Boundedness for fractional
Hardy-type operator on
variable-exponent Herz-Morrey spaces

Jiang-Long Wu and Wen-Jiao Zhao

Abstract In this article, the fractional Hardy-type operator of variable order 8(z) is
shown to be bounded from the variable-exponent Herz—Morrey spaces M K;(;t)z?(') (R™)
into the weighted space MK;Z(;;;)E»(RH,UJ), where a(z) € L>°(R™) is log-Holder con-
tinuous both at the origin and at infinity, w = (1 + ||)~7(®) with some ~y(z) > 0, and
1/q1(x) — 1/q2(x) = B(x)/n when g1 () is not necessarily constant at infinity.

1. Introduction

Let f be a locally integrable function on R™. The n-dimensional Hardy operator
is defined by

H(f) () = / T, zer (o)

B

In 1995, Christ and Grafakos [3] obtained the result for the boundedness
of s on LP(R™) (1 < p < o0) spaces, and they also found the exact operator
norms of J# on this space. In 2007, Fu et al. [12] gave the central bounded mean
oscillation (BMO) estimates for commutators of n-dimensional fractional and
Hardy operators. Recently, the first author [32], [29], [31], [35], [33], [34], [30] has
also considered the boundedness for the Hardy operator and its commutator in
(variable-exponent) Herz—Morrey spaces.

Lately, there has been an increase in the number of investigations related to
both the theory of the variable-exponent function spaces and the operator theory
in these spaces. This is caused by possible applications to models with nonstan-
dard local growth (in elasticity theory, fluid mechanics, differential equations, and
image processing; see, e.g., [24], [11], [2], [13], [25] and references therein) and is
based on the breakthrough result on the boundedness of the Hardy—Littlewood
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maximal operator in these spaces (for more details see [19], [4]-]6], [9], [7], [10],
18], [20], [22], [23], and others).

We first define the n-dimensional fractional Hardy-type operators with vari-
able order B(x) as follows.

DEFINITION 1.1
Let f be a locally integrable function on R™,0 < 3(z) < n. The n-dimensional
fractional Hardy-type operators of variable order S(z) are defined by

(1.08) Hiy (@)= s | L
t
(1.0b) A () (@) = /tzml Mﬁiﬁ)@)dt,

where z € R™ \ {0}.

Obviously, when B(zx) =0, () is just /', and we denote by J#* := L%”ﬁ*() =
A" When S(z) is constant, 3. and 7, will become 3 and ', respec-
tively (see [12]).

The Riesz-type potential operator with variable order S(z) is defined by

(L1) B = [ (@)

- W dy, 0< ,B(SC) <n.

In 2004, Diening [8] proved Sobolev’s theorem for the potential Ig on the
whole space R™ assuming that p(z) is constant at infinity (p(x) is always constant
outside some large ball) and satisfies the same logarithmic condition as in [26].
Another progress for unbounded domains is the result of Cruz-Uribe et al. [6] on
the boundedness of the maximal operator in unbounded domains for exponents
p(z) satisfying the logarithmic smoothness condition both locally and at infinity.

Kokilashvili and Samko [17] proved a Sobolev-type theorem for the potential
Ig( from the space LPU)(R™) into the weighted space Lff,(')(R") with the power
weight w fixed to infinity, under the logarithmic condition for p(z) satisfied locally
and at infinity, not supposing that p(z) is constant at infinity but assuming that
p(z) takes its minimal value at infinity.

In addition, the theory of function spaces with variable exponents has rapidly
made progress in the past 20 years since some elementary properties were estab-
lished by Kovacik and Rékosnik [19].

In 2012, Almeida and Drihem [1] discussed the boundedness of a wide class
of sublinear operators on Herz spaces K:((,'))’p (R™) and Kg((,'))’p (R™) with variable
exponents «(-) and ¢(-). Meanwhile, they also established Hardy—Littlewood—
Sobolev theorems for fractional integrals on variable Herz spaces. In 2013, Samko
[28], [27] introduced a new Herz-type function space with variable exponent,
where all three parameters are variable, and proved the boundedness of some
sublinear operators (see also [15]). In 2014, Izuki and Noi [16] examined the dual-

ity and reflexivity of Herz spaces K;‘((,'))’p (')(R") and K;‘((_'))’p (')(R”) with variable
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exponents. Recently, Wu [30] considered the boundedness for fractional Hardy-
type operators on Herz—Morrey spaces M K;‘EI()))‘
but fixed o € R and p € (0,00).

