is considered for curves in E2.

REMARK 5.7. One may apply Theorem 5.3 for closed curves by setting
p=qgand X =Y. As a result, one can derive the classical Fenchel’s theorem
from Theorem 5.3.

REMARK 5.8. Even if we fix p, ¢, X, and Y, the shape of the extremal
curves in C(p,X,q,Y, L) changes by the length L (Figure 5.1). For exam-
ple, let p =(1,0,0), ¢ = (—1,0,0), X = (cos(57/6),sin(57/6),0) and ¥ =
(cos(47/3),sin(47/3),0). If2 < L < 14++/3, {p, X, q,Y, L} satisfies the convex-
ity condition and there are infinitely many convex arcs in C(p, g, L) which be-
come extremal curves in C(p, X,q,Y,L). If L=1++/3, {p, X,q,Y, L} satisfies
the convexity condition but pp; Upiq with ppi/|pp1| = X and p1¢/|pra] =Y
is the only extremal curve in C(p, X,q,Y,L). If 1 +v3 < L <4, {p,X,q,Y,L}
satisfies the condition in Theorem 3.8(3) and pp; U p1q with ppi/|pp1| = X
is the only extremal curve in C(p,X,q,Y,L). If L >4, {p, X,q,Y, L} satisfies
the condition in Theorem 3.8(2-1) and pp; U p1q with p; = (0,v/L? —4/2,0)
(Ipp1]| = |p1q|) is the only extremal curve in C(p, X,q,Y, L).

REMARK 5.9. If we do not fix the length, the problem becomes almost
trivial. Let us denote by C(p,X,q,Y) the set of all piecewise C? curves
in B3 whose endpoints and end-directions are p, ¢, X, Y. For any X €
C(p,X,q,Y), let ¥ be the closed curve defined by ¥ U gp. Then we have
7(2) =7(2) + (Y, qp/|qp|) + Z(qp/|gp|, X). Since 7(X) > 27, we have 7(X) >
2m — Z(Y,ap/lapl) — £(ap/lapl, X) = Z(X,pd/|pal) + £(pd/Ipq|,Y). Thus, we
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see that inf{7(): 2 € C(p, X,q,Y)} = Z(X,pq/Ipg|) + £(pq/|pq|,Y) and the
infimum is attained by ¥ = pq.

Appendix. Cut locus of a two-sided disk in the unit 2-sphere

Let C be a small circle of radius R (R < 7/2) in the unit 2-sphere. Let D
be the “two-sided” round disk bounded by C. We denote the top of D by D,
and the bottom by Ds. Let m: D — D; be the natural projection. Let d be
the distance on D which is naturally induced from the standard metric of the
unit 2-sphere. For x € D; and y € Ds, we have

d(x,y) = min{d(z,§) +d(&,y);§ € C}-

We will see how many different points on C' can attain d(z,y). If there exist
more than one points as such, y is a cut point of z. Let Z; (i =1,2) be the
center of D;. We now assume that « # Z;. For n€ D1\{Z1} let 6(n) be the
oriented angle (0 < 6(n) < 27) from the geodesic Zix to Z1n. Let & be the
point on C' with 0 < (&) < 7/2 such that the geodesic &y intersects Zix
perpendicularly at x. Let 6y =60(&y). 6o is explicitly given by

0 tan a
) = arccos
tan R’

where o = d(z,Z1). We extend 6 to a function in D by defining 0(y) for
y € Dy as 0(w(y)). Let (Figure A.1)
Co={y€Ds:d(y,Z2) =020y <0(y) <2m —20p}.

The main result in this appendix is stated as follows.

PROPOSITION.

(1) Suppose x € Dy and x # Z1. If y € Cy, two geodesics from x to y realize
d(z,y). If y ¢ Cy, only one geodesic from x to y realizes d(x,y).

(2) Suppose x=Zy. If y=Zs, every geodesic x{ Uy (& € C) realizes d(z,y).
If y# Z5, only one geodesic from x to y realizes d(z,y).

FIGURE A.1. The set Cj.
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§(0(y) —01)

A‘\‘ €(0(y)/2)
N\ )/2) \
A“ C}\M £01)
£O(y)/2+m) " /
>
£(6(y)/2+m)

0§9(y)§290 290<0(y) <21

FIGURE A.2. The two cases of the proof of the proposition.