Motivated by the above results, we investigate mapping properties of the
fractional Hardy-type operators 3., and %*() within the framework of the

(R™) with variable exponent ¢(-)

variable-exponent Herz—Morrey spaces M K;EI()))‘ (R™).

Throughout this article, we will denote by |S| the Lebesgue measure and by
Xs the characteristic function for a measurable set S C R™. We let B(x,r) be the
ball centered at x and of radius r, and we let By = B(0,1). We denote by C a
constant that is independent of the main parameters involved but whose value
may differ from line to line. For any index 1 < ¢(x) < 0o, we denote by ¢'(z)
its conjugate index, namely, ¢'(x) = q(qm()mil.

constant C > 0 such that C"'D < A< CD.

For A ~ D, we mean that there is a

2. Preliminaries

In this section, we give the definition of Lebesgue and Herz—Morrey spaces with
variable exponent, and give basic properties and useful lemmas.

2.1. Function spaces with variable exponent
Let Q be a measurable set in R™ with |2] > 0. We first define variable-exponent
Lebesgue spaces.

DEFINITION 2.1
Let ¢(+) : Q@ — [1,00) be a measurable function.

(I)  The Lebesgue space with variable exponent L) (Q) is defined by
L1O(Q) = {f is a measurable function : Fy,(f/n) < oo for some constant n > 0},

where F,(f) := [, | f(2)|?®) dz. The Lebesgue space L1() () is a Banach function
space with respect to the norm

£l =int (o> 05 Fy(rm = [ (V)™ ar <1},

(II) The space L) (Q) is defined by

loc

L19(Q) = { f is measurable : f € L10)(Qg) for all compact subsets Qy C Q}.

loc

(III) The weighted Lebesgue space Lg(')(Q) is defined as the set of all mea-
surable functions for which

1100y = o fllzacr ey < oo.

Next we define some classes of variable-exponent functions. Given a function
f€LL_(R"), the Hardy-Littlewood maximal operator M is defined by

loc
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r>0

M) =supr [ |5(y)]d,
B(z,r)
where B(z,r)={y eR": |z —y| <r}.

DEFINITION 2.2
Given a measurable function ¢(-) defined on R”, we write

q— :=essinf ern ¢(2), g+ = €sSSUP,cpn ¢(2).

(1) ¢_ =essinfoern ¢'(2) = 5, =esssup,epn ¢'(2) = ;.

(IT) Denote by Z(R™) the set of all measurable functions ¢(-) : R™ — (1, 00)
such that

1<g <g(r)<gy <oo, z€R™

(III) The set B(R™) consists of all measurable functions ¢(-) € #(R™) satis-
fying that the Hardy-Littlewood maximal operator M is bounded on L9()(R™).

DEFINITION 2.3
Let a(-) be a real-valued function on R™.

(I)  The set %llscg(R”) consists of all local log-Hélder continuous functions
a(-) satisfying
-C

T eyl <172, my e R
In(|lz —yl)

|a(z) —aly)| <

(I1) The set 6,°(R™) consists of all log-Holder continuous functions c(-)
satisfying at the origin

.

In(e + %)’

||

(2.1) la(z) — a(0)] < reR™

(ITII) The set €228(R™) consists of all log-Hélder continuous functions o)
satisfying at infinity

(2.2) (@) — oo | <

where qe = lim|;| 00 ().
(IV) Denote by €'°8(R") := ‘Klg’f(R") N €e(R") the set of all global log-
Holder continuous functions «f-).

REMARK 1
The %°8(R") condition is equivalent to the uniform continuity condition

C
_ <— > Rn.
[9@) —aW)| < gy W2 leheye

The €'°8(R") condition was originally defined in this form in [6].
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a(-),A

Next we define variable-exponent Herz-Morrey spaces MK p.a()

{JL‘ER” : |J?| SQk},Ak ZBk\Bk-_l, and Xk = XAy for k € 7Z.

(R™). Let By, =

DEFINITION 2.4

Suppose that 0 <\ < 00,0 < p < o0, ¢(-) € Z(R"), and () : R™ — R with a(-) €
L>°(R™). The variable-exponent Herz-Morrey space M K;g().’)’\ (R™) is defined
by

A mon n
MEGSNR = {1 € L (RO 1y gy < 203

where

1
HfHMK;Z()_’))‘(R”) sup 2" kO/\( Z ||2ka()ka||Lq<) Rn))p~

k=—o00

Compare the variable Herz—Morrey space MK (()) (R™) with the variable Herz
space (see [1]) Kq((v))’p(R")7 where

Ko@) = {£ € B ®AO) Y 120 Sl <0}

k=—o0

Obviously, MKp 51())0(]1%”) = K;(S)’p(]R"). When «(-) is constant, we have

MKp 51()) (R™) = MK;(I’\( )(R”) (see [30]). If both a(-) and ¢(-) are constant and

A =0, then MK;‘_;'().) (R™) = K;“*p(R") are classical Herz spaces.

2.2. Auxiliary propositions and lemmas
In this part we state some auxiliary propositions and lemmas which will be needed
for proving our main theorems. We only describe the partial results we need.

PROPOSITION 2.1
Let q(-) € Z(R").

(1) If q(-) € €"°8(R"™), then we have q(-) € B(R").
(I1) q(-) € B(R™) if and only if ¢'(-) € B(R™).

Proposition 2.1(I) is independently due to Cruz-Uribe et al. [6] and Nekvinda
[22], respectively. Proposition 2.1(1I) belongs to Diening [9] (see also [5, Theorem
1.2]).

REMARK 2
Since
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it follows at once that if ¢(-) € €'°8(R"), then so does ¢(-)—that is, if the condi-
tion holds, then M is bounded on L) (R™) and L? () (R™). Furthermore, Diening
has proved general results on Musielak—Orlicz spaces.

The order S(z) of the fractional Hardy-type operators in Definition 1.1 is not
assumed to be continuous. We assume that it is a measurable function on R"”
satisfying the following assumptions:

Bo :=essinf,ern B(x) >0,
(2.3) esssup, cpn p(z)B(z) < n,

essSup,cpn P(00)B(x) < n.

In order to prove our main results, we need the Sobolev-type theorem for
the space R™ which was proved in [17] for the exponents p(x) not necessarily
constant in a neighborhood of infinity, but with some extra power weight fixed
to infinity and under the assumption that p(x) takes its minimal value at infinity.

PROPOSITION 2.2
Suppose that p(-) € €'°8(R™) N P (R"). Let
(2.4) 1 < p(o0) <p(z) <py < o0,

and let B(x) meet condition (2.3). Then the following weighted Sobolev-type esti-
mate is valid for the operator Ig(.):

|| (1+ |$|)7’Y(I)IB(~)(f)HLq(-)(]Rn) <O fllre> mmy,

where

is the Sobolev exponent and

pla)y _n
. = U -— ) <= 00
(2.5) ~y(z)=C, [3(:1:)(1 n ) < 4C
with Cs being the Dini—-Lipschitz constant from (2.2) in which a(-) is replaced

by p(-).

REMARK 3
(i) If B(x) satisfies the condition of type (2.2): |f(x) — Boo| < ln(fﬁ
R™), then the weight (1+ |z|)~7®) is equivalent to the weight (14 |z|)~7>.
(ii) One can also treat operator (1.1) with 8(x) replaced by S(y). In the
case of potentials over bounded domains €2, such potentials differ unessentially if
the function 5(z) satisfies the smoothness logarithmic condition as (2.1), since

Cilo — y‘nfﬁ(y) <|o— y|n76(fﬂ) < Colz— y‘nfﬁ(y)

(xe

in this case (see [26, p. 277]).



Variable-exponent Herz-Morrey spaces 837

(iii) When p(-) € Z(R"), the assumption that p(-) € €'°¢(R") is equivalent
to assuming that 1 /p() € €'°5(R"), since

’p p(y)’<‘ 1 1 ‘:‘p(w)—p(y)’
(p+)? (@) py) p(x)p(y)
<‘p x) )z;( )‘.