Proof. Let x € Dy and y € Ds. Since C is parameterized by 6, we regard
d(z,&) 4+ d(&,y) for £ € C as a function in 6, and denote it by f(6). Setting
y1 =7(y), f(0) is written as

f(0) = d(x,£(0)) + d(£(6), 1)
Then
F(0)>0 (=0,<0)
if and only if

£(Vdy(£(9)), Vdz, (£(9))) = £(Vdy, (£(0)), Vdz (£(6))) >0 (=0,<0),

respectively. Suppose x # Z; and let y be a point which satisfies d(y, Z»2) = a.
Then we have f/(0(y)/2) =0 and f'(6(y)/2 + m) =0. These are the only
critical points of f(0) if 0 < 0(y) <20y or 27 — 20y < 6(y) < 27, while there
are two more critical points 6; (0 <6y < 0(y)/2) and 6(y) — 61 if 26y < 0(y) <
21 — 26y (Figure A.2). f(#) becomes minimal at = 0(y)/2if 0 < 6(y) < 26, or
27 — 20y < 0(y) < 27, while f(#) becomes minimal at § =6, and 6 =6(y) — 61
if 200 < 0(y) < 2w — 26y.

This means that for every y € C there are two distinct minimizing geodes-
ics from z to y. Let

Co={y € Da:d(y, Z2) = o,20p < (y) < 2w — 20}

Then we see that every point 1 in D lies on a minimizing geodesic from z to
some point y in Cy. If n# y, the subarc of the geodesic from z to y is the
only minimizing geodesic from x to n. In fact, if there is another minimizing
geodesic from x to 1, we can find a shortcut to construct a path from zx
to y shorter than the original minimizing geodesic, which is a contradiction.
Hence, for every n € D\Cj there exists only one minimizing geodesic from z
to n. If y € Co\Co, 0(y) = 26y, 21 — 26y and there exists only one minimizing
geodesic from x to y. Thus, there are two distinct minimizing geodesics from
x to y if y € Cy, while there is only one minimizing geodesic from x to y if
y ¢ Cp. This completes the proof for (1).
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FIGURE A.3. A “lens surface” with an approximation to the
cut locus [12] from a point below the equator on the far side.

If =2, and y = Z,, then f(#) becomes a constant 2R. This means
that any geodesic Z1£ U&Zs (£ € C) is minimizing. Any y # Zs lies on some
minimizing geodesic from Z; to Zs, and the subarc of that geodesic is the
only minimizing geodesic from Z; to y. This proves (2). O

REMARK. The problem of determining the structure of the cut loci of the
2-sided disk in S? may be studied from a slightly different point of view. If
we flip D> and attach Dy and Dy along the small circle C, then the resulting
surface (which may be called a “lens surface”, Figure A.2) becomes a closed
convex surface of revolution (which is not smooth along the small circle).
The cut locus of z € Dy should appear in this surface in the same way as in
our 2-sided disk. Put simply, our proposition claims that the cut locus of a
point in the “southern hemisphere” appears as a subarc of a circle of constant
latitude in the northern hemisphere.

The reader is invited to compare such a construction of two smooth surfaces
sewn with a distribution of curvature along the boundary with the case of
billiards. A beautiful discussion of the conjugate loci of circular billiard tables
is to be found in [2].

REMARK. The problem of determining the structure of the cut loci of the
2-sided disk in S? may be studied from a slightly different point of view. If
we attach two round disks Dy and D, along the small circle C' so that the
resulting surface becomes a closed convex surface of revolution (which is not
smooth along the small circle), the cut locus of 2 € Dy should appear in this
surface in the same way as in our 2-sided disk. If one smooths the surface
along the small circle, one obtains a closed surface of revolution with positive
Gaussian curvature. The structure of cut loci is studied on some smooth
surfaces of revolution [20], or general ellipsoids [13], and the behaviors of
geodesics in our case are quite similar to their case. The results in their
papers also suggest that the cut locus of x is a subarc of the small circle
{y e D5 : d(y, Zg) = d(ZL‘, Zl)}
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