Further, 1/p(-) € €'°2(R") implies that 1/q(-) € €'°8(R") as well.

The next proposition is the generalization of variable-exponent Herz spaces in [1],
and it was used in [21].

PROPOSITION 2.3

Let q(-) € 2(R™), p e (0,00), and A € [0,00). If a(-) € L®(R™) N %,°5(R") N
Eloe(R"), then

1
Hf”MKgggj)*(Rn) = sup 2~ kM( Z 2% )ka”Lq() Rn))p

ko€Z k=—o00
ko 1
~ —koA ka(0 p v
~ max{ Eug 9~ Fo ( § gka( )prXkHL‘I(')(R")) ;
kgez k=—o00

-1

1
sup (27500 (37 2507 il ey )

)}

ko €EZ k=—o00
The next lemma is known as the generalized Holder’s inequality on Lebesgue

8=

ko
4 9—koA (Z QkaprkaHiq(-)(R"))

k=0

spaces with variable exponent, and the proof can be found in [19].

LEMMA 2.1 (GENERALIZED HOLDER'S INEQUALITY)
Suppose that q(-) € P(R™). Then for any f € L1O(R™) and any g € LI O (R™),
we have

s | f(2)g(x)| dz < Cyll £l Lac> gy
where Cq=1+1/qg_ —1/q4.

|g||Lq’(-)(]Rn)7

The following lemma can be found in [14].

LEMMA 2.2
Let q(-) € B(R™).
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(I) Then there exist positive constants 6 € (0,1) and C >0 such that

o) (R s
X5l Lac) ey - C(\il)
X8l Lao) ®m) B
for all balls B in R™ and all measurable subsets S C B.
(IT) Then there exists a positive constant C >0 such that

_ 1
c7h < EHXB”L‘J(')(R”)||XBHL‘1’(~)(R") <C

for all balls B in R™.

REMARK 4

(i) If ¢1(-), q2(") € €'°8(R™) N L (R"), then we see that ¢ (-),q2(-) € B(R™).
Hence, we can take positive constants 0 < d; < 1/(q})+,0 < d2 < 1/(g2)+ such
that

(2.6) HXS||Lqi(~>(Rn) < (|i|>51 ||XSHL42(~)(R7L) <O<@>52
IxBll Lo @ny — MBI IXBllLeo @y — VB
hold for all balls B in R™ and all measurable subsets S C B (see [35], [14]).
(ii) On the other hand, Kopaliani [18] has proved the conclusion: if the expo-

nent ¢(-) € Z(R™) equals a constant outside some large ball, then ¢(-) € Z(R"™)
if and only if ¢(-) satisfies the Muckenhoupt-type condition

1
Sup T X ) n X ‘. " <OQ.
Q:cube |Q| H Q”Lq (R )H QHLq ) (R™)

3. Main results and their proofs

Our main result can be stated as follows (for more details see [30]).

THEOREM 3.1
Suppose that q1(-) € €'°8(R™) N P (R™) satisfies condition (2./), and B(x) meets
condition (2.3) in which p(-) is replaced by q1(-). Define the variable exponent
g2(") by
1 B(x)

@) al@)
Let 0 <p; <ps <oo, let A>0, and let a(-) € L= (R"™) be log-Holder continu-
ous both at the origin and at infinity, with a(0) < as < X+ ndy, where §; €
(0,1/(q1)+) is the constant appearing in (2.6). Then

||(1 + |5’3|)_AY(I)3%(-)(f)sz'(“('M ®) S CllFllag oo (R7)?
P2,q2(") P1,q1 ()

where y(x) is defined as in (2.5), and Cw is the Dini-Lipschitz constant from
(2.1) with q1(-) instead of a(-).
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Proof
For any f € MK;(';Q)(R"), if we denote f;:=f-x; = fxa, for each j € Z,
then we can write

@)= 3 f@) @)= 3 H@.

By (1.0a) and Lemma 2.1, we have
|50y (£)(@) - Xk ()]

1
(3.1) len_ﬁ(x)/BJf(tﬂdt'Xk(z)
k
<C27F 3 | fill Lo XJ'HLqi<~)(Rn)"xlﬁ(x)Xk(x)-

j=—00
For Proposition 2.2, we note that

Iy (xB)(2) = Ip(y (XB)(2) - X B, ()

1
/Bk FEFTORRY

> Clz)*™) - xp, ()

(3.2)

> Cla)’™) - xp(x).
Using Proposition 2.2, Lemma 2.2, (2.6), (3.1), and (3.2), we have

|1+ le)ﬂ(gc):%”;a(.)(f) : Xk(')Hng(-)(]R")

k
<Cc27Mn Z ||fj||Lq1(->(Rn)HXj”Lq'l(-)(Rn)
j=—0o0
—v(z)
x [ (1 + [a]) Iﬁ(-)(XBk)HLm»)(Rn)
k
<C2hn Z ”fj”L‘?l(')(]R")HX]'”LLI'l(-)(]Rn)”XBk”L‘?l(‘)(]R")

j=—o0

(3.3)

k ||XBJ'HLQ/1(‘)
J (R™)
<C E 1fill Lo mm

j=—00 ) ||XBk||L<1’1(')(]Rn)

k
<C Z 207970 £l Lo ey -

j=—o00

Because of 0 < p1/p2 <1, applying inequality

(3.4) (i |ai|)p1/p2§ i |a;|P*/P2,

i=—00 i=—00
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and Proposition 2.3, we then have

1+ [2]) " 0 () HMKMM

oo (R™)
; @)
—koAp1 ka(0)p1 -z . p1 )
Smax{ ;(}12202 (kzooz ||(1+|‘T|) %()(f) XkHLqQ(-)(Rn) )
0€Z =

-1

sup (2—ko>\p1 ( Z 2ka(0)p1 H (1 + |x|)*"/($)%()(f) . XkHISQQ(-)(]Rn))

ko>0
ko EZ k=—o0

ko
+ 27k0)\p1 (Z Qkamm H (1 + |x|)*7(m)%()(f) . XkHI[)lltm(-)(]Rn))) }

k=0
= max{EhEQ —|— E‘g}7

where
& @)
_ —koAp1 ka(0)p: —(z ) P1 )
Ey Sup2 (kEOO: 2RO (Lt f2]) A (F) - Xkl s ) )
0 =

By = sup 2 ko/\p1< Z 2ko¢(0)P1H(1+|x|) —(z %()(f)%kHqu(-)(Rn))’

ko>0

ko€EZ k=—o0
& ()
By = S(?ZI; 9—koAp: (kzo gkasop1 || (1 + |x|) v jiﬂﬁ()(f) . Xk“ilqz(-)(R”))
k€L =

To estimate Fy, E5, and F3, we need the following fact. By the condition of
a(-) and Proposition 2.3, we have the following cases.
Case 1 (j <0). We have

= 9—ia(0) (Qja(o)m ||fg| )1/p1

Hfj”L‘ll(‘)(R") La1() (Rn)

1/p1
<0 (3 oo )

i=—00

9i(A—a(0)) (2 J)\( Z 1290 £l oy )1/p1>

1=—00

A—a(0
<C2J( ))”f”MK(X()’\ J(R)”

Case 2 (j >0). We have
15 zarogany = 2759 (ISP £, ) )P
J

— i 1o 1/p
(3.6) < g (S gty o)

=0
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| - j ‘ 1/p1
Szﬂr"“"’)(?’ﬁ(vz |\2m(')fi|§1q1<-)(w)> )

1=—00

é C’2j(k—04:>o) Hf”MKQ(.),/\( )(R")'
P1.91(

For E7, noting that j < 0, combining (3.3) and (3.5), and using a(0) < ay <
A+ ndy, we have

ko k
—koAp ka(0)p (G—k)néy || ¢, P
BisCpaton( 3 200n (3 20 o))
ko€Z k=—oc0 J=—00
P1
S C”fHMK;‘r(')J» (R™)
1,91 (+)
ko k p1
% su Z—ko)\pl( 2m(o)pl( Q(j—k)n612j(>\—a(0))) )
up > 2
ko€Z k=—o00 J=—0o0
ko k p1
p1 —koAp1 kAp1 (i—Fk)(né1+A—a(0))
SC||fHM1‘<a<'>’*_ &) Eug? ( Z 2 ( Z 2 ) )
p1,q1 (") kgel k=—o00 j=—o00
ko
O iy o sp 2o (35 ) <O L
< IR, o oy 510 2 < Oz )
Lo hos? k=—o00 L

We omit the estimate of E5 since it is essentially similar to that of Fj.
Now we only simply estimate Fs3. Noting that j > 0, combining (3.3) and
(3.6), and using a(0) < aso < A+ ndy, we have

ko k
. p1
Es < C sup 9—koAp1 (Z 9kacop1 ( Z 2(]—k)n51 ||fjHL‘11(')(R")) )

ko>0

kQ€EZ k=0 J=—00
ko k P1
< C”fllpl . sup 9—koAp1 9kAp1 9(i—k)(né1+A—aoo)
MK (R o 5o
P1,91 (") k%EZ k=0 j=—00

ko
—koA kX
< C”f”I])\;Ka(v),)\ sup 270 (ZQ pl) < C”f”z])\;[{a(-),)\ ®nY’

Plytn(-)(Rn) ’zogg b—0 p1,91 ()
‘o =

Combining all the estimates for F; (i =1,2,3) together, we complete the
proof of Theorem 3.1. O

THEOREM 3.2

Let A\, p1,02,q1(+),q2(+), B(x), Coo be as in Theorem 5.1. Suppose that o € L (R™)
is log-Hdlder continuous both at the origin and at infinity, and suppose that \ —
nde < a(0) < aso, where 02 € (0,1/(g2)+) is the constant appearing in (2.6). Then

H(l + |x‘)_7(1)%pﬁ*(-)(f)HMK“(‘“ ®) S CllA Mg oo (Rn)"
P2,92(+) p1,91(+)
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Proof
This is similar to the proof of Theorem 3.1; therefore, we only give a simple proof.

For simplicity, for any f € MK 1( ;1( )(}R”) we write

=) @@= Y 5

By (1.0b) and Lemma 2.1, we have
(1 1al) 7 A () @) - xn(@)]|

<C Ozlf@ =gt . (1+ |z)) 7@
an SOL., il (1+1e) " (o)

<C Y Willmon | (1) 71 PO GO o gy - X0 ().
Jj=k+1

Similar to (3.2), we give
(3.8) Ig(y (x8,) (@) 2 Tn( (x, ) (@) - X8, () > Cla|*™ - x5 (2).
Applying Proposition 2.2, Lemma 2.2, (2.6), (3.7), and (3.8), we obtain

(14 \x|)‘”<””>%§;<.)(f) X s oy

(o ]
<C Y Fill o ey el e gy
j=k+1

n (x)
(3.9) 27 (U J2l) T T ()| o

3 ||XBk||Lq2(')(]Rn)
SC Z ||fj||L<11(-)(R”)—

j=k+1

X8, | La¢) (mmy

<C Y7 257 il oo -

j=k+1

By (3.4) and Proposition 2.3, we have

(1 + Jal) " 1 ) < max{E), By + Es},

HMK"(M

where

El = sup 2= kokpl( Z 2k0&(0)P1H(1+|x|) () % (f)'XkHilm(')(R"))’

k<0
ko €Z k=—o0

—1
By = sup 27k (37 200 |[ (1 o) o5 () e o ey )

i‘gZ? k=—o00
& (2)
By = sup 270 (5228 [ (1 al) A5 () o[ ey )

ko EZ k=0
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For E;, Es, and Ej3, combining (3.5), (3.6), and (3.9) and using A — ndy <
a(0) < ay, we have
E; <C| f|IP* 1=1,2,3.

o)A ’
MKm&l(-)(R")

Combining all the estimates for F; (i =1,2,3) together, we complete the proof
of Theorem 3.2. O

In particular, when v(z) =0 and a(-) and 3(-) are constant exponents, the main
results above are proved by Zhang and Wu [34]. Let a(-) be a constant exponent.
Then the above results can be found in [30]. When A =0, our main results are
also valid.
